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ABSTRACT

We show how the Alexander polynomial of links in lens spaces is related to the classical Alexander
polynomial of a link in the 3-sphere, obtained by cutting out the exceptional lens space fibre. It follows
from these relationship that a certain normalization of the Alexander polynomial satisfies a skein relation
in lens spaces.

Keywords: links in lens spaces, links in 3-manifolds, Alexander polynomial, skein relation.

Mathematics Subject Classification 2000: 57M25, 57M27

1. Introduction & Background

In this paper we are interested in the Alexander polynomial, which is perhaps one of the most ex-

tensively studied invariants in classical knot theory. We now know that the Alexander polynomial

holds information about sliceness, fiberdness, and knot symmetries.

The first definition of the Alexander polynomial was constructed from the homology of the

infinite cyclic cover of knot complement in 1928 by Alexander [1], but it soon became clear

that the polynomial can be studied from several different viewpoints. In 1962 Milnor observed

that the polynomial can be defined through Reidemeister torsion [19], a few years later Conway

showed that a certain normalization of the polynomial is characterised using local skein relations,

although this approach was only popularized due to Kauffman in the 80s [14]. Another notable

construction, closely related to Alexander’s original idea, arises from the fundamental group of

the knot’s complement via Fox calculus [7].

In 1975 Turaev extended Milnor’s idea and defined the Alexander polynomial for links in

other 3-manifolds [25]. In 1990 Lin presented the idea of a twisted Alexander polynomial which

generalizes the classical Alexander polynomial [18].

While various definitions of the Alexander polynomial for links in S3 coincide, it was not until

2008 that Huynh and Le showed that a normalized version of the Alexander polynomial satisfies

the skein relation for links in the projective space [13]. The question whether the Alexander

polynomial satisfies a skein relation in other 3-manifolds naturally arises.

In [24], Torres showed the renowned Torres-Fox formula that relates the multivariable Alexan-

der polynomial of an r-component link L = K1 ∪K2 ∪ · · · ∪Kr to the multivariable Alexander

polnomial of the link L with component Kr removed:

1

RivoKs
Typewritten Text
This postprint is published in:
Journal of Knot Theory and its Ramifications, Volume 28, Issue 8, July 2019, art. 1950049, 1-28
DOI: https://doi.org/10.1142/S0218216519500494 

RivoKs
Typewritten Text



March 15, 2019 10:58 WSPC/INSTRUCTION FILE alex-lpq-final

2 E. Horvat, B. Gabrovšek

∆(t1, . . . , tr−1, 1) =

{
∆(t1)(tl11 − 1)/(t1 − 1), if r = 2,

∆(t1, . . . , tr−1)(tl11 t
l2
2 · · · t

lr−1

r−1 − 1), if r > 2,

where li = lk(Ki,Kr) is the linking number between the components K1 and Kr. A Torres-

type formula for the twisted Alexander polynomial was given by Morifuji in [20].

In this paper we show how the Alexander polynomial of a link with one trivial (unknotted)

component is related to the Alexander polynomial of the link if we perform −p/q surgery on the

trivial component (the latter link can be viewed as a link in the lens space L(p, q)). Using this

relation, we show that the normalized version of the Alexander polynomial of links in lens spaces

and other 3-manifolds indeed satisfies a skein relation.

The paper is organized as follows. In Section 2, we give an explicit construction for the pre-

sentation of the fundamental group of the complement of a link in a lens space. In Section 3, we

present a definition of the (twisted) Alexander polynomial via the Alexander-Fox matrix. In Sec-

tion 4, the first main result is given (Theorem 4.6), namely the connection between the Alexander

polynomial of a link in a lens space and of its classical counterpart in S3, derived from the connec-

tion between a link in S3 and the link obtained by performing a rational Dehn surgery on a trivial

component. Finally, in Section 5 we show that a normalization of the Alexander polynomial for

links in lens spaces satisfies a skein relation (Theorem 5.3). We also study a generalization of our

results for links in other closed, orientable, connected 3-manifolds (Theorem 5.4).

2. Presentation of the group of a link in a 3-manifold

The Alexander polynomial of a link may be derived from a presentation of the link group using

Fox calculus [7]. A classical link L in the 3-sphere S3 has a widely known Wirtinger presentation

for π1(S3\L, ∗), which can be generalized by producing a presentation of the link group for links

in the lens spaces L(p, q). Finally, we describe a presentation of the group of a link in any closed,

connected, orientable 3-manifold M .

2.1. The group of a link in S3

We begin with the classical case, where L is a link in S3. Choose a basepoint ∗ ∈ S3\L. A

diagram of L is a finite collection of arcs α1, α2, . . . , αn that meet at crossings. To each arc αi,

we associate the homotopy class xi of a simple loop based at ∗ that links αi with linking number

1, while not linking any other arc αj for j 6= i. Imagine three arcs αi1 , αi2 , αi3 that meet at a

crossing of the diagram. The corresponding generators of π1(S3\L, ∗) are subject to the Wirtinger

relation xi1xi3x
−1
i2
x−1
i3

= 1 if the corresponding crossing is positive, or xi1x
−1
i3
x−1
i2
xi3 = 1 if the

corresponding crossing is negative, see Fig. 1. We obtain the following result:

Theorem 2.1 ([23]). Let L ⊂ S3 be a link in the 3-sphere, given by a plane diagram with n

crossings. Using the introduced notation, the group of the link L has a presentation

π1(S3\L, ∗) = 〈x1, . . . , xn| r1, . . . , rn〉 ,

where ri for i = 1, . . . , n is the Wirtinger relation xi1xi3x
−1
i2
x−1
i3

(positive crossing) or

xi1x
−1
i3
x−1
i2
xi3 (negative crossing), corresponding to the i-th crossing of the link L.
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xi1 xi2

xi3

(a) positive crossing

xi2 xi1

xi3

(b) negative crossing

Fig. 1. Wirtinger relations.

By the abelianization of the link group, all the generators belonging to the same component

become homologous, which implies the following result.

Corollary 2.2 ([23]). Let L ⊂ S3 be a link with r components. Then the first homology group

of the link complement equals H1(S3\L) ∼= Zr.

2.2. The group of a link in a lens space

Let p and q be coprime integers such that 0 < p < q. The lens space L(p, q) may be constructed

as follows. Describe the 3-sphere S3 as a union of two solid tori V1 and V2 (corresponding to

the Heegaard decomposition of genus 1). Choose a meridian m1 and a longitude l1, generating

π1(∂V1). Then L(p, q) is obtained from S3 by −p/q surgery on V2, i.e., we remove V2 from S3

and then glue it back onto V1 by the boundary homeomorphism h : ∂V2 → ∂V1 which maps the

meridian m2 of V2 to the (p,−q)-curve on ∂V1,

h∗(m2) = pl1 − qm1,

where h∗ is the induced homology map, see Fig. 2.

m2

h−−→

pl1 − qm1

Fig. 2. Heegaard decomposition of L(p, q).

The Kirby diagram of L(p, q) is the unknot U bearing the framing −p/q, see Fig. 3(a) (also

see [12,21]).



March 15, 2019 10:58 WSPC/INSTRUCTION FILE alex-lpq-final

4 E. Horvat, B. Gabrovšek

The unknot represents the meridian m1, on whose regular neighbourhood the surgery is

performed. Thus, the lens space L(p, q) is completely defined by three data: p, q and the position

of the meridian m1.

−p/q

(a)

−p/q

(b)

Fig. 3. The Kirby diagram for L(p, q) and diagram of a knot in L(p, q).

Now consider a link L in L(p, q), for which may assume L ⊂ V1. Represent L(p, q) by its Kirby

diagram as an unknot U bearing the framing −p/q, and draw L in relation with this diagram,

see Fig. 3(b). Such diagrams are also called mixed link diagrams in the language of [15,16,5,6].

See also [3,4,22,10] for alternative diagrams.

Definition 2.3. A link L ⊂ L(p, q) is affine (sometimes also called local), if it is contained in

a 3-ball B3 ⊂ L(p, q).

