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Abstract
UDC 004.942:519.876.5+621.3.02(043.2)
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Investigation of Supersonic Focusing Gas Velocity on Micro-jet
Characteristics
Ahsan A. Malik
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Liquid micro-jets, produced from gas dynamic virtual nozzles, are used as sample carriers
for interaction with X-ray free electron laser beam in serial femtosecond crystallography
(SFX). A numerical investigation on the influence of Converging-Diverging (CD) nozzle
design on formation of liquid micro-jet for SFX experiments is performed. The
characteristics of micro-jets (jet length, thickness and velocity) from four CD nozzles with
different diverging section lengths and angles are compared with the characteristics of microjets from standard converging nozzle. Distilled water jet with a flow rate of 30 μl/min is
focused with Helium gas at a fixed mass flow rate 30 mg/min while changing the length and
the angle of the diverging section of CD nozzle. The two-phase flow problem in discussion
is modelled based on mixture formulation of Newtonian compressible flow, under
assumption of Helium as an ideal gas and water as incompressible. The volume of fluid
formulation is used to track the interphase boundary and the finite volume method is used
for the numerical solution. OpenFOAM code with solver compressibleMultiphaseInterFoam
is used for simulating the flow whereas ParaView and Matplotlib are used to post-process
the data. The analyses is performed to assess whether the jet thickness is reduced and the jet
length is longer because of the added diverging section. We discover that for all four cases
with CD nozzles, the jet diameter is 0.75 - 0.85 μm smaller as compared to the converging
nozzle jet thickness 4.45 μm. The jet length is longer by 20 - 160 μm with respect to the
converging nozzle jet length 497.3 μm, whereas the jet velocity along the centreline of the
jet shows an increase of 15 - 20 m/s for CD nozzle with respect to 48 m/s for converging
nozzle. This study can serve as a basis for further computational design of CD nozzles with
other geometries, operating conditions and other liquids and gases.
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Povzetek
UDK 004.942:519.876.5+621.3.02(043.2)
Serial No.: MAG II/589

Analiza vpliva nadzvočne hitrosti usmerjevalnega plina na značilnosti
mikrocurka
Ahsan A. Malik
Ključne besede:

serijska femtosekundna kristalografija
mikrocurek
usmerjanje toka
konvergentno-divergentna šoba
metoda kontrolnih prostornin
formulacija volumna tekočine
dvofazni tok
računalniška dinamika tekočin

Kapljevinski mikrocurki, proizvedeni z uporabo plinskih dinamičnih navideznih šob, se
uporabljajo kot nosilci vzorcev za interakcijo z X-žarki iz laserjev na proste elektrone v
serijski femtosekundni kristalografiji (SFX). Izdelana je numerična raziskava vpliva
konstrukcije konvergentno divergentne (CD) šobe na formacijo mikrocurkov za SFX
eksperimente. Karakteristike (dolžina, debelina in hitrost curka) mikrocurkov iz štirih CD
šob z različnimi dolžinami in koti divergentnega dela so primerjani s karakteristikami
mikocurkov iz standardne konvergentne šobe. Destilirana voda s pretokom 30 ml/min je
fokusirana z uporabo helijevega plina konstantnega masnega toka 30 mg/min pri
spremenljivi dolžini in kotu divergenčnega dela CD šobe. Obravnavani primer dvofaznega
toka je modeliran na osnovi formulacije mešanice dvofaznega stisljivega Newtonskega toka,
pri predpostavki, da je helij idealen plin in voda nestisljiva. Za sledenje medfaznemu robu je
uporabljana formulacija volumna tekočine, metoda kotrolnih prostornin pa je uporabljena za
numerično rešitev. Simulacije so izvedene s pomočjo programa OpenFOAM z reševalnikom
compressibleMultiphaseInterFoam, medtem ko sta ParaView in Matplotlib uporabljena za
naknadno obdelavo podatkov. Analiza je izvedena, da bi ocenili, ali se z uporabo dodatnega
divergenčnega dela šobe debelina curka zmanjšana in se dolžina curka podaljša. Ugotovili
smo, da je pri vseh štirih primerih s CD šobami premer curka za 0,75 - 0,85 μm manjši v
primerjavi z debelino curka konvergentne šobe 4,45 μm. Dolžina curka je daljša za 20 - 160
μm glede na dolžino curka konvergenčne šobe 497,3 μm, medtem ko je hitrost curka vzdolž
srednjice curka povečana za 15 - 20 m/s pri CD šobi glede na 48 m/s pri konvergentni šobi.
Ta študija lahko služi kot osnova za nadaljnje računalniško podprto načrtovanje CD šob z
drugimi geometrijami, pogoji delovanja in drugimi tekočinami in plini.
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1. Introduction
1.1. Background
From the work of Federov [1] describing the crystal structure to Von Laue’s [2] discovery
of X-ray diffraction, the study of molecular structure had entered in a new era because of the
development of X-rays. With the work by Bragg [3] revealing the diffraction of X-rays after
interaction with micro-crystals, the ability of X-rays to reveal the invisible made them one
of the most researched and most used forms of electromagnetic radiation.
There are different sources of X-rays however, prime amongst which is the use of
synchrotrons. Synchrotrons depend on the basic physical phenomena that when an electron
is moving fast enough, the emitted energy is at X-ray wavelength. However, synchrotrons
have their own limitations for data collection of crystals with X-rays, like the requirement
for the crystals to be in cryo-cooled conditions [4]. To overcome these limitations, a new
light source has been developed recently in the form of X-ray Free Electron Laser (XFEL),
which is generated by accelerating the electrons to high energies and then directing them
through a special arrangement of magnets. XFELs can eradicate the limitations as they allow
for damage-free room-temperature data collection from micro-sized crystals. Currently, four
XFELs are in operation, namely, the European XFEL located in Schenefeld, Germany,
Deutsches Elektronen-Synchrotron’s Free-electron LASer in Hamburg, Germany (FLASH),
Stanford SLAC’s Linac Coherent Light Source (LCLS) and the Japanese RIKEN’s Spring8 Angstrom Compact Free Electron Laser (SACLA), embedded in the SPring-8 accelerator
and synchrotron complex.
The development of XFELs has contributed to the field of structural biology [5] and it has
given rise to a new way of studying electron and molecular structure through Serial
Femtosecond Crystallography (SFX) [6]. SFX is the measurement of the crystal structure by
rapidly measuring incomplete diffraction patterns from a sequence of identical sample
crystals. In SFX micron sized X-ray beam pulses (operating at a frequency of 120 Hz to a
few kHz and a diameter of ~1 µm) are used to study molecular structure of nano/micro sized
crystal samples by collecting their diffraction patterns [7]. Using pulses from XFELs for
sufficiently short duration to outrun radiation damage, the structures of biological
macromolecules can be obtained from nanocrystals at room temperature [8]. After the pulse
interaction, the protein sample is ultimately destroyed due to the extreme brightness of the
XFEL beam and thus a recording of many diffraction snapshots (each from a fresh crystal)
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is collected to obtain a complete dataset to determine the three-dimensional (3D) structure
of the protein sample. A schematic representation of SFX experimentation is shown in Figure
1.1.
The crystal samples for beam interaction in SFX are delivered in the form of steady,
continuous jets or monodispersed stream of liquid droplets. The randomly oriented crystals
are floating as a part of a buffer solution, and then delivered into the focus of the femtosecond
X-ray pulses with the help of gas-focused liquid micro-jet. One of the ways to carry this out
is by streaming the sample as a liquid jet across the XFEL beam using a special injector
device, known as the Gas Dynamic Virtual Nozzle (GDVN) injector [9], as shown in Figure
1.1. These liquid jets are normally produced by focusing a stream of liquid from a feeding
capillary by a co-flowing sheath of gas, also called ‘flow-focusing’ [10].

GDVN
injector

Detector
screen

Figure 1.1: Schematic of SFX experiment (courtesy of Professor Henry Chapman and Springer
Nature) [6]

Since the crystal samples are hard to crystallise and expensive (involving crystallising
protein samples), therefore it is required that their delivery for beam interaction is controlled
properly. This requires their delivery in a controlled jet produced with a minimum possible
liquid flow rate. In addition, the carrier jet has to be as long as possible (more than ~100 µm)
[11], and as thin as possible (ideally of the same diameter as of X-ray beam), so that the
background signals are minimized [12]. More conclusively, the sample crystals under
analysis with the SFX technique need to be carried in and out of the X-ray beam-interaction
region in a long, thin and fast-moving jet [11].
There are many jet production techniques including Rayleigh jets [13], Plate-Orifice flow
focusing [14], flame polished GDVN injector [15]. Although all of these techniques can
serve the purpose, but due to various limitations detailed in [11], an injection moulded
ceramic micro nozzle was developed by K. Beyerlein and colleagues at DESY Hamburg
[11], which largely increase the sample delivery performance. The main drawback of the
conventional flamed polished glass GDVN injector is that the sample consumption is higher.
2
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This means that a full data set requires up to a few hundred milligrams of crystallized protein,
with a typical flow rate of 10-40 ml/min [15]. This is not feasible for many target samples,
in particular membrane proteins. Recently, GDVN modifications i.e. micro-injection
moulded ceramic nozzles [11], self-centred micro-injection moulded [16] ceramic nozzles
and 3D printed nozzles [12] have reduced sample consumption up to eightfold [17]. The
simulations presented in this thesis are based on the jet performance from the ceramic nozzle
type described in [11].
The thesis presents a logical continuation of the research performed in the last three years in
the groups of Professor Božidar Šarler at the Faculty of Mechanical Engineering at
University of Ljubljana and Institute of Metals and Technology, Ljubljana, and group of Dr.
Saša Bajt at DESY Photon Science, Hamburg. This international group carried out
experimental validation of the numerical model of the micro-jet, assessment of its operating
conditions [18], nozzle geometry [19], focusing gas [20] and liquid material properties [21].
A numerical model based on Finite Volume Method (FVM) and Volume of Fluid Method
(VOF) was validated by comparing the numerical results with the experimentally obtained
jet diameters, lengths and velocities and by scaling analysis [18]. It was found that the jet
shape and flow characteristics are not influenced by the strong temperature and viscosity
changes in the focusing gas, while expanding at the nozzle outlet. A range of gas and liquidoperating parameters was investigated numerically to understand their influence on the jet
performance. The study was performed for gas and liquid Reynolds numbers in the range
17-1222 and 110-215, and Weber numbers in the range 3-320, respectively.
A reasonably good agreement between the experimental and scaling results was found in the
study [20] for the range of operating parameters used to focus liquid micro-jets in low (150
Pa) vacuum. By using this experimentally validated numerical model, a sensitivity study for
the GDVN geometry was carried out in terms of jet stability, shape and flow characteristics
of micron-sized liquid jets [20]. The jet characteristics were described as a function of (i)
capillary-to-orifice distance, (ii) nozzle outlet orifice diameter, and (iii) liquid feeding
capillary angle. Two sets of liquid flow rates were used while keeping the gas flow rate
constant and it was observed that for each value of capillary-to-orifice distance and nozzle
outlet diameter there is a minimum liquid flow rate below which the jet is unstable. It was
also reported that the nozzle outlet diameter has the largest influence on the jet diameter,
length and velocity, while the liquid micro-jets are insensitive to the changes in liquid
feeding capillary angle.
In addition, the influence of the focusing gas type on the liquid micro-jet properties (its
length and thickness) was discussed [19]. The influence of helium, argon, carbon dioxide
and nitrogen gases (at a fixed mass flow rate of 1.6 104 mg/min) on focusing distilled water
jet (flow rate of 33 μl/min) was analysed. Helium gas was found to be the most suitable gas
among the tested ones for producing thinnest, longest and fastest jets.
A numerical study on the influence of liquid properties on gas-focused micro-jets is detailed
in [21]. A thicker and slower jet is observed in case of increased density and surface tension
of the focused fluid, while changes in liquid viscosity have no significant effect on the jet
shape.
Until now, however, the research has focused on the focusing-flow of the liquid jet through
a converging nozzle. With this thesis, the intention is to answer the question of how the jet
3

Introduction

_

characteristics are influenced with the use of converging-diverging (CD) nozzles instead.
Keeping this background in consideration, this thesis deals with the numerical simulations
for the delivery of micron-sized liquid jets obtained specifically with CD nozzles.

1.2. Objectives
The main objective of the work presented in this thesis is to carry out a Computational Fluid
Dynamics (CFD) study based on previously established models for converging nozzle design
(Professor Šarler’s research group) [18] to simulate the focusing of supersonic micro-jets in
CD micro-nozzles. The work in this thesis has proved to be a considerable step towards
obtaining faster, thinner and longer micro-jet. For this purpose, the standard GDVN nozzle
configuration [18] has been used and different diverging gas focusing sections added. The
idea of adding the diverging part in order to improve the jet properties originates from
Professor Božidar Šarler.
The setup is that of a multiphase flow with a liquid (water) focused by a gas (helium) (as
shown in Figure 1.2), where CFD techniques are applied to simulate the flow. The physics
behind multiphase flow and flow-focusing is used along with the CFD approach to simulate
the flow for CD nozzles in comparison with converging nozzles. The effect of the enhanced
gas speed for CD nozzles is presented in a graphical form including the diameter and the
length of the micro-jet. Moreover, the speed of delivery of the sample is assessed as well by
analysing the velocity of the jet at the symmetry of the fluid flow. Furthermore, a sensitivity
analysis of the geometry of CD gas nozzle for enhancing the focusing gas speed above the
speed of the sound is carried out. The geometrical changes involve the length and the angle
of the diverging section of the nozzle. Each parameter is varied independently and its
influence on nozzle performance is explained in terms of jet characteristics. The thesis also
describes the computational model in detail, the simulation setup and validation.

