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Abstract: In laser droplet generation process a laser pulse is used to form and detach a droplet from a metal wire. Using
a sequence of laser pulses, dripping of metal droplets can be generated, exhibiting complex dynamics. In this paper the
dynamics of various dripping regimes in dependence on detachment pulse power is considered. The dynamics is analyzed
and characterized based on experimental time series. By means of state space reconstruction from the time series and
Lyapunov spectra, it is shown that the process should be considered as a deterministic low-dimensional chaotic dynamical
system. Subsequently, recurrence plots and corresponding quantification analysis are employed to strengthen this result
and also to further extend it by inferring that the transition from spontaneous to forced dripping regime has characteristics
of a chaos-to-chaos transition.

1. INTRODUCTION
The role of droplets in engineering has been increasing
in the past years. The core process for generating droplets
on demand is the laser droplet generation process [1]. In
this process a laser pulse is used to generate a droplet
from the tip of a vertically placed metal wire. In order
to generate a sequence of droplets, a laser pulse is applied with a certain frequency. Notably, dependent on the
time course of the laser pulse power, different dripping
regimes are observed. This paper considers the dynamics of different dripping regimes, i.e. spontaneous, mixed
and forced dripping, as observed in laser droplet sequence
generation process. Since the mathematical model is not
known, the dynamics of dripping is analyzed and characterized via time series analysis, using methods of nonlinear time series analysis and recurrence plots.

2. EXPERIMENTS AND TIME SERIES
ACQUISITION
A schematic presentation of the experimental setup is
shown in Fig. 1a. A nickel wire of diameter 0.6 mm and
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Fig. 1: Experimental system and the time course of the
laser pulse power
Nd:YAG pulse laser with a wavelength of 1.06 µm were
used. Laser beams were perpendicularly focused onto the
vertically fed wire’s surface and distributed equiangularly
along the wire circumference. In the first phase of the

process a pendant droplet is formed by a primary pulse
of constant power 1.44 kW and 12 ms time duration, as
shown in Fig. 1b. Under the influence of surface tension
and gravity force a pendant droplet is formed. Due to
surface tension the droplet is being dragged up so the wire
has to be properly fed to obtain certain droplet volume
and also to maintain relative position of the wire toward
the axis of laser beams. To detach the droplet from the
wire the surface tension force needs to be overcome. This
is achieved by detachment pulse of 1.2 ms, which follows
the primary pulse.
We observed different dripping regimes in dependence
on detachment pulse power Pdp by triggering the laser
pulse with a frequency of 3 Hz. The process was characterized by temperature field, which was measured indirectly by means of a high-speed infrared camera. Subsequently, time series were generated from a sequence of
snapshots from the camera by calculating the mean value
of the pixel intensity of every snapshot. Time series for
selected detachment pulse powers are depicted in Fig. 2.

3. TIME SERIES ANALYSIS OF
VARIOUS DRIPPING DYNAMICS
3.1. Nonlinear time series analysis
In order to find the fundamental dynamical properties of different dripping regimes via time series analysis,
methods of nonlinear time series are applied. Underlying
these methods is the embedding theorem [2], which states
that for a large enough embedding dimension m the delay
vectors
z(t) = [x(t), x(t−τ ), x(t−2τ ), . . . , x(t−(m−1)τ )] (1)
yield an embedding state space which is, under certain
conditions, bound to have the same properties as the one
formed by the unknown original variables of the observed
dynamical system. In Eq. (1) x(t) is a measured time
series, τ is time delay and m is the embedding dimension. For the implementation of the Eq. (1), first the
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(a) Spontaneous dripping time series; Pdp = 0 kW
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Fig. 2: Time series of various dripping regimes in dependance on detachment pulse power Pdp .

