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ABSTRACT. The study of fourth order partial differential equations has flourished in the last years, however, a p(:)-
biharmonic problem with no-flux boundary condition has never been considered before, not even for constant p. This is
an important step further, since surfaces that are impermeable to some contaminants are appearing quite often in nature,
hence the significance of such boundary condition. By relying on several variational arguments, we obtain the existence
and the multiplicity of weak solutions to our problem. We point out that, although we use a mountain pass type theorem
in order to establish the multiplicity result, we do not impose an Ambrosetti-Rabinowitz type condition, nor a symmetry
condition, on our nonlinearity f.
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1 Introduction

Fourth order PDEs have various applications, to micro-electro-mechanical systems, phase field models of multi-
phase systems, thin film theory, thin plate theory, surface diffusion on solids, interface dynamics, flow in Hele-Shaw
cells, see for example [17, 24, 38]. Therefore many authors focused on the study of such problems with constant
exponents, like Molica Bisci and Repovs [37], Candito and Molica Bisci [12], or Liu and Squassina [35] etc. At
the same time, many applications are generated by the elliptic problems with variable exponents, which have a
large range of applications, due to electrorheological fluids [13, 26, 27, 36, 40, 42, 43, 44, 45], thermorheological
fluids [3], elastic materials [49, 9], image restoration [14], mathematical biology [25], dielectric breakdown and
electrical resistivity [6], polycrystal plasticity [7] and sandpile growth [8]. At the interplay of these two research
directions, a natural interest goes to the p(-)-biharmonic problems. This trend is quite fresh, starting probably
in 2009, with the papers [5, 20], where the authors considered problems with the Navier boundary condition

u=Au=0 on 0. (1)

The line of investigation was continued by several authors, see [1, 2, 4, 21, 34, 30, 31, 47]. Notice that all these
studies focus on problems with the Navier boundary condition (1) and only one of them, [21], also considers the
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Neumann type boundary condition

ou 0

— = —(|Au[P™)"2Au) =0 on IQ.

5, = 5y, AUl u) n

But if we think at the applicability to real-life situations, when the surfaces are impermeable to some contami-
nants, we are drawn to the no-flux boundary problems. Hence, inspired by the previous studies [10, 11], where
second order problems with no-flux boundary conditions are treated in the framework of the variable exponent
spaces, we propose the following problem.

A(JAuP® =2 Au) + a(z) [ulP® 2w = X f(z,u) for z€Q,

u = constant, Au =0 for z € 909, (2)
0
—(|AuP ™2 Au) dS = 0,

| 5o )

where Q C RV (N > 2) is a bounded domain with sufficiently smooth boundary, A > 0, and the exponent p is
log-Holder continuous, that is, for each ¢ € {1,..., N} there exists ¢ > 0 such that

C 1
Ip(@) = p(y)| € —— forall 2,y €@ 0<lo—y| <.

~ —log|zr -yl

and

1 < ess inf p(z) <esssupp(z) < oo forall = € Q.
z€Q €N

For simplicity, we denote

h™ =ess inf h(z) and h™ = esssup h(z).
e xeQ

We will work under the following hypotheses:
(H1) a € L*>(Q) and there exists ag > 0 such that a(z) > ag for all z € {;

(H2) f:Q xR — Ris a Carathéodory function and there exist to > 0 and a ball B with B C {2 such that
/ F(z,t9)dx > 0,
B

where F' represents the antiderivative of f, that is, F'(x,t) = fg flz,s)ds;

t
(H3) | l‘im ézg(z:c’)—)l = 0 uniformly with respect to = € Q;
t|—o0
t
(H4) lim J(@, 1) = 0 uniformly with respect to z € Q.

lt|—0 [¢[P(x)—1

Note that all the necessary details regarding the definition and the properties of the variable exponent spaces
involved in the investigation of our problem will be provided in the next section. It is worth mentioning though,
that, since the class of problems represented by (2) was not introduced before, not even for the constant case, we
will need to introduce a new space on which is more appropriate to search for weak solutions to (2). Depending
on the values taken by A, we establish an existence and a multiplicity result. For the existence result we rely on
a classical theorem from the field of calculus of variations, sometimes referred to as a Weierstrass-type theorem.
For the second solution, we make use of a mountain pass type theorem, without imposing the usual Ambrosetti-
Rabinowitz growth condition, that is, there exist § > p* and [ > 0 such that

0 <OF(z,t) < f(x,t)t for all |t| > and a.e. z €Q.