Gas

(a)

Liquid
Gas
Gas

(b)

Liquid
Gas

Figure 1.2: Scheme of (a) new CD nozzle (b) standard converging nozzle

The results of the simulations and consequently the extracted data is such that it can be
experimentally validated in the future. However, simulating the flow of a micro-jet in CD
4

Introduction
nozzles comes with its own challenges. These challenges may include answering questions
like the existence of the shock wave formation etc.
The thesis is arranged as follows:
‐ Chapter 1 includes the background knowledge of the topic and the objectives of this
thesis. The background includes details starting from the development of XFELs, and
then further elaborates the role of the micro-jet nozzles in SFX experiments.
‐ Chapter 2 contains the nozzle theory, while including the basic working principles of
both, the converging and converging-diverging nozzles. The nozzles analysed for
computational discussions are micro-injection moulded nozzles, and the theory behind
their working remains the same. Furthermore, the basics of multiphase flow are presented
and the governing (mixture formulation) equations are described along with VOF model.
Afterwards, the main steps included in finite volume discretization are described.
‐ Chapter 3 describes the computational model of the problem under consideration,
geometry creation, mesh generation, boundary conditions and solution setup.
Computational domain and the relevant boundary conditions used in set up of solution
with OpenFOAM are defined as well. The simulation setup is discussed in detail and
followed by the data extraction and post-processing.
‐ Chapter 4 represents the simulations for different cases of CD nozzle and converging
nozzle under different operating conditions, and the results associated with these
simulations. Different parameters are compared and contrasted, such as jet length, jet
diameter, velocity of the jet, velocity of the gas, temperature of the jet and eventually
Mach number in the form of contour plots.
‐ Chapter 5 summarizes the results and draws conclusions based on the work described in
previous chapters.
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2. Theoretical background and overview
of literature
This chapter discusses the nozzle theory, while including the basic working principles of
both, the converging and converging-diverging nozzles. The nozzles analysed for
computational discussions are micro-injection moulded nozzles, and the theory behind their
working remains the same. Furthermore, the basics of multiphase flow are presented and the
governing (mixture formulation) equations are described along with VOF model.
Afterwards, the main steps included in finite volume discretization are described.

2.1. Nozzle theory
A nozzle is a device designed to control the fluid flow as it flows in a predefined direction
to a chamber or a channel [23]. A nozzle can be a channel, a tube or a pipe of varying cross
sectional area. It can be used to regulate or change the flow of a fluid, which can either be a
liquid or a gas or a combination (two-phase flow) and thus, be used to control the rate of
flow, speed, direction and pressure of the jet [24]. Nozzle stream constantly generates forces
connected to the change in flow momentum. For the equations used in this section, an
adiabatic approximation is applied and the isentropic model [25] throughout the nozzle is
considered for a preliminary design. This section will list expressions and equations for
isentropic flows, for which the minimum set of input parameters to define the properties of
a nozzle are:
‐ Nozzle size, given by the exit area, 𝐴𝑒 , shown in Figure 2.1.
‐ Type of gas, for which the ideal-gas model is used and the heat capacity ratio 𝛾 = 𝑐𝑝 /𝑐𝑣
is taken into account. The specific gas constant is defined by 𝑅 = 𝑅𝑢 /𝑀𝑚 , where Ru =
8.314 J/(mol·K) represents universal gas constant and 𝑀𝑚 is the molar mass.
‐ Entry conditions: 𝑝𝑐 and 𝑇𝑐 , where the subscript c denotes inlet chamber conditions and
𝑝𝑖 , where subscript i represents inlet of the nozzle. The flow is assessed by changing the
inlet conditions only.
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‐ Discharge conditions: 𝑝0 or 𝑝𝑏 , i.e. back pressure is used along with exit pressure 𝑝𝑒 as
parameters to assess the conditions at discharge, as shown in Figure 2.1. Back pressure
𝑝𝑏 however is not the same as exit pressure 𝑝𝑒 , (details in section 2.1.5).
In a converging nozzle, the flow rate increases as the inlet pressure pc is increased, until the
flow becomes sonic and choked. Now 𝑚̇ no longer changes with further increase in inlet
pressure and a set of expansion waves adjust the exit pressure to the lower back pressure 𝑝𝑏 .
For the standard converging nozzle used in this thesis, the pressure at the end of the discharge
chamber is assumed to be 150 Pa i.e. low vacuum, and thus, the pressure at the inlet chamber
is increased until the flow becomes sonic at the throat i.e. choked.
𝐼𝑛𝑙𝑒𝑡
𝑐ℎ𝑎𝑚𝑏𝑒𝑟

𝑝𝑐 , 𝐴𝑐
𝑇𝑐

𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑖𝑛𝑔
𝐷𝑖𝑣𝑒𝑟𝑔𝑖𝑛𝑔
𝑇ℎ𝑟𝑜𝑎𝑡
𝑆𝑒𝑐𝑡𝑖𝑜𝑛
𝑆𝑒𝑐𝑡𝑖𝑜𝑛

𝑝∗ , 𝐴∗
𝑇∗

𝑝𝑒 , 𝐴𝑒
𝑇𝑒

𝐷𝑖𝑠𝑐ℎ𝑎𝑟𝑔𝑒
𝑐ℎ𝑎𝑚𝑏𝑒𝑟

𝑝𝑜 = 𝑝𝑏 , 𝐴0
𝑇0

Figure 2.1: CD Nozzle (not to scale) - parameters defined for the equations

Converging-diverging nozzle is the only one to get supersonic flows with Mach number M
> 1 in the diverging section of the nozzle. It was developed by Swedish inventor Gustaf de
Laval in 1888 [26], which is why it is also known as de Laval Nozzle. Supersonic flow in
converging-diverging nozzles presents different kind of challenges, with shocks and
expansion waves usually taking place inside or outside the diverging section. These are
further explained in section 2.1.5.
Different types of nozzle geometries are used, depending on the application, such as:
‐ The classical, conical, de Laval nozzle, which has been used for simulations performed
in this thesis.
‐ Bell-shaped nozzles (parabolic nozzles) that are efficient, shorter and lighter but more
expensive to manufacture.
‐ Annular and linear nozzles, which have been designed to compensate the ambient
pressure variation but they are currently in the development phase [27].

8

Theoretical background and overview of literature

2.1.1. Nozzle flow - Equations
As previously indicated, steady isentropic 1D gas dynamics in a converging or convergingdiverging nozzle is being considered, with the ideal-gas model (i.e. 𝑝𝑉 = 𝑚𝑅𝑇), where p =
pressure, V = volume of the gas, m = total mass of gas and T = absolute temperature.
Conservation of mass, momentum, and energy, in terms of the Mach number, M = 𝑣⁄𝑐 ,
where 𝑣 = gas speed and 𝑐 = √γ𝑅𝑇 stands for the sound speed, become:
Mass conservation:
𝑚̇ = 𝜌𝜈𝐴 = 𝑐𝑜𝑛𝑠𝑡 =
from

𝑑𝑣
𝑣

=

𝑑M
𝑀

+

𝑝
𝑑𝑝 𝑑𝑇 𝑑𝑣 𝑑𝐴
(M√γ𝑅𝑇)𝐴 →
=
−
−
𝑅𝑇
𝑝
𝑇
𝑣
𝐴

𝑑𝑇
2𝑇

→

Momentum conservation:

𝑑𝑝
𝑝

−

1 𝑑𝑇
2 𝑇

+

𝑑M
𝑀

+

𝑑𝐴
𝐴

=0
𝜈2

ℎ𝑐 =ℎ+ =𝑐𝑜𝑛𝑠𝑡
𝑑ℎ=𝑇𝑑𝑠+𝑣𝑑𝑝 𝑑𝜈 2
𝑑𝜈 2 𝑑𝑝
2
𝜌𝜈𝑑𝜈 = − 𝑑𝑝 →
+
=0→
+ 𝑑ℎ − 𝑇𝑑𝑠 = 0 →
𝑑𝑠 = 0
2
𝜌
2

(2.1)

(2.2)

Energy conservation:
ℎ𝑐 +

𝑣𝑐2
𝜈2
1
𝑑𝑇
𝛾−1 2
=ℎ+
= 𝑐𝑜𝑛𝑠𝑡 → 𝑐𝑝 𝑇 + M 2 𝛾𝑅𝑇 → (1 +
M ) + (𝛾 − 1)M𝑑M
2
2
2
𝑇
2
=0

(2.3)

where ℎ𝑐 and 𝑣𝑐 stand for specific enthalpy and gas velocity at the inlet chamber, and ℎ and
𝑣 represent the specific enthalpy and gas velocity at any point within the nozzle. With this
model, the isentropic condition can replace the momentum equation, so that differentiation
of the isentropic relations for an ideal gas yields:
𝑑𝑇 𝑅 𝑑𝑝 𝛾 − 1 𝑑𝑝
=
=
𝑇
𝑐𝑝 𝑝
𝛾 𝑝

(2.4)

With the ideal gas model, γ remains constant throughout [28]. Choosing the cross-section
area of the duct, 𝐴, as an independent variable, the variation of the other variables can be
explicitly found from Equations (2.1) - (2.4) to be:
𝑑𝑇
𝑑𝐴
= (𝛾 − 1)M 2
𝑇
𝐴
𝑑𝑝
𝑑𝐴
(1 − M 2 )
= 𝛾M 2
𝑝
𝐴
(1 − M 2 )

𝑑M
𝛾 − 1 2 𝑑𝐴
= − (1 +
M )
M
2
𝐴
𝑑𝜈
𝑑𝐴
(1 − M 2 )
=−
𝜈
𝐴
(1 − M 2 )

(2.5)

(2.6)
(2.7)
(2.8)
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Equations (2.5) - (2.8) show that:
-

For converging sections ( 𝑑𝐴 < 0): Subsonic flow: ( M < 1 → (1 − M 2 ) > 0):
Velocity increases (𝑑𝜈 > 0), Mach-number increases (𝑑M > 0), but pressure and
temperature decrease.
For converging sections (𝑑𝐴 < 0): Supersonic flow i.e. M > 1 → (1 − M 2 ) < 0:
Velocity decreases (𝑑𝜈 < 0), Mach number decreases (𝑑M < 0), but pressure and
temperature increase.

-

For diverging sections (𝑑𝐴 > 0): Subsonic flow (M < 1 → (1 − M2) > 0): Velocity
decreases (𝑑𝜈 < 0), Mach number decreases (𝑑M < 0), but 𝑝 and 𝑇 increase.

-

For diverging sections ( 𝑑𝐴 > 0): Supersonic flow ( M > 1 → (1 − M 2 ) < 0):
Velocity increases (𝑑𝜈 > 0), Mach number increases (𝑑M > 0), but 𝑝 and 𝑇 decrease.

2.1.2. Choked flow
Choking is a compressible flow effect that obstructs the flow, setting a limit to fluid velocity
because the flow becomes supersonic and the information of change in fluid velocity cannot
travel downstream [29]. In gas flow, choking takes place when a subsonic flow reaches M =
1, whereas in liquid flow, choking takes place when an (almost) incompressible flow reaches
the vapour pressure with bubble formation and the flow abruptly speeds up to M > 1.
Continuing with the gas flow, it may be noticed that M = 1 can only occur in the throat,
either in a smooth throat where 𝑑𝐴 = 0, or in a singular throat with discontinuous area slope.
Denoting variables with superscript '*' for the stage where M = 1 i.e. the sonic section
(throat region) and integrating from 𝐴 to 𝐴∗ , Equations (2.4) - (2.8) become:
𝛾−1 2
𝛾−1 2
𝑇 ∗ 1 + 2 M 𝑇𝑐=𝑇(1+ 2 M ) 𝑇 ∗
2
=
→
=
𝛾+1
𝑇
𝑇𝑐 𝛾 + 1
2
𝛾

𝛾−1
𝛾

𝑝
𝛾−1 𝑇
𝛾−1
=( )
1 + 2 M2
𝑝∗
𝑇𝑐 𝑝𝑐
=(
)
→
𝛾+1
𝑝
2

(2.9)

𝛾

𝑝∗
2 𝛾−1
=(
)
𝑝𝑐
𝛾+1

(2.10)

𝛾+1

2(𝛾−1)
𝛾+1
𝐴∗
2
= M(
)
𝛾−1 2
𝐴
1+ 2 M

(2.11)

where the expressions for inlet chamber temperature Tc and pressure pc have been substituted
to show that temperature and pressure at the throat (also known as critical values) are just a
function of γ. Equations (2.9) - (2.11) apply to all 1D isentropic ideal gas flows.
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2.1.3. Area ratio
Nozzle area ratio 𝜀 (or nozzle expansion ratio) is defined as nozzle exit area divided by
throat area, 𝜀 = 𝐴𝑒 ⁄𝐴∗ , in converging-diverging nozzles, or divided by entry area in
converging nozzles [30]. Although 𝜀 is defined as 𝜀 > 1, but sometimes the inverse is also
named 'area ratio' (this contraction area ratio is bounded between 0 and 1); however, to avoid
any confusion (𝐴𝑒 ⁄𝐴∗ if it is > 1, and 𝐴∗ ⁄𝐴𝑒 if it is < 1), 'increasing area ratio' refers to 𝜀 =
𝐴𝑒 ⁄𝐴∗ > 1.
To see the effect of area ratio on Mach number, Equation (2.11) is plotted in Figure 2.2 for
helium (𝛾 = 1.66) and air (𝛾 = 1.20). It is clearly observed that the larger the value of 𝛾,
the larger the exit area has to be to obtain a higher Mach number i.e. larger nozzle is required.
This is the reason why for CD nozzle cases under study in this thesis, a wider diverging
section exit area is needed when using Helium as the gas instead of air for the same flow
acceleration.