Let ν(L∪U) and ν(L) be the open regular neighbourhoods of L∪U and L, respectively. The

CW-decompositions of S3\ν(L∪U) and L(p, q)\ν(L) differ by adding a 2-handle, the meridional

disc bounded by the meridian m2 of V2 (Fig. 2) and adding a 3-handle to close the component.

The extra 2-handle adds, in multiplicative notation, the relation mp
1 · l

−q
1 to the fundamental

group. We obtain the following two well-known results ([23]).

Theorem 2.4 ([23]). Let L be a link in the lens space L(p, q). Represent L(p, q) by an unknot U

bearing the framing −p/q, and draw L in relation with this diagram. Let 〈x1, . . . , xn|w1, . . . , wn〉
be the Wirtinger presentation for π1(S3\(L ∪ U), ∗), obtained from this diagram. Denote by m1

and l1 the meridian and longitude of the regular neighbourhood of S3\U , written in terms of the

generators x1, . . . , xn. Then the presentation for the link group π1(L(p, q)\L, ∗) is given by〈
x1, . . . , xn|w1, . . . , wn,m

p
1 · l
−q
1

〉
.

The above argument naturally extends to performing rational surgeries on links.

Theorem 2.5 ([23]). Let L be a link in a closed connected orientable 3-manifold M . Represent

M as the result of a rational surgery on a k-component framed link L0 ⊂ S3 and draw the Kirby

diagram of L∪L0. Let 〈x1, . . . , xn|w1, . . . , wn〉 be the Wirtinger presentation of π1(S3\(L∪L0), ∗).

For the i-th component of L0, let pi/qi be its framing and denote by mi and li the meridian and

longitude of the regular neighbourhood of its complement in S3, written in terms of the generators

x1, . . . , xn. Then the group of the link L is given by the presentation

π1(M\L, ∗) =
〈
x1, . . . , xn|w1, . . . , wn,m

p1
1 · l

−q1
1 , . . . ,mpk

k · l
−qk
k

〉
.
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Starting with the diagram of L ⊂ L(p, q), we will now introduce a notation for the generators

and relations of the link group to make the calculations easier to follow.

Notation 2.6. Let L ⊂ L(p, q) be an oriented link. Represent L(p, q) by its Kirby diagram as the

−p/q surgery on an oriented unknot U and draw L in relation with this diagram. By Theorem 2.4,

the presentation of the link group of L is obtained from the presentation of the link group

π1(S3\(L∪U), ∗) by adding one relation. The Wirtinger generators corresponding to the link L

will be denoted by xi, while the generators corresponding to the unknot U will be denoted by

aj .

Let D be the obvious disk in S3 that is bounded by U . Take a small cylinder C = D× [−ε, ε]
that is a regular neighbourhood of D in S3. If L is an affine link, then we may assume that L

does not cross C, and denote by x1, . . . , xn the generators of π1(L(p, q)\L, ∗), corresponding to

L, and by a1 the generator of π1(L(p, q)\L, ∗), corresponding to U .

If L is not affine, we may assume that L ∩C is a union of k parallel strands s1, . . . , sk. Each

of the strands is overcrossed by the unknot U , which divides si into two arcs αi ⊂ D× [0, ε] and

αk+i ⊂ D × [−ε, 0] (for i = 1, . . . , k). The arc αi is a part of the overpass αi in the diagram,

and we denote by xi its corresponding generator in π1(L(p, q)\L, ∗) for i = 1, . . . , 2k, see Fig. 4.

It may happen that the arcs αi and αj coincide for two different indices 1 ≤ i, j ≤ 2k; in this

case we add the relation xi = xj to the presentation of π1(L(p, q)\L, ∗). We denote by a1 the

generator of π1(L(p, q)\L, ∗), corresponding to the overpass of the unknot U which overcrosses

the strands s1, . . . , sk. Moreover, we denote by ai the generator of π1(L(p, q)\L, ∗), corresponding

to the arc of U which lies between the overcrossings of sk−i+1 and sk−i+2 with U for i = 2, . . . , k.

−p/q D

α1 α2 α3

α4 α5 α6

Fig. 4. Intersections of strands with the disk for k = 3, ε1 = −1, ε2 = 1, ε3 = 1.

The orientation of L induces an orientation for each of the strands s1, . . . , sk. For i = 1, . . . , k,

let εi = 1 if the strand si is oriented so that the arc αi comes after the arc αk+i, and let εi = −1

otherwise.

Corollary 2.7. In this notation, the presentation of the link group is given by

π1(L(p, q)\L, ∗) =
〈
x1, . . . , xn, a1, . . . , ak|w1, . . . , wn+k, a

p
1(xε11 . . . xεkk )−q

〉
,

in particular, if L is affine, we have

π1(L(p, q)\L, ∗) = 〈x1, . . . , xn, a1|w1, . . . , wn, a
p
1〉 .

Proof. It follows directly from Theorem 2.4 and the introduced notation.
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Lemma 2.8. Any link L ⊂ L(p, q) with the diagram, described in Notation 2.6, is equivalent to

a link whose algebraic intersection with the disk D is an integer between 0 and p− 1.

Proof. The (p,−q)-curve is a trivial knot in L(p, q), since it bounds a disk (the meridional disk

of V2). A band connected sum with a trivial knot is well defined and keeps the isotopy type of

a link in any 3-manifold intact [8] (see also [11],[5]). Since the band connected sum with the

(p,−q)-curve increases the intersection number by ±p (the sign depends on the position of the

band, see Fig. 5) and can be summed any number of times, it follows that any link L is isotopic

to a link L′ with intersection number between 0 and p− 1.

Slide move

5/2

←→

5/2

←→

5/2

Fig. 5. Two possible band connected sums with the meridian in L(5, 2).

From now on, if not stated otherwise, we will assume that any link L ⊂ L(p, q) satisfies

0 ≤
∑k
i=1 εi ≤ p− 1.

To end this Section, we describe the abelianization of the link group of L.

Lemma 2.9 ([2], Lemma 4). Let K ⊂ L(p, q) be an oriented knot. Represent L(p, q) as the

−p/q surgery on an unknot U , and draw K in relation with this diagram. Let D be the obvious

disk in S3, bounded by U . Denote by f(K) the algebraic intersection number of K and D. Then

the homology class of K inside H1(L(p, q)) ∼= Zp is equal to

[K] = q · f(K) mod p .

Proof. The space L(p, q) is obtained from S3 by removing the regular neighbourhood ν(U)

of U and gluing in a 2-cell with the boundary p · l1 − q · m1, where l1 ∈ π1(∂(ν(U))) is the

meridian of ν(U) and m1 ∈ π1(∂(ν(U))) is the longitude of U . For each positive (negative) point

of intersection between K and D, there are q positive (negative) points of intersection between

K and the 2-cell of L(p, q). By summing up all the signed intersections, the above formula is

obtained.

Corollary 2.10 ([2], Corollary 5). Let L ⊂ L(p, q) be a link with components L1, . . . , Lr.

Denote by ci the homology class of Li in H1(L(p, q)) ∼= Zp for i = 1, . . . r. The first homology

group of the link complement equals

H1(L(p, q)\L) ∼= Zr ⊕ Zd ,



March 15, 2019 10:58 WSPC/INSTRUCTION FILE alex-lpq-final

On the Alexander polynomial of links in lens spaces 7

where d = gcd(c1, . . . , cr, p).

Proof. Represent L(p, q) by the Kirby diagram as the −p/q surgery on an unknot U , and draw

L in relation with this diagram. Let D be the obvious disk in S3, bounded by U . For i = 1, . . . , r

denote by f(Li) the algebraic intersection number of Li and D. We abelianize the link group

π1(L(p, q)\L, ∗), whose presentation is given by Corollary 2.7. Once the generators commute,

then, by the Wirtinger relations w1, . . . , wn+k, all the generators, corresponding to the same

link component of L, become homologous. Thus, H1(L(p, q)\L) is an abelian group with r free

generators g1, . . . , gr, corresponding to the components of the link L, and the generator a1,

corresponding to the unknot U . The lens relation, when abelianized, becomes

p · a1 − q · (f(L1)g1 + . . .+ f(Lr)gr) = 0 .