embedding parameters τ and m need to be determined.
Proper time delay τ was determined using the mutual information method [3]. The idea behind this method is to
determine τ in such a way that the redundancy between
x(t) and x(t − τ ) is minimized. Once τ is properly chosen the embedding dimension m can be determined. This
can be done by using the false nearest neighbors method
[4]. The method relies on the assumption that the state
space of a deterministic dynamical system folds and unfolds smoothly. By this assumption, points that are close
in the reconstructed state space have to stay sufficiently
close in the embedding state space with a higher dimension. If a state space point has a close neighbor that does
not fulfill this criterion, it is marked as having a false
nearest neighbor. As soon as m is chosen sufficiently
large, the projection effects due to mapping of the time
series onto space with a too small dimension disappear,
and with them the fraction of points that have a false nearest neighbor should converge to zero. In the case of the
considered time series it turns out that the fraction of false
nearest neighbors is close enough to zero at m = 5 for all
three dripping regimes [5]. The projections of the trajectories in the reconstructed state spaces are shown in Fig.
3.
In order for the reconstructed state space to have the
same properties as the unknown original state space, the
condition of the large enough embedding dimension m is
not sufficient. The assumptions under the embedding theorem are that the considered time series originates from
a deterministic dynamical system and it also has to be
stationary. This means that calculating dynamical invariants, for instance attractor dimension or Lyapunov exponents, on the reconstructed state space only has merit if

Fig. 3: Two-dimensional projections of the reconstructed
state space of various dripping regimes.

the time series meets these two conditions. Therefore, it
is of vital importance to verify the determinism and stationarity of the considered time series prior to calculating
any dynamical properties of the reconstructed state space.
To test the time series for determinism we employed
the determinism test as proposed by Kaplan and Glass
[6]. The test measures average directional vectors in a
coarse grained embedding state space. The idea of the
test is that neighboring segments of the trajectory in a
small portion of the embedding space should all point in
the same direction if the system is deterministic and the
coarse grained partitioning of the space is fine enough.
The average directional
Pnvector in the k−th hyper cube
is given as V k = n1 j=1 ej , where n is the number
of trajectory segments in the k−th hyper cube and ej is
a unit vector of the j−th segment. The average length
of all the directional vectors κ will be close to one, if
the system is deterministic. Applying the determinism
test to the time series of different dripping regimes gives
κ > 0.9 for all the dripping regimes which confirms the
deterministic nature of the three studied time series [5].
Now we have to verify if the observed dripping
regimes are stationary processes. For this purpose, we
applied the stationarity test proposed by Schreiber [7]. In
general, stationarity violations manifest so that various
non-overlapping segments of the time series have different dynamical properties. In this test dynamical properties are evaluated via cross-prediction error statistic.
The idea is to split the time series into several short nonoverlapping time segments, and then use a particular data
segment to make predictions in another data segment. If
the cross-prediction errors are uniformly spread across
the plane of all possible combinations of the time series
segments, it can be concluded that the time series is sta-

tionary. Using this test on our time series we inferred that
the time series of spontaneous and forced dripping can
be considered stationary, while the time series of mixed
dripping is considered non-stationary due to several combinations of the time series segments for which the crossprediction errors differed significantly from the errors of
other segment combinations [5]. From this, we conclude
that only the time series of spontaneous and forced dripping are both deterministic and stationary.
According to the embedding theorem the dynamics
quantification is meaningful only for the time series of
spontaneous and forced dripping while the time series of
mixed dripping has to be left out from the subsequent
analysis. To analyze and characterize different dripping
dynamics, spectra of Lyapunov exponents were calculated, employing the radial basis functions for the approximation of the flow in the reconstructed state space
[8]. The i−th largest Lyapunov exponent gives the rate
of divergence of the neighboring trajectories in the i−th
direction of the flow in the state space. In Fig. 4 the
individual convergence curves of Lyapunov spectra are
shown for spontaneous and forced dripping. For sponta10
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(a) Lyapunov spectrum of spontaneous
dripping regime
40

deterministically chaotic. Comparing the two dripping
regimes, it can be concluded that spontaneous dripping is
less sensitive on initial conditions and also less dissipative than forced dripping. These inferences go along with
the intuition as the forced dripping is much more intense
since the droplet has to be formed and detached in shorter
period of time compared to spontaneous dripping.
The presented analysis enabled us to study the process of laser droplet generation from a dynamical systems point of view, knowing only scalar time series. Due
to the assumptions of the embedding theorem, the nonstationary time series of the mixed dripping regime had
to be excluded from the dynamical analysis. Therefore,
it remains of interest to further investigate the inherent
dynamical properties of the observed dripping regimes,
taking into account a complete set of dripping scenarios,
stationary and non-stationary.
3.2. Recurrence plots and recurrence quantification
analysis
The conditions under which the embedding theorem
holds are hard to meet rigorously in case of experimental
data due to the tendency of many real data being, besides
nonlinear, also non-stationary and noisy. In this section
recurrence plots and their quantication analysis will be
used in order to bypass the addressed requisites of the
embedding theorem [9], and thus to uniformly analyze all
the dripping regimes. Recurrent behavior is an inherent
property of the oscillating dynamical systems and can be
mathematically expressed by the N × N binary matrix
with elements [9]
Rij = Θ( − kx(i) − x(j)k),