Area Ratio
Helium

Air

1

A*/Ae

0.8
0.6
0.4
0.2
0
0

1

2

3

4

5

Mach Number, M

Figure 2.2: Area ratio 𝜀 vs. Mach number M, for 𝛾 = 1.66 (Helium) and 𝛾 = 1.20 (Air)

2.1.4. Converging nozzle
In a converging nozzle, cross-section area smoothly decreases from a larger value to a
smaller value (exit section area 𝐴𝑒 ). The mass flow rate in terms of static conditions at any
stage, with the isentropic relations in Equation (2.4), is:
𝛾+1

𝛾 𝑝
𝛾 𝑝𝑐
𝛾 − 1 2 −2(𝛾−1)
𝑚̇ = 𝜌𝜈𝐴 = √
M𝐴 = √
(1 +
M )
M𝐴
𝑅 √𝑇
𝑅 √𝑇𝑐
2

(2.12)
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with 𝑚̇ = 𝑐𝑜𝑛𝑠𝑡, 𝑇𝑐 = 𝑐𝑜𝑛𝑠𝑡, 𝑝𝑐 = 𝑐𝑜𝑛𝑠𝑡. The flow in a converging nozzle accelerates to a
maximum speed at the exit, because of which, two cases are likely: Subsonic exit (M𝑒 < 1)
and sonic exit (M𝑒 = 1), where subscript e indicates Mach number at exit. For subsonic exit,
exit pressure equals discharge pressure (𝑝𝑒 = 𝑝𝑜 ), and exit conditions are:
𝑝𝑒

𝛾−1
𝛾

𝑝𝑒 = 𝑝𝑜 , 𝑇𝑒 = 𝑇𝑐 (𝑝 )
𝑐

2

𝑝𝑐

, M𝑒 = √𝛾−1 ((𝑝 )

𝛾−1
𝛾

𝑒

(2.13)

− 1)

𝛾+1

𝛾 𝑝𝑐
𝛾 − 1 2 −2(𝛾−1)
𝑚̇ = √
(1 +
M𝑒 )
Me 𝐴𝑒
𝑅 √𝑇𝑐
2

(2.14)

valid only if M𝑒 ≤ 1. The limit M𝑒 = 1 (choking conditions) is reached using Equations
(2.9) and (2.10), for which the mass flow rate is given as:
𝛾+1

𝛾+1

𝛾 𝑝𝑐 𝛾 + 1 −2(𝛾−1)
𝛾𝑝𝑐 𝛾 + 1 −2(𝛾−1)
√
𝑚̇ = 𝐴𝑒
(
)
= 𝐴𝑒
(
)
𝑅 √𝑇𝑐
2
𝑐𝑐
2

(2.15)

where 𝑐𝑐 = √𝛾𝑅𝑇𝑐 is the speed of sound at inlet chamber conditions. Therefore, if the
reservoir is at transient state i.e. depressurization takes place because of the escaping mass,
then the mass flow rate 𝑚̇ can be varied by an increase in the inlet chamber pressure 𝑝𝑐 [31].
This is the principle applicable for the standard converging nozzle case simulated in this
thesis. For converging-diverging nozzle, this effect takes place only until choked flow is
reached.

2.1.5. Converging-diverging nozzle
For a converging-diverging nozzle (CD nozzle), the flow starts from rest and accelerates
sub-sonically to a maximum speed at the throat, where it may arrive at M < 1 or at M = 1,
as for converging nozzles. A general configuration for a CD nozzle is shown in Figure 2.3,
with the flow direction indicated as well along the x-axis.
Again, for the entry conditions, c is used for inlet chamber (as in section 2.1), e for the exit
conditions, and * for the throat conditions when it is choked (M ∗ = 1). If the flow is
isentropic all along the nozzle, be it fully subsonic or supersonic from the throat, the
isentropic equations apply and mass flow rate is given by using Equation (2.13) as:
𝛾𝑝𝑐 𝐴𝑒

2−𝛾
2

𝛾−1 2
𝑚̇ = 𝜌𝑒 𝜈𝑒 𝐴𝑒 =
M𝑒 (1 +
M𝑒 )
2
√𝛾𝑅𝑇𝑐

(2.16)

CD nozzle is made up of three main parts, the converging section, the diverging section, and
the throat of the nozzle [31]. 𝑝 is the static pressure in the nozzle and this changes depending
on the location in the nozzle. 𝐴∗ is the throat area, which is the minimum area in the CD
nozzle and it is located between the converging and diverging sections of the nozzle. 𝑝𝑒 is
12

Theoretical background and overview of literature
the exit pressure at the exit plane, 𝐴𝑒 is the area of the nozzle at the exit plane and 𝐴𝑒 will
always be larger than 𝐴∗ . Moreover, 𝑝𝑏 is the back pressure that the nozzle exhausts into,
and 𝑝𝑏 can be equal to 𝑝𝑒 sometimes but that is not always the case. Gas flows through the
nozzle from a region of high pressure to one of low pressure.
To visualize the gas flow in a CD nozzle, a graph of 𝑝⁄𝑝𝑐 vs 𝑥 is considered useful, which
is shown in Figure 2.3. There are eight distinct cases [31] for flow through a CD nozzle,
explained below:
‐ No flow: In this case, the back pressure 𝑝𝑏 is equal to the inlet reservoir pressure pc, which
physically means that there is no driving force that is producing the flow in the nozzle
and hence, no flow. This indicates that the static pressure throughout the nozzle will
always be the same, and hence 𝑝𝑏 =𝑝𝑒 =𝑝𝑐 , as indicated in Figure 2.3.
‐ Isentropic subsonic throughout: This takes place when the back pressure 𝑝𝑏 is lower than
the inlet reservoir pressure 𝑝𝑐 , and since there is now a pressure differential between the
reservoir and the back pressure where the nozzle is exhausting into, we get a subsonic
flow from the reservoir to the exit of the nozzle. For subsonic flow in the converging
section, since the area is decreasing, then the velocity has to increase and the static
pressure decreases. This trend is shown in Figure 2.3. The highest velocity and the lowest
pressure occur at the throat, since the area is minimum here. For the diverging section,
the area increases and thus the velocity has to decrease and the pressure has to increase
yet again. There are infinite number of solutions that would be subsonic i.e. Mach number
< 1 throughout the nozzle.
‐ Choked isentropic subsonic & supersonic flow: For this case, the concept of choked flow
is important. As defined previously, choke occurs for a flow when the sonic condition is
reached in the throat i.e. the Mach number is equal to 1. The pressure of the outgoing
chamber is kept constant, whereas the inlet pressure is increased until the flow becomes
choked at the throat. With 𝑝∗ as the pressure at the nozzle throat, then the minimum
condition to reach choked flow is if 𝑝∗ ⁄𝑝𝑐 = 0.488 (for Helium, γ = 1.66). For this case
and for the next cases, the behaviour in the converging section is defined now i.e. the ratio
𝑝⁄𝑝𝑐 decreases steadily up to a point where the sonic condition (M ∗ = 1) is reached at
the throat. The Mach number is evaluated computationally at the nozzle outlet, which can
be compared with the theoretically obtained Mach number by the relation defined in
Equation (2.11).
Flow in the diverging section of the nozzle is subsonic or supersonic based solely on the
back pressure to stagnation pressure ratio, 𝑝𝑏 ⁄𝑝𝑐 . If 𝑝𝑏 ⁄𝑝𝑐 = 𝑝𝑏 ⁄𝑝𝑐 |sub, then subsonic
flow is obtained throughout the nozzle except for sonic flow at the throat. The second
sub-case is if 𝑝𝑏 ⁄𝑝𝑐 = 𝑝𝑏 ⁄𝑝𝑐 |sup, then subsonic flow exists in the converging section,
sonic flow at the throat, and supersonic flow through the diverging section. It has to be
stated here that for all the cases so far, the flow is isentropic throughout the nozzle, and
the exit pressure 𝑝𝑒 is equal to the back pressure 𝑝𝑏 .
‐ Normal shock in the nozzle: From the previous case, subsonic flow in the diverging
section was defined as if 𝑝𝑏 ⁄𝑝𝑐 = 𝑝𝑏 ⁄𝑝𝑐 |sub. Now if this ratio is decreased further, i.e.
𝑝𝑏 ⁄𝑝𝑐 < 𝑝𝑏 ⁄𝑝𝑐 |sub, then the back pressure 𝑝𝑏 is too low now to have a fully subsonic
flow in the diverging section of the nozzle and thus the entire nozzle. It is possible to
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increase the inlet chamber pressure while keeping the back pressure constant, until a point
is reached where flow turns subsonic from supersonic within the diverging section of the
nozzle. Therefore, a normal shock forms in the diverging section of the nozzle. The trend
can be seen in Figure 2.3 i.e. subsonic flow through the converging section, sonic at the
throat and the flow proceeds to supersonic in the diverging section until this region of
supersonic acceleration is terminated by a normal shock wave. A pressure jump occurs
here since there is a static pressure increase across the normal shock and now the flow is
at subsonic speed through the remainder of the diverging section and it exhausts as a
subsonic jet. If the inlet pressure is lowered or raised in this regime, the length of the
supersonic flow increases or decreases in the diverging section before the shock wave
formation. Moreover, the flow remains isentropic throughout the nozzle, except for at the
location of normal shock wave since normal shock is a non-isentropic process.

𝑝𝑐

𝑝𝑏
𝑝∗

𝑝𝑒

𝑝⁄𝑝𝑐

𝑥
Figure 2.3: 𝑝⁄𝑝𝑐 along the 𝑥-axis of nozzle geometry [31]

‐ Normal shock at exit: This is essentially an extension of the previous case. If the inlet
chamber pressure 𝑝𝑐 is increased enough, then the supersonic region can be extended all
the way until the normal shock occurs at the exit of the nozzle. The flow is isentropic
throughout the nozzle except at the exit plane, where the shock wave formation takes
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place. Moreover, as the flow expands beyond the nozzle exit, the jet will have subsonic
flow.
‐ Over-expanded flow: For this case, the back pressure can be pulled down even further,
but such that it is still greater than 𝑝𝑏 ⁄𝑝𝑐 |sup, or the inlet chamber pressure can be
increased even further while keeping the back pressure constant. The normal shock now
is too strong and the nozzle has to compensate for the decrease in pressure by forming
weaker, oblique shocks. Therefore, the nozzle over-expands i.e. the nozzle has expanded
the flow too much and thus it has decreased the pressure too much past what the back
pressure is. This means that the exit pressure 𝑝𝑒 is too low as compared to 𝑝𝑏 . The flow
will now go through a serious of oblique shocks and expansion fans to equalize pressure,
which gives the shock diamond formation behaviour. For over-expanded flow, the
pressure at the nozzle exit 𝑝𝑒 is lower than the back pressure 𝑝𝑏 i.e. the flow has been
expanded by the nozzle too much.
‐ Design condition: If the inlet pressure is increased further, then the 'wave pattern' in the
jet weakens. Eventually, by increasing 𝑝𝑐 further, 𝑝𝑒 is such that it becomes equal to 𝑝𝑏 ,
the waves in the jet disappear altogether, as shown in Figure 2.3 and the jet therefore has
to be uniformly supersonic. Conversely, if the jet is supersonic throughout after the nozzle
throat, then design condition has been achieved and no shocks or expansion waves will
form. This is the situation applicable to the cases under consideration in this thesis.
‐ Under-expanded flow: Finally, if the inlet chamber pressure is increased even further,
then a point is reached where 𝑝𝑒 is greater than 𝑝𝑏 , as shown in Figure 2.4. This situation
is termed as 'under-expanded', and it gives rise to the formation of expansion fans or
waves [32]. Expansion waves appear at the exit, to expand the exhaust to the lower back
pressure. This is the normal situation for nozzles working under vacuum but if the jet is
supersonic throughout after the throat, then the design condition may be applicable.
When the flow is isentropic all along the nozzle, i.e. for values of 𝑝⁄𝑝𝑐 from Case 5 to Case
8 in Figure 2.3, the exit Mach number M𝑒 is given by:
𝛾+1

2(𝛾−1)
𝛾+1
𝐴∗
2
= M𝑒 (
)
𝛾−1 2
𝐴𝑒
1 + 2 M𝑒

(2.17)

Solving Equation (2.17) for M yields two solutions, M𝑒,𝑠𝑢𝑏 < 1 and M𝑒,𝑠𝑢𝑝 > 1,
corresponding to the isentropic exit pressure and temperature pairs:
𝑝𝑐

𝛾−1
𝛾

(
)
𝑝𝑒,𝑠𝑢𝑏

=

𝑇𝑐
𝑇𝑒,𝑠𝑢𝑏

=1+

𝛾−1 2
M𝑒,𝑠𝑢𝑏
2

(2.18)
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𝑝𝑐

𝛾−1
𝛾

(
)
𝑝𝑒,𝑠𝑢𝑝

=

𝑇𝑐
𝑇𝑒,𝑠𝑢𝑝

=1+

𝛾−1 2
M𝑒,𝑠𝑢𝑝
2

_

(2.19)

The supersonic mass flow rate and exit speed in the isentropic discharge through the nozzle
are:
𝛾𝑝𝑐 𝐴∗

𝛾+1

2 2(𝛾−1)
𝑚̇ =
(
)
√𝛾𝑅𝑇𝑐 𝛾 + 1

𝛾−1
𝛾

2𝛾𝑅𝑇𝑐
𝑝𝑒
𝜈𝑒 = √
[1 − ( )
𝛾−1
𝑝𝑐

(2.20)

]=√

2𝛾𝑅𝑇𝑐
1
[1 −
]
𝛾−1 2
𝛾−1
1 + 2 M𝑒

(2.21)

From the above equations, it can also be deduced that although it is often said that 𝑚̇ is
constant in a choked nozzle (critical flow-rate), what it actually indicates is that the massflow-rate does not depend on back pressure (provided the flow becomes supersonic), and
that 𝑚̇ is almost proportional to inlet chamber pressure.
Also, it is understood that the flow through a nozzle would be entirely subsonic if is not
choked and, if the inlet chamber pressure is increased while the back pressure is almost at
vacuum, the flow velocity increases [32]. As the inlet chamber pressure is increased even
further, the flow speed at the throat eventually reaches the speed of sound (Mach 1). Further
increase of inlet reservoir pressure cannot accelerate the flow through the nozzle anymore,
because that would mean moving the point where M = 1 away from the throat where the
area is a minimum, and therefore, the flow rate cannot change. The flow pattern downstream
of the nozzle (in the diverging section) can still change if the inlet reservoir pressure is
increased further, but the mass flow rate is now constant because the flow in the throat (and
in the entire converging section) is now constant as well.
To review, Equation (2.11) is used to show the trend for area ratio as compared to the Mach
number (section 2.1.3) and calculate the theoretical Mach number for the corresponding area
ratios (section 4.1.7), whereas Equation (2.15) is used to calculate the mass flow rate for
choked flow to take place (section 3.5).