The celebrated mountain pass theorem of Ambrosetti and Rabinowitz has provided lots of applications during
the years and represents the key ingredient to the weak solvability for numerous problems. However, for the
multiplicity of solutions, all the adaptations of the mountain pass theorem are relying on additional symmetry
conditions on the nonlinearity f:

flz,—t) = —f(z,t) forae zeQandalteR (3)

with the help of which we can get the existence of an unbounded sequence of weak solutions. This was the case
for the fourth order PDEs with variable exponent treated by [1, 4, 5, 20, 34]. Other multiplicity results, which
do not impose condition (3) on the nonlinearity, were provided due to various three critical points theorems
of Ricceri type, see [2, 21]. Our problem is the first variable exponent problem of fourth order for which the
multiplicity of solutions is obtained by applying a different strategy. For second order problems with variable
exponents for which the same strategy is applied we refer to [10, 11, 28].

2 Some preliminaries

We introduce some notation that will clarify what follows. Thus, when we refer to a Banach space X, we denote
by X* its dual and by (-,-) the duality pairing between X* and X. By |- | we denote the absolute value of a
number, or the Euclidean norm when it is defined on RV (IV > 2), respectively the Lebesgue measure, when it
is applied to a set.

We recall the definitions of the variable exponent Lebesgue and Sobolev spaces and some of their basic
properties, but much more details can be found in the comprehensive works [19, 16, 41]. As stated from the
beginning, everywhere below we consider p to be log-Hoélder continuous with 1 < p~ < p* < 0.

The Lebesgue space with variable exponent is defined by

LPO(Q) = {u : wuis a measurable real-valued function such that / lu(z)|P®) dz < oo}.
Q

This space is equipped with the Luxemburg norm,

p(z)
[ull o) (@) = inf {M >0 : / dr < 1} ,
Q

and it is a separable and reflexive Banach space, see [32, Theorem 2.5, Corollary 2.7]. Also, we have the following
continuous embedding result.

u(z)

x
1

Theorem 1. (/32, Theorem 2.8]) If 0 < |Q| < o0 and p1, pa € C(4R), 1 < p; <pf < oo (i =1,2), are such
that py < py in Q, then the embedding LP>()(Q) — LP1()(Q) is continuous.

The p(-)-modular of the LP()(Q) space is represented by p,) : LP()(Q) — R,

oo (1) = /Q (@) P da,

and we have some useful properties connecting this application to the Luxemburg norm, see for example [22,
Theorem 1.3, Theorem 1.4]. If u € LP()(Q), then

[ullror@) <1(=1L>1) & ppiy(u) <1 (=1 >1); (4)
- +

lullLecry > 1 = ”“Hip(-)(g) < pp(y(u) < HUHZM.)(Q); (5)
+ _

lullzeer@) <1 = ullfuo @) < Ppey (W) < llullfoc ) (6)

lull Lori@y =0 (= 00) & pp(y(u) = 0 (= c0). (7)



If, in addition, (u,), C LP*)(Q), then

nh_)rgo lun — vl =0 < nh_)rr;o Pp()(un —u) =0 <

< (up)n converges to u in measure and nh_)rrgo Pp() (Un) = ppy(w). (8)

In addition, we benefit from a Hélder type inequality:

/Qu(m)v(x) dx

< 2|lullpee @) [0l oo @) (9)

for all u € LPO) () and v € LP ()(Q) (see [32, Theorem 2.1]), where we denoted by L? ()(2) the dual of L) (1),
obtained by conjugating the exponent pointwise, that is, 1/p(x) + 1/p'(z) = 1, see [32, Corollary 2.7].

Passing to the definition of the Sobolev space with variable exponent, W#?()(Q), we set
WEPO(Q) = {u e LPY(Q) : D € LPY(Q), o < K},

where D%y = o —x U, With v = (@1, ..., ay) is a multi-index and |a| = Zivzl ;. The space WFP()(Q)
N

am‘flam;”“...a

endowed with the norm

HUHW’W’W)(Q) = Z ||Dau||LP('>(Q)7
la| <k

is a separable and reflexive Banach space too, see [32, Theorem 3.1].

The log-Hoélder continuity of the exponent p plays a decisive role in the following density results.