x ∈ Rm ,
i, j = 1, . . . , N

(2)
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(b) Lyapunov spectrum of forced dripping regime

Fig. 4: Lyapunov spectra for spontaneous and forced
dripping regimes. The sum of all Lyapunov exponents
Λ is plotted in purple dotted line
neous dripping regime the largest Lyapunov exponent is
λ1 ≈ 3 s−1 , the second exponent is λ2 ≈ 0 s−1 and the
sum of all Lyapunov exponents, the divergence, is Λ ≈
−53 s−1 , while for forced dripping regime λ1 ≈ 27 s−1 ,
λ2 ≈ 0 s−1 and the divergence is Λ ≈ −290 s−1 . From
the positive largest Lyapunov exponent λ1 , the vanishing
second Lyapunov exponent λ2 , and the negative divergence Λ, we can conclude that the dripping dynamics of
laser droplet sequence generation process, irrespective of
whether it is spontaneous or forced dripping regime, is

where x(i) presents a state point in the m−dimensional
state space at time i, N is the number of state points,
 is a predefined threshold, Θ is the Heaviside function
and k · k the Euclidian norm. Graphical representation
of the Rij matrix, zeros in white and ones in color, is
called a recurrence plot which reveals the recurrent states
of the system. With respect to recurrence plots a problem
of finding proper embedding parameters may be elusive
[10]. In our case the embedding parameters for the construction of the recurrence plots are as determined by the
analysis from the subsection 3.1. Besides the embedding
parameters, choosing the  threshold is crucial for recurrence plots. Various options are proposed, but when comparing different time series a common criterion has to be
chosen. When analyzing non-stationary data it is instructive to choose  such that recurrence rate is equal for all
the recurrence plots being compared. In addition when
a windowed recurrence quantication analysis is considered at least 1% of recurrence rate needs to be assured in
every segment of the time series. In this manner  was
set to 75%, 15% and 30% of the standard deviation of
the reconstructed phase space for time series of spontaneous, mixed and forced dripping, respectively, thus
establishing a 2% recurrence rate for the three regimes
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spontaneous and forced dripping are homogeneous, while
in the intermittent case of mixed dripping regime this is
not the case. Evidently, several thick horizontal and vertical white lines irregularly disrupt the otherwise fairly
homogeneous pattern. Based on this inspection we confirm the previous inference about the stationarity of spontaneous and forced dripping regimes, while mixed dripping is obviously a reflection of a non-stationary dynamics, induced by the competition between spontaneous and
forced dripping mechanisms.
In order to characterize recurrence plots beyond the visual inspection, recurrence quantication analysis (RQA)
is employed [10]. Based on the distribution of diagonal and vertical line lengths in the recurrence plot several
structure measures were defined in order to quantify the
recurrence plot pattern. A thorough review of the RQA
measures is given in [10]. For the characterization of
the three dripping regimes four diagonal and four vertical measures were used.
The diagonal measures are the following:
• determinism DET , presenting the ratio of recurrence
points that form diagonal structure to all recurrence
points,
• average diagonal line length hLi, presenting the average time that two trajectory segments are close and therefore relates to divergence of trajectories,
• maximal diagonal line length Lmax and
• diagonal line length entropy Lentr .
Similarly, vertical measures are the following:
• laminarity LAM , presenting the ratio of recurrence
points that form vertical structure to all recurrence points,
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Fig. 5: Recurrence plots for spontaneous, mixed and
forced dripping regimes
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trapping time T T , which is an average vertical line
length, presenting the average time the system lingers,
in other words is being trapped, in a small portion of the
state space,
• maximal vertical line length Vmax and
• vertical line length entropy Ventr .
1
and
In addition, measures of divergence DIV = Lmax
recurrence rate RR were used. All the measures were
calculated for h = 11 equally long segments for each of
the considered time series. Resulting time courses of the
RQA measures are shown in Fig. 6.
•