2.2. Multiphase flow – Introduction
Multiphase flow is one of the most important phenomena that is not only abundant in nature,
but also of vital importance industrially and technologically, whether in process engineering
or in the petroleum, pharmaceutical, metals, polymer industries and so many more
applications [33].
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Multiphase flow is basically a synchronous flow of materials that either have different phases
or states (like gas, liquid etc.), or with different chemical properties but same state or phase
(i.e. liquid-liquid systems etc.). Multiphase flow can be classified in a number of ways, for
example: Gas-liquid flows, like bubbly flows, separated flows, gas-droplet flows; Gas-solid
flows, like gas-particle flows, pneumatic transport, fluidized beds etc.; Liquid-solid flows,
like slurry flows, hydro-transport, sediment transport etc.; Three-phase flows, like bubbles
in a slurry flow, particles in gaseous flows etc.
A gas-liquid two-phase system is discussed in the present thesis, where Helium is used as
the gas and distilled water as the liquid.
Two basic approaches are used to solve multi-phase flows computationally: the Euler-Euler
approach [34], which assumes that both phases are present everywhere within the domain
and empirical correlations are used to approximate the material properties. The EulerLagrangian approach [35], which deals with one dominant phase that is represented as the
continuum and one dispersed phase which is represented as ‘Lagrangian’ particles running
through that continuum and exchanging mass, momentum and energy with the continuum.
These two models are particularly well established and any further multi-phase models are
developed by keeping these two as the basis.
In two-phase microfluidic systems, dispersed and continuous phase fluids generally flow
into the nozzle from two separate micro-channels. The channels typically meet at a junction,
which depends on the specific microfluidic device geometry. When the free surface
instabilities between the phases have sufficiently larger amplitude, drops emerge and
eventually break off from the dispersed phase. For steady flows, the formation of droplets in
microfluidic channels is usually periodic and monodisperse. To form jets, it is necessary to
minimize the free surface instabilities. Such instabilities originate from the competition
between the stabilizing and the destabilizing forces at the interface between the two phases.
Capillary pressure is often the main contributor to the destabilization of the interface and the
formation of drops. To suppress instabilities in a two-phase microfluidic system and produce
jets, it is possible to increase the flow speeds or the ratio of viscosity to interfacial tension in
the system to increase the capillary numbers.
To further describe the jet [36], dimensionless numbers such as the liquid and gas Reynolds’
number (Rel , Reg ), momentum flux ratio (Mf), Ohnesorge Number (Oh), the Kinetic Energy
Ratio (KER) are important too. These non-dimensional numbers are given in the form of
equations as:
𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒 𝜌𝑙 𝜈𝑗 𝑑𝑗
=
𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒
𝜇𝑙
𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒 𝜌𝑔 𝜈𝑔 𝑑
Reg =
=
𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒
𝜇𝑔
𝜌𝑔 (𝜈𝑔 − 𝜈𝑗 )2 𝑑
𝐼𝑛𝑒𝑟𝑡𝑖𝑎𝑙 𝑓𝑜𝑟𝑐𝑒
We =
=
𝑆𝑢𝑟𝑓𝑎𝑐𝑒/𝐼𝑛𝑡𝑒𝑟𝑓𝑎𝑐𝑖𝑎𝑙 𝑡𝑒𝑛𝑠𝑖𝑜𝑛 𝑓𝑜𝑟𝑐𝑒
𝜎
2
𝜌𝑔 𝑣𝑔
𝐺𝑎𝑠 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚
Mf =
=
𝐿𝑖𝑞𝑢𝑖𝑑 𝑚𝑜𝑚𝑒𝑛𝑡𝑢𝑚 𝜌𝑙 𝜈𝑗2
Rel =

(2.22)
(2.23)
(2.24)
(2.25)
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Oh =

𝑉𝑖𝑠𝑐𝑜𝑢𝑠 𝑓𝑜𝑟𝑐𝑒

=

𝜇𝑙

√𝐼𝑛𝑒𝑟𝑡𝑖𝑎 ∙ 𝑆𝑢𝑟𝑓𝑎𝑐𝑒 𝑡𝑒𝑛𝑠𝑖𝑜𝑛 √𝜌𝑙 𝜎𝑑𝑙
𝜌𝑔 𝜈𝑔2 𝐴𝑔
𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑔𝑎𝑠
KER =
=
𝐾𝑖𝑛𝑒𝑡𝑖𝑐 𝑒𝑛𝑒𝑟𝑔𝑦 𝑜𝑓 𝑙𝑖𝑞𝑢𝑖𝑑
𝜌𝑙 𝜈𝑗2 𝐴𝑙

_
(2.26)
(2.27)

where 𝑑𝑗 , 𝑑𝑙 = 2𝑅0 and 𝑑 = 2R are the diameters of liquid jet, liquid-feeding capillary and
nozzle outlet, respectively, represented in Figure 3.3 (section 3.3.1). 𝐴𝑙 and 𝐴𝑔 are the crosssectional areas of the liquid and the gas outlet at nozzle outlet whereas 𝜈𝑗 and 𝜈𝑔 represent
the jet velocity and gas velocity at the nozzle outlet.
In addition to the dimensionless numbers described above, the ratio of volumetric flow rates
between the dispersed phase and the continuous phase, Qd/Qc, the viscosity ratio of the two
phases, μd/μc, and the geometrical aspect ratios of the dispersed and continuous phase
channel width and height, 𝐻/𝑑 are important as well (details in section 4.1).
There are numerous microfluidic device geometries; however, three of the most common
microfluidic configurations that have been developed to produce droplets passively are the
coaxial, flow-focusing and T-junction designs. This thesis makes use of the flow-focusing
type of microfluidic configuration and as such, there are many variations of flow-focusing
microfluidic devices. Most of these devices have the consistent structural feature of an
intersection of two channels to form a cross, as shown in Figure 2.4.
The dispersed phase flows through the central channel with the continuous phase flowing in
the two side channels. The fluids meet at the cross-junction, where droplets or jets of the
dispersed phase form as the fluids flow into the main channel. The flow-focusing geometry
was introduced by Gañán-Calvo [14] with the capillary flow-focusing technique for the
generation of microbubbles and droplets.
In the dripping regime, as shown in Figure 2.4 below, the dispersed phase that enters into
the two-phase junction immediately breaks up into droplets and the resulting drops are
carried downstream by the continuous phase. In the jetting regime, the shear force from the
outer continuous phase in the post-junction channel results in the elongation of the inner
dispersed stream, and undulations that appear on the interface between the two fluids get
carried downstream.

Figure 2.4: Schematic of different flow regimes in flow-focusing arrangement [37]
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2.2.1. Flow instabilities
An important consideration needed to account, while designing nozzles for jet production in
any given environment is the information of various instabilities. These instabilities co-exist
on jet surface as it flows out of the nozzle and decide the fate of the jet. A considerable
amount of work was carried out in the past to understand the jet/drop behaviour under the
influence of these instabilities including initial work by Savart [38]. His work was mainly
focused on drop detachment at the tip of a faucet. Savart’s work was followed by Rayleigh,
who concluded that a critical wavelength of perturbation exists on jet surface dominating the
breakup [13]. His results were verified by comparison with Savart’s experiment. Initial work
was mainly carried out by ignoring the external environmental effects on jet behaviour but
afterwards, more details were captured by researchers explaining the phenomena including
various external effects on the formation of the jets and drops [39; 40; 41].

Figure 2.5: Jetting, dripping and whipping modes [47]

The disturbance propagation on the jet surface and its amplification over time normally
decides the jet breakup process. The instabilities are normally categorised into convective
instabilities (CI) when the disturbance moves only downstream, or absolute instabilities (AI)
when the disturbance moves and amplifies in both, downstream and upstream directions.
Huerre and Monkewitz [42] provided a classical review of these AI/CI, local and global
instabilities. In addition to the pioneering investigations which laid the basis for jet behaviour
study [13], spatial instability analysis by Keller et al. [43] and absolute and convective
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instability (AI/CI) analysis by Leib and Goldstein [44] are also considered as foundation
work in this field.
Various jet breakup modes were identified from the studies, including Rayleigh breakup
mode [13] and Taylor breakup mode [45]. Rayleigh mode produces the drops which are
comparable in diameter to the diameter of the parent jet and in Taylor mode smaller resulting
droplets are observed as compared to the diameter of the jet from which they separate. In
addition, some more recent studies by [39; 40; 41; 46] consider the external environment
effect on the jet behaviour by showing that the Rayleigh and Taylor modes are the
mechanisms of capillary pinching, interfacial shear and pressure fluctuations, respectively.
Based on these instabilities, the jet behaviour as it emanates from the nozzle can be
categorised [47] into (a) continuous stable liquid thread, which finally breaks into the stream
of droplets - jetting, (b) unstable meniscus and periodic ejection of drops - dripping and (c)
spatially unstable jet, which whips with some amplitude – whipping, as shown in Figure 2.5.

2.2.2. Fluid hydrodynamics and mixture formulation
A single set of equations is modelled in the whole domain assuming Newtonian,
compressible, two-phase flow. These fluid flow equations include mass, momentum and
energy conservations principles for each phase, also called Navier-Stokes equations. A
mixture formulation of Navier-Stokes equations as used in this work is:
𝜕𝜌
𝜕𝑡

+ ∇ ∙ (𝜌𝑣⃑) = 0

⃑⃑)
𝜕(𝜌𝑣
𝜕𝑡

𝜕(𝜌ℯ)
𝜕𝑡

Continuity Equation

(2.28)

+ ∇ ∙ (𝜌𝑣⃑𝑣⃑) = −∇𝑝 + ∇ ∙ 𝜏̅ + 𝑓⃑𝜎

Momentum Equation

(2.29)

+ ∇ ∙ (𝜌𝑣⃑ℯ) = −∇ ∙ (𝑝𝑣⃑) + ∇ ∙ (𝜏̅𝑣⃑) − ∇ ∙ 𝑞⃑

Energy Equation

(2.30)

where 𝑣⃑(𝑥⃑, 𝑡) is the velocity vector, 𝑝(𝑥⃑, 𝑡) denotes pressure, 𝑓⃑𝜎 (𝑥⃑, 𝑡) is for surface tension
forces, 𝜏̅ is the viscous stress tensor, which is defined as 𝜏̅ = 𝜇[∇𝑣⃑ + ∇𝑣⃑ T ] + 𝜆(∇ ∙ 𝑣⃑) I̅ with
2
𝜇 as viscosity, T is the transpose symbol, Stokes relation 𝜆 = − 3 𝜇 and I̅ as identity tensor,
while ℯ as total energy, composed of internal and kinetic energy. ℯ = 𝑐𝑣 𝑇 + 0.5|𝑣⃑|2 with 𝑐𝑣
and 𝑇 representing specific heat capacity at constant volume and temperature, respectively.
𝑞⃑ = −𝑘∇𝑇 is the conduction heat flux with thermal conductivity 𝑘.
In mixture formulation, the material properties and flow fields valid for both liquid and
gaseous phases are calculated using weighted averages as:
𝜗(𝛼) = 𝛼𝜗𝑙 + (1 − 𝛼)𝜗𝑔
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where 𝜗𝑙 and 𝜗𝑔 represent material properties of the phases i.e. density, specific heats,
thermal conductivity, viscosity and compressibility 𝜓 = (𝑅𝑇)−1, where 𝑅 denotes specific
gas constant. An example of this equation is written as:
𝜌 = 𝛼𝜌𝑙 + (1 − 𝛼)𝜌𝑔

(2.32)

In addition to the equations described above, surface tension [53] force plays an important
role in flow focusing since it defines jet breakup for a case, and is represented as:
𝑓⃑𝜎 = 𝜎𝜅𝑛⃑⃑
(2.33)
where 𝜎 represents the surface tension coefficient, 𝑛⃑⃑ is a normal pointing outwards from gas
to liquid, and 𝜅 stands for curvature of the interface. Here,
𝜅 = −∇ ∙ (∇𝛼⁄|∇𝛼|)

(2.34)

Furthermore, the ideal gas law gives the constitutive relation for gas density as:
𝜌𝑔 =

𝑝𝑔
⁄𝑅𝑇
𝑔

(2.35)

where 𝑅 stands for specific gas constant and subscript ‘g’ indicates gas.
Equations (2.28) - (2.30) are valid in the whole domain, except for the interface between
these phases. To be valid for the whole system, effective material properties are calculated
from Equation (2.31) and gas density is calculated using Equation (2.32).
One factor that needs to be addressed is that because of the expansion of gas in low vacuum,
large temperature drops are expected in the gas expansion chamber. Therefore, a variable
viscosity model is required to account for the changes in gas viscosity. Sutherland’s viscosity
law [51] is used to determine the temperature-dependent viscosity of an ideal gas as:
3⁄
2

𝜇𝑔 = 𝜆𝑠 [

where 𝜆𝑠 =

𝑇𝑔

⁄
]
(𝑇𝑔° + 𝑇𝑠 )

° (𝑇 ° +𝑇 )
𝜇𝑔
𝑔
𝑠
3⁄
𝑇𝑔 2

= 1.48 ∙ 10−6 (Pa s /K

(2.36)

1⁄
2)

, with 𝜇𝑔° as reference gas viscosity at

reference gas temperature 𝑇𝑔° , and 𝑇𝑠 represents the Sutherland constant (𝑇𝑠 = 79.4 K for
Helium) [52].