Theorem 2. (see [18, Theorem 3.7] and [16, Section 6.5.3]) Assume that @ C RN (N > 2) is a bounded domain
with Lipschitz boundary and p is log-Holder continuous with 1 < p~ < pT < co. Then C*(Q) is dense in
WP (Q).

Notice that the functions from C%#(Q) are log-Hélder continuous. Also, it is important to mention that
although the log-Holder continuity of the exponent is a sufficient condition for the above density result, it is not
always necessary, see [16, 50].

Moreover, the following embedding theorem takes place.

Theorem 3. (see [22, Theorem 2.3] and [16, Section 6]) Let us consider ¢ € C(€;R) such that1 < ¢~ < ¢+ < o0
and q(z) < pi(z) for all x € 2, where

Np(z) ;
pz(m) _ ) N=kp() if kp(:c) <N,
+00 if kp(x) > N

for any x € Q, k> 1.
Then there is a continuous embedding

WkPO(Q) < LIO)(Q).
If we replace < with < the embedding is compact.

Let us denote by Wg’p(') (Q) the closure of C§°(Q) in W*2()(Q). In fact, we are interested in the properties of
the spaces W2P()(Q), Wol’p(')(Q) and W2P0)(Q)N Wol’p(')(Q). Due to the log-Holder continuity of the exponent
p, the space WO1 P (')(Q) coincides with

WOLP()(Q) — {u c WLP()(Q) : u =0 on BQ} 5



and it can be endowed with the norm
el 10y = 192l 200 e,
due to the following Poincaré type inequality (see [23, Proposition 2.3]):

ull Lotr () < ClIVull oy ) for all u e Wy (9), (10)

where C' is a positive constant. The space (Wol’p(')(Q), |
(see [23, Proposition 2.1]).
Obviously, the choice of the norms has a major influence on the development of the argumentation. Generally,

we know that if (X, || - [|x) and (Y, || - ||y) are Banach spaces, then (X NY, || - ||xny) is a Banach space too,
where ||ul|xny = |Jullx + ||u|ly. In our case, we have,

. ||W01,p(»)(m) is a separable and reflexive Banach space

[ellyyrzner (@pnwivo ) = lellw2eer @) + lullyre0 ) = lellLeo @) + IVulleo @) + > D ull oo (-
|a|=2

Furthermore, (W2’p(')(Q) N Wol’p(')(Q)7 I is a separable and reflexive Banach space. In

: ||W2,p(')(ﬂ)mW01’p(')(Q)>
. . . 1,p(:
addition, we know that || - ||W2,p(_)(mﬁw$,p(.)(m and [|A()[| e () are equivalent norms on w2rO(Q)NW, P( )(Q),
see [48, Theorem 4.4]. However, taking into account the particularity of problem (2), which represents the subject

of our investigation, the following representation of the norm might be best:

u(z u(z) [P
||u||a:inf{u>0:/Q <’A,u( ) ) )dxgl} (11)

ur)
1
for all u € W2PO)(Q) or W2P()(Q) N Wy (Q). The previously defined norm represents a norm on both
W2rO)(Q) or W22L)(Q) N Wol’p(')(Q) and it is equivalent to the usual norm defined here, see [21, Remark 2.1].
Moreover, the modular inequalities that were appropriate for the norm of the Lebesgue space, can be extended

to this situation, by proceeding similarly to [22, Theorems 1.2-1.3]. More precisely, for any a taken as in (H1),
we consider A : W2P()(Q) — R defined by

p(x)
+ a(x)

Aw) = /Q [18u®) + a(a)|u?)] da. (12)

Let us fix u € W22 (Q)\ {0}. Tt is trivial to see that A(uu) is even, and, for p € [0, 00), A(pu) increases strictly.
Also, let p, — p. Since (pn)n is bounded, 1 < p~ < p* < oo and «a satisfies (H1), by Lebesgue’s Dominated
Convergence Theorem we deduce that A(u, u) — A(pu), hence A(pu) is continuous.

Based on these properties of A, we have the following consequence.

Corollary 1. Let u € W2PO(Q)\ {0}. Then [jullo = |&| if and only if A (%) = 1.

Proof. Without loss of generality, we can suppose that k > 0 because A(uu) is even.

