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Izvle£ek

V tem Doktoratu prou£ujemo paradigmati£en kvantni kagome antiferromagnet (QKA)
herbertsmithite in nedavno sintetiziran Zn-brochantite z mnoºico eksperimentalnih
tehnik. V primeru herbertsmithita ugotovimo, da ima dve vrsti defektov pri nizkih
temperaturah, tipa dI in tipa dII , ne zgolj eno vrsto, kot je bilo mi²ljeno doslej.
Dokaºemo, da so dominantni defekti tipa dI mo£no sklopljeni s stanjem kagome
kvantne spinske teko£ine (QSL) v herbertsmithitu, £eprav so ponavadi obravnavani
kot kvazi-prosti, in ugotovimo, da imajo znatno vi²jo antiferomagnetno Weissovo
temperaturo (5.2 K) kot je bilo mi²ljeno doslej. Na novo odkriti enigmati£ni defekti tipa dII so, po drugi strani, skoraj nesklopljeni s kagome spini ter imajo skoraj ni£elno Weissovo temperaturo. Defekte tipa dI pripi²emo dodatnemu Cu2+ na
medravninskem Zn2+ mestu, defekte tipa dII pa spinonom pripetim na lokalne distorzije kagome ravnin. Nepri£akovano ugotovimo, da obeh vrsti defektov neodvisno
dokaºeta prisotnost blage globalne strukturne distorzije v herbertsmithitu, ki zlomi
njegovo tri²tevno simetrijo, ter ovrºe hipotezo o njegovi popolni kagome mreºi.
V obseºni ²tudiji novega QKA, Zn-brochantita, ZnCu 3(OH)6SO4, pokaºemo, da
je ta QSL brez energijske reºe s spinonsko Fermijevo povr²ino, torej spinonska kovina.
Ugotovimo, da je to QSL stanje prisotno v dveh temperaturnih obmo£jih z raz²irjenim prehodom (ang. crossover) med obema preko katerega se gostota stanj (DOS)
prostih spinonov zvezno spreminja, obna²anje ki je unikatno med QKA. Opazimo
tudi visokotemperaturno kvantno-kriti£no obmo£je v Zn-brochantitu. Pomembno je
na²e odkritje kvantno-spinsko-teko£inske razli£ice Kondovega pojava, prvo odkritje
tega pojava v katerikoli 2D QSL, kljub njegovi teoreti£ni napovedi ºe pred dobrim
desetletjem. Vzpostavimo efektiven model Kondovega pripetja spinonov, kjer raz²irjen prehod v DOS prostih spinonov iz QSL spinonske kovine izhaja iz efektivnega
iz£rpanja spinonov iz QSL, ko ti za£nejo Kondovo sen£iti defekte pod njihovo Kondovo temperaturo TK = 1.25(5) K. Najdemo tudi nestabilnost QSL spinonske kovine
brez energijske reºe na tvorbo vezanih parov spinonov v polju, ki rezultira v QSL z
energijsko reºo, ki bi ji lahko rekli spinonski superprevodnik.
V podporo na²emu eksperimentalnemu delu izpeljemo analiti£ne re²itve za polarizacijske krivulje miona, dipolno sklopljenega s poljubnim kvantnim spinom, ter
njihovo polklasi£no limito neskon£nega spina. Razvijemo tudi novo metodo, v ²tirih
£edalje bolj izpopolnjenih razli£icah, za ekstrakcijo ²ibkega intrinzi£nega signala iz
ve£temperaturnih meritev neelasti£nega nevtronskega sipanja (INS) tudi ob velikem
prispevku ozadja. Ta nam omogo£i uporabo INS na Zn-brochantitu kljub temu, da
je signal pre²ibak, da bi bil opazen s standardnimi metodami. Pri£akujemo ²iroko
uporabnost nove metode, saj lahko bistveno skraj²a £as merjenja ²ibkih signalov, na
primer QSL, ter omogo£i prej neizvedljive eksperimente neelasti£nega sipanja.

Klju£ne besede: kagome, kvantna spinska teko£ina, zlom tri²tevne simetrije, ma-

gnetni navor, elektronska spinska resonanca, spinonska Fermijeva povr²ina, spinonska kovina, kvantna kriti£nost, raz²irjen prehod, gostota stanj, Kondov pojav, nestabilnost v polju, pari spinonov, energijska reºa, jedrska magnetna resonanca, mionska
spinska relaksacija, μ OH(D), neelasti£no nevtronsko sipanje, od²tevanje ozadja
PACS: 61.50.Ah, 75.20.Hr, 75.30.-m, 75.40.Gb, 75.50.Mm, 76.30.-v, 76.60.-k, 76.75.+i,
78.70.Nx

Abstract
In this Thesis we study the paradigmatic quantum kagome antiferromagnet (QKA)
herbertsmithite and the recently synthesized Zn-brochantite by a variety of experimental techniques. We nd that herbertsmithite possesses two types of defects at
low temperatures,
that the dominant

dI and dII , not just one type as previously believed. We prove
dI defects are strongly coupled to the kagome quantum spin liquid

(QSL) state of herbertsmithite, while they are usually considered quasi-free, and nd
that they have a substantially higher antiferromagnetic Weiss temperature ( 5.2 K)
than previously believed. The newly discovered enigmatic

dII

defects, on the other

hand, are almost uncoupled from the kagome spins with a near-zero Weiss temper2+
2+
ature. We attribute dI defects to extra Cu
on the interlayer Zn
site, and dII
defects to spinons pinned to local distortions of the kagome planes. Unexpectedly,
we nd that both types of defects independently prove a subtle global structural
distortion breaking global threefold symmetry in herbertsmithite thus disproving
the idea of its perfect kagome lattice.
In a comprehensive study of a new QKA, Zn-brochantite, ZnCu 3(OH)6SO4, we
prove that it is a gapless QSL with a spinon Fermi surface, i.e. a spinon metal. We
nd that this QSL state is present in two temperature regions with a crossover in
between where the free-spinon density of states (DOS) is changing, a unique form
of QKA behaviour.

We also observe a high-temperature quantum-critical region

in Zn-brochantite. Importantly, we discover a quantum spin liquid version of the
Kondo eect, the rst observation of this eect in any 2D QSL, despite it being
theoretically predicted over a decade ago. We establish an eective model of Kondo
spinon pinning, where the crossover in the free-spinon DOS of the spinon metal QSL
arises from an eective depletion of spinons from the QSL as they start to Kondo
screen the defects below their Kondo temperature of

TK = 1.25(5) K.

We also nd

a eld-induced spinon pairing instability of the gapless spinon metal QSL resulting
in a gapped QSL that might be called a spinon superconductor.
In support of our experimental work we derive closed-form solutions for polarization curves of a muon dipolarly coupled to an arbitrary quantum spin, as well as their
half-classical innite-spin limit. We also develop a new method, in four increasingly
rened variants, for extracting weak intrinsic signals from multi-temperature inelastic neutron scattering (INS) data even when a substantial background contribution
is present. It enables us to apply INS to Zn-brochantite despite its signal being too
weak to be observable using standard methods. We expect very wide applicability of
the new method as it can dramatically shorten measurements times of weak signals,
e.g. from QSL's, and enable previously infeasible inelastic scattering experiments.

Keywords:

kagome, quantum spin liquid, defects, threefold symmetry breaking,

magnetic torque, electron spin resonance, spinon Fermi surface, gapless, spinon
metal, quantum criticality, crossover, density of states, Kondo eect, eld-induced
instability, spinon pairing, gapped, nuclear magnetic resonance, muon spin relaxation,

μ

OH(D), inelastic neutron scattering, background subtraction
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Notation
Mathematical notation

We use the denition of a
as a linear map between nite-dimensional vector
spaces, a
as a representation of a tensor in a given vector space basis, and
an
as a general linear map, especially when acting on quantum-mechanical
Hilbert spaces or general innite-dimensional vector spaces.
Table 1: Notation used in this work.
tensor

matrix

operator

Symbol Meaning
z
Complex conjugate of the complex number z
v
Vector
v̂
Normalized (unit) vector
v·w
Inner (dot, scalar) product of vectors v and w
v·w
Cross product of 3D vectors v and w
0
Zero vector
A
Tensor
A
Matrix transpose of the tensor A in an orthonormal basis
A,A
Hermitian adjoint of the tensor A or operator A
tr A, tr A
Trace of the tensor A or operator A (if trace-class)
Determinant of the tensor A or operator A
det A, det A
diag(λ , . . . , λ )
Diagonal matrix with entries λ , . . . , λ
diag(v)
Diagonal matrix with entries taken from the components of the
vector v
Identity tensor and operator, respectively
id, id
Zero tensor
0
[hkl]
Direct vector: ha + ka + ka for a direct (Bravais) lattice
with basis vectors: a , a , a
[hkl]
Reciprocal vector: hb + kb + kb for a reciprocal lattice with
reciprocal basis vectors: b , b , b dened by the inner-product
relation: [hkl] · [h k l ] = 2π(hh + kk + ll )
(hkl)
Atomic plane in the lattice orthogonal to the [hkl] direction
∗

T

†

1

†

1

n

1

2

1

∗

3

2

3

1
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n

2

1

3

2

3
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We use the following notation for describing the uncertainty in a value where:
0.5(2) ≡ 0.5 ± 0.2, i.e. 0.5 with uncertainty in the last digit of 2. An example with
more digits in the uncertainty would be: 0.55(15) ≡ 0.55 ± 0.15.