2.3. Volume of fluid method
VOF method is a type of Euler-Euler approach, which has been discussed in Section 2.2. For
flow of two fluids with different densities, interface capturing is important so that the
information about energy or momentum transfer across the interface can be gathered.
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There are various techniques used to track phase-phase interfaces, with one that is in use in
present scope is VOF method [48]. VOF is used in two different ways; geometric [49] and
an algebraic VOF [50], where the two-phase interface is reconstructed by pure geometric
and algebraic operations respectively. In present scope, algebraic VOF is used. A volume
fraction 𝛼(𝑥⃑, 𝑡) is defined as:
𝛼(𝑥⃑, 𝑡) = {

1 𝑥⃑ 𝑖𝑛 𝑙𝑖𝑞𝑢𝑖𝑑
0
𝑥⃑ 𝑖𝑛 𝑔𝑎𝑠

Gas

(2.37)

𝛼=0

Liquid

0<𝛼<1
𝛼=1

Figure 2.6: Schematic of the interface between two fluids and corresponding 𝛼

Eq. (2.37) describes the interface between both phases as a discontinuity of 𝛼 as a function
of the position 𝑥⃑ and time t. Two phase interface in VOF is advected with the calculated flow
field by an advection equation given as:
𝜕(𝜌𝛼)
𝜕𝑡

+ ∇ ∙ (𝜌𝑣⃑𝛼) = 0

(2.38)

where 𝑣⃑ is the velocity vector and 𝜌 is the density of the fluid.

2.4. Finite volume discretization
FVM has been extensively discussed in the literature [54] and is used for discretization and
solution of governing equations. In the FVM method, domain is discretized into control
volumes, and then in each of these control volumes, the centroid is considered as a node for
that particular control volume. Within these nodes, mass, momentum and energy
information being conserved is stored. FVM discretization distinctively involves two major
steps: (i) integrating and transforming PDEs governing fluid flow into balance equation over
a finite-volume resulting in semi-discretized equations (ii) variation of variables between
finite-volume is defined and related the value of the variables at the surface with those at
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the centroids. This procedure results in a set of algebraic equations, which can be solved by
different direct or iterative procedures. FVM generally possesses the following properties:
-

The discretization of general transport equation in integral form over each control
volume is carried out. This transforms the conservation principles for mass,
momentum and energy to conserve them on a discrete level [30].

-

It solves the equations in a fixed coordinate system on the mesh that does not change
over time and can be equally applied to solve steady or transient problems.

-

Finite volumes can have a general polyhedral shape, whose neighbours can be in
variable numbers.

-

All dependent variables can use the same control volumes, which is referred to as
collocated or ‘no-staggered’ variable arrangement.

-

PDEs are treated in a segregated manner, with each solved at a time. The inter
equation coupling is treated in explicit manner. Pressure Implicit with Splitting of
Operators (PISO) [55], Semi-Implicit Method for Pressure-Linked Equations
(SIMPLE) [56] and their derivatives such as, Pressure Implicit Method for PressureLinked Equations (PIMPLE) are usually used in dealing with these inter-equation
couplings.

-

Nonlinear equations are linearized before the discretization.
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3. Methodology
This chapter describes the computational model of the problem under consideration,
geometry creation, mesh generation, boundary conditions and solution setup. Computational
domain and the relevant boundary conditions used in set up of solution with OpenFOAM are
defined as well. The simulation setup is discussed in detail and followed by the data
extraction and post-processing.

3.1. Numerical solution of the problem
OpenFOAM [57] is an open-source CFD code based on FVM, written in C++ and runs on
Linux as well as on Windows based operating systems. OpenFOAM provides an easy
development environment for users to obtain the functionalities that match the case
requirements. It operates with text files and UNIX style commands. The structure is built
upon object-oriented coded libraries, accessible to all solvers and utilities. It includes a
variety of built-in solvers for incompressible, compressible, single and multiphase flow
problems.

3.2. Case setup
In present work, five different cases are analysed by changing the geometric arrangement of
the nozzles. A work flow of the CFD analysis is shown in Figure 3.1 whereas the general
work flow in OpenFOAM is shown in Figure 3.2. Each case file folder consists of three
important sub-directories:
The ‘0’ sub-directory, containing the initial and boundary conditions for associated fields.
The ‘constant’ sub-directory is further sub-divided into a sub-directory called polyMesh,
which contains mesh, and multiple text files, which define other important parameters for
the case setup, including gravity, thermo-physical properties and turbulence properties,
depending on the type of case being simulated.
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The ‘system’ folder contains the important background information related to the problem
numerics in text files fvSchemes and fvSolutions. These two files form the backbone of the
entire project, because they essentially define the set of discretization schemes being used,
the set of solvers, and the algorithms (i.e. PISO, PIMPLE etc) being used to solve the
discretized equations. Settings for the output format, runtime and time step are included in
this folder in the form of a text file controlDict. It specifies the case controls such as ∆𝑡,
Courant number (C), time step information, write format etc. During the simulation, multiple
time dump folders are created inside the case folder containing field solutions for fixed time
intervals. Various other text files important for the case setup are also included in the system
sub-directory such as blockMesh, snappyHexMesh, topoSet and refineMesh, in order to
further modify and refine the mesh as necessary. setFieldsDict is used to initialize various
fields in the domain i.e. this file defines an initial condition for the phase fraction αwater, to
assume that the liquid feeding capillary is filled with water at an initial time.
decomposeParDict is used to decompose the simulation case to run on parallel multiprocessors.

*

• Objective: Setting up 5 separate cases suitable for OpenFOAM env.
• 1 for converging nozzle; 4 for de Laval nozzle

1

• Creating Geometry in SolidWorks
• Converting into STL format

2

• Meshing in OpenFOAM
• Use of blockMesh, topoSet, refineMesh, snappyHexMesh

3

• Case setup: Boundary conditions & Initial conditions
• Use of extrudeMesh and setFields in OpenFOAM

4

• Decomposing each case: Use of parallel processing
• Saves computation time

5

6

• Running the cases

• Postprocessing: Using ParaView to extract raw data
• Extracting useful data in graphical form

Figure 3.1: Scheme of case structure and setup

26

Methodology
'P' pressure file
'0' folder
'U' velocity file
polyMesh
Constant

triSurface
'properties' files

Case

controlDict
blockMeshDict

topoSetDict
refineMeshDict
snappyHexMeshDict
System
fvSolution
fvSchemes
extrudeMeshDict
setFieldsDict
decomposeParDict
Figure 3.2: Hierarchy of case files and their structure in OpenFOAM
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3.3. Pre-processing
This section details with the methodology used to create the geometry and meshing. Meshing
comes with several challenges in OpenFOAM. They are: creating optimum number of finite
volumes of good quality, which can produce reasonably accurate results with minimum
required computational effort. In following sub-sections geometric modelling and meshing
procedure is described in detail.

3.3.1. Geometry creation
For the present numerical study, five geometric arrangements of converging and CD nozzles
are given in Table 3.1. A general scheme of such a nozzle is shown in Figure 3.3. For the
simulations and computational work in this thesis, SolidWorks was used for geometry
creation. After creating multiple geometries with varying lengths and angles for divergent
section of the nozzle, they were exported as STereoLithographic (STL) file format, which is
required by OpenFOAM to read the geometrical data for generating meshes.

Figure 3.3: Geometrical representation (not to scale) of the CD Nozzle, detailed with dimensions. Lj
and dj represent jet length and diameter, respectively. R0 = 37.5 μm, R1 = 175 μm, R2 = 245 μm, R3
= 500 μm, R4 = 35 μm, R6 =1000 μm, z1 = 155 μm, z2 = 794.5μm, z3 = 976.3 μm, z4 = 1200 μm, z5 =
1340 μm, z6 = 1380 μm, z8 = z7 + 2000 μm whereas R5, Lds, z7 and θds vary depending on the CD
nozzle used.

The details of cases considered in analysis are given in Table 3.1. They have been sorted on
the basis of the angle and length of the diverging section in order to give a better
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understanding on the behaviour of the jet. The dimensions for the converging nozzle remain
the same as shown in Figure 3.3, with the absence of the diverging section. Figure 3.4 shows
the geometrical parameters used in all five cases that are listed in Table 3.1. When discussing
the results and graphs in the subsequent chapters, the same colour representation is used for
all cases as shown in the table. Furthermore, after the generation of these five geometries
and their conversion into the STL file format, these files for all five cases were then added
to the folder triSurface within the constant folder for each separate case. Moreover, the
command surfaceFeatureExtract was used to automatically extract the important features of
the geometry.
Table 3.1: Geometry generated for listed five cases

Case No.

Angle of divergent section, 𝜃𝑑𝑠

1

Length of divergent section, 𝐿𝑑𝑠

Converging Nozzle

2

12.5º

200 µm

3

15º

200 µm

4

17.5º

200 µm

5

15º

100 µm
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Inlet - Gas
Inlet - Liquid

Converging
section

Diverging
section

Figure 3.4: Nozzle geometry for all five cases (top to bottom) given in Table 3.1
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3.3.2. Mesh generation
OpenFOAM has its own built-in mesh generation utility called blockMesh. BlockMesh is
text based and works by defining hexahedral blocks in a local, right-handed coordinate
system. By using these blocks, one can build more complex geometries. After running the
blockMesh command, the mesh is built and geometry data is stored in the polyMesh folder.
Simple geometries can be generated using blockMesh easily, while for complicated
geometries the process becomes difficult. This can be negated by using a CAD software to
produce the geometry described with STL surfaces, as indicated in section 3.2 and meshed
using snappyHexMesh (OpenFOAM built-in utility).

Figure 3.5: Axisymmetric mesh generated - around ~300,000 cells

To create a background mesh, snappyHexMesh is included along with blockMesh, wrapping
the background mesh on actual geometry (STL) and removing the additional cells from
background mesh. Therefore, snappyHexMesh [58] identifies the outer surfaces of the
geometry from the STL files, and then starts a process of splitting the cells located around
the boundaries.

Figure 3.6: Mesh refinement of the gas-liquid interaction region
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This results in a rough representation of the surfaces and makes it possible to distinguish
between the cells needed to construct the geometry, and the ones that will be removed. Once
the splitting process produce a closed boundary, the remaining cells are deleted. The next
step is to identify the cells intersecting the boundary, and relocate the cell vertexes onto the
geometry surface. This is called the “snapping” feature and it deforms the cell surface to
match the shape of the geometry, thus creating a smooth boundary and an accurate meshed
representation of the STL file.