By Lemma 2.9, this is the same as p · a1 − (c1g1 + . . . + crgr) = 0, and it follows that d =

gcd (c1, . . . , cr, p).

3. The Alexander-Fox matrix of a link in a lens space

3.1. The construction and definitions

Given a presentation of the group of a link, one may calculate its Alexander polynomial using

Fox calculus. We shortly recall the following construction from [26]. Let

P = 〈x1, . . . , xn| r1, . . . , rm〉

be a presentation of a group G and denote by H = G/G′ its abelianization. Let F = 〈x1, . . . , xn〉
be the corresponding free group. We apply the chain of maps

ZF
∂
∂x−→ ZF γ−→ ZG α−→ ZH ,

where ∂
∂x denotes the Fox differential, γ is the quotient map by the relations r1, . . . , rm and α is

the abelianization map. The Alexander-Fox matrix of the presentation P is the matrix A = [ai,j ],

where ai,j = α(γ( ∂ri∂xj
)) for i = 1, . . . ,m and j = 1, . . . n. For k = 1, . . . ,min{m − 1, n − 1}, the

k-th elementary ideal Ek(P) is the ideal of ZH, generated by the determinants of all the (n− k)

minors of A. The first elementary ideal E1(P) is the ideal of ZH, generated by the determinants

of all the (n− 1) minors of A.

Definition 3.1. Let L ⊂ S3 be a link, and let Ek(P) be the k-th elementary ideal, obtained

from a presentation P of π1(S3\L, ∗). Then the k-th link polynomial ∆k(L) is the generator

of the smallest principal ideal containing Ek(P). The Alexander polynomial of L, denoted by

∆(L), is the first link polynomial of L.

For a classical link L ⊂ S3, the abelianization of π1(S3\L, ∗) is the free abelian group,

whose generators correspond to the components of L, see Corollary 2.2. For a link in L(p, q), the

abelianization of its link group may also contain torsion, as we know by Corollary 2.10. In this

case, we need the notion of a twisted Alexander polynomial. We recall the following from [2].

Let G be a group with a finite presentation P and abelianization H = G/G′ and denote

K = H/Tors(H). Then every homomorphism σ : Tors(H)→ C∗ = C\{0} determines a twisted

Alexander polynomial ∆σ(P) as follows. Choosing a splitting H = Tors(H) × K, σ defines a
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ring homomorphism σ : Z[H] → C[K] sending (f, g) ∈ Tors(H) × K to σ(f)g. Thus we apply

the chain of maps

ZF
∂
∂x−→ ZF γ−→ ZG α−→ Z[H]

σ−→ C[K]

and obtain the σ-twisted Alexander matrix Aσ =
[
σ(α(γ( ∂ri∂xj

)))
]
. The twisted Alexander poly-

nomial is then defined by ∆σ(P) = gcd(σ(E1(P))).

Definition 3.2. Let L ⊂ L(p, q) be a link in the lens space. For any presentation P of the link

group π1(L(p, q)\L, ∗), we may define the following.

The Alexander polynomial of L, denoted by ∆(L), is the generator of the smallest principal

ideal containing E1(P).

For any homomorphism σ : Tors(H1(L(p, q)\L))→ C∗, the σ-twisted Alexander polyno-

mial of L is ∆σ(L) = gcd(σ(E1(P))).

We know from Corollary 2.10 that the torsion subgroup of H1(L(p, q)\L) is the group Zd.
Thus, the image of the group homomorphism σ : Tors(H1(L(p, q)\L))→ C∗ is contained in the

cyclic group, generated by ζ, the d-th root of the unity. The σ-twisted Alexander polynomial

∆σ(L) ∈ Z[ζ][K] is defined up to multiplication by ζjg, with g ∈ K. When the chosen generator

gen of Tors(H1(L(p, q)\L)) will be clear from the context, we will denote by ∆µ(L) the σ-twisted

Alexander polynomial, for which σ(gen) = µ ∈ C∗.

3.2. The calculation of the Alexander-Fox matrix

In this subsection we will use the presentation of the link group π1(L(p, q)\L, ∗) to calculate the

Fox differentials and obtain the Alexander-Fox matrix AL.

Let L ⊂ L(p, q) be a link, given by a diagram, described in Notation 2.6. The diagram of

L consists of two parts: the first part is contained in the cylinder C, and the second part is

the diagram in the rest of S3. The first part of the diagram determines the Wirtinger relations,

corresponding to the crossings between L and U , and the lens relation. The second part of the

diagram determines the Wirtinger relations, corresponding to the crossings within the link L.

Using the notation, described in Notation 2.6, we will now write down the relations, determined

by the first part of the diagram.

If L is an affine link, then the first part of the diagram consists merely of the unknot U ,

determining a single relation l : ap1.

If L is not affine, then the first part of the diagram contains 2k crossings. By Lemma 2.8

we may assume that 0 ≤
∑k
i=1 εi ≤ p − 1. For i = 1, . . . , k, there is a crossing where

U overcrosses the strand si, yielding the Wirtinger relation qi : a1x
εi
k+ia

−1
1 x−εii . Moreover, for

i = 1, . . . , k there is a crossing where the strand si overcrosses U , yielding the Wirtinger relation

ri : x
εi
i ak−i+1x

−εi
i a−1

k−i+2(mod k). Finally, the lens relation is l : ap1 (xε11 . . . xεkk )
−q

. The presentation

of the link group is

π1(L(p, q)\L, ∗) = 〈x1, . . . , xn, a1, . . . , ak| q1, . . . , qk, r1, . . . , rk, w1, . . . , wn−k, l〉 ,

where w1, . . . , wn−k denote the Wirtinger relations, corresponding to the crossings within the

link L.

Now we calculate the Fox differentials of the known relations, apply the quotient map γ by the

relations and abelianize to obtain the Alexander-Fox matrix. Since the lens relation is essentially
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different from the other Wirtinger relations, this process is done in two steps, as will be described

in the following Proposition.

Definition 3.3. For a link L ⊂ L(p, q), given by the diagram described in Notation 2.6, we

denote k =
∑k
i=1 εi, p

′ = p
d and k′ = k

d , where d = gcd{p, k}.

Proposition 3.4. For a link L ⊂ L(p, q), let

P = 〈x1, . . . , xn, a1, . . . , ak| q1, . . . , qk, r1, . . . , rk, w1, . . . , wn−k, l〉

be the link group presentation, described above. Let M be the matrix of the Fox differentials of

P, and denote by A(x, a) the matrix we obtain from M by identifying xi = x for i = 1 . . . , n and

aj = a for j = 1, . . . k. Then the Alexander-Fox matrix of L is given by

AL(t) = A(t
p
d , t

qk
d ) = A(tp

′
, tqk

′
) ,

while the µ-twisted Alexander-Fox matrix is given by AµL(t) = A(tp
′
, νtqk

′
), where µ ∈ C∗ is a

d-th root of unity and ν is any complex root of the polynomial zp
′ − µ.

Proof. As the Fox differentials of all the relations in the given presentation are calculated, we

apply on them the quotient map γ by the relations, followed by the abelianization α. When

applying the homomorphism α ◦ γ with respect to the Wirtinger relations, all the generators,

corresponding to the same component of the link L ∪ U , become identified. We thus identify

α(γ(a1)) = . . . = α(γ(ak)) = a. Since we will calculate the one-variable Alexander polynomial of

L, we also identify α(γ(xi)) = x for i = 1 . . . , n. By applying α ◦ γ with respect to all relations

except the lens relation, we obtain the two-variable matrix A(x, a), with x corresponding to the

link L and a corresponding to the unknot U .

The Alexander-Fox matrix of L is calculated from A(x, a) by applying α ◦ γ with respect to

the lens relation and thus identifying

ap = α(γ(a1))p = α(γ(ap1)) = α(γ((xε11 . . . xεkk )q)) = xqk .

Therefore, the Alexander-Fox matrix AL of the link L is obtained from A(x, a) by the substitution

AL(t) = A(t
p
d , t

qk
d ) = A(tp

′
, tqk

′
).