LAM

[11]. Recurrence plots for the examined time series are
displayed in Fig. 5. The recurrence plot typologies of
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Fig. 6: Time courses of the RQA measures for spontaneous, mixed and forced dripping regimes
Starting the inference by looking at the DET , it can
be observed that it is not a very discriminating measure,
since its values are very similar in all three cases. On
the other hand an analogue vertical measure LAM exhibits a much greater span of values, indicating a decrease
in laminar states as detachment pulse power increases
and the dripping dynamics changes from spontaneous
through mixed to forced dripping dynamics. The hLi
measure suggests that in the case of spontaneous dripping
the divergence of nearby trajectory segments is slower
than in the case of mixed and forced dripping regime,
for which hLi are nearly identical. This observation can
be strengthened by looking at the Lmax , only that in the
intermittent dripping regime the values of Lmax , in contrast to both marginal cases, oscillate irregularly, which
is due to the non-stationarity. The inverse of Lmax , the
divergence DIV , is related to the maximal Lyapunov exponent [10]. The relation between DIV of spontaneous
and forced dripping regime is in agreement with the corresponding maximal Lyapunov exponents, which corroborates results from the previous section.

On the right we observe measures of T T and Vmax .
As before with the measure of LAM , we can see that
both measures can distinguish all the considered dripping
regimes, opposed to the their diagonal analogues hLi and
Lmax . The last comparison is made between the entropy
of diagonal and the entropy of vertical line lengths. The
Lentr and Ventr reflect the complexity of recurrence plots
with respect to diagonal and vertical lines lengths, respectively. Based on Lentr the complexity of recurrence dynamics is virtually the same for all the dripping regimes,
while the vertical entropy Ventr once again differs signicantly for the various dripping regimes. It is high for
spontaneous dripping regime and then decreases gradually for the cases of mixed and forced dripping regimes.
Observing the last RQA measure, the recurrence rate RR,
we notice it is above 1% for all the segments h in all
three cases of dripping regimes. The variance of RR is
obviously large in the intermediate dripping regime due
to the non-stationarity.
The RQA allowed us to perform a uniform and meaningful analysis and characterization of all the observed
dripping regimes. We were able to confirm and corroborate the results of the nonlinear time series analysis. Further on it has been established that diagonal RQA measures have a lesser discriminating power for the considered time series, not being able to successfully distinguish between various dripping regimes. On the contrary
vertical RQA measures exhibit a consistent discriminating power for all the dripping regimes. This inference
is crucial as it has been shown that diagonal RQA measures can detect chaos-order transitions [12], while vertical measures are able to detect chaos-chaos transitions
[13]. Knowing that both spontaneous and forced dripping regimes are chaotic, this means that the transition
between spontaneous and forced dripping regime can be
characterized as a chaos-to-chaos transition with a nonstationary dripping regime in between [11].

4. SUMMARY
In this paper the dynamics of spontaneous, mixed and
forced dripping regime as observed in laser droplet sequence generation process has been analyzed and characterized based on experimental time series. For the analysis, methods of nonlinear time series analysis and recurrence plots were used.
Employing nonlinear time series analysis it has been
shown that each of the dripping regimes presents a lowdimensional deterministic dynamical system. For the
spontaneous and forced dripping it was also found that
they are stationary. Dynamics of the two regimes were
characterized by means of Lyapunov spectra, showing
that both dripping dynamics are chaotic, though quantitatively quite different.
These results were followed by the analysis using recurrence plots and the corresponding recurrence quantification analysis in order to be able to uniformly and meaningfully analyze all the dripping regimes. This approach
allowed us to confirm results of the nonlinear time series

analysis and to add additional inference, namely the transition from spontaneous to forced dripping regime has
characteristics of a chaos-to-chaos transition with an intermittent non-stationary dripping regime in between.
Presented results and inferences give a deeper insight
to the intrinsic properties of the laser droplet generation
process and are of fundamental importance for the future research of the process from a theoretical and applied
point of view.
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