To show the direct implication, we consider that ||u||, = x. Note that A(0-u) = 0 and that, whenever p — oo,
A(pu) — oo. Therefore the continuity of A(uu) ensures the existence of a g € (0,00) with the property that

A(Z):L (13)

mzinf{u>O:A<Z><1}. (14)

By (11),



Since, by (13), uo € {,u >0:A (%) < 1}, relation (14) gives us
K < po- (15)

At the same time,

> po  for all p € (0,00) such that A (Z) <1

because A (%0) = 1 and A(pu) increases strictly for p € [0,00). The previous inequality indicates that pug
represents a lower bound for the set {,u >0:A (%) < 1}, thus, by (14),
K > po- (16)
Putting together (13), (15) and (16), we have obtained that [|u||, = & implies A (%) = 1.
For the reciprocal implication, let us assume that A (%) = 1. By proceeding as above, we first notice that
K € {u >0:A (%) < 1}, hence, by (11), kK > ||ul|q- Then, using again the monotonicity of A(uu) for g > 0,
we deduce that po represents a lower bound for the set {,u >0:A (%) < 1}, so k < |Jull, and the conclusion
follows. O

Now we are able to prove the modular-type inequalities that we previously mentioned.

Proposition 1. For u, u, € W??P()(Q) we have

lule < (=5>1) & Au) < (=;> 1), (17)
lulla < 1= Jull2” < AQw) < [l (1s)
lulla > 1= JJull2” < Afu) < [[ull2”, (19)
ltnlla = 0 (= 00) & Alup) — 0 (= 00). (20)

Proof. For |lu|l, =0, A(u) = 0 and there is nothing to prove, thus we focus on the situation when |||/, # 0.
Let us denote ||ufl, = k. By Corollary 1 we have that A (%) = 1.

If kK = 1, we immediately get that A(u) = 1. Using again Corollary 1 we easily notice that the vice-versa
holds too: if A(u) =1, then |lul|, = 1.

If k < 1, the definition (12) enables us to write

1 U 1
—Aw) <A (f) < —=A).
Since A (%) =1, we arrive at
WP <Auw) <KP <1

Similarly, if kK > 1,
1<r? <Au) < KP

so the direct implication of (17) is proved, together with relations (18) and (19). Actually, the reciprocal
implication of (17) is also true. Indeed, let us assume for example that A(u) < 1. Then it is clear that ||ull, < 1,
otherwise, if ||u|l, > 1, then, from what we have proved above, we get A(u) > 1, which contradicts our initial
assumption. The case when A(u) > 1 is similar.

Passing to the proof of (20), if ||uy|lq — 0, then (18) implies

0 < Aun) < ||un||37 —0,



while if ||uy,|ls — oo, then (19) implies
Aun) = flunllfy — oo

Reciprocal, if A(u,) — 0, we use (17) and (18) to arrive at 0 < [Juy]|s < (A(un))l/p+ — 0, while if A(u,) — oo,
we use (17) and (19) to arrive at ||uy|lq > (A(un))l/p+ — 00. O

Since we are getting closer to our goal, that is, the discussion of problem (2), it is time to introduce the space
where we will search for weak solutions to our problem and to establish some of its main properties.

3 Weak solvability of the problem

When treating a problem with no-flux boundary condition, we need to choose a variable exponent space that
is more appropriate for our study than the ones presented in the previous section. Therefore we introduce the
following subspace of W2P()(Q).

V= {u e W2rO(Q) : u‘BQ = constant} .
Notice that V' can be viewed also as

V= {u e ue WO nwirOQ), ce R} (21)

and we can prove the following result.
Theorem 4. (V.|| - |[w2s01(q)) is a separable and reflexive Banach space.

Proof.  Our goal is to prove that V is a closed subspace of the separable and reflexive Banach space
(W2rO)(Q), || - ||W2,p(.)(9)). Let (vp), C V be such that it converges to v € W?2P()(Q). In order to prove
our claim it is sufficient to show that v € V.

Taking into account (21), we are aware of the fact that there exist (u,), C W2*PO)(Q) N Wol’p(')(Q) and
(¢n)n C R such that, for all n € N,

Up = Up + Cp.