By Corollary 2.10, the torsion of the abelianized link group is the group Zd. If there is

nontrivial torsion, the lens relation becomes (ap
′
x−qk

′
)d = 1 and the homomorphism σ : Z[H]→

C[K] sends the torsion generator ap
′
x−qk

′
to µ. It follows that the µ-twisted Alexander-Fox

matrix AµL is obtained from A(x, a) by the substitution AµL(t) = A(tp
′
, νtqk

′
).

Remark 3.5. Observe that k is actually the algebraic intersection number of L and the

disk D. If L ⊂ L(p, q) is a link with components L1, . . . , Lr, we have by Lemma 2.9

[L] =
∑r
i=1[Li] = (qk)(mod p) ∈ H1(L(p, q)). Since p and q are coprime, it follows that

d = gcd{p, k} = gcd{p, qk} = gcd{p, [L]} and thus the number p′ may be more invariantly

defined as p′ = p
gcd{p,[L]} .
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We calculate the matrix A(x, a) =



w1 . . . wn−k qk . . . q1 rk . . . r1 l

xn
... B1 0 0 0

x2k+1

x2k aφk
... B3

. . . 0 0

xk+1 aφ1

xk −φk (1− a)φk βk
... B2

. . .
. . .

...

x1 −φ1 (1− a)φ1 β1

a1 (1− x)φk . . . (1− x)φ1 xεk −1 θ

... 0 0 −1
. . . 0

ak −1 xε1



(3.1)

where the missing entries are all zero submatrices and θ = 1 + a+ . . .+ ap−1,

βi = −(1 + xk + . . .+ x(q−1)k)x
∑i−1

j=1 εjφi

and

φi =

{
1 if εi = 1,

−x−1 if εi = −1.

for i = 1, . . . , k. The −1 entries in the right lower part of 3.1 are situated in row a(k−i+2)modk

and column ri for i = 1, . . . , k − 1. The entries B1, B2, B3 represent the Fox differentials of the

Wirtinger relations w1, . . . , wn−k of the crossings within the link L.

4. The main results

In this Section, we describe a relation between the Alexander polynomials of a link in the lens

space and of its classical counterpart in S3. Let L ⊂ L(p, q) be a link, given by a diagram,

described in Notation 2.6. Denote by L′ ⊂ S3 the classical link we obtain from L by ignoring

the surgery along the unknot U . We will study the relation between the Alexander polynomial

∆(L) of L ⊂ L(p, q) and the Alexander polynomials of the classical links ∆(L′) and ∆(L′ ∪ U).

Firstly, we observe the case of an affine link in the lens space.

Corollary 4.1 ([2], Proposition 7). Let L ⊂ L(p, q) be an affine link. Then for its twisted

Alexander polynomials we have ∆1(L) = p ·∆(L′) and ∆µ(L) = 0 for µ 6= 1.

Proof. By Corollary 2.7, the link group of an affine link has a presentation

π1(L(p, q)\L, ∗) = 〈x1, . . . , xn, a1|w1, . . . , wn, a
p
1〉 .

Denoting by AL and AL′ the Alexander-Fox matrices for L and L′ respectively, AL equals AL′

with one additional row (corresponding to a1) and column (corresponding to the lens relation
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l : ap1). From the lens relation it follows that the abelianization of π1(L(p, q)\L, ∗) has the torsion

subgroup Zp. If σ : Zp → C∗ is the homomorphism, which takes the generator a1 to µ 6= 1, we

have σ(α(γ( ∂l
∂a1

))) = µp−1
µ−1 = 0.

For the homomorphism σ which takes the generator a1 to 1, we have σ(α(γ( ∂l
∂a1

))) = p, and

this is the only nonzero entry in the last row (and column) of the matrix AL. For the minors

of AL, we observe the following. Since the Wirtinger presentation of a classical link group has

deficiency one, we have detAn+1,n+1
L = detAL′ = 0. Moreover, if we remove from AL either any

row and the last column or the last row and any column, then the remaining matrix is singular.

It follows that

detAi,jL =

{
p · detAi,jL′ if 1 ≤ i, j ≤ n,
0 if i = n+ 1 or j = n+ 1,

and we conclude

gcd{detAi,jL | 1 ≤ i, j ≤ n+ 1} = p · gcd{detAi,jL′ | 1 ≤ i, j ≤ n} .

Now we explore the case of a link L ⊂ L(p, q) which is not affine. In this case, L is nontrivially

linked with the unknot U . We observe that the Alexander polynomial of L ⊂ L(p, q) is related

to the Alexander polynomial of the classical link L′ ∪ U ⊂ S3:

Proposition 4.2. Let ∆(L) be the Alexander polynomial of L ⊂ L(p, q). Denote by ∆i(L
′∪U) the

i-th two-variable polynomial of the classical link L′∪U ⊂ S3 (the variables corresponding to L′ and

U respectively). Then ∆(L)(t) divides ∆1(L′∪U)(tp
′
, tqk

′
) and is divisible by ∆2(L′∪U)(tp

′
, tqk

′
).

Proof. The presentation

π1(L(p, q)\L, ∗) = 〈x1, . . . , xn, a1, . . . , ak| q1, . . . , qk, r1, . . . , rk, w1, . . . , wn−k, l〉 ,

described in Subsection 3.2, is obtained from the presentation for π1(S3\(L′ ∪ U), ∗) by adding

the lens relation, see Theorem 2.4. Applying α ◦ γ with respect to all relations except the lens

relation means identifying all the variables xi and all the variables ai in the Fox differentials of

this presentation. We obtain the matrix A(x, a), given in Proposition 3.4, and the Alexander-Fox

matrix of L ⊂ L(p, q) is given by AL(t) = A(tp
′
, tqk

′
). By deleting the last column of A(x, a)

(belonging to the lens relation), we obtain the two-variable Alexander-Fox matrix of the link

L′ ∪ U ⊂ S3.

AL(t) =



w1 . . . wn−k qk . . . q1 rk . . . r1 l

xn 0

...
...

xk+1 0

xk βk
... AL′∪U (tp

′
, tqk

′
)

...

x1 β1

a1 θ

... 0

ak 0


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where θ = ∂l
∂a1

(tp
′
, tqk

′
) and βi = ∂l

∂xi
(tp
′
, tqk

′
) for i = 1, . . . , k. Denote by Ai,(j,j

′) the matrix

we get from A by deleting the i-th row, the j-th and the j′-th column, and denote by B =

AL′∪U (tp
′
, tqk

′
). The Alexander polynomial of L may be written as

∆(L) = gcd{detA
i,(j,j′)
L | 1 ≤ i ≤ n+ k, 1 ≤ j < j′ ≤ n+ k + 1}

= gcd{detBi,j , θ detB(i,n+1),(j,j′) +

k∑
r=1

(−1)rβr detB(i,n−r+1),(j,j′)|1 ≤ i, j, j′ ≤ n+ k} .

Since ∆1(L′ ∪ U)(tp
′
, tqk

′
) = gcd{detBi,j | 1 ≤ i, j ≤ n + k} and ∆2(L′ ∪ U)(tp

′
, tqk

′
) =

gcd{detB(i,i′),(j,j′) | 1 ≤ i, i′, j, j′ ≤ n+ k}, it follows that ∆2(L′ ∪U)(tp
′
, tqk

′
) divides ∆(L) and

∆(L) divides ∆1(L′ ∪ U)(tp
′
, tqk

′
).

As we have seen, the group of a link L ⊂ L(p, q) is in a close relationship with the group

of the classical link L′ ∪ U ⊂ S3. Based on this relationship, Proposition 4.2 approximates the

Alexander polynomial ∆(L) with the link polynomials of L′ ∪ U . Let us describe the relation

between the Alexander polynomials ∆(L) and ∆(L′ ∪ U) more precisely.

Definition 4.3. Let p and q be positive coprime integers. Denote by λp,q the rational function,

given by

λp,q(u) =
upq − 1

(up − 1)(uq − 1)
.

Lemma 4.4. For any positive coprime integers p and q we have λp,q(u) = λ1(p,q)(u)
u−1 , where

λ1(p, q) is a polynomial not divisible by (u− 1).