8 µm
4 µm
2 µm

16 µm

1 µm
0.25 µm 0.50 µm

Figure 3.7: Mesh structure with indication of the finite volume sizes with smallest cells = 0.25 µm

However, snappyHexMesh is time-consuming and takes a huge amount of space if used on
its own. Therefore, topoSet and refineMesh are used to obtain and refine the background
mesh first, whereas snappyHexMesh is applied afterwards to create the mesh, which
automatically generates high-quality and non-overlapping mesh [59]. This not only saves
time for creating the mesh, but also the processing power of the computer system being used.
Figure 3.5 shows the mesh generated for one of the cases, with around ~300,000 cells in
total. The largest cell is 64 µm, whereas the minimum cell size is 0.25 µm (Figure 3.7), used
for the liquid capillary outlet so that the detail of the jet can be captured well.
The geometry of the CD Nozzle as well the flow fields inside the nozzle are assumed to
possess axial symmetry [60]. Axisymmetric model is thus used as it has much lower
computational cost compared to a full 3D model. Several previous studies, such as the ones
carried out by Herrada et al. [61], Cruz-Mazo et al. [62], and most recently by Zahoor et al.
[18] demonstrated the successful application of axisymmetric jet models in similar
situations. Axisymmetric mode is enabled in OpenFOAM by using a 3D wedge-shaped
geometry, cut and insulated with the front and back patches from the whole axisymmetric
arrangement. A wedge angle of 4.0° is used in the simulations conducted in this thesis.
Therefore, the mesh created is axisymmetric, which saves a lot of computing power while
actually running the simulations. Figure 3.5 shows a typical arrangement of cells in such an
axisymmetric domain.
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The goal of this meshing process is to create a mesh fine enough to accurately capture the
flow details, while not creating unnecessary higher number of cells, which otherwise will
increase computational resource requirement manifolds. This was ensured by implementing
the results of mesh independence study carried out by Zahoor et al [18]. After an appropriate
mesh is generated, the checkMesh command can be used to assess whether the cell quality
is acceptable in terms of skewness, non-orthogonality etc. The relevant mesh statistics for
one of the cases (15º angle, 200 µm length) through which the mesh quality can be evaluated
are shown in Table 3.1.
Table 3.2: Mesh statistics obtained by checkMesh utility

Mesh statistics for CD Nozzle with 15º half cone angle, 200 µm length
Number of finite volumes

335,858

Max. aspect ratio

2.64

Max. skewness

3.62

Mesh non-orthogonality (avg)

2.39

For all the cases simulated, particularly interesting is the region until the primary breakup of
the jet as well as a spatially stable jet. Therefore, a minimum cell size 0.25 μm is used, where
the liquid and gas interface exists, whereas the mesh is uniformly coarsened to a maximum
finite volume size of 64 μm in the region away from the phase interface.

3.4. Computational domain and boundary conditions
At the liquid and gas inlets, the velocities are specified using the flowRateflowVelocity,
through which the mass flow rate of the fluids are defined. Moreover,
pressureInletOutletVelocity boundary condition is used at the outlet, which is specified for
the temperature and the velocity, and thus provides a general outflow boundary condition
with an option to set inflow in case where it is expected to happen. At the outlet, ‘fixed
pressure condition’ is defined for pressure, whereas fixedFluxPressure boundary condition
is used for solid walls. This boundary condition offers the pressure gradient adjustment in
such a way that the flux on the boundary determines the velocity boundary conditions. To
avoid the outlet boundaries influencing the jet shape, they are set at a large distance away
from the exit of the nozzle i.e. 2000 µm away [18]. The liquid volume fraction is initialized
until the end of the liquid-feeding capillary to consider that the liquid feeding capillary is
filled at the start of the simulation (t = 0 s). The time step is adjusted during the simulations
by setting the maximum Courant number to 0.25. Courant Number is defined as:
C=

𝑣 Δ𝑡
Δ𝑥

(3.1)

where 𝑣 is the velocity magnitude, Δ𝑡 is the time-step of the numerical model and Δ𝑥 is the
spacing of the grid in the numerical model.
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Moreover, OpenFOAM offers wedge boundary conditions for front and back patches when
setting up an axisymmetric problem. This condition is treated in a way that it enforces a
cyclic condition between a pair of the boundary patches [63].

3.5. Operating conditions and material properties
For all five cases, the liquid and gas flow rates are kept constant at 25 µL/min and 30 mg/min
respectively. Temperature at the inlet and walls is fixed at 293 K, whereas the discharge
chamber pressure is set at 150 Pa. These operating conditions are listed in Table 3.3.
Table 3.3: Operating conditions for the simulated cases

Liquid (water) flow rate

25 µL/min

Gas (helium) flow rate

30 mg/min

Temperature at inlets & walls

293 K

Discharge chamber pressure

150 Pa

From Equation (2.15), gas flow rate can be theoretically calculated for the case when only
Helium flows through the nozzle. For the flow to be choked at the throat, gas mass flow rate
of 43.39 mg/min is calculated.

Figure 3.8: Phase diagram of nozzle performance as a function of liquid and gas flow; black dot
represents operating condition used in present work [18]
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However, because two-phase flow of gas along with a liquid is being implemented in all five
simulated cases, therefore this value of 𝑚̇ for gas needs to be adjusted according to the liquid
flow rate to obtain the jetting (section 2.2.1) mode. This can be observed from Figure 3.8,
where flow rates of 25 µL/min and 30 mg/min correspond to the jetting mode (black dot).
The reference material properties for both fluids are given in Table 3.4.
Table 3.4: Reference material properties of water and helium at 293 K, 1 bar

Density ρ

Viscosity µ

cp

cv

Surface tension 𝜎

(kg/m3)

(Pa s)

(kJ/kg K)

(kJ/kg K)

(N/m)

Water

1000

1 · 10-3

4.18

4.16

0.072

Helium

0.164

1.9 · 10-5

5.19

3.12

-

Fluid

3.6. Solution
Considering the requirement to obtain a reliable contemporary solution of the two-phase
micro-nozzle
flow,
compressible
multiphase
OpenFOAM
solver
compressibleMultiphaseInterFoam [64] is used. The solver uses algebraic VOF to track the
interface and FVM discretization with ability to efficiently handle both structured and
unstructured meshes. The counter-gradient approach [65] is used to avoid the interface
smearing. It is based on introduction of an artificial compression velocity on the interface,
which is equal to 1.0 m/s in all present cases. For the solution of partial differential equations
representing the fluid flow problem, PIMPLE algorithm is used, which is a combination of
the Pressure Implicit with Splitting of Operators (PISO) [55] and Semi-Implicit Method for
Pressure-Linked Equations (SIMPLE) [66]. An adaptive time stepping is used during the
simulation to ensure the solution convergence, which is done by limiting the Courant number
[67].
To obtain a higher accuracy of the integration of derivative terms, a standard Gaussian finite
volume integration is used [68]. For convection term of interface equation, vanLeer secondorder total variation diminishing (TVD) scheme [69] is used. The cell-face value of the
velocity is interpolated using a second-order TVD scheme limitedLinearV [56]. The system
of algebraic equations following FVM formulation is solved by preconditioned conjugate
gradient (PCG), geometric–algebraic multi-grid (GAMG) and diagonal incompleteCholesky (DIC) solvers [70].

3.7. Post-processing
After using compressibleMultiphaseInterFoam as the solver in OpenFOAM, and obtaining
the simulations for different time steps, post-processing was carried out in ParaView [71],
which is also an open-source software. After extracting the data in ParaView, Matplotlib
[72] was used to analyse the data, which is discussed in the next chapter.
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4. Results and discussion
The results obtained from the simulations of nozzles described in Chapter 3 are assessed in
the present chapter. The results associated with these simulations are discussed in the form
of geometric parameters i.e. change in diverging section length and angle, which are
analysed for jet length, jet diameter, velocity of the jet, velocity and temperature profiles at
axial positions, Mach contours and radial Mach profiles.

4.1. Jet characteristics
Out of many important characteristics, the length of the jet, its diameter, velocity and
temperature are most critical as they directly influence the sample delivery performance in
SFX experiments. Furthermore, velocity of the jet at the symmetry axis is analysed along
with the gas velocity and temperature at different radial cross-sections along the z-axis. In
the sub-sections below, the numerically calculated parameters for five different cases are
shown in graphical form. These five cases have been detailed previously in Table 3.3.
Minimum flow rate of liquid 𝑄𝑚𝑖𝑛 is vitally important since it is an indication of the sample
consumption rate required to achieve a stable jet. For a given geometric arrangement, Vega
et al. [10] proposed a scaling law for minimum liquid flow rate:
1

𝑄𝑚𝑖𝑛
𝑑𝑙 3 𝜇𝑙
= 2.5 ( ) ( )
𝑑
𝑑
𝜌𝑙

(4.1)

where 𝑑 and 𝑑𝑙 are given by:
1

𝐻
𝑑𝑙 4
= 0.6 ( )
𝑑
𝑑

(4.2)

Equations (4.1) and (4.2) explain how significant the geometrical structure of GDVNs is for
the success of their operation. Liquid capillary needs to be properly positioned inside the
nozzle. At smaller value of H, radial velocity components of gas become stronger and the
flow focusing operation mode inclines towards flow blurring (generation of small turbulence
scales in a liquid from a singular back-flow pattern of a gas) [73], while at larger H, weaker
radial gas velocity streams create less effective focusing momentum/shear forces to produce
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and sustain the liquid jet. The latter situation requires higher liquid and gas flow rates to
obtain a stable jet. It has been demonstrated already [18] that Eq. (4.1) and (4.2), which were
originally developed for plate-orifice flow focusing apparatus, also hold for converging
nozzles and therefore, it can be assumed that they would be valid for CD nozzles as well.
A typical range of non-dimensional numbers involved in the current study, calculated from
Eq. (2.22) - (2.27), are given in Table 4.1.
Table 4.1: Range of non-dimensional numbers in current study

Rel

Reg

We

Mf

Oh

KER

Min.

115.2

184.1

0.11

0.0035

0.019

0.0031

Max.

288

476.3

0.053

0.085

0.019

0.079

4.1.1. Jet length
Jet length Lj, is defined as the length of the jet starting from the nozzle exit up to the breakup of the jet (detachment of the 1st drop). The simulations were run for 5 milliseconds, and
the relevant data is shown in the form of graphs in Figures 4.1 – 4.3. Figure 4.1 shows a
general comparison made between the jet length for the case of a CD nozzle with diverging
section angle 𝜃ds = 15º and diverging section length Lds = 100 um. Jet length Lj for both these
cases is plotted as a function of time. It is clear from Figure 4.1 that until ~2.3 milliseconds
for the converging nozzle and the CD nozzle, the flow of the jet has not developed
sufficiently and therefore, the jet length variation cannot be evaluated.

Figure 4.1: Jet length as a function of time, for Case 1 and Case 5

After this point in time, the jet has formed and there is a jet flow, however it remains unstable
with large fluctuations and this behaviour starts to achieve a more stationary oscillations
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pattern with time. Although the trend in the graph is encouraging, since it can be identified
that the jet length is moving towards stability and the variations are becoming smaller than
before, but it is not enough to accurately identify the jet length through the graph.

Figure 4.2: Jet length as a function of time for two differing diverging section lengths

Therefore, an average of jet length over a collection of time steps is evaluated, which is from
4 milliseconds to 5 milliseconds, i.e. the last 100 time records with 1 µs each. The
simulations were run up until 5 ms because the runtime for running each case was almost
four days, where 42 processors were used in parallel on the HPC - Faculty of Mechanical
Engineering, University of Ljubljana.

Figure 4.3: Jet length as a function of time for three diverging sections with 𝜃ds of 12.5º, 15º, 17.5º
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It is also the purpose of this study to estimate the trends when CD nozzles are used in
comparison with the converging nozzle and therefore, the average jet lengths are compared
at the end of this sub-section.
Figure 4.2 indicates the trend of jet length for cases where the length of the diverging section
Lds is varied. This is useful as it indicates how the simulations correspond to each other and
which case comes closer to stability in terms of variations on the y-axis in the least amount
of time. From Figure 4.2, it is observed that increasing the length of the diverging section
has an apparent advantage that the stability of the jet increases at a more rapid pace.

Figure 4.4: Maximum, minimum and average jet length for all cases calculated on time interval 0.4
- 0.5 ms

However, this cannot be conclusive from only the graphs for the jet length, but the jet
diameter, speed of delivery of the sample and temperature of the jet also need to be taken
into account. Furthermore, from Figure 4.3, the jet length can be observed by varying the
angle of the diverging section, 𝜃ds. What is also apparent from Figure 4.3 is that the average
jet length for the case of a smaller diverging section is larger than that for a wider diverging
section. This points towards the advantage in using a CD nozzle with the length of the
diverging section around 100 µm.
The average jet length for each of the five cases is given in Table 4.2 as well. It can be seen
from the table that Case 5 is the one with maximum Lj,avg.
Table 4.2: Average jet length for each case

Case
1
2
3
4
5
40

Average Jet Length, Lj,avg (µm)
497.3
516.1
513.5
508.3
665.7

Results and discussion
The results obtained from Figure 4.1 - 4.3 can be effectively summarised by averaging jet
length for each case shown in Figure 4.4, including their maximum and minimum values. It
can be clearly seen that with the CD nozzle of Case 5, the longest jet is achieved. This is
because the behaviour of the jet in a nozzle is influenced by the nozzle length in general, and
the diverging section length in particular [74]. Area ratio 𝐴⁄𝐴∗ can be defined as the critical
ratio at which the length of the jet is longest, and therefore, the critical ratio occurs for CD
nozzle in Case 5.

4.1.2. Jet diameter
The diameter of the liquid jet is discussed here for the previously listed five simulated cases.
Once the simulation stabilizes, the average jet diameter, dj,avg, is calculated which is then
compared with the converging nozzle case, given in Table 4.3. Firstly, a comparison is
performed for the jet diameter between the converging nozzle and a CD nozzle with larger
diverging section length (Case 2), as shown in Figure 4.5.

Figure 4.5: Jet diameter as a function of time, for Case 1 and Case 2

Figure 4.6 shows the jet diameter for a change in the length of the diverging section of the
CD nozzle while 𝜃ds = 15°, along with the converging nozzle case. It can be seen instantly
from Figure 4.5 and 4.6 that the jet diameter is a more stable parameter as compared with
the length of the jet.
The jet diameter is calculated as an average from the last 100 consecutive simulation records
i.e. from 4 milliseconds to 5 milliseconds. The error is estimated as ± 0.25 µm, as pointed
out in Table 4.3.
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Figure 4.6: Comparison of jet diameter as a function of time for change in Lds vs converging nozzle

This is due to the fact that the minimum mesh cell size is 0.25 µm, for the axisymmetric
mesh (details in 3.3.2). This means that we essentially calculate the radius of the liquid jet,
and then multiply it by a factor of two to obtain the diameter. The maximum point of the
interface of the liquid jet fluctuates in between the smallest cell in the mesh (0.25 µm).
Therefore, it can be approximated that the interface lies at half the cell size, which is 0.125
µm. Multiplying this by a factor of two estimates the error in average jet diameter for each
of the cases, i.e. ± 0.25 µm.