The equivalence of the norms || - and [|AQ)|[zr) (o) on W2 (Q)N Wol’p(')(Q) enables us to

HWZ,p(«)(Q)ﬂWC}’p(') Q)
write

2
@(un + Cn — Um — Cm)
7

N
[un = tm 200 @) »0 (@) < AR = tm)ll e @) < c2
P LrO)(Q)

where ¢ represents a generic positive constant that may vary along the calculus, as it is the case for the remaining
of our paper. Consequently,

[un — umsz,p(l)(g)mwol’l’(')(g) < cllvn — vmllWZvP('>(Q)~ (22)

But (vy,), is converging to v in (W20 (Q), || - w20 (0)), hence it is a Cauchy sequence, and (22) implies that

(un)n is a Cauchy sequence in the Banach space (WQ’p(')(Q) N Wol’p(')(Q)7 Il - ||W2,p(_)(Q)ﬂW01,p<l>(Q)). It follows
immediately that (uy), is converging to a function @ € W?2?()(Q) N Wol’p(‘)(Q).
On the other hand, we have the continuous embedding LP() () < L'(€), so
len — emllLi@) < cllen — Cm||Lp<->(Q) < cllv, — ”mHLp(-)(Q) + cllum — Un||Lp<->(Q)~ (23)

Since both (vy,), and (uy,), are Cauchy sequences in W?2P)(Q), respectively in W2P()(Q) N Wol’p(‘)(Q), by the
definition of the corresponding norms and by the boundedness of Q, we infer that (c,), is a Cauchy sequence in



(R,|-]). Therefore (¢, )y is converging to a ¢ € R and we have obtained that v = u +¢ € V, which completes our
proof. O

Now that we have established some basic properties of the space V', we are ready to introduce the definition
of a weak solution to our problem. To this purpose, we consider a smooth function u that verifies (2) and, by
applying Green’s formula, we get

14

/|Au|p($)_2AuAvdx+/ 9 (|Au|p(m)_2Au)de—/ \Au\p(“’)_2Au@ dx+/a(x)|u|p(m)_2uvdac=
Q o0 0 oQ v Q

= )\/ f(z,u)vde for all v € C*>(Q).
Q

Taking into consideration the fact that V is a closed subspace of (W22 (), || - w2 (o)) together with the
density result Theorem 2 and the boundary conditions, we arrive at the following formulation.

Definition 1. We say that u € V' is a weak solution of the boundary value problem (2) if and only if
/ |Au|P® 2 AulAv dz +/ a(z)|ulP® 2w dr — )\/ flz,w)vde =0 forallveV.
Q Q Q

To be able to find a weak solution to (2), we rely on the critical point theory, thus to problem (2) we associate
the functional
I1:V =R, I=1 — Mo,

where

u) = L ulP®) + a(z)|ulP®| dz  an u) = r,u)dr
B = [ = (180 +a@p@] e and o) = [ P de (24)

By proceeding similarly to [21, Proposition 2.5], one can establish the following.
Proposition 2. Let I : V — R be the above defined functional.

(i) Iy is of class C*, with the Gateaux derivative defined by

<I{(u)7v>:/ \Au|p($)_2AuAvdx+/a(x)\u|p(””)_2uv dr.
Q Q

(ii) I is (sequentially) weakly lower semicontinuous, that is, for any u € V and any subsequence (up), C V
such that u, — u weakly in V', there holds

®(u) < liminf ®(uy,).

n—oo

(i1i) If : V. — V* is of type (S+), that is, up, — u and limsup,,_, oo 11 (un)(un — w) <0 imply that u, — u.
Thus, due to the properties fulfilled by f, we can easily deduce that I is of class C', with Gateaux derivative
defined by
(I'(u),v) = / |Au[P®) 2 AuAv dz —|—/ a(z)|ulP® 2w dr — /\/ f(z,u)v dx
Q Q Q

so any critical point of I is a weak solution to (2). Therefore, in what follows we focus on studying the existence
and the multiplicity of the nontrivial critical points of I.



4 The existence result

We base our first result on the classical theorem of calculus of variations:

Theorem 5. (see [15, Section 2, Theorem 1.2]) Assume that X is a reflexive Banach space of norm | - ||x and
the functional ® : X — R is

(i) coercive on X, that is, ®(u) — oo as |Jul|x — oo;
(i) (sequentially) weakly lower semicontinuous on X .
Then ® is bounded from below on X and attains its infimum in X.
By applying this result to the functional I, we prove the existence of a nontrivial weak solution.