Magnetic units and susceptibility

We use the International System of Units (SI) throughout the Thesis.
To avoid any confusion let us dene the molar and regular magnetic susceptibilities explicitly. The molar susceptibility per mole of formula units χ can
be expressed from the molar susceptibility per mole of magnetic ions χ and the
usual (volume) susceptibility χ of the sample as:
= zχ = N V χ
(1)
χ
where V is the volume of one unit crystal cell containing one formula unit of ions,
of which z are magnetic ions, and N is the Avogadro constant. Whereas χ is
dimensionless in SI (International System of Units) units, χ and χ technically both have units of m /mol, but are usually explicitly distinguished by writing
in units of m /mol and χ in units of m /mol ion. The molar susceptibilχ
ities are also often given in the older CGS (CentimetreGramSecond System of
Units) units of emu mol , where 1 emu mol = 4π cm /mol. We will be using the
SI unit system throughout.
While the volume susceptibility χ is connected with the total magnetic moment
per unit volume, the molar susceptibility χ is connected with the total magnetic
moment per number N of ions, i.e. the average magnetic moment of a single ion,
as the number of moles of magnetic ions is n = N/N ∝ N . This makes the molar
susceptibility a more useful quantity for microscopic measurements, where we are
interested in the magnetism at the level of individual ions, while the usual (volume)
susceptibility is more useful for macroscopic measurements if we are interested in just
the total sample magnetization per unit volume. However, as the transformation
between the dierent susceptibilities is rather trivial we will be using both the volume
susceptibility χ, mainly for theoretical arguments, and the molar susceptibility per
mole of magnetic ions χ . We will avoid using the molar susceptibility per mole
of formula units (equivalently, per mole of unit cells) χ as much as possible to
avoid any confusion with χ .
When dealing with systems with defects (e.g. extra magnetic ions, misplaced
magnetic ions, etc.) we will also dierentiate between bulk, intrinsic (e.g. kagome)
and defect susceptibilities, where the bulk susceptibility of the sample is dened as
the total susceptibility and thus the sum of two contributions: the intrinsic contribution from magnetic ions on the ideal lattice without defects, and the defect
contribution from defects.
mol f.u.

mol

mol f.u.

mol

A 0

0

A

mol f.u.

3

mol f.u.

3

3

mol

−1

−1

3

mol

A

mol

mol f.u.

mol
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Chapter 1
Introduction
If you're walking down the right path
and you're willing to keep walking,
eventually you'll make progress.

Barack Obama (1961)
A quantum spin liquid is a disordered highly-quantum state of spins of magnetic
ions in a frustrated spin system that avoids the usual establishment of long-range
magnetic order at low temperatures [1].

Instead, due to the combined eects of

frustration, which is dened as the inability of a system to reach a ground state that
would simultaneously satisfy all of the (often pairwise) interactions of the system's
Hamiltonian, and quantum uctuations the spins form a disordered dynamical state
with a macroscopic (extensive) amount of low-lying or degenerate energy levels, by
a mechanism that we will describe in some detail in chapter 3. This continuum of
energetically almost or completely equivalent congurations makes them similar to
liquid phases of ordinary matter, hence their name. This dynamical state ideally
persists down to

T = 0 with no signs of spin freezing or diverging correlation lengths.

In sharp contrast to classical liquid matter, though, even if we could somehow
keep it liquid down to arbitrarily low temperatures, quantum spin liquids represent
natural examples of extreme macroscopic quantum entanglement with long-range
quantum entanglement between spins across the whole macroscopic spin system [1].
This property, as we will see, results in emergent excitations of quantum spin liquids
1
that can be described as fractional spin- 1/2 quasiparticles called spinons , which in
the low-energy eective theory of quantum spin liquids interact through emergent
gauge elds with dierent possible gauge symmetries, often:

SU(2), U(1)

or

Z2 .

This description is very close in spirit to the description of fundamental particles
and their gauge-eld-mediated interactions in the Standard Model (SM) of particle
physics, but as this time the description applies to emergent quasiparticles in certain
crystals of magnetic ions (spins) the particle and gauge-eld content of the eective
low-energy model depend on the crystal properties, specically on the microscopic
exchange interactions between individual spins, and can thus be dierent for dierent
crystals [2, 3]. In this sense quantum spin liquids can thus be thought of as naturallyoccurring quantum simulators of universes with dierent fundamental particles and
dierent interactions between them than the fundamental particles in the SM of