Figure 4.7: Comparison of jet diameter as a function of time for change in 𝜃ds vs converging nozzle
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Figure 4.8: Maximum, minimum and average jet diameter for all cases calculated on time interval
0.4 - 0.5 ms

A comparison is also made for cases that have a constant length for the diverging section
(200 µm) with a change in the diverging section angle (12.5°, 15°, 17.5°), as shown in Figure
4.7.
Table 4.3: Average jet diameter for each case

Case
1
2
3
4
5

Average Jet Diameter, dj,avg (µm)
4.45 ± 0.25
3.57 ± 0.25
3.61 ± 0.25
3.68 ± 0.25
3.65 ± 0.25

It is easy to spot that the jet diameter trend for converging nozzle is higher than the other 3
cases shown. It is seen that converging nozzle produces a thicker jet compared with any of
the CD nozzle. Therefore, the results obtained from Figure 4.5 - 4.7 can be effectively
summarised in Figure 4.8 for average jet diameter dj,avg, for all simulated cases. It is clearly
seen that the converging nozzle has the thickest jet, with maximum dj,avg whereas all four
cases of CD nozzles have comparably smaller jet diameters.

4.1.3. Jet velocity and speed of sample delivery
To further consider the flow characteristics within the liquid jet, the velocity of the jet along
the nozzle symmetry line is considered. This symmetry can also be referred to as the centre
line of the jet, as shown in Figure 4.8. A distance of 100 µm from the nozzle exit is shown
as well along with the jet tip, which is defined as the jet breakup point.
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Figure 4.9: Symmetry line, jet tip and distance of 100 µm from nozzle exit shown for axisymmetric
nozzle configuration.

As stated in Chapter 1, the speed of delivery of jet is one of the most important parameters
to consider when dealing with SFX. This is because a faster jet is used to avoid double
exposure of the same crystal sample.

Figure 4.10: Maximum, minimum and average jet tip velocity for all cases calculated on time
interval 0.4 - 0.5 ms

Figure 4.10 shows the average velocity at the tip of the jet along with minimum and
maximum values. It is readily apparent that the jet tip velocity is the lowest for converging
nozzle (Case 1). Comparing the CD nozzles to the converging nozzle, from Figure 4.10, it
can also be observed that the jet velocity for CD nozzle of Case 5 is the highest than any
other CD nozzle cases.
However, it is noted here that the jet tip velocity does not show a big difference between the
converging nozzle jet velocity and CD nozzle jet velocities. Figure 4.11 presents the velocity
magnitude at the symmetry of the liquid jet at a distance of ~100 µm from the nozzle exit. It
is important to see the trend of jet velocity at ~100 µm from the nozzle exit because in theory
and for an experimental setup, this is the point where jet characteristic parameters are
evaluated i.e. the X-ray interaction point with the sample.
44

Results and discussion

Figure 4.11: Jet velocity along the symmetry at 100 µm from nozzle exit for all cases at time
snapshot of 5 ms

It can be seen from Figure 4.11 that the velocity of the liquid jet for the converging nozzle
lies between 45 - 50 m/s, whereas the jet velocity for the CD nozzles lies in the range of 60
- 70 m/s. Therefore, the speed of delivery of the sample is higher for any of the CD nozzle
cases as compared to the converging nozzle. Moreover, Table 4.4 shows the jet velocity, vj,s,
at the nozzle exit and at a distance of 100 µm and 300 µm from the nozzle exit for each case
as well. The error in the simulated jet velocity cannot be estimated for these cases, however,
similar comparisons have been made in [18], which gives us confidence in the results
obtained for these cases.
Table 4.4: Jet velocity at the symmetry for intervals of 0 µm, 100 µm and 300 µm after nozzle exit

Case
1
2
3
4
5

0 µm
24 m/s
60 m/s
59 m/s
56 m/s
52 m/s

100 µm
48 m/s
69 m/s
67 m/s
62 m/s
66 m/s

300 µm
62 m/s
77 m/s
72 m/s
69 m/s
80 m/s

4.1.4. Velocity profiles at axial positions
This section introduces the velocity of the gas and the jet at different axial positions along
nozzle symmetry, starting from the liquid capillary outlet in the form of velocity profiles.
The axial positions for Case 1 of the standard converging nozzle are shown in Figure 4.12
(b) for an ease of visualization.
The velocity profiles for all the cases listed in this sub-section are along the radial direction
in the nozzle and in the discharge chamber as well. Velocity profiles for the converging
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nozzle are shown in Figure 4.12 (a) at five different axial positions along the nozzle
symmetry, starting from 60 µm after the liquid capillary outlet (z4 + 60 µm = 1260 µm), and
extending further with an increment of 60 µm until after the nozzle exit.

(a)

80 µm

(b)
Figure 4.12: (a) Absolute velocity for Case 1 (converging nozzle) as a function of radial distance at
5 axial positions along nozzle symmetry (b) Axial positions represented on the converging nozzle
geometry

Velocity profiles give important information about the gas flow characteristics as well as the
jet at different axial positions inside the nozzle and beyond. From Figure 4.12 (a) and (b), it
can be observed that the velocity of the gas reaches a maximum of ~1000 m/s at the throat
of the nozzle (z4 + 180 µm = 1380 µm), which is equivalent to a Mach number of 1
approximately (details in Section 4.2.6). This means that the converging nozzle behaviour is
as expected at the throat i.e. M ≅ 1. Moreover, the velocity of the gas rises steeply after the
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nozzle exit (M > 1), which indicates that the gas is supersonic while the liquid jet flows
through this gas. The velocity profiles presented in this sub-section are most effective for
analysing the velocity of the gas, whereas the velocity of the jet at the symmetry was already
analysed in sub-section 4.2.3.
The velocity profiles for the converging nozzle are further compared with the CD nozzles.
Figure 4.13 (d) shows the axial positions at which the velocity profiles have been generated
for Cases 2, 3, and 4. It has to be noticed here that the axial positions are only 5 in number
for the standard converging nozzle, whereas the profiles have been created for 8 positions
for Case 2, 3 and 4 of the CD nozzles. This is due to the reason that the length of the nozzle
is longer for CD nozzles, because of the presence of a diverging section of 200 µm in length.
For effective analysis, the axial positions chosen for these CD nozzle cases should also
include not only the positions within the converging and diverging sections of the nozzle,
but also the positions that are indicated in the discharge chamber in Figure 4.13 (d).

(a)

(b)
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(c)

80 µm

(d)
Figure 4.13: (a) Absolute velocity for Case 2 (CD nozzle) as a function of radial distance at 8 axial
positions along nozzle symmetry (b) Absolute velocity for Case 3 as a function of radial distance at
8 axial positions along nozzle symmetry (c) Absolute velocity for Case 4 as a function of radial
distance for 8 axial positions along nozzle symmetry (d) Axial positions represented for geometries
of Case 2, 3 and 4

Another point to note is that the axial positions for Case 2, 3 and 4 are approximately the
same. This is because the length of the diverging sections for these three cases is similar
(~200 µm). Figure 4.13 (a) shows the velocity profiles generated for the CD nozzle from
Case 2. Velocity of the gas vg, gives an important information about the flow characteristics
around the jet.
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It is observed from Figure 4.13 (a) and (d) that even inside the diverging section of the CD
nozzle, gas obtains supersonic velocities as predicted by the theoretical model. The
theoretical model however does not take into account the boundary layer flow. Comparing
these velocity profiles with those of converging nozzle, it is also observed that the velocity
of the gas is similar in the converging section for the converging and CD nozzles, which is
appropriate since the operating conditions remain the same in this region for all cases.
But as flow progresses along the nozzle length, the velocity of the gas increases to ~1.5 times
for the CD nozzle as compared to the converging nozzle i.e. gas velocity is higher at nozzle
exit for the CD nozzle.

(a)

80 µm

(b)
Figure 4.14: (a) Absolute velocity for Case 5 as a function of the radial distance at 6 axial positions
along nozzle symmetry (b) Axial positions represented on the CD nozzle geometry for Case 5
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The trends presented for the converging part of the CD nozzle in Figure 4.13 (a) remain the
same for Case 3 and 4, as shown in Figure 4.13 (b) and (c). However, for the diverging part
of the nozzle, it can be seen at [z4 + 360 µm] that with an increase in the angle of the diverging
section (Case 4 = 17.5° > Case 3 = 15°), while keeping the length of the diverging section
constant, the velocity of the gas increases as well in the diverging section. This is because
velocity in diverging sections of CD nozzles increases with an increase in area ratio [31].
In other words, velocity of the gas in the diverging section increases with an increase in
the angle of the diverging section. Furthermore, gas velocity is identical in the discharge
chamber for the three CD nozzle cases until a distance of 30 µm and then increases with an
increase in the diverging section angle, as shown in Figure 4.13 (a), (b), and (c).
Figure 4.14 (b) shows the axial positions at which the radial absolute velocity profiles have
been generated for the CD nozzle of Case 5. The axial positions are only 6 in number because
the length of the nozzle is shorter for Case 5 as compared to all other CD nozzles, due to 100
µm diverging section length Lds as compared with 200 µm diverging section in other cases.
For effective analysis, the axial positions chosen for this CD nozzle case not only includes
the positions within the converging and diverging sections of the nozzle, but also the
positions that are indicated in the discharge chamber in Figure 4.14 (b).
Velocity profiles for CD nozzle from Case 5 are shown in Figure 4.14 (a) and they indicate
that as for other CD nozzle cases earlier, even while the gas is within the diverging section
of the nozzle, the velocity of the gas has already become supersonic, as expected from the
nozzle theory. Comparing these velocity profiles with those of converging nozzle, we can
also see that the velocity of the gas is similar in the converging section for the converging
nozzle. But as gas progresses along the nozzle length, the velocity of the gas has increased
but it is still lower than any of the three CD nozzle cases presented before. Moreover, the
velocity of the gas is approximately the same at a distance of 120 µm from the nozzle exit
for the converging nozzle and at a distance of ~120 µm from the nozzle exit for the CD
nozzle.

4.1.5. Temperature profiles at axial positions
Another parameter that is analysed here is the temperature of the jet and the gas in the form
of temperature profiles at the same axial positions at which the velocity profiles were
extracted in sub-section 4.1.4. Temperature profile data has been extracted for only Case 1
(converging nozzle) and Case 5 (CD nozzle) because as previously observed in sections 4.1.1
– 4.1.3, the CD nozzle from Case 5 has significantly higher jet length, smaller jet diameter
and higher jet speed as compared to the converging nozzle. Therefore, it is paramount that
Case 5 is compared to Case 1 for temperature profiles as well.
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Figure 4.15: Temperature profiles as a function of radial distance at 5 axial positions [See Figure
4.12 (b)] for Case 1 (converging nozzle)

The axial positions for Case 1 of the converging nozzle have been previously shown in
Figure. 4.12 (b), and radial temperature distribution at the same axial positions are observed
for the temperature profiles of the converging nozzle. Temperature profiles for Case 1
(converging nozzle) are shown in Figure 4.15 at five different axial positions along the
nozzle symmetry.

Figure 4.16: Temperature profiles as a function of radial distance at 6 axial positions along nozzle
symmetry for Case 5

From Figure 4.15, it can be observed that the temperature of the jet (radial distance of up to
~1.5 µm) remains steady in the range of 280 - 295 K from the converging section of the
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nozzle (z4 + 60 µm = 1260 µm) to the end of the throat section (z4 + 180 µm = 1380 µm)
until a section of the discharge chamber (z4 + 240 µm = 1440 µm) and then the jet temperature
starts dropping slowly. This trend for the temperature of the jet at the axial positions for a
converging nozzle is satisfactory since the jet temperature always stays above 273 K and
therefore, the jet does not approach freezing temperatures.
It is important to observe that for Case 5 of CD nozzle (Figure 4.16), with a length of 100
µm for the diverging section, the above mentioned trend is followed, which is encouraging.
This indicates that there exists a certain optimal length of the diverging section for which the
temperature lies within an acceptable range (above freezing temperatures) to carry the jet
through the nozzle and beyond.
From Figure 4.16, it can be observed that the temperature of the jet remains steady in the
range of 290 - 300 K from the converging section of the nozzle (z4 + 60 µm = 1260 µm) to
the end of the throat section (z4 + 180 µm = 1380 µm) and then approximately at the end of
the diverging section as well (z4 + 300 µm = 1500 µm).
This trend for the temperature of the jet at the axial positions for the CD nozzle of Case 5 is
satisfactory since the jet temperature remains above standard temperature condition i.e.
above freezing, which ensures that the jet stays as a liquid throughout.
Table 4.5: Tj,s at intervals of 0 µm, 100 µm and 300 µm after nozzle exit

Case
1
5

0 µm
292 K
293 K

100 µm
290 K
289 K

Case 1

Case 5

Figure 4.17: Temperature contours for Case 1 and Case 5
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282 K
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For comparative purposes, the temperature of the jet at the symmetry Tj,s, at particular lengths
after the nozzle exit is shown in Table 4.5 for Case 1 and 5. However, the error for the jet
temperature cannot be estimated for these cases unless they can be compared to
experimentally obtained values in the future.
Figure 4.17 shows the temperature contours for Case 1 and 5, where the contours for CD
nozzle of Case 5 are as expected i.e. above freezing temperatures. Shock waves do not form
and therefore do not impact temperature contours. This is further explained in sub-sections
4.1.6 and 4.1.7 by generating Mach contours and Mach profiles along radial direction for all
five cases.