Proof. Since gcd(p, q) = 1, every root of the denominator is also a root of the numerator. The

root 1, however, is a double root of the denominator and a single root of the numerator.

We need another classical result, that was obtained in [24, Theorem, page 61].

Lemma 4.5. [24] Let L be a µ-component link in S3, where µ ≥ 2. Let AL(t1, . . . , tµ) be an

Alexander matrix for L, where ti denotes the variable, corresponding to component Li for i =

1, . . . , µ. Denote by AjL the minor of AL, obtained by deleting the row/column belonging to the

generator xj ∈ π1(S3\L). Then there exists a polynomial ∆ ∈ Z[t±1
1 , . . . , t±1

µ ] such that

AjL = ±(xj − 1)∆

for j = 1, . . . , µ.

Theorem 4.6. Let L be a link in L(p, q), which intersects the disk D in k transverse intersection

points so that k =
∑k
i=1 εi 6= 0. Let p′ = p

d and k′ = k
d where d = gcd{p, k}. Then the Alexander

polynomial of L and the two-variable Alexander polynomial of the classical link L′∪U are related

by

∆(L)(t) =
t− 1

tk′ − 1
∆(L′ ∪ U)(tp

′
, tqk

′
) .

Proof. Represent L by a diagram, described in Notation 2.6. Then the group of L has the

presentation

π1(L(p, q)\L, ∗) = 〈x1, . . . , xn, a1, . . . , ak| q1, . . . , qk, r1, . . . , rk, w1, . . . , wn−k, l〉 ,
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described in Subsection 3.2. By calculating the Fox differentials of this presentation and then

identifying all the xi-variables and all the aj-variables, we obtain the matrix A(x, a). In Propo-

sition 3.4 we have shown that the Alexander-Fox matrix of L is calculated from A(x, a) by the

substitution AL(t) = A(tp
′
, tqk

′
).

For i = 1, . . . , k, we denote: θ = 1 + a+ . . .+ ap−1,

βi = −(1 + xk + . . .+ x(q−1)k)x
∑i−1

j=1 εjφi

and

φi =

{
1 if εi = 1,

−x−1 if εi = −1 .

and then calculate the matrix A(x, a) =



w1 . . . wn−k qk . . . q1 rk . . . r1 l

xn
... B1 0 0 0

x2k+1

x2k aφk
... B3

. . . 0 0

xk+1 aφ1

xk −φk (1− a)φk βk
... B2

. . .
. . .

...

x1 −φ1 (1− a)φ1 β1

a1 (1− x)φk . . . (1− x)φ1 xεk −1 θ

... 0 0 −1
. . . 0

ak −1 xε1



(4.1)

If we erase the last column of A, corresponding to the lens relation, we obtain the (two variable)

Alexander matrix of the classical link L′ ∪ U . Since A has n + k rows and n + k + 1 columns,

its columns are linearly dependent. Therefore, the last column may be expressed as a linear

combination of the previous columns. The last column may be written as a linear combination

of the columns r1, . . . , rk as follows:

l = λp,q(t
k′)
(

(x
∑k−1

i=1 εi)rk + (x
∑k−2

i=1 εi)rk−1 + . . .+ (xε1)r2 + r1

)
. (4.2)

We may use this linear combination when calculating the determinants of the minors of AL. The

Alexander polynomial of L is given by

∆(L) = gcd{detA
i,(j,j′)
L | 1 ≤ i ≤ n+ k, 1 ≤ j < j′ ≤ n+ k + 1} .

We observe the minors A
i,(j,j′)
L and compare them with the minors of AL′∪U . Denote B(t) =

AL′∪U (tp
′
, tqk

′
). For j′ = n+ k + 1 we have detA

i,(j,n+k+1)
L = detBi,j .

The minor A
i,(j,j′)
L for j′ ≤ n + k is obtained from the minor Bi,j by changing the j′-th

column to l and then subtracting from l all possible terms in the linear combination (4.2) (we

may subtract the terms whose corresponding columns are different from j and j′).
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For 1 ≤ j < j′ ≤ n we have detA
i,(j,j′)
L = 0, since the last (k + 1) columns of this minor are

linearly dependent.

For j ≤ n and j′ = n+ r we have detA
i,(j,n+r)
L = λp,q(t

k′)x
∑k−r

i=1 εi detBi,j if 1 ≤ r ≤ k.

For the remaining case when n+ 1 ≤ j < j′ ≤ n+ r, we argue as follows. If i ≤ n, then the

rows a2, . . . , ak are linearly dependent since each of them has at most (k − 2) nontrivial entries.

If, on the other hand, i > n, then we have

detA
i,(j,j′)
L = λp,q(t

k′)

(
x
∑k−(j−n)

i=1 εi detBi,j
′
+ x

∑k−(j′−n)
i=1 εi detBi,j

)
.

Thus, we may write

detA
i,(j,j′)
L =

0, 1 ≤ j < j′ ≤ n,

detBi,j , j′ = n+ k + 1,

λp,q(t
k′)x

∑k−r
i=1 εi detBi,j , j ≤ n, j′ = n+ r, 1 ≤ r ≤ k,

0, i ≤ n, n+ 1 ≤ j < j′ ≤ n+ k,

λp,q(t
k′)
(
x
∑k−(j−n)

i=1 εi detBi,j
′
+ x

∑k−(j′−n)
i=1 εi detBi,j

)
, i > n, n+ 1 ≤ j < j′ ≤ n+ k.

By Lemma 4.5 it follows that

gcd{detBi,j | 1 ≤ i, j ≤ n+ k}

= gcd{tp
′
− 1, tqk

′
− 1}∆(L′ ∪ U)(tp

′
, tqk

′
) = (t− 1)∆(L′ ∪ U)(tp

′
, tqk

′
) .

Since the Alexander polynomial is only defined up to the multiplication by a power of t, it follows

by Lemma 4.4 that

∆(L)(t) = gcd{detA
i,(j,j′)
L | 1 ≤ i ≤ n+ k, 1 ≤ j < j′ ≤ n+ k + 1}

=
t− 1

tk′ − 1
∆(L′ ∪ U)(tp

′
, tqk

′
).

4.1. Alexander polynomial of null-homologous links in L(p, q)

We obtain the following corollaries.

Corollary 4.7. Let L be a link in L(p, q), which intersects the disk D in k transverse intersection

points, so that k =
∑k
i=1 εi = 0. Then the Alexander polynomial of L and the two-variable

Alexander polynomial of the classical link L′ ∪ U are related by

∆(L)(t) = ∆(L′ ∪ U)(t, tq) .

Proof. Represent L by a diagram, described in Notation 2.6. By taking the band connected

sum with the (p,−q)-curve (recall Lemma 2.8), we may change L to an equivalent link whose

algebraic intersection with D equals k =
∑k
i=1 εi = p. Then we have gcd{p, k} = p, p′ = p

d = 1

and k′ = k
d = 1. We proceed as in the proof of Theorem 4.6.

Corollary 4.8. Let L ⊂ L(p, q) be a link, which intersects the disk D in k transverse intersec-

tion points, so that k = 0. Then the µ-twisted Alexander polynomial of L and the two-variable

Alexander polynomial of the classical link L′ ∪ U are related by

∆µ(L)(t) =
∆(L′ ∪ U)(t, µ)

µ− 1
,
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where µ ∈ C is any p-th complex root of unity, different from 1.

Proof. We use the same method as in the proof of Theorem 4.6. In this case, d = gcd{p, k} = p

and therefore p′ = 1 and k′ = 0. The µ-twisted Alexander-Fox matrix of L is calculated from

A(x, a) by the substitution AµL(t) = A(t, µ) (see Proposition 3.4). For i = 1, . . . , k we calculate:

θ = 1 + a+ . . .+ ap−1 = µp−1
µ−1 = 0 and

βi = −qx
∑i−1

j=1 εjφi .