Theorem 6. Let Q C RN (N >2) be a bounded domain with smooth boundary and p be log-Hélder continuous
with 1 < p~ < pt < oo for all x € Q. Assume hypotheses (H1)-(H3) take place. Then there exists a constant
Ao > 0 such that problem (2) has at least one nontrivial weak solution in V for every A > Ag.

Proof. Let us first deal with the coercivity of I. Hypothesis (H3) implies that, for all € > 0, there exists
dc > 0 such that for all |[¢t| > 0. and all € Q we have
[, t)] < et =),

For the moment, we arbitrarily fix € > 0. Then the continuity of f in its second argument indicates that for all
t € R and all x € Q) there exists ¢y > 0 such that

F0)] < eo + el (25)
Taking into account the definition of I (see (24)) and (25), we arrive at
1
I(u) > pj/ [|Au|p(1) + (a(z) — )\e)|u|p(x)} dx — Xcollull 1)
Q
Let us choose ¢ such that ¢ < ag/A because in this way

a=a— A\

verifies (H1). We know that V' is endowed with the norm || - |lyy2.») () which is equivalent to the norm || - ||z
introduced by (11). Then for any v € V with ||ul|z > 1, inequality (19) leads to

1 —
I(u) > EHUH% — AcollullLr (o) (26)

At the same time, we have that 1 < pj(z) for all z € Q, therefore by Theorem 3 and by (26) we deduce that
there exists ¢ > 0 such that

1 —
p ~
I(u) = pjllulla — Adffulla,

hence I is coercive.

Moving further, to the weakly lower semicontinuity of I, we already know that I is weakly lower semicon-
tinuous, by Proposition 2. To investigate if this property holds for Is too, we assume u, — u in V. But V is a
closed subspace of W2>p(')(Q) thus the compact embedding produced by Theorem 3 gives us

Up — U In Lp(')(Q) and u, — u in L*(Q). (27)

Using the mean value theorem,there exists v which takes values strictly between the values of u and u,, such
that

Ta(un) — Io(u)] < /Q F (@, un) — Flz,u)] dz < /Q =l sup |z, 0(0)| d,



hence, by (25) and (27) the functional I5 is weakly continuous, so I is weakly continuous also. Consequently, we
obtain the weakly lower semicontinuity of I.

Now we are in position to apply Theorem 5 and to find w; € V in which I attains its infimum, hence uy
represents a weak solution to problem (2). Furthermore, for all A > 0,

I(uy) < I(u) forall weV. (28)

Given the ball B provided by hypothesis (H2), we can take & > 0 sufficiently small such that

B.:={zc Q| dist(x, B) <e}CQ.

Furthermore, we can construct the following C} function:

to, when r € B,
ue(z) =
0, whenz € Q\ B..

Then
I(ue) < I(ue) — )\/

F(z,ty) dx — )\/ F(z,u.)dz.
B

B:\B
By the definition of F' we are able to fix ¢y sufficiently small such that there exists a positive constant o with
the property that
Tuey) < I (ue,) — )\ao/ F(x,to) du.
B
Now, by taking
)\ o Il (uEO)
0=
o fB F(x,tg) dx

>0 (29)

we deduce that I(u.,) < 0 for all A > Ag. By choosing u = u,, in (28) we obtain that u; is nontrivial for all
A > A\ because I(0) = 0, and we have completed our proof. O

5 The multiplicity result

For the multiplicity result of this paper we rely on a variant of the celebrated mountain pass theorem (see for
example [29, 33, 39]) of Ambrosetti and Rabinowitz.

Theorem 7. Let (X, | - ||x) be a Banach space. Assume that ® € C'(X;R) satisfies the Palais-Smale condition,
that is, any sequence (up)n C X such that (®(uy)),, is bounded and ®'(u,) — 0 in X* as n — oo, contains a
convergent subsequence. Also, assume that ® has a mountain pass geometry, that is,

(i) there exist two constants T > 0 and p € R such that ®(u) > p if ||ul|x = 7;
(ii) ®(0) < p and there exists e € X such that ||e|]|x > 7 and ®(e) < p.

Then ® has a critical point ug € X \ {0, e} with critical value

®(uo) = inf Sup P(u) > p >0,
u€y

where P denotes the class of the paths v € C([0,1]; X) joining 0 to e.
Now we are able to prove the following.