4.1.6. Mach contours
Case 1

Case 2

Case 3

Case 4

Case 5

Figure 4.18: Mach contours for five cases
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Another important parameter that is analysed for all five cases is Mach number across the
entire domain, represented by Mach contours, as shown in Figure 4.18. This not only clarifies
the major question that whether shock wave formation occurs or not for any of the cases, but
also helps to give an overview for the velocity of the jet and the gas that have been analysed
in detail in sub-sections 4.2.3 and 4.2.4.
To analyse shock wave formation, it has to be recalled that the simulations were run with the
assumption that the entire domain is filled with gas i.e. helium, except for the liquid capillary,
which is filled with water. Once the flow is initialized and the jet starts forming, we can see
for each CD nozzle case (Case 2 - 5) from Figure 4.18 that the Mach number for the liquid
jet in each case is less than 1 i.e. M < 1, which means that the jet is accelerating in the
presence of the gas without M reaching the value of 1 or above. Moreover, from literature
(explained in sub-section 2.1.5), shocks or expansion waves are not formed at the exit of the
CD nozzles since the gas is supersonic throughout after the nozzle throat i.e. the design
condition has been achieved, and therefore, no expansion waves are seen in Figure 4.18.

4.1.7. Radial Mach profiles of the gas
In continuation from the previous sub-section, Mach numbers for all the cases can also be
analysed in the form of Mach profiles at the same axial positions at which the velocity and
temperature profiles were extracted earlier. The axial positions for Case 1 of the converging
nozzle were previously shown in Figure. 4.12 (b), and the Mach profiles for Case 1 are shown
graphically in the converging section, throat region, and the outgoing discharge chamber of
the standard converging nozzle in Figure 4.19. The Mach number profiles for all the cases
listed in this sub-section are along the radial direction in the nozzle and the discharge
chamber as well.

Figure 4.19: Mach number as a function of radial distance at five axial positions [See Figure 4.12
(b)] for Case 1 (converging nozzle)
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From Figure 4.19, it can be observed that the Mach number of the jet remains below 1, from
the converging section of the nozzle (z4 + 60 µm = 1260 µm) to the end of the throat section
(z4 + 180 µm = 1380 µm) and then into the discharge chamber (z4 + 240 µm = 1440 µm) as
well. This trend for Mach number of the jet at the axial positions for the converging nozzle
is satisfactory because the jet velocities remain around 40-100 m/s. Mach number for the gas
however, stays under 1 until the end of the throat, where it starts increasing as gas is allowed
to expand into the discharge chamber due to increased gas velocity, as indicated by the
velocity profiles previously. Figure 4.20 (a), (b), (c) and (d) represent the Mach profiles for
three CD nozzle cases of equal diverging section length i.e. 200 µm and the fourth CD nozzle
case with shorter diverging section length i.e. 100 µm. The axial positions for the first three
cases are shown in Figure 4.13 (d), and increment is such that multiple positions are
evaluated for Mach number in the converging section, whereas a position in the throat of the
nozzle is given to see that the Mach number is indeed unity, which indicates choked flow at
the throat.

(a)

(b)
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(c)

(d)
Figure 4.20: (a) Mach number as a function of radial distance at eight axial positions [See Figure
4.13(d)] for Case 2 (b) Mach number profiles at eight axial positions [See Figure 4.13(d)] for Case
3 (c) Mach number profiles at eight axial positions [See Figure 4.13(d)] for Case 4 (d) Mach
number profiles at six axial positions [See Figure 4.14(b)] for Case 5

Moreover, a few positions are observed in the diverging section of the nozzle to find out that
the gas shows supersonic behaviour in this region, whereas multiple positions are pointed
out in the outgoing discharge chamber to test whether the velocity keeps increasing or not.
The converging part of these CD nozzles behaves the same in terms of Mach number as the
Case 1 converging nozzle, which is reasonable.
It can also be observed that the Mach number for the gas rises with an increase in the
diverging section angle i.e. M(17.5°) > M(15.0°) > M(12.5°) for constant diverging
section length i.e. 200 µm. This follows from the velocity profiles of the same cases, for
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which the velocity of the gas rises with an increase in diverging section angle. The increase
in Mach number for the throat region is small, whereas the increase is more explicit to see
in the diverging section of the nozzle.
The axial positions for Case 5 (shorter diverging section) were previously shown in Figure
4.14 (b). For Case 5 as well, the Mach number of the liquid jet stays well below 1 while the
Mach number of the gas stays around 1 at the exit of the throat, and increases as the distance
from the throat starts to increase, where the gas is allowed to expand first into the diverging
section and then the discharge chamber.
Mach number of the jet remains well below 1 for all the CD nozzle cases as previously
indicated, which is important while analysing shock waves in the flow as well. It can lead to
the conclusion that no shock waves can occur due to the jet’s acceleration into the throat and
the diverging section, since the shock waves can only form if the Mach number of the jet
had increased to more than one.
For comparative purposes, the simulated Mach number (average) at nozzle outlet for each
case is compared with the theoretically obtained value for M from Equation (2.12), where
area ratio is calculated as 𝐴/𝐴∗ , and 𝐴 stands for the area of respective nozzle outlet whereas
𝐴∗ represents area of the nozzle throat. It can be seen from Table 4.6 that the Mach number
obtained from simulations for CD nozzles (Case 2 - 5) is a lot lower than the theoretical one,
which is agreeable since (i) the gas is interacting with the jet in the simulations and thus has
lower velocity than the single-phase gas flow (ii) viscous effect of the gas has not been
accounted for in the theoretical calculation.
Table 4.6: Area ratio, simulated (average) and theoretical Mach number at nozzle exit

Case

Area ratio 𝐴/𝐴∗

1
2
3
4
5

1
5.01
6.12
7.39
3.03

Msimulated,

Mtheoretical

avg

1.01
2.41
2.52
2.65
2.24

1
3.79
4.12
4.41
2.91

4.2. Summary of results
Table 4.7: Jet characteristics as discussed in previous sub-sections

Case
1
2
3
4
5

Lj,avg (µm)
497.3
516.1
513.5
508.3
665.7

dj,avg (µm)
4.45 ± 0.25
3.57 ± 0.25
3.61 ± 0.25
3.68 ± 0.25
3.65 ± 0.25

vj,s (m/s) at 100 µm
48 m/s
69 m/s
67 m/s
62 m/s
66 m/s
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The results discussed in sub-sections 4.1.1 - 4.1.7 are shown in Table 4.7. It shows the
average jet length, the average jet diameter and jet velocity at the symmetry for each case at
100 µm from the nozzle exit.

Figure 4.21: Average, maximum and minimum jet diameter and jet length for each case

Figure 4.21 effectively summarises dj,avg and Lj,avg for each case. Moreover, the maximum
and minimum simulated jet diameters are presented as well.

Figure 4.22: Phase fraction 𝛼𝑤𝑎𝑡𝑒𝑟 , velocity 𝑣, and temperature 𝑇 contours for Case 5
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It is clear to see that the converging nozzle has the thickest jet with maximum dj,avg = 4.45
μm, whereas all four cases with CD nozzles have comparably lower jet diameters i.e. 0.75 0.85 μm smaller as compared to the converging nozzle dj,avg. It is also clear to see that with
the CD nozzle of Case 5 (shorter diverging section length of 100 μm, the maximum jet length
is observed for the same case as well i.e. jet length is longer by 160 μm as compared to the
converging nozzle jet length 497.3 μm.
Figure 4.22 shows the contour plots for the flow of the liquid (water) through the CD nozzle
of Case 5. This case is significant because the temperature remains within acceptable ranges
as well i.e. above freezing temperatures, just like it does for the converging nozzle.
Moreover, the velocity and temperature contours are shown.
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5. Conclusions
The premise of this thesis is to focus on carrying out a computational study, based on
previously established model of converging nozzle, to simulate the flow focusing, where the
liquid micro-jet is focused by a supersonic co-flowing sheath of gas in a CD micro-nozzle.
The numerical model is based on mixture formulation of mass, momentum and energy
equations and the numerical solution is based on FVM-VOF method.
The geometric modelling for all five cases is carried out by using SolidWorks. After creating
these geometries with varying lengths and angles for the diverging section of the nozzle, the
geometric details were converted into STL format so that the geometry can be read by
OpenFOAM directly. Four cases with CD nozzle, differing in the design of diverging part,
and one case with converging nozzle were simulated using OpenFOAM code. The
simulations were conducted and limited to a maximum of up to 5 milliseconds, since the run
time for each case was already at around four days while using a number of processors in
parallel i.e. 42 processors for each case, whereas only a single case could be run at a time
i.e. total run time of around twenty days. For each of the five cases analysed, the jet
characteristics were presented in graphical form using ParaView and Matplotlib, which lead
to the following conclusions:
‐ It can be concluded that there is a significant increase in the jet length for a CD nozzle as
compared to a convergent nozzle. Moreover, as the length of the diverging section Lds
increases beyond a certain point for a CD nozzle, the jet length Lj decreases. It has been
observed that with Lds = 100 µm, the jet length is the longest i.e. the primary jet break-up
occurs at a length of 665.7 µm for Case 5 (jet length is longer by 34 % for this case as
compared to the converging nozzle).
‐ Jet diameter dj has also been evaluated and calculated for all five cases, both in graphical
and tabular forms. It has been observed that dj is 17 % - 20 % larger for a converging
nozzle as compared to any of the CD nozzle cases i.e. the jet diameter for converging
nozzle is thicker by 0.77 - 0.88 µm . It is not however identifiable that which CD nozzle
case had the minimum diameter, since jet diameters for all four CD nozzle cases lie in the
same error range, which has been calculated by using the minimum mesh cell size. From
SFX theory and previous work [18], we know that it is preferable to have jets with smaller
diameters, because that means the lower background noise signals in SFX
experimentation [75]. Therefore, to obtain minimum dj, CD nozzles should be used.
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‐ Velocity of the jet along the symmetry of the nozzle has been analysed, where the jet
velocity vj,s has been calculated at different geometrical positions along the jet symmetry
axis. It is evident from the discussion in 4.1.3 that the jet velocity at the symmetry for a
distance of 100 µm from the nozzle exit is 14 - 21 m/s higher for all CD nozzles in
comparison to the converging nozzle. An error estimation was not possible for vj,s but due
to similar comparisons that have been conducted in previous studies [18] based on similar
operating conditions, the jet velocity results obtained here can be considered sufficiently
adequate. However, due to the difference in magnitudes of jet velocities at symmetry for
converging and CD nozzles i.e. 30 % - 44 % increase for CD nozzles, it can be safely
concluded that the velocity of the jet is superior for CD nozzles, and thus, the speed of
delivery of a sample through the liquid jet would be preferable through CD nozzles.
‐ Gas velocity has also been analysed and it indicates that through the diverging section
and afterwards, the gas remains supersonic. It is found that the liquid jet velocity never
becomes larger than sonic speed for CD nozzle cases. Moreover, shocks or expansion
waves [76] are not formed at the exit of the CD nozzles since the gas is supersonic
throughout after the nozzle throat i.e. the design condition has been achieved, as explained
in sub-section 2.1.5.
‐ The temperature of the jet has also been presented in graphical form, and it indicates
encouraging results. For CD nozzle case with Lds = 100 µm, the temperature behaviour is
reasonable and consistent with the theory and expectation i.e. the jet temperature remains
above the freezing range. This is a very favourable situation for SFX experimentation,
since we have a CD nozzle case where temperature profiles remain similar as compared
to the converging nozzle case.
Therefore, an optimal diverging section length exists for a CD nozzle with Lds around 100
µm, for which not only the temperature remains above freezing temperatures, but the jet
length is the longest and the jet diameter thinnest. In conclusion, it can be firmly stated that
by analysing the numerical simulations conducted, using a CD nozzle instead of a
converging nozzle not only increases the length of the jet (longer jet) but also makes
sure that a thinner jet is used for SFX experimentation. Moreover, using CD nozzles
increases the speed of delivery of the sample (faster jet) as well. In case CD nozzles would
be used in SFX experimentation in the future, they can be designed in an optimal manner by
limiting the length and angle of the diverging section of the CD nozzles. The diverging
section was of conical type for these simulations and therefore, an examination of other
shapes of diverging section of the nozzle would also be needed for an optimum design.
There are a number of ways through which the research done in this thesis can be taken a
step further. The first step for doing that would be to make sure that the simulations can be
run for a longer duration of time, up to around 8 milliseconds, in order to ensure more data
for assessment. Also, there may exist a discrepancy between the calculated and measured jet
length, as shown in [18]. Furthermore, procedures for error estimation of average jet
velocities and average jet temperature can be developed, since we take confidence in the
results for these parameters by knowing the results of the previous study [18], but not
actually estimating the error range itself. In light of the results obtained, it can be stated that
optimum diverging section length lies at 100 µm as compared to 200 µm but more cases can
be generated and analysed with different CD nozzle types to refine the research done in this
thesis.
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