Note that these need not be the only relevant quasiparticles present, and can come in dierent
avours with dierent eective gauge charges and other properties.
1
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our own universe [3]. Furthermore, as quantum spin liquid states occur in crystals
with various eective dimensions (1D chains, 2D planes, or 3D networks of spins),
they can simulate universe with a dierent number of spatial dimensions than the
usual three spatial dimensions of our own universe. Low dimensionality also allows
for interesting exotic quasiparticles like Majorana fermions, anyons, parafermions
etc. that have no analogue in the Standard Model of particle physics but that
can possess interesting topological properties, which are potentially useful e.g. for
decoherence-free topological quantum computation [47].
Long only a theoretical idearst proposed by Philip W. Anderson in 1973 [8]
and tentatively connected to high temperature superconductivity in 1987 [9, 10]
the rst unambiguous experimental conrmation of the existence of 2D quantum
spin liquids came in 2007 when a quantum-spin-liquid state with no long-range magnetic order at any temperature was found in the newly-synthesized highly-frustrated
quantum kagome antiferromagnet herbertsmithite, ZnCu 3(OH)6Cl2 [11, 12]. This
breakthrough caused an explosion of interest and experimental as well as theoretical
work in the eld of frustrated magnetism and quantum spin liquids that persists to
this day.
Most promising quantum spin liquid candidates have a 2D kagome lattice of antiferromagnetically coupled quantum spins 1/2 (Fig. 1.1) and are thus called quantum
kagome antiferromagnets, with the prex Heisenberg if the antiferromagnetic interactions are isotropic in spin space (they usually are, to a good approximation).
Quantum kagome antiferromagnets are the best hunting grounds for quantum spin
liquids as the kagome-lattice geometry results in the largest degree of frustration.
Specically, in an antiferromagnetic triangle of spins at most two pairs can be antiparallel, as required by pairwise antiferromagnetic interactions, while the third
pair is necessarily parallel (violating their antiferromagnetic interaction), as all four
possibilities for collinear spin congurations: ↑↑↑, ↑↑↓, ↑↓↓, ↓↓↓ have at least two
spins pointing in the same direction. As the antiferromagnetic kagome lattice is
made from such corner-sharing antiferromagnetic triangles its degree of frustration
is large, and many energetically-equivalent congurations are possible, at least classically [1]. This proliferation of energetically-equivalent congurations due to strong
frustration, combined with quantum eects, is the reason why the spins in a quantum spin liquid can remain dynamical down to arbitrarily-low temperatures, with
the attendant emergent quantum-entanglement phenomena.
In this thesis we will study Heisenberg quantum kagome antiferromagnets herbertsmithite, ZnCu 3(OH)6Cl2, and Zn-brochantite, ZnCu 3(OH)6SO4, using a variety
of experimental techniques. After an introduction to the eld of solid-state magnetism (chapter 2), quantum spin liquids (chapter 3), quantum criticality (chapter 4), and a brief introduction to linear response theory and the experimental techniques we will be using (chapter 5) we will rst focus on our study of single crystals of
herbertsmithite, the paradigmatic quantum kagome antiferromagnet quantum spin
liquid, in chapter 6 [13]. We will discover that, contrary to conventional wisdom, it
does not in fact possess a perfect threefold-symmetric kagome lattice of spins, as a
subtle but unambiguously present structural distortion breaks its symmetry. This
has a potentially highly signicant impact on further discussion of the quantumspin-liquid state in herbertsmithite and its connection to the idealized Heisenberg
quantum kagome antiferromagnet model. It is possible that this threefold symmetry
breaking is spontaneous, i.e. not explicitly present in the high-temperature Hamil26
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Figure 1.1: Frustrated 2D kagome lattice of antiferromagnetically coupled spins.
Shown is one example of a classical low-energy spin conguration. However, for
quantum spins 1/2 the ground state is a very dierent quantum-entangled quantumspin-liquid state. Reproduced from Ref. [1].
tonian, in which case it could be an intrinsic property of the quantum spin liquid
ground state in herbertsmithite that manifests itself in a distorted kagome lattice
through magnetoelastic coupling.
We observe threefold symmetry breaking in herbertsmithite through magnetic
torque and electron spin resonance (ESR) measurements on single crystals. This
measurements, however, also reveal that unavoidable defects in herbertsmithite (misplaced atoms in the crystal lattice) are not a single species of quasi-free spins only
weakly coupled to the kagome spins (but possibly amongst themselves [14]), as is
usually assumed, but that there actually exist two types of defects in herbertsmithite,
with the dominant dI defects strongly coupled to quantum-spin-liquid kagome spins.
The newly-discovered subdominant dII defects, on the other hand, apparently have
almost no direct coupling neither to kagome spins nor amongst themselves [13]. The
uncoupled nature of dII defects is even more puzzling than the strongly-coupled
nature of dI defects, as we show that these defects are actually intrinsic to herbertsmithite, and thus live on or near the kagome planes where inter-ion couplings are
usually substantial. The discoveries of a strong coupling between dI defects and
kagome spins and of a new uncoupled dII defects species, open a fresh perspective
on the vexing issue of the impact of defects on the quantum spin liquid physics of
the most studied 2D quantum spin liquid to date, herbertsmithite [13, 15].
We then take a short break from experimental physics and take a short dive
into theoretical physics in chapter 7. First we perform some new exact calculations
of muon spin relaxation (μSR) polarization curves in highly quantum-entangled
μ OH(D) complexes that regularly arise in many studied materials, including the
ones we study in this thesis (section 7.1) [16]. We obtain closed-form solutions
for muon polarization curves both in crystals and in powders for a muon dipolarly
coupled to an arbitrary single spin. This enables us to derive the exact half-classical
limit of a muon with its quantum spin 1/2 dipolarly coupled to a classical spin. Next
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we develop a new method for background subtraction and (sample) signal extraction
from multi-temperature inelastic neutron scattering (INS) data by fully exploiting
the principle of detailed balance from linear response theory. We rene the method
by enforcing a priori known physical constraints and by taking proper account of the
discrete Poisson statistics of neutron counting in detectors (section 7.2) [16]. The
newly developed background subtraction method (and its variants) allows for an
order of magnitude reduction in statistical uncertainty when dealing with samples
with weak signals, a common feature of quantum-spin-liquid compounds.
The theoretical developments of chapter 7 can be seen as preparing the ground for
the next, and nal, part of this thesis where we tackle a recently-synthesized quantum kagome antiferromagnet Zn-brochantite, ZnCu 3(OH)6SO4 [17] by a variety of
experimental techniques, using the newly-developed muon polarization formulae and
INS background-subtraction methods at crucial junctions (chapter 8) [15, 16, 18].
This compound is similar to herbertsmithite in many ways, but diers substantially
in the kinds of defects it allows. As bulk materials are 3D quasi-2D lattices, like
the kagome lattice, are realized as stacked 2D planes of magnetic ions with strong
magnetic interactions within the planes but ideally very weak interactions between
the planes, eectively decoupling the 2D planes. In herbertsmithite this magnetic
insulation between the kagome planes is provided by inter-plane nonmagnetic Zn 2+
ions, while in Zn-brochantite it is provided by much larger nonmagnetic SO 42. As
at least one kind of defect in herbertsmithite is a Cu 2+ ion on the inter-plane Zn2+
site, these kinds of defects introduce spurious 3D couplings in herbertsmithite where
defects act as weak magnetic bridges between kagome planes. This is a feature that
would best be avoided in an ideal quantum kagome antiferromagnet material, and
this is precisely what is achieved in Zn-brochantite, where unavoidable Zn 2+Cu2+
substitutional defects are conned to lie within the kagome planes, preserving the
2D character of kagome planes.
Previous bulk measurements on Zn-brochantite showed that it likely does not
magnetically order and oered tantalizing hints that Zn-brochantite might possess
not only a quantum-spin-liquid state at the lowest temperatures, but also a different quantum-spin-liquid state at elevated temperatures, with a broad crossover
between the two temperature regions where these states are stabilized [17]. But
as these bulk measurements, which mainly measured static properties, could not
directly determine if the spin state was in fact dynamical, this remained only a
conjecture. In chapter 8 we present our comprehensive experimental study of the
dynamical spin state in Zn-brochantite, nding that it does indeed possess a gapless
spinon-Fermi-surface (spinon metal) quantum-spin-liquid state in two temperature
regions, the low-temperature region (below 0.6 K) and the mid-temperature region
(515 K), with dierent free-spinon densities of states [15, 16, 18]. We also discover
a new unexpected, but well-dened, high-temperature region ( 40200 K) exhibiting
quantum-critical behaviour [16].
Furthermore, we discover that unavoidable defects in Zn-brochantite are, similarly as we nd in herbertsmithite [13], strongly-coupled to quantum-spin-liquid
kagome spins, only this time the coupling is so strong that it results in a quantum
spin liquid analogue of the Kondo eect [15] known from the physics of defects in
metals [19], only this time occurring in a strong electrical (Mott) insulator and being
caused by strong coupling of the emergent fractional (magnetic) spinon quasiparticles with the defect, instead of the coupling of the ordinary electrons with impurities,
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as in the usual metallic version of the Kondo eect. This discovery conrms more
than a decade old theoretical prediction that such an quantum spin liquid version
of the Kondo eect should be present whenever we have defects that are coupled to
a quantum-spin-liquid state strongly enough, but that had not been experimentally
proven in a real quantum spin liquid material until our work [15]. The implications
are potentially huge as discovering this new many-body strong-coupling eect in a
quantum spin liquids opens the door to many new kinds of interesting experiments
and eects concerning strongly-coupled defects that could now be observed in a real
quantum spin liquid material.
We end chapter 8 with our discovery of an unexpected spinon-pairing instability in Zn-brochantite under applied magnetic elds, where at a nite applied eld,
and at the lowest temperatures, the gapless spinon-metal quantum-spin-liquid state
of Zn-brochantite experiences a sharp transition, not to an ordered state, but to a
gapped quantum-spin-liquid state via the mechanism of spinon pairing [18]. This
can be seen to be roughly analogous to a metal-to-superconductor transition, which
occurs through pairing of electrons into Cooper pairs, only that this time it occurs between chargeless fractional spinon excitations of the spinon-metal quantum
spin liquid. The pairing is not of the usual singlet type, found e.g. in conventional
superconductors, but is of the exotic triplet or Ampèrean type with a spatially modulated amplitude. This type of pairing was predicted by theory [2023] and is seen
experimentally through the fact that a nite applied eld B promotes the pairing
instability, with the critical temperature Tc ∝
∼ B and Tc → 0 as B → 0. A similar
pairing instability, though only at a single xed eld, was previously observed in the
triangular-lattice spinon-metal quantum spin liquid EtMe 3Sb[Pd(dmit)2]2 [24] and
appears to share many similarities with the instability we found in Zn-brochantite
[18]. This suggest a common spinon-pairing instability mechanism in these two
spinon metals that deserves further study.
We conclude with a summary of our results, we discuss their impact, and present
open questions for future research in the nal chapter 9.
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Chapter 2
Magnetism
Magnetism, as you recall from physics class, is a powerful force that
causes certain items to be attracted to refrigerators.
Dave Barry (1947)

Our knowledge of magnetic phenomena stretches back millennia to ancient Greece
and ancient India where lodestone, a naturally magnetized piece of the mineral magnetite, a ferrimagnetic iron oxide Fe O , was rst used and studied around the 7th
century BC. But a microscopic understanding of the source of magnetism of such
bulk magnetic materials only came in the 20th century with the advent of relativistic
quantum mechanics and the idea of an intrinsic spin of a stationary electron producing and responding to a magnetic eld around it [25]. Many further insights from
quantum mechanics and solid state physics on how to couple these spins together to
obtain the bulk magnetic response of a magnetic material [26], without requiring it
to possess any continuously owing electric current inside to generate its magnetic
eld, were necessary.
3

4

2.1 A single spin

We start with the simplest case of a single free electron, muon or nuclear spin. The
Hamiltonian of a single free spin is zero in zero eld, while in a magnetic eld of
density B it is given by the Zeeman Hamiltonian term:
(2.1)
H = −μ · B = ∓gμ S · B
where μ = γS = ±gμ S is the magnetic moment of the spin connected to its
dimensionless vector spin operator S (a half times the vector of Pauli matrices
for a spin S = 1/2 particle like an electron, muon, proton, or neutron) through
its gyromagnetic ratio γ = ±gμ /, where ± = sgn(e) is the sign of the spinful
particle's electric charge e (e.g. positive for nuclei and positive muons but negative
for electrons), g is the particle's dimensionless g-factor, and μ = (e )/(2m) is the
Bohr magneton (also called the nuclear magneton and denoted by μ when dealing
with nuclei), e is the elementary charge,  the reduced Planck constant and m
the mass of particle possessing the spin. For a free electron we have g = 2.0023
and γ = γ = −1.7609 · 10 rad/Ts [27, 28]. The Zeeman Hamiltonian has 2S + 1
equidistant energy levels (eigenvalues) E = ∓gμ m B indexed by the eigenvalues
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mS = −S, . . . , S of the projection of the spin onto the quantization axis dened
by the applied eld B , i.e. the eigenvalues of S · B̂ . The eect of breaking the
degeneracy of a spin system by an applied magnetic eld in this way is called the
Zeeman splitting of its energy levels.
Let us note that for and electron bound an atom the magnetic moment μ gets
an extra orbital motion contribution from the orbital angular momentum L with
its own g -factor gL ∼ 1explicitly, μ = ±μB (gS + gL L) ≈ ±gJ μB (S + L) with
the Landé g -factor gJ while for quasi-free ions in a solid their eective g -factors
get renormalized from their free (vacuum) values and generally become tensorial
quantities due to crystal-eld and spinorbit coupling eects. We will address these
additional complications in more detail in subsequent chapters (see subsection 5.3.1).
Putting a macroscopic amount of free stationary particles with dimensionless
spin S together, without coupling them amongst themselves, we get a paramagnet.
Its total magnetization (magnetic moment per unit volume) at thermal equilibrium
with temperature T in an applied eld of density B in the direction along the applied
eld B̂ is:
M = n μ = nμmax BS (x) B̂
μmax B
x=
kB T