The matrix A(x, a) looks like (4.1). If we erase the last column of A(x, a), corresponding to the

lens relation, we obtain the (two variable) Alexander matrix of the classical link L′ ∪U . The last

column may be written as a linear combination of the columns r1, . . . , rk as follows:

l =
q

1− µ

(
(x

∑k−1
i=1 εi)rk + (x

∑k−2
i=1 εi)rk−1 + . . .+ (xε1)r2 + r1

)
. (4.3)

Denote B(t) = AL′∪U (t, µ). Using an analogous reasoning as in the proof of Theorem 4.6, we

calculate

detA
i,(j,j′)
L =

0, 1 ≤ j < j′ ≤ n,

detBi,j , j′ = n+ k + 1,
q

1−µx
∑k−r

i=1 εi detBi,j , j ≤ n, j′ = n+ r, 1 ≤ r ≤ k,

0, i ≤ n, n+ 1 ≤ j < j′ ≤ n+ k.
q

1−µ

(
x
∑k−(j−n)

i=1 εi detBi,j
′
+ x

∑k−(j′−n)
i=1 εi detBi,j

)
, i > n, n+ 1 ≤ j < j′ ≤ n+ k.

Since the Alexander polynomial is only defined up to multiplication by a power of t, it follows

that

∆µ(L)(t) =
∆(L′ ∪ U)(t, µ)

µ− 1
.

Corollary 4.9. Denote by −L the link L ⊂ L(p, q) with the opposite orientation. Then the

Alexander polynomials of L and −L are connected by

∆(−L)(t) = ∆(L)(t−1) .

Proof. By Theorem 4.6, the Alexander polynomial of L is given by ∆(L)(t) =
t−1
tk′−1

∆L′∪U (tp
′
, tqk

′
). When changing the orientation of L, every sign εi switches to −εi, thus

k =
∑k
i=1 εi becomes −k and consequently k′ becomes −k′. The classical link L′, corresponding

to L, also changes orientation, and for the classical links we know that ∆(−L′)(t) = ∆(L′)(t−1).

Therefore, by Theorem 4.6 we have

∆(−L)(t) =
t− 1

t−k′ − 1
∆(−L′ ∪ U)(tp

′
, t−qk

′
) =

t− 1

t−k′ − 1
∆(L′ ∪ U)(t−p

′
, t−qk

′
) = ∆(L)(t−1) .

4.2. Alexander polynomial of a family of unlinks in L(p, q)

Now we observe a family of unlinks {Lk,r}k∈N,0≤r≤k in L(p, q). Any link L ⊂ L(p, q) may be

obtained by combining (”multiply” connect summing) the classical link L′ ⊂ S3 with a suitable
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link Lk,r. We calculate the Alexander polynomial ∆(Lk,r) for any k ∈ N, 0 ≤ r ≤ k. In the

following proposition, we begin with the subfamily {Lk}k∈N, where Lk = Lk,0.

Proposition 4.10. Let k be a positive integer. Denote by Lk ⊂ L(p, q) the unlink, consisting

of k unknots, each of them intersecting the disk D transversely in a single positive point of

intersection. The Alexander polynomial of Lk is given by

∆(Lk)(t) =
(tqk

′ − 1)k−1(t− 1)

tk′ − 1
.

Proof. We will calculate the Alexander polynomial of the classical link L′k ∪ U ⊂ S3 and then

use Theorem 4.6. Denote by xi the generator of π1(S3\(L′k ∪ U), ∗), corresponding to the i-th

unknot of the unlink Lk for i = 1, . . . , k. Denote by a1, . . . , ak the generators, corresponding to

the meridian U , so that the Wirtinger relations of the crossings between the meridian and the

unknots are qi : a1xia
−1
1 x−1

i and ri : xiak−i+1x
−1
i a(k−i+2) modk for i = 1, . . . , k. From the link

group presentation

π1(S3\(L′k ∪ U), ∗) = 〈x1, . . . , xk, a1, . . . , ak| q1, . . . , qk, r1, . . . , rk〉

we derive the Alexander matrix AL′k∪U . For k ≥ 2, we have

AL′k∪U (x, a) =



qk . . . q1 rk . . . r1

xk (a− 1) (1− a)

...
. . .

. . .

x1 (a− 1) (1− a)

a1 (1− x) . . . (1− x) x −1

... 0 −1
. . .

ak −1 x


Observe that this matrix is obtained from the matrix A(x, a) in (3.1) if n = k, by adding the

row xk+i to xi for i = 1, . . . , k and then deleting the rows xk+1, . . . , x2k.

The Alexander polynomial is then calculated as

∆(L′k ∪ U)(x, a) = gcd{detAL′k∪U (x, a)i,j | 1 ≤ i, j ≤ 2k} .

where Ai,j denotes the minor, obtained by deleting the i-th row and the j-th column of a matrix

A. Denote by S(i, j) the set of all bijections

π : {1, . . . , î, . . . , 2k} → {1, . . . , ĵ, . . . , 2k} ,

and let mi,j be the (i, j)-th entry of the matrix AL′k∪U . Then we have

detAi,jL′k∪U
=

∑
π∈S(i,j)

m1,π(1)m2,π(2) . . .m2k,π(2k) .

From the matrix, we may observe that for every π ∈ S(i, j), the following holds.

m1,π(1) . . .mk,π(k) =


0 or

±(a− 1)k−1 if i ≤ k,
±(a− 1)k if i ≥ k + 1 .
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mk+1,π(k+1) . . .m2k,π(2k) =


0 or

(1− x)(. . .) or xk or − 1 if i ≤ k
something if i ≥ k + 1

If i ≥ k+ 1, then detAi,jL′k∪U
is divisible by (a− 1)k. If i ≤ k and j ≥ k+ 1, then detAi,jL′k∪U

=

(a − 1)k−1(1 − x)(−1)j−k−1x2k−j . If i, j ≤ k, then we may expand the determinant along the

(k + 1)-st row to obtain

detAi,jL′k∪U
= (a− 1)k−1

(
±(xk − 1) + (1− x)

k∑
r=1

Cr

)
,

where the factors Cr denote sums of the terms mk+2,π(k+2) . . .m2k,π(2k).

It follows that the determinant detAi,jL′k∪U
for 1 ≤ i, j ≤ 2k is always divisible

by (a − 1)k−1 gcd {a− 1, x− 1}. Since detA1,2k
L′k∪U

(x, a) = (a − 1)k−1(1 − x)(−1)k−1 and

detAk+1,2k
L′k∪U

(x, a) = (a− 1)k(−1)k−1, we conclude that

∆(L′k ∪ U)(x, a) = (a− 1)k−1 gcd {a− 1, x− 1} .

By Theorem 4.6 it follows

∆(Lk)(t) =
(tqk

′ − 1)k−1

tk′ − 1
gcd

{
tqk
′
− 1, tp

′
− 1
}

=
(tqk

′ − 1)k−1(t− 1)

tk′ − 1
.

Here we have used the fact that the numbers p′ and qk′ are coprime, and thus 1 is the only

common root of the polynomials tqk
′ − 1 and tp

′ − 1.

For k = 1 we have

AL′1∪U (x, a) =

( q1 r1

x1 a− 1 1− a
a1 1− x x− 1

)

and ∆(L′1 ∪ U)(tp
′
, tq) = gcd{tq − 1, tp

′ − 1} = t − 1 and it follows from Theorem 4.6 that

∆(L1) = 1.

4.3. Relation between the Alexander polynomials of a link in L(p, q) and its

corresponding link in S3

Theorem 4.11. Let L ⊂ L(p, q) be a link which intersects the disk D transversely in a single

point of intersection. Denote by L′ ⊂ S3 the link with the same diagram as L, which we get by

ignoring the surgery along the unknot U . Then the Alexander polynomials of L and L′ are related

by

∆(L)(t) = ∆(L′)(tp) .

Proof. In this case, k = 1 and H1(L(p, q)\L) contains no torsion. Take the strand of L which

intersects the disk D, and cut it on each side of D to represent L as the connected sum

L′#L1 (L1 is the unlink with one component, defined in Proposition 4.10). We use the re-

sult [2, Proposition 8], which says the Alexander polynomial of a connected sum of two links

in L(p, q), one of them a local link, equals the product of both Alexander polynomials. Let
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π1(S3\L′, ∗) = 〈y1, . . . , yn|w1, . . . , wn〉 be the Wirtinger presentation of the group of L′ and

π1(L(p, q)\L1, ∗) = 〈x1, a1| q1, r1, l〉 be the presentation of the group of L1 as defined in the proof

of Proposition 4.10. Then

π1(L(p, q)\L, ∗) = 〈y1, . . . yn, x1, a1|w1, . . . , wn, q1, r1, l, x1 = y1〉

is the presentation of the group of L. The Alexander matrix of L looks like

AL(t) =



−1

AL′(t
p) 0 0

...