Theorem 8. Let Q C RN (N > 2) be a bounded domain with smooth boundary and p be log-Hélder continuous
with 1 < p~ < pt < oo for all z € Q. Assume hypotheses (H1)-(H4) take place. Then there exists Ao > 0 such
that problem (2) has at least two nontrivial weak solutions in V' for every A > Ag.
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Proof. By Theorem 6 we have already established that problem (2) has at least one nontrivial weak solution
u; € V for every A > A9, where )¢ is the one defined by (29). To deduce the existence of a second nontrivial
weak solution for problem (2), we will show that I satisfies the hypotheses of Theorem 7. We begin with the
Palais-Smale condition. Let us consider a sequence (u,), C V with the property that there exits M > 0 such
that

|I(u,)] < M, and, when n—oo, I'(u,)—0 in V* (30)

We recall that in the proof of Theorem 6 we have established the coercivity of I, so by (30) we infer that (u,),
is bounded. Moreover, V is a reflexive Banach space and a closed subspace of WQ”’(')(Q), thus there exists
ug € V.C W2P0)(Q) such that, passing eventually to a subsequence,

Un —ug in WHPO(Q). (31)
Applying again Theorem 3 we deduce that
u, —ug in L), up, —ug in LP (Q) and Up = ug in LPO(Q). (32)

All the above information was obtained starting from the boundedness of (I(uy)),. By exploiting the second
part of relation (30) and the weak convergence from (31) we arrive at

lim [(I'(un), up, — uo)| = 0.

n—00

More exactly, we have

0 = lim/|Aun|p(w)_2AunA(un—uo)dx
Q

n— oo

+ 1lim [ a(@)|un]P® 2wy, (uy — uo) da (33)

n— oo

Q
— lim )\/Qf(ac,un)(un — ug) dx.

n— oo

By (H1), (9), (32) and (8), we deduce that

lim
n— o0

/Qa(xﬂu”'p(w)_%"(u” — uo) d| < 2l ooy Tim (I1un? | e gy litn = ooy ) = 0. (34)
On the other hand, by (25), (9), (32) and (8), there exists ¢ > 0 such that

lim
n— o0

/f(x,un)(un—uo)dm < o lim [u, — uolla) (35)
Q n o0

. --1
e (”'“"'p Iy (@l = UOHLP*(Q)) =0

Replacing (34) and (35) in (33) we obtain

n— o0

lim / |Aun|p(x)_2 Aty Ay, — ug) dz =0,
Q

so the weak convergence (31) and Proposition 2 imply that w, — ug in V as n — oo. With this, we conclude
that I verifies the Palais-Smale condition. Let us show now that I has a mountain pass-type geometry too.

We can see immediately that

) > -

> pj/ {|Au\p(”3) + a(x)|u|p(x)} dr forall weV. (36)
Q
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Passing to I, we make use once again of (H3). For & > 0 arbitrarily fixed, there exists §; > 1 such that for all
|s| > 01 and all 2 € Q,

|f(x,5)] <els|"™
where pt < r < p5. At the same time, by (H4), there exists d2 > 0 such that for all |s| < §; and all z € Q,
[f(@,5)] < els"7

Putting together the previous two inequalities and the continuity of f in its second argument, for a sufficiently
large constant ¢ > 0,

I(u) < cllullpr ) + pi_/ [P dz for all we V. (37)
Q

Combining (36) and (37) we get

1 e
I(w) < = — Ay |P®) P dp — ) T for all v,
(u) < < + aop) /Q [‘ ulP + a(z)|ul } z—Acllulprq foral uweV,

since a(x) > ag > 0 for all z € Q.
We arbitrarily take 0 < 7 < 1. Then, due to the above inequality, for ||u||, = 7, relation (18) and Theorem 3
give us

1 Ae +
I(u) > | — — ull? — Acl|ully. 38
02 (5 = 22 ) Jul” = xelul )

We choose 0 < € < agp~/(ApT) and, since p™ < r, for 7 = |lull, < min{l,||u1|l.}, we can find p such that
I(u) > p>0=1I(0) > I(uy), where u; is the first nontrivial weak solution found by Theorem 6. Therefore I has
a mountain pass-type geometry.

Now we can apply Theorem 7 to obtain a second nontrivial weak solution ug € V\{0, u1} to problem (2) and
our proof is complete. O
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