2S + 1
1
2S + 1
1
BS (x) =
coth
x −
coth
x
2S
2S
2S
2S

(2.2)

where n is the number density of the spins, i.e. number of spins per unit volume,
μ denotes the thermal average of the magnetic moment of a single spin μ, i.e.
μ = tr(μρ)/ tr(ρ) where ρ = exp (−HZ /kB T ) is the thermal equilibrium density
matrix of the system, kB is the Boltzmann constant, and μmax = gμB S is the saturated (full) projection of the magnetic moment of a single spin. The dimensionless
parameter x can be interpreted as the ratio of the absolute Zeeman energy μmax B
of a single saturated spin [Eq. (2.1)] and the thermal energy kB T . The function
BS parametrized by the spin S is called the Brillouin function with the extreme
quantum (spin-half) limit B1/2 (x) = tanh(x) and the classical (Langevin) limit
BS→∞ (x) = coth(x) − 1/x.
In the high-temperature/low-eld limit where x
1, and thus BS (x) ≈ x(S +
1)/(3S), the Brillouin magnetization of Eq. (2.2) can be approximated by Curie's
law with a linear dependence (linear response) of magnetization of the applied eld
M ≈ χH , where H is the strength of the applied magnetic eld, and χ is the
magnetic spin susceptibility:

C
T
nμ0 g 2 μ2B S(S + 1)
nμ0 γ 2 2 S(S + 1)
C=
=
3kB
3kB
χ=

(2.3)

where μ0 is the vacuum permeability, and C is called the Curie constant. Besides
approximating the Brillouin function we also used the low-eld approximation B =
H , i.e. when χ
1, which is almost always
μ0 (H + M ) ≈ μ0 H valid when M
the case.
Curie's law breaks down when we cool the sample down beyond x ∼ 1, as then
the spins begin to saturate and the magnetization approaches the zero-temperature
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saturation magnetization
the limit

M0 = nμmax

BS (x → ∞) = 1.

obtained from Brillouin's law [Eq. (2.2)] in

In other words, the magnitude of the magnetization

M

is smaller than predicted by the simple Curie's law and saturates to a nite value
at very low temperatures or very large applied elds.

2.2 Coupled spins
2.2.1 Preview
As we will see in section 2.3, in the simplest mean-eld treatment, when applicable,
the eect of introducing interactions between spins is equivalent to replacing the
actual applied magnetic eld density

B = μ0 H

in the Brillouin law [Eq. (2.2)]

with an eective (sublattice, in the case of an antiferromagnet) local magnetic eld
density

M

B eﬀ = B −λM , where the average (sublattice) magnetization of the sample

is multiplied by an interaction-dependant proportionality constant, the Weiss

molecular eld

λ.

The resulting implicit nonlinear equation for the magnitude of

average (sublattice) magnetization

M

is a transcendental equation and is in general

only solvable numerically.
Nevertheless, the high-temperature limit where

1 is easily analytically solvable and results in a so-called CurieWeiss law, which is valid at temperatures T
much higher than the Weiss temperature θCW , i.e. at T  θCW :
x

C
T + θCW
Cλ
=
μ0

χ=
θCW
where

C

is the Curie constant as before [Eq. (2.3)]. Here

(2.4)

θCW > 0

for antiferromag-

netic interactions (correlations) favouring neighbouring spins pointing in opposite
directions and

θCW < 0

for ferromagnetic interactions (correlations) favouring all

spins pointing in the same direction.
The CurieWeiss law breaks down at low temperatures in the presence of interactions between spins, and not just due to a gradual saturation of magnetic moments as
in Brillouin's law [Eq. (2.2)). Specically, a system of coupled spins ordinarily experiences a phase transition into a long-range magnetically-ordered phase via spontaneous symmetry breaking. Two typical examples of low-temperature magneticallyordered phases of spins are the ferromagnetic state with all spins pointing in the
same direction, and the antiferromagnetic state with neighbouring spins pointing in
mutually opposite directions. The symmetry being broken in this case is the spin
orientational symmetry described by the symmetry group

SU(2),

with the high-

temperature paramagnetic phase obeying this symmetry as it is isotropic, and the
low-temperature magnetically-ordered phase spontaneously breaking this symmetry
by spontaneously choosing an ( a

priori

random) direction for the spins to point

along.

2.2.2 Spin models
To be more precise, the eect of including interactions between spins results in a
spin model, which is a Hamiltonian coupling together the spin degrees of freedom
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S i · J ij S j

ij

ij

J ij = J j,i

kB
J ij

B

H = Hex + HZ = kB


ij

S i · J ij S j −


i

γi S i · B
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example, the Heisenberg quantum kagome antiferromagnet (QKA) model (Fig. 1.1)
has resisted decades of theoretical and numerical attempts to get a good handle on its
true ground state. The reason for this is that the QKA is a (highly) frustrated model,
meaning that in its ground state not all pairwise interactions of its Hamiltonian can
be individually satised, which results in a very complex spin ground state.

2.2.3 Types of interactions
Let us introduce some standard nomenclature regarding the exchange couplings
in Eq. (2.5) and Eq. (2.6). When the exchange-coupling tensor is isotropic, i.e.
J ij = Jij · id, we say that the coupling is isotropic or Heisenberg. When it has
only one non-zero eigenaxis êij , i.e. J ij = Jij (êij ⊗ êij ), we say that the coupling is
uniaxial or Ising. When the exchange-coupling tensor is non-zero only within a plane
y
x
x
(êxij ⊗ êxij ) + Jijy (êyij ⊗ êyij ),
spanned by orthogonal vectors êij and êij , i.e. J ij = Jij
x
= Jijy , i.e. if it is isotropic within this
we say that the coupling is of XX type if Jij
x
= Jijy , i.e. if it is anisotropic within the plane. The
plane, or of XY type when Jij
†

most general symmetric exchange-coupling tensor, i.e. J ij = J ij , is called of XY Z
type, as it can be diagonalized in an orthogonal basis. When all of its eigenvalues
are non-zero but two are the same, i.e. they span an eigenplane, we say that the
coupling is of XXZ type.
In general, any exchange-coupling tensor can be decomposed into an isotropic
iso
(Heisenberg) part and an anisotropic part: J ij = Jij
·id+J aniso
. The anisotropic part
ij
of the exchange-coupling tensor can further be decomposed into its symmetric part
aniso,DM
= J aniso,sym
+ J aniso,DM
, where the latter J ij
and its antisymmetric part: J aniso
ij
ij
ij
describes an antisymmetric exchange or DzyaloshinskiiMoriya (DM) interaction
originating from spinorbit coupling.
When a component of exchange-coupling tensor along a certain direction is negαα
< 0, it is called ferromagnetic and prefers parallel spins, pointing in
ative, Jij
αα
> 0, it is called antiferromagnetic and
the same direction. When it is positive, Jij
prefers antiparallel spins, pointing in opposite directions. A non-zero Dzyaloshinskii
Moriya interaction, which can always be rewritten in the form D ij · (S i × S j ), where
D ij is called the DzyaloshinskiiMoriya vector, prefers canting of spins away from
being collinear (parallel or antiparallel).
Finally, special interactions between all pairs of spins in a spin system that are almost unavoidable, and which can be described by symmetric exchange-coupling tensors of XXZ type, are the pairwise dipolar interactions described by the exchangecoupling tensors:

kB J dij =

μ0 γ i γ j  2
(id − 3r̂ ij ⊗ r̂ ij )
4πrij3

(2.7)

where γi is the gyromagnetic ratio of the i-th spin in the spin system at a real-space
position r i , r ij = r j − r i is the displacement vector between a pair of spins, rij
is its magnitude, and r̂ ij =

r ij
rij

is the normalized version of this vector, i.e. the

direction along which the displacement vector r i points. The dipolar interaction is
−3
,
traceless, tr(J dij ) = 0, and as its dependence on distance is a power-law J dij ∝ rij
it is considered a long-range interaction.
In this Thesis we will mostly consider electron spin models on regular crystal
lattices where the exchange-coupling tensors J ij will be periodic in the spin indices
i, j , and usually with dominant short-range nearest-neighbour exchange interactions,
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meaning that J ij ≈ 0 for pairs ij beyond the nearest neighbours1. In particular,
the short-range exchange interactions in the studied systems will be much larger
(from a few kelvin to hundreds of kelvin) than the unavoidable long-range dipolar interactions between
electronic spins (of the order of 75 mK between nearest
2+
neighbouring Cu spins in herbertsmithite that we study in chapter 6). When considering electron spin Hamiltonians we will thus be justied in neglecting long-range
dipolar interactions.
2.3 Mean-eld approximation
2.3.1 Derivation