0

0 AL1
(t) 1

0


,

where AL′(t) and AL1(t) are the Alexander matrices of L′ and L1 respectively. In the Alexander

matrix for L, all the generators, corresponding to the overpasses of L (these are y1, . . . , yn and

x1) are identified and sent to tp, while the generator a1 is sent to tq (see Proposition 3.4). The

Alexander polynomial of L is calculated by

∆(L)(t) = gcd{detAL(t)i,(j,j
′,j′′)| 1 ≤ i ≤ n+ 2, 1 ≤ j < j′ < j′′ ≤ n+ 4} .

For the indices 1 ≤ i ≤ n+ 2 and 1 ≤ j < j′ < j′′ ≤ n+ 4 we have

detAL(t)i,(j,j
′,j′′) =

detAL′(t
p)i,j · detAL1(t)1,(j′−n,j′′−n) if i ≤ n, j ≤ n and n+ 1 ≤ j′, j′′ ≤ n+ 3,

−detAL′(t
p)1,j · detAL1

(t)i,(j
′−n,j′′−n) if i ≥ n+ 1, j ≤ n and n+ 1 ≤ j′, j′′ ≤ n+ 3,

0 otherwise.

Denoting by di(A) the greatest common divisor of all i-minors of a matrix A, we have

dn+1(AL(t)) = dn−1(AL′(t
p)) · d1(AL1

(t)) and consequently ∆(L)(t) = ∆(L′)(tp) · ∆(L1)(t).

We have shown in Proposition 4.10 that ∆(L1) = 1 and thus ∆(L)(t) = ∆(L′)(tp).

Corollary 4.12. Let L ⊂ L(p, q) be a link, intersecting the disk D transversely in a single point

of intersection. Then for the corresponding link L′ ⊂ S3 we have ∆(L′ ∪ U)(tp, tq) = ∆(L′)(tp).

Proof. In this case k = 1. By Theorem 4.11 we have ∆(L)(t) = ∆(L′)(tp), and by Theorem 4.6

we conclude ∆(L′ ∪ U)(tp, tq) = ∆(L′)(tp).

4.4. Examples

Example 4.13. Denote by Ki ⊂ L(p, q) the trefoil knots in Fig. 6. Note that Ki intersects the

disk D in i transverse intersection points for i = 0, 1, 2. The corresponding classical trefoil knot

K ′ ⊂ S3 has ∆(K ′)(t) = t2− t+1 and ∆2(K ′)(t) = 1. By Corollary 4.1, the (twisted) Alexander

polynomial of K0 equals

∆1(K0)(t) = p(t2 − t+ 1) .

By Theorem 4.11, the Alexander polynomial of K1 equals ∆(K1)(t) = t2p − tp + 1. For K2 ∈
L(p, q), we calculate ∆(K ′2 ∪ U)(x, a) = (x3 + a) gcd{x− 1, a− 1}. It follows from Theorem 4.6
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that the Alexander polynomial of K2 is given by

∆(K2)(t) =

{
∆(K′2∪U)(tp,t2q)

t2−1 = (t3p+t2q)(t−1)
t2−1 = t2q(t3p−2q+1)

t+1 if p is odd,
∆(K′2∪U)(tp

′
,tq)

t−1 = (t3p
′
+tq)(t−1)
t−1 = tq(t

3p−2q
2 + 1) if p is even .

It might be interesting to check whether a similar formula defines the Alexander polynomial of

a general torus knot in L(p, q).

p/q

(a) K0

p/q

(b) K1

p/q

(c) K2

Fig. 6. Diagrams of knots K1, K2, and K3 from Example 4.13.

Example 4.14. The Alexander polynomial is indeed a useful invariant that can detect inequiv-

alent knots that are not distinguishable by other common invariants. Let K1 and K2 be knots

in L(3, 1) with diagrams from Fig. 7, which are respectively the knots 11 and 51 from the knot

table in [8] and respectively the links L4a1 and L10n42 from the Thistlethwaite link table with

3/1 rational surgery performed on the trivial component. The knots are not distinguished by

the Kauffman bracket skein module S2,∞, an invariant that generalizes the Kauffman bracket

polynomial (see Table 4 in [8] and Appendix D in [9]), since it holds that

S2,∞(K1) = S2,∞(K2) = −A9 +A4x+A.

Both knots are also homologous, [K1] = [K2] ∈ H1(L(p, 1)) ∼= Z3. We can easily see that their

complements have the same homology groups: H1(L(p, 1)\K1) ∼= H1(L(p, 1)\K1) ∼= Z. However,

the Alexander polynomial detects that they are indeed different knots:

∆(K1)(t) = 1

∆(K2)(t) = t−6 − t−5 + t−2 − 1 + t2 − t5 + t6.

5. A skein relation

The relationship between the Alexander polynomial of links in lens spaces and the classical

Alexander polynomial obtained in Section 4 may be used to find a skein relation for the normal-

ized version of the Alexander polynomial for links in lens spaces.
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3/1

(a) K1

3/1

(b) K2

Fig. 7. Two knots in L(3, 1) from Example 4.14

5.1. The case of lens spaces

Let L+, L−, and L0 be three links in a 3-manifold M that are identical except inside a 3-ball,

where they look like those in Fig. 8. We refer to L+, L−, L0 as a skein triple.

(a) L+ (b) L− (c) L0

Fig. 8. The links L+, L−, L0 are identical except at one crossing.

Conway showed that the classical Alexander polynomial, can be uniquely normalized by

taking

∇(L)(t) = ±tn
2 ∆(L)(t),

for some n ∈ Z, see [14] for more details. The polynomial ∇(L)(t) is called the normalized

Alexander polynomial or the Alexander-Conway polynomial and is without indeterminacies in

contrast to the Alexander polynomial which is well-defined up to multiplication by the monomial

±tn′
2 , n′ ∈ Z.

For the skein triple L+, L−, L0 ⊂ S3, the following skein relation holds [14]:

∇(L+)−∇(L−) = (t
1
2 − t− 1

2 )∇(L0) .

Definition 5.1. Let L be a link in L(p, q) obtained by −p/q surgery on the oriented unknot U

and let L′ be the link by ignoring surgery on U . Let k be the algebraic intersection number of L

and the disk D bounding U . We define the normalized Alexander polynomial of L to be
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∇(L)(t) =

{
t−1
tk′−1

∇(L′ ∪ U)(tp
′
, tqk

′
), if k̄ 6= 0

∇(L′ ∪ U)(t, tq), if k̄ = 0

where ∇(L′ ∪U)(tp
′
, tqk

′
) and ∇(L′ ∪U)(t, tq) are the (classical) normalized Alexander poly-

nomials in the single variable t and p′, q, and k′ are defined as in Theorem 4.6.

Note that by Theorem 4.6 and Corollary 4.7, it holds that ∇(L)(t) is a normalization of ∆(L)(t).

Lemma 5.2. For a skein triple L+, L−, L0 ⊂ L(p, q), the homology classes of these links are the

same, [L+] = [L−] = [L0] ∈ H1(L(p, q)).

Proof. By Remark 3.5, the homology class is determined by the algebraic intersection number

of L with the disk D bounded by the unknot U on which −p/q surgery is performed. Without

loss of generality we may assume the 3-ball inside which the skein triple differs is disjoint from

D, and by the fact that the skein triple keeps the orientation of the arcs outside the 3-ball intact,

the intersection numbers of D and, respecively, L+, L−, and L0, are the same.

The following theorem describes the skein relation for the normalized Alexander polynomial

in L(p, q).