To get a rough idea of how the state of a spin system changes when we add interactions to it, we can apply the standard mean-eld approximation, where we replace
the two-spin interaction terms in Eq. (2.6) with noninteracting one-spin terms using
the mean-eld approximation rule:
Siα Sjβ ≈ Siα Sjβ + Siα Sjβ − Siα Sjβ
(2.8)
for each spin pair ij and all vector indices α, β . Here . . . denotes a thermal average. The eect of this is to replace quantum two-spin interactions with interactions
of single spins with thermal spin averages, which are just classical vector quantities.
Using this substitution we obtain the noninteracting mean-eld Hamiltonian
HMFA :
H ≈ HMFA = −



γi S i · B eﬀ
i + kB

i

B eﬀ
i


kB  sym
=B−
J
Sj
γi  j ij



S i · J ij S j

(2.9)

ij



J ij +
is the symmetric part of the exchange-coupling tensor.
=
where
The mean-eld Hamiltonian Eq. (2.9) is just the Hamiltonian for a model of
a system of uncoupled spins
in the form of Eq. (2.1) where each spin has its own
eective magnetic eld B eﬀi (the second term of HMFA is a state-dependent constant
that only shifts the total energy). It thus has a solution for the thermal average of
each spin in terms of Eq. (2.2):
J sym
ij

1
2

J †ij



γi  S i = μi = μmax,i BS

μmax,i Bieﬀ
kB T



eﬀ

B̂ i

(2.10)

Of course nearest-neighbour spin models on periodic lattices, which we will focus on, are not
the only interesting possibility, with a prominent examples outside of this class found e.g. in spin
models on a nonperiodic quasicrystalline lattice [30], and in random-bond (and hence frustrated)
spin glasses where randomly-placed dilute spinful defects (impurities) interact through long-range
RudermanKittelKasuyaYosida (RKKY) interactions in conductive metals, which results in
partially frozen spin states with very long relaxation times [31]. RKKY interactions oscillate
between isotropic ferromagnetic and isotropic antiferromagnetic as the separation between the
interacting spins increases due to Friedel oscillations in the metal's response to a defect, −3
and the
absolute strength of the interaction decreases as a power-law at large separations J ij ∝
r
∼ ij [26].
1
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This equation expresses the a priori unknown spin averages S i in terms of the
eective elds B eﬀ
i , which themselves contain these spin averages S i by Eq. (2.9).
Putting both equations together we thus get a system of coupled nonlinear equations,
called mean-eld self-consistency conditions, for the unknown spin averages S i . A
mean-eld solution is a solution of these self-consistency conditions.
To recap, the main advantage of using the mean-eld approximation over using
the full Hamiltonian [Eq. (2.6)] is that by replacing all two-spin interaction terms
in Eq. (2.6) with noninteracting one-spin terms we have achieved a decoupling of
spins, which are connected to each other only through self-consistently determined
thermal spin averages. This results in a system of coupled equations for the unknown spin averages S i , i.e. classical vector quantities. We have thus reduced a
quantum problem to a classical one, which is usually much easier to solve (though
not necessarily trivially, as is the case with spin glasses).
One must keep in mind, though, that the mean-eld approximation is not expected to give good results at: low temperatures, in low dimensions, in the case of
strong-coupling and critical phenomena (e.g. near phase transitions), when we have
strong frustration, when the spin model has a highly quantum, low-spin or entangled
ground state, etc. As all of these failure-modes apply to 2D quantum spin liquids
that will be the main focus of this Thesis, we will have to consider approaches beyond the mean-eld approximation. Some ideas of how to do this will be presented
in chapter 3. However, the mean-eld approximation is still useful in that it can
give us some intuition about what to expect, especially in simple or weakly-coupled
systems. In particular, it can describe high-temperature limits and anticipate phase
transitions in simple non-frustrated ferromagnets and antiferromagnets.
2.3.2 A simple example

For illustrative purposes let us now consider the simple case where all of the exchange
interactions are isotropic (Heisenberg) and non-zero only between nearest neighbours
on a periodic lattice with one symmetry-inequivalent spin site per unit cell of the
lattice. In this case J ij = J · id when i, j are nearest neighbours and zero otherwise,
and the number of nearest neighbours z is the same for all spins. If the exchange
coupling is ferromagnetic J < 0 the solution of mean-eld self-consistency conditions
will be that all the spin averages will be the same across the lattice and equal to
S , and so will the eective elds from Eq. (2.9), which can in this case be written
as:
kB Jz
S
(2.11)
B eﬀ = B −
γ
Comparing this to Eq. (2.4) we see that the mean-eld solution reproduces the
simple Weiss model with a Weiss molecular eld λ and the Weiss temperature θCW ,
which features in the CurieWeiss law valid at temperatures T  θCW :
kB Jz
nγ 2 2
Cλ
S(S + 1)
=
=
Jz
μ0
3

λ=
θCW

(2.12)

We see that θCW ∼ J and has the same sign as J . The same expression is also valid
for an antiferromagnet, i.e. J > 0, on a non-frustrated bipartite lattice, i.e. a lattice
that can be divided into two sublattices with only inter-sublattice interactions.
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In both of these simple non-frustrated cases such a mean-eld treatment indicates
the onset of magnetic order below the ordering or Néel temperature of

TN = |θCW |.

However, as we will see in chapter 3 using the full spin model Hamiltonian, the
eects of frustration, low spin (e.g.

S = 1/2),

low dimensionality, etc. can suppress

the actual ordering temperature well below this expected value or even prevent
any long-range magnetic ordering altogether, at any temperature, as in the case of
quantum spin liquids.

2.4 Microscopic origin of spin models
2.4.1 Hubbard model
Let us now connect the spin models described above to the physics of electrons in
solids, which also possess charge degrees of freedom in addition to their spin. Specifically, we will consider materials described by the Hubbard model, where valence
electrons are strongly attracted (tightly bound) to positive ions in a periodic crystal
lattice, as these include the materials studied in this Thesis. The rst assumption
of the Hubbard model is that electrons are free to move (hop) only between neighbouring sites through direct electron wavefunction overlap, which is justied by the
expectation that in the tight-binding limit the wavefunctions of valence electrons
around a single ion decay exponentially with distance. This hopping is described by
the hopping amplitude

t.

The second assumptions is that the Coulomb repulsion

between electrons is screened strongly enough so that we can get a good approximation to the electron dynamics by considering only on-site Coulomb repulsion

U

between two electrons on the same ion, which have to have opposite spins due to
the Pauli exclusion principle. The nal assumption is that we can neglect lattice
deformations and vibrations and thus consider ions as completely xed in space.
Formalizing this into a second-quantization Hamiltonian of the Hubbard model,
and neglecting any spinorbit coupling at this stage, we get:

HH = −



(tij c†i,s cj,s + t∗ij c†j,s ci,s ) +



ij,s

Ui ni,↑ ni,↓

(2.13)

i

ij and the elecs =↑, ↓ (an electron is a spin S = 1/2

where the sum is over nearest-neighbouring pairs of electron sites
tron's spin projection onto a quantization axis
particle with two spin eigenvalues),

tij = t∗ji

is the hopping amplitude, which is usu-

ally taken to be the same for all nearest-neighbour pairs
zero otherwise,

Ui

be the same for all ions

Ui = U = const. > 0.

Both Hubbard parameters

depend on the precise (crystal) structure of the solid.
ator for the spin at site
operator,

1

ni,s =

tij = t = const. > 0

and

is the on-site Coulomb repulsion, which is also usually taken to

i

with spin projection

s, c†i,s

ci,s

t

and

U

is the annihilation oper-

is the corresponding creation

c†i,s ci,s is the number operator with eigenvalues

0

(unoccupied) and

(occupied), and the creation and annihilation operators obey the usual fermion

cannonical anticommutation relation (CAR) algebra (an electron is a fermion):



c†i,s , cj,s



= δij δss


†
†
{ci,s , cj,s } = ci,s , cj,s = 0
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where {A, B} = AB + BA is the anticommutator of arbitrary operators A, B , and
δij the Kronecker delta equal to one for i = j and zero for i = j .
The rst sum in the Hubbard model [Eq. (2.13)] represents the kinetic (nearestneighbour hopping) energy of electrons, while the last sum represents their on-site
Coulomb repulsion energy, with non-zero terms only when the ion site is doubly
occupied by two electrons with opposite spin. The last, Coulomb repulsion term is
the only true interaction (two-body) term in the Hubbard model, as any quadratic
second-quantization Hamiltonian can always be diagonalized in the basis of free
noninteracting quasiparticles, and the Coulomb repulsion term is the only one that
contains more than quadratic (in this case quartic) combinations of creation and
annihilation operators.
We note, that when we are dealing with a grand-canonical ensemble of electrons
(i.e. an open electron system) with the chemical potential μ, also called the Fermi
energy, this adds an eective noninteracting term to the Hubbard Hamiltonian of:
Hμ = μ



(ni,↑ + ni,↓ )

(2.15)

i

while applying a magnetic eld of density B adds a noninteracting Zeeman term of
[Eq. (2.1)]:

Si · B
(2.16)
HZ = gμB
i

where:
Si =

1 †
c σ ss ci,s
2 ss i,s

(2.17)

and σ is the vector of spin-1/2 Pauli matrices with spin indices s and s. Explicitly,
if we dene z as the quantization axis and the spin projection ↑ meaning that the
spin points along z and ↓ that it points in the opposite direction, we get:
HZ =

gμB  z
B (ni,↑ − ni,↓ ) + (B x + iB y )c†i,↓ ci,↑ + (B x − iB y )c†i,↑ ci,↓
2 i

(2.18)

2.4.2 Mott transition

In the limit where the Coulomb repulsion is very weak, U t, the Hubbard model
is precisely the second-quantized tight-binding model with energy-levels described
by a simple noninteracting Fermi gas in the energy-band picture. In the case of
an odd number of valence electrons per unit cell, such a material must be a simple
band metal, as its Fermi energy level is necessarily located within a half-lled band.
However, when the Coulomb repulsion U , which introduced interactions between
electrons, is very strong U  t it opens a bandgap at the Fermi level even in
an otherwise band-metallic material, causing the charge degrees of freedom of the
electrons to localize to their respective ions and become immobile. This makes
the material electrically insulating. Such a Coulomb-repulsion-induced stronglycorrelated insulator is called a Mott insulator, to dierentiate it from a normal band
insulator which does not require interactions (correlations) between electrons, and
the transition from a band-metallic to a Mott-insulating state as U/t is increased is
called a Mott insulator transition (MIT), or Mott transition for short. The precise
value of U/t where a Mott transition occurs depends on the specic crystal lattice
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on which the Hubbard model is dened. The bandgap that is opened is called the
Mott bandgap and it can be expressed in terms of Hubbard parameters U and t as
[26]:

Eg = U − 2zt

(2.19)

where z is the number of nearest neighbours on the lattice. Most of the materials
we will be dealing with in this Thesis are Mott insulators.
In a Mott insulator the charge degrees of freedom are frozen and immobile (insulating) adopting a single-occupancy conguration (at half-lling) of one electron
per site, as the electrons cannot hop to neighbouring sites without creating a local
double-occupancy there with a large associated Coulomb energy penalty U  t.
However, the spins of these immobile electrons can a priori point in arbitrary directions. Even more, a hop (exchange) of spin directions between two neighbouring
electrons can occur through a second-order perturbation process, where the exchange
of spin directions between neighbouring spins is mediated by intermediary virtual
double-occupancy electronic states. This process can be interpreted as an electron
briey hopping onto a neighbouring site, incurring an energy penalty U  t there,
and then by Heisenberg's uncertainty principle, as this conguration classically forbidden as its energy in this intermediary state is higher than in its initial state,
either quickly hopping back to its original site or, alternatively, forcing the second
electron (the one that was originally at the now doubly-occupied site) to hop onto
the rst electron's starting site instead. From the point of view of the spins of the
two involved electrons, the second process eectively exchanges their spins, i.e. their
spins hop and change sites, while the probability of both of these processes depends the spin state of the two electrons. Specically, they can occur only when the
electrons' spins point in opposite directions, as when their spins point in the same
direction the intermediary virtual hop is impossible as it would violate Pauli's exclusion principle. This makes even the rst process, the one where the spins eectively
do not exchange places, contribute a spin-dependent term to the eective Hamiltonian. Taking these second-order virtual double-occupancy processes into account
we thus obtain an eective interaction between spins modelled by an eective spin
Hamiltonian. In the simplest case this Hamiltonian is just the isotropic spin model
of Eq. (2.5) with an antiferromagnetic isotropic (Heisenberg) exchange coupling of
[26]:

kB J =

4t2
U

(2.20)

We note that in cases where U/t is closer to the Mott transition, further higherorder virtual charge-excited states have to be considered, i.e. higher orders in the
perturbative expansion become non-negligible, resulting in additional eective interactions between more than two spins at a time. One common possibility are
so-called ring-exchange interactions with important physical consequences, when
present [32]. These higher-order processes, however, get suppressed more strongly
as U/t increases than the lowest-order pairwise exchange interactions, making the
pairwise spin model Hamiltonian of Eq. (2.5) a good approximation in the stronglyinsulating Mott limit U  t.
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2.4.3 How to guess the relevant spin interactions

As we saw we can derive the spin model exchange parameters J from the more
fundamental Hubbard parameters U and t via Eq. (2.20) in the Mott insulator U  t
limit. These Hubbard parameters in turn depend on the electron wavefunctions and,
ultimately, on the crystal structure of the studied system. However, in the above
simplied treatment we only considered a single energy band of electrons at the
Fermi energy, neglected spinorbit coupling eects, etc. This was the reason why we
could only obtain isotropic antiferromagnetic exchange interactions between spins in
Eq. (2.20). Including these thus far neglected eect one can in principle deduce also
the more general exchange-coupling tensors of subsection 2.2.2 from rst principles.
However, such calculations are laborious and often rely on careful numerical ab
initio density functional theory (DFT) simulations to connect the crystal structure
to eective spin-model exchange couplings [33].
To get some intuition about what to expect we instead proceed qualitatively. In
our studied materials of herbertsmithite (chapter 6) [34] and Zn-brochantite (chapter 8) [17] the exchange interactions between magnetic Cu 2+ ions do not result
from a direct overlap Cu2+ electron wavefunctions, but are instead superexchange
interactions through Cu O Cu bridges [17, 35], where the Cu 2+ ions share a covalent electron bond with the oxygen O 2. The exchange-coupling tensor from such
a Cu O Cu bridge depends on the inter-atomic distances, with longer distances
between the atoms resulting in less wavefunction overlap and thus a lower value
of the exchange interaction, but also crucially on the Cu O Cu bond angle due
to the anisotropic nature of oxygen's p orbitals (Fig. 2.2). It turns out that the
resulting exchange interaction is ferromagnetic if this bond angle is 90° (a rightangle Cu O Cu bond) and antiferromagnetic if it is 180° (a collinear Cu O Cu
bond), with a smooth transition in between [36]. The semiempirical rules giving
the strength and sign of the exchange interaction as a function of the Cu O Cu
superexchange bond angle are called the GoodenoughKanamori rules and can give
us a quick idea if we are to expect ferro- or antiferromagnetic exchange interactions
[36]. Furthermore, due to spinorbit coupling a noncollinear Cu O Cu superexchange bond implies a non-zero DzyaloshinskiiMoriya vector Dij pointing in the
direction normal to the plane containing the Cu O Cu bond (Fig. 2.2), while a
collinear Cu O Cu bond does not have any antisymmetric DzyaloshinskiiMoriya
interaction, i.e. Dij = 0 [37, 38].
As a simple application of these rules, and as we will see later, both herbertsmithite (Fig. 6.2) and Zn-brochantite (Fig. 8.1) have noncollinear Cu O Cu bonds
they both possess a small DzyaloshinskiiMoriya contribution to their exchange interactions, but as the noncollinearity is small with the (average) Cu O Cu bond
angle much closer to 180° than to 90° the expected exchange interactions between
Cu2+ spins are expected to be antiferromagnetic. The dominant characteristic energy scale of exchange interactions can still be estimated from Eq. (2.20), if we were
to know the Hubbard parameters U and t from ab initio calculations2, unless of
course the simple Hubbard exchanges get cancelled by chance by the additional
spinorbit or other contributions.