Theorem 5.3. Let L+, L−, L0 ⊂ L(p, q) be a skein triple and let p′ = p
gcd{p,[L]} , where L is either

L+, L−, or L0. The following skein relation holds for the normalized Alexander polynomial:

∇(L+)−∇(L−) = (t
p′
2 − t−

p′
2 )∇(L0) .

Proof. By Lemma 5.2, p′ does not depend on the choice of L. For k̄ 6= 0 we obtain

∇(L+)(t)−∇(L−)(t) =
t− 1

tk′ − 1

(
∇(L′+ ∪ U)(tp

′
, tqk

′
)−∇(L′− ∪ U)(tp

′
, tqk

′
)
)

=
t− 1

tk′ − 1

(
(tp
′
)

1
2 − (tp

′
)−

1
2

)
∇(L′0 ∪ U)(tp

′
, tqk

′
) =

(
t
p′
2 − t−

p′
2

)
∇(L0)(t),

where the first and third equalities hold by definition and the second equality holds from the fact

that L′+ ∪ U , L′− ∪ U , L′0 ∪ U is also a skein triple in S3.

Similarly, for k̄ = 0 it holds that p′ = 1 and by Corollary 4.7 we have

∇(L+)(t)−∇(L−)(t) = ∇(L′+ ∪ U)(t, tq)−∇(L′− ∪ U)(t, tq)

=
(
t
1
2 − t− 1

2

)
∇(L′0 ∪ U)(t, tq) =

(
t
p′
2 − t−

p′
2

)
∇(L0)(t),

by the same arguments as before.

5.2. Links in other 3-manifolds

We have obtained a relationship between the Alexander polynomial of a link in L(p, q) and the

Alexander polynomial of its classical counterpart in S3. It is possible to use the same approach

in a more general setting. Let M be a closed, orientable, connected 3-manifold. By the Lickorish-

Wallace theorem [17],[27], M may be represented by integral surgery on a link U1 ∪U2 ∪ . . .∪Un
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in S3, where Ui is an unknot for i = 1, 2, . . . , n. Any link in M may be drawn in relation with

the corresponding Kirby diagram, containing the surgery link. For a link L in the manifold M ,

denote by L′ the corresponding link in S3 we obtain by ignoring the surgery along the unknots

U1, . . . , Un. The Alexander polynomial of the link L may be expressed by the classical Alexander

polynomial of the link L′ ∪ U1 ∪ . . . ∪ Un, as the following theorem states.

Theorem 5.4. Let M be a 3-manifold, obtained by integral surgery on a link U1 ∪U2 ∪ . . .∪Un,

where Ui is an unknot for i = 1, 2, . . . , n. Then there exist integers b0, b1, . . . , bn and a polynomial

P ∈ R[t] such that the Alexander polynomial of any link L in the manifold M may be expressed

as

∆L(t) =
∆L′∪U1∪...∪Un

(tb0 , tb1 , . . . , tbn)

P (t)
.

Proof. We prove the statement of the theorem by induction on n (the number of components

of the surgery link).

For n = 1, the manifold M is the lens space L(p, q). By Theorem 4.6 and Corollary 4.7 we

have ∆L(t) =
∆L′∪U1

(tp
′
,tqk
′
)

1+t+...+tk′−1 if k′ 6= 0 and ∆L(t) = ∆L′∪U1
(t, tq) if k′ = 0.

Now suppose the statement of the theorem holds for some n ∈ N. Let M be a 3-manifold,

obtained by integral surgery on a link U1 ∪ U2 ∪ . . . ∪ Un+1, where Ui is an unknot for i =

1, 2, . . . , n+ 1. Denote by M ′ the 3-manifold, obtained by the same surgery on the link U1∪U2∪
. . .∪Un, but ignoring the surgery on the last component Un+1. For a link L in the manifold M ,

let L′′ be the link in M ′, corresponding to L (and let L′ be the corresponding link in S3). By

the induction hypothesis, there exist integers b0, b1, . . . , bn and a polynomial P ∈ R[t] such that

the Alexander polynomial of L′′ may be expressed as

∆L′′(t) =
∆L′∪U1∪...∪Un

(tb0 , tb1 , . . . , tbn)

P (t)
.

The polynomial P = Pn(t) is obtained from the polynomial P1(t) = 1 + t + . . . + tk1−1 by a

recursive formula Pi+1(t) = Pi(t
pi+1)(1 + t + . . . + tki+1−1), where pi and ki are some positive

integers for i = 1, . . . , n. Thus, P (t) is a polynomial with real coefficients.

The manifold M\L is obtained from the manifold M ′\(L′′∪Un+1) by performing the integral

surgery on the component Un+1. The presentation of the link group of L in M is obtained from

the presentation of the link group of L′′ ∪ Un+1 in M ′ by adjoining the lens relation

l : ap(xε11 . . . xεkk )−1 ,

where p is the surgery coefficient of the component Un+1 and a corresponds to its Wirtinger

generator. The other generators x1, . . . , xk are the Wirtinger generators of those arcs of L′∪U1∪
. . . ∪ Un that are overcrossing the component Un+1.

We have

∆L′′∪Un+1
(x, a) =

∆L′∪U1∪...∪Un∪Un+1
(xb0 , xb1 , . . . , xbn , ab0)

P (x)
.

After abelianization, the term xi in the lens relation is replaced by xb0 if it corresponds to a

strand of L′, and is replaced by xbj if it corresponds to a strand of the unlink Uj . Thus, after

abelianization, the lens relation becomes ap = xr for some integer r. Denote d = gcd(p, r), p′ = p
d

and k′ = r
d .
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The Alexander-Fox matrix of L is obtained from the Alexander-Fox matrix A(x, a) of the link

L′′∪Un+1 (where x corresponds to the link L′′ and a corresponds to the unlink Un+1) by adding

the column, corresponding to the lens relation and substituting x = tp
′
, a = tk

′
(we use the same

reasoning as in the proof of Proposition 3.4). Thus, the Alexander-Fox matrix of L looks like

AL(t) =



rk . . . r1 l

xm 0

...
...

xk+1 0

xk βk
... AL′′∪Un+1

(tp
′
, tk
′
)

...

x1 β1

a1 θ

... 0

ak 0


where θ = ∂l

∂a (tp
′
, tk
′
) and βi = ∂l

∂xi
(tp
′
, tk
′
) for i = 1, . . . , k and all other missing submatrices

are zero. The Wirtinger relation ri : x
εi
i ak−i+1x

−εi
i ak−i+2(mod k) corresponds to a crossing where

the unlink Un+1 is overcrossed by xi. A calculation of the Fox differentials, that is essentially the

same as in the proof of Theorem 4.6, shows that the column l of the Alexander-Fox matrix is a

linear combination of the columns r1, . . . , rk:

l =
1

tk′ − 1
(xckrk + xck−1rk−1 + . . .+ xc1r1)

for some integers c1, . . . , ck. The Alexander polynomial of L is given by

∆L(t) = gcd{detAL(t)i,(j1,...,jn+1)| 1 ≤ i ≤ m+ k, 1 ≤ j1 < j2 < . . . < jn+1 ≤ m+ k + n+ 1} .

Denote B(t) = AL′′∪Un+1
(tp
′
, tk
′
). By similar reasoning as in the proof of Theorem 4.6, we obtain

∆L(t) = gcd{detB(t)i,(j1,...,jn),
1

tk′ − 1
detB(t)i,(j1,...,jn)|

1 ≤ i ≤ m+ k, 1 ≤ j1 < j2 < . . . < jn ≤ m+ k + n}

=
t− 1

tk′ − 1
∆L′′∪Un+1

(tp
′
, tk
′
)

and thus

∆L(t) =
∆L′∪U1∪...∪Un∪Un+1

(tp
′b0 , tp

′b1 , . . . , tp
′bn , tk

′b0)

P (tp′)(1 + t+ . . .+ tk′−1)
.

Theorem 5.4 might be the starting point for a study of the Alexander polynomial of links in

other 3-manifolds. Based on our results, one would naturally ask the following question: Given a

closed, orientable, connected 3-manifold M , is there a normalization of the Alexander polynomial

of links in M that satisfies a skein relation, and if so, what is this skein relation?
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