When dealing with superexchange the hopping parameter t refers to the eective hopping
between magnetic spins (e.g. Cu ) through the intermediate atom (e.g. O ).
2

2+

2
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O2–

x
S1

r12

S2

Figure 2.2: Schematic of a Cu O Cu superexchange bridge between two spinful
Cu2+ ions with the vector r12 between them, and the orthogonal displacement vector x of the oxygen away from collinearity. The DzyaloshinskiiMoriya vector is
D 12 ∝ x̂ × r̂ 12 [37, 38]. Also shown is the bond angle around the oxygen O 2 which
determines the sign of the isotropic exchange between the Cu 2+ by Goodenough
Kanamori rules [36]. Adapted from Ref. [38].
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Quantum spin liquids
You must be shapeless, formless, like water.
Bruce Lee (19401973)

Quantum spin liquids (QSL's) are special states or collections of states of a
strongly-interacting spin model Hamiltonian that are, roughly speaking: disordered,
dynamical (uctuating), and usually escape any spontaneous symmetry breaking of
the spin Hamiltonian even at the idealized temperature of T → 0. They are also
long-range quantum-entangled, possess emergent fractional excitations, one type of
which is called a spinon, and emergent gauge elds coupling those excitations [1]. In
some instances the emergent excitations even behave as anyons [4], 2D quasiparticles
with statistics somewhere in between fermions and bosons and with an inherent
topological braiding character [39], e.g. in the exactly-solved 2D quantum-spinliquid Kitaev model with anyonic excitations potentially useful for decoherence-free
topological quantum computation [57]. Finally, some quantum-spin-liquid states as
a whole possess global topological invariants, e.g. Z2 gapped quantum spin liquids,
making them into topological quantum states. We will dene most of these terms
in the following.
The precise denition of a quantum spin liquid is, however, not completely agreed
upon and depends on which of the above properties we wish to emphasize most, and
subsequently the general consensus of what the best denition of a quantum spin
liquid should be subtly changes as time goes on and we learn of new ways to approach
and understand the myriad dierent facets of quantum-spin-liquid physics. We will
briey touch upon some of these denitions in this introductory overview, to get a
sense of where the rich and unconventional physics of these states comes from.

3.1 Frustration suppresses order
As we saw in chapter 2, systems of interacting spins behave very dierently from
systems of free spins. Particularly, ordinary 2D and 3D systems tend to spontaneously break the spins' SU(2) spin rotational symmetry bringing about a phase
transition into a state with long-range magnetic order. This is not a peculiarity
of spins systems but is expected to hold generally. Specically, it is expressed in
the third law of thermodynamics that says that the entropy of a perfect crystal at
absolute zero (T = 0) is zero, i.e. that at T = 0 the system should reach a unique
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non-degenerate ground state. To accomplish this the system usually has to spontaneously break a symmetry of its Hamiltonian and select a single special state out
of many initially symmetry-equivalent states. As already mentioned, in the case of
Heisenberg ferromagnets and non-frustrated antiferromagnets this symmetry is the
SU(2) spin-rotational symmetry where we rotate all the spins in the system by the
same amount at the same time, an operation which commutes with an isotropic
Heisenberg spin model Hamiltonian, and which is broken in a magnetically ordered
state due to spins pointing in a single special direction, a highly anisotropic conguration. Furthermore, in a periodic crystal the unique symmetry-broken ground state
will usually also be periodic and thus have long-range correlations between spins; in
other words, it will be magnetically ordered, as opposed to disordered, where spin
correlations would decay with separation between spins.
However, the third law of thermodynamics is not obeyed in all physical systems
in thermal equilibrium. In magnetism, it can fail to hold in certain spin systems that
have a strong intrinsic tendency towards disorder. The unifying mechanism behind
such systems is the idea of frustration, which is dened as the inability of a system
to satisfy (minimize the energy of) all of its Hamiltonian's pairwise interactions in
its ground state simultaneously. Frustration is the nemesis of order, as it forces the
system to adopt global congurations that do not minimize the energies of local
interactions. This suppresses the energy dierence between the ground state(s)
and the excited states, as the ground state energy becomes larger than the total
magnitude of the individual interactions that would determine the ground-state
energy in a non-frustrated system, thus lowering the thermal energy kB T needed
to overcome this energy dierence and destroy long-range order. In spin systems
this lowers the magnetic ordering (Néel) temperature TN below the expected TN ∼
|θCW | ∼ J (subsection 2.3.2), where θCW is the high-temperature Weiss temperature
[Eq. (2.4)] and J the exchange-coupling strength. This motivates the denition of
the frustration parameter f in spin systems as the ratio between the actual ordering
temperature (dependent on the coupling strengths and on the amount of frustration)
and the absolute value of the high-temperature Weiss temperature [dependent only
on the coupling strengths; Eq. (2.12)] [1]:
f=

|θCW |
TN

(3.1)

with the expected value f ∼ 1 in non-frustrated spin systems and f > 1 in frustrated
spin systems.
In extremely frustrated quantum systems the suppression of the energy dierence
between the ground state and the exited states is so dramatic that we get a system,
called a quantum spin liquid (QSL) in magnetism, with a macroscopic, i.e. at least
proportional to system size (extensive), number of low-lying energy levels either as
degenerate ground state levels with an energy gap to excitations (a gapped QSL),
or as a continuum of states starting at the ground state energy (a gapless QSL) [40].
This violates the third law of thermodynamics and makes quantum spin liquids dynamical, in both gapped and gapless cases, as the energy penalty for changing the
ground state of the system is vanishing allowing the system to freely uctuate between dierent ground states even at innitesimal or zero temperatures [40]. In this
way quantum spin liquids escape the establishment of long-range magnetic order, as
correlations between spin decay with distance due to the presence of macroscopically
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many dierent degenerate spin congurations that are locally indistinguishable but
dier on longer distance scales1. This formally gives the frustration parameter of
f = ∞ for a true quantum spin liquid, a criterion that can be used as the most
basic denition of a quantum spin liquid together with the requirement that such a
disordered state is dynamical2.
Energy

(a)

(b)
Δ
gapped

gapless

Figure 3.1: Schematic excitation spectra of (a) a gapped quantum spin liquid with
a macroscopically degenerate ground state and a gap Δ to excitations, and (b) a
gapless quantum spin liquid with a continuum of excitations extending up from
ground-state energy.
As a transition into an ordered state is usually associated with spontaneous
symmetry breaking, another denition, which is disfavoured as of late, states that a
quantum spin liquid should be a state that breaks no lattice symmetry even at T = 0
[1]. Specically, according to this denition, a quantum spin liquid should break
neither: translational, rotational, parity nor time-reversal symmetry [41]. However,
such a denition is nowadays taken as being too stringent, as it excludes many interesting classes of quantum spin liquids, for instance chiral quantum spin liquids that
spontaneously break chiral (mirror or parity) symmetry [42, 43]. These are usually
considered true quantum spin liquids, with a distinction being made between symmetric quantum spin liquids that break no symmetry and non-symmetric quantum
spin liquids that are allowed to break symmetries as long as they remain disordered
and dynamical at T = 0 [41, 43].
3.2 Antiferromagnetic triangle
To construct a spin model supporting a quantum spin liquid let us step back and
consider frustration more carefully. A basic element and example of frustration is
an antiferromagnetic spin triangle [Fig. 3.2(a)]. In such a triangle of spins, which we
label 1, 2, 3, we cannot simultaneously satisfy all of the individual antiferromagnetic
couplings, as that would require spin 1 to point opposite to spin 2, and spin 2
to point opposite to spin 3, i.e. parallel to spin 1, which violates and does not
For the same reason we expect that a quantum spin liquids should be robust when faced with a
sparse local perturbations, e.g. dilute localized defects, since it can locally adapt to them without
aecting its spin state far away from the individual perturbations.
2 We require a quantum spin liquid to be dynamical to exclude spin glasses that we briey
touched upon in subsection 2.2.3, which are also disordered and violate the third law of thermodynamics, but are instead partially frozen states, as uctuations between dierent congurations have
to overcome large energy barriers and are thus strongly suppressed at low temperatures. Quantum spin liquids on the other hand should be able to uctuate between a macroscopic number of
dierent congurations with no energy barrier.
1
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geometrically frustrated, and can be expressed as a triangle not being 2-colourable.
But it is 3-colourable as we can divide its spins into three sets (trivially, with each
spin in its own set) with interactions only between the sets and not within them.
More generally, we say that a graph is k -colourable when we need to divide its
vertices (spins) into at least k sets (also called colours) such that no edge (bond)
connects two vertices of the same colour. Any graph that is k -colourable with k ≥ 3
is geometrically frustrated as a spin system with identical pairwise antiferromagnetic
interactions, while 2-colourable graphs possess bipartite lattices and are thus not
frustrated as spin systems.
Taking the most basic 3-colourable graph, the geometrically frustrated antiferromagnetic triangle, we can now easily construct a macroscopic geometrically frustrated system by connecting such triangles in any fashion we please 3 . An individual
connection between two triangles is realized either as edge-sharing between the two
triangles as in a triangular lattice [Fig. 3.4(a)], or as corner-sharing between the two
triangles as in a kagome lattice [Fig. 3.4(b)] [1]. We could also take the most basic 4-colourable graph, the geometrically frustrated tetrahedron, and build a lattice
from these units to obtain e.g. the 3D geometrically frustrated pyrochlore lattice
[Fig. 3.4(c)].
b

a

c

J

J

Figure 3.4: Typical examples of antiferromagnetically frustrated spin lattices: (a)
triangular lattice, (b) kagome lattice, and (c) pyrochlore lattice. The rst two are
2D lattices, while the third is 3D. Reproduced from Ref. [1].
We will focus on 2D latticesrealized in real materials as stacked quasi-2D
planes of strongly coupled magnetic ions with only weak, ideally vanishing, interplane couplingsas low dimensionality by itself suppresses the tendency for a system
to order [40] by increasing the inuence of thermal uctuations. The most extreme
case of this are 1D spin chains that avoid any long-range magnetic order at T > 0
simply due to their dimensionality without the need for frustration, but which are
by now theoretically much better understood than 2D spin systems [45]. On the
other end of the spectrum, when we have a quasi-2D system of frustrated 2D lattices
that does not order (it is a spin liquid) and introduce 3D inter-plane interactions
into the system, the system will often transition into a magnetically ordered state
even for quite weak 3D interactions [7], though not always, as e.g. in 3D spin liquids
[1, 46].
3 In the cases that we will be interested in the frustrated triangles are used as building blocks
of periodic crystal lattices, but we could also build nonperiodic geometrically frustrated structures
from them.
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In the cases we will be interested in the triangles are used as building blocks
of 2D periodic crystal lattices of corner-sharing triangles. We will specically focus
on the kagome lattice, which is usually understood to be the most frustrated of the
2D spin lattices [43]. The reason for corner-sharing of triangles is that in order to
induce a spin liquid state we want a system that has a macroscopically degenerate
ground state. Specically, when dealing with classical spins the ground state of each
of the Heisenberg antiferromagnetic triangles is the

120° state [Fig. 3.2(b)], meaning

that if we x two spins on a triangle the third will be uniquely determined in the
ground state. On a triangular lattice of edge-sharing triangles [Fig. 3.4(a)], meaning
that all connected triangles share two spins amongst themselves, xing two spins on
any one triangle in fact xes the classical spin arrangement of the entire spin lattice.
The degeneracy of a classical triangular lattice is thus intensive, i.e. independent
of the system size, and corresponds to the degeneracy of choosing the directions of
only the rst two spins. As we will see quantum-mechanically, a system of quantum
spin-1/2 spins on a triangular lattice

a priori

nevertheless has a possibility of being

disordered due to quantum entanglement (section 3.5) [810] even though recent
theoretical work proved that even a quantum triangular lattice does in fact order
into an analogue of the classical

120°

order [47, 48].

On the other hand, in a kagome lattice the connected triangles only share corners,
i.e.

single spins, amongst themselves, meaning that choosing the rst two spins

on a triangle, which classically xes also the third spin on this triangle, does not
determine the classical spin arrangement on any other triangle. Due to the subtle
eect of order-by-disorder the thermally preferred classical spins states on a kagome
lattice are coplanar [40], meaning that a single xed spin induces two choices for the
other two spins on a triangle. Such binary choices multiply across the corner-sharing
kagome lattice, as all the choices made up to a nite connected (inside) part of the
kagome lattice at best only x one of the spins in the outside triangles (even when
the choices in the inside part are not entirely independent due to the existence
of loops of six spins around the kagome hexagons). This leads us to the surprising
conclusion that the ground states of a kagome lattice of classical spins are already
4
macroscopically degenerate and thus constitutes a classical spin liquid (CSL) [40].
Another way to see this is to realize that on kagome lattice of classical spins in a

120°

ground-state conguration we can perform certain local operations that change the
state but preserve the energy (Fig. 3.5). As the number of such local operations is
proportional to the system size we get an exponential number of degenerate ground
states even when restricted to coplanar congurations.
Classical spin liquids are interesting systems in themselves, but they often break
symmetriese.g. on the kagome lattice coplanar states spontaneously break the full
spin-rotational symmetry of the Heisenberg Hamiltonian by choosing a preferred
plane for the spinseven when the ground states are dynamical due to massive
degeneracy.
(i.e. spin

We will see that quantum uctuations in systems of quantum spins

1/2)

act to further suppress the tendency of a system to order [1], and

actually lead to many novel exclusively-quantum phenomena, like massive long-range

An exact expression for the number of classical 120° coplanar congurations of spins on the
kagome lattice of N  1 spins was obtained from counting
the number of its 3-colourings and
was found to be d = W 3N/2 [49], where W 2 = ∞
(3k
−
1)2 /(3k − 2)3k = 1.46099 . . . , i.e.
k=1
the degeneracy of a macroscopic kagome lattice of classical spins is d = (1.3289 . . . )N and thus
macroscopic.
4
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(a)

(b)

(c)

Figure 3.5: Classical ground states of classical spins on the kagome lattice. Spins
satisfy the 120° constraint on the mutual angles, but there are nevertheless local
(0D) (c) and 1D (a,b) spin rotations (shown by circles and highlighted in yellow)
that do not change the classical ground state energy. This introduces macroscopic
(extensive) degeneracy making the classical kagome spin system a classical spin
liquid (CSL). Reproduced from Ref. [43].
quantum entanglement of spins, in quantum spin liquids (QSL's). We will thus next
consider what happens in a quantum setting to highly frustrated spin systems. Even
in the quantum context, though, the classical macroscopic degeneracy of spins on
the kagome lattice with isotropic Heisenberg antiferromagnetic interactions between
them, is a strong driver of disorder and crucially helps to establish its quantumspin-liquid ground state.

3.4 The importance of being quantum
In a quantum-mechanical setting we have to consider the eect of quantum uctuations as well [Fig. 3.2(c)]. In the parlance of frustrated magnetism we say that
a spin liquid is a quantum spin liquid (QSL) if the underlying spins are S = 1/2
(quantum spins), i.e. if they are in the extreme quantum limit. It turns out that
quantum uctuations further suppress the tendency of a system to order [1], with
lower spin values providing the most robust realizations of spin liquids. In the example of the antiferromagnetic triangle in Fig. 3.2 we saw that classical spins spontaneously break rotational-spin symmetry and establish 120° order, even though
the frustration parameter f increased, and the ordering temperature correspondingly decreased, compared to a non-frustrated system of three spins. Taking the
spin model Hamiltonian for an antiferromagnetic J > 0 spin triangle [Eq. (3.2)]
with quantum spins S = 1/2 and looking at its spectrum we see that it consists
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of only two separate energy levels 5 : the ground state with S = 1/2 and energy E1/2 = −(3/4)kB J , and the ferromagnetically-ordered (excited) states with
S = 3/2 and energy E3/2 = (3/4)kB J .

3.4.1 Excited states of antiferromagnetic triangle
The degeneracy of the ferromagnetically-ordered states is the usual 2S + 1 = 4
corresponding to the number of eigenstates needed to perform arbitrary rotations
of the full S = 3/2 total spin, as via spin rotations we connect the symmetryequivalent ferromagnetic states of the (spin-isotropic) Hamiltonian. However, an
individual ferromagnetic state breaks spin-rotational symmetry, as in it spins point
in denite directions, which would be an instance of spontaneous symmetry breaking
if the triangle were ferromagnetic with the ferromagnetic S = 3/2 states forming
the ground state of the Hamiltonian.
Moreover, there exists a basis for the ferromagnetic S = 3/2 Hilbert subspace
that consists only of separable (product) spin states, meaning that the spins in the
basis states are not quantum-entangled amongst themselves (and thus performing a
measurement on one spin does not aect the quantum state of the other two spins).
We can easily check that the ferromagnetic S = 3/2 Hilbert subspace is spanned,
for example, by four separable (not entangled) and linearly-independent basis states
where individual spins all point either along or opposite to the quantization axis,
i.e. along ±z , or along or opposite to an axis perpendicular to the quantization axis,
e.g. along ±x ⊥ z (Fig. 3.6):

|+z = |↑ 1 ⊗ |↑ 2 ⊗ |↑ 3 = |3/2
|−z = |↓ 1 ⊗ |↓ 2 ⊗ |↓ 3 = |−3/2
|+x = |→ 1 ⊗ |→ 2 ⊗ |→ 3 =

√
√
1 
= √ |3/2 + 3 |1/2 + 3 |−1/2 + |−3/2
2 2
|−x = |← 1 ⊗ |← 2 ⊗ |← 3 =

√
√
1 
= √ |3/2 − 3 |1/2 + 3 |−1/2 − |−3/2
2 2

(3.3)

where |S z denotes a S = 3/2 state with the projection of the total spin of the
√
triangle onto the quantization axis z of S z , and where |→ = (|↑ + |↓ ) / 2 and
√
|← = (|↑ − |↓ ) / 2 are single-spin states for a spin pointing along +x and −x,
respectively, and the subscript indicates to which spin we assign a single-spin state.
Even more, any separable state with the individual spins all pointing in the same
but arbitrary direction is a S z = 3/2 state.

3.4.2 Ground states of antiferromagnetic triangle
The degeneracy of the antiferromagnetic ground states is, however, twice that of the
expected 2S + 1 = 2 for simple rotations of the total spin S = 1/2 of these states

For a ferromagnetic triangle the sign of the exchange coupling would be opposite, J < 0,
meaning that the states would remain the same, but this time the ferromagnetically-ordered S =
3/2 states would be the ground states, while the S = 1/2 states would be the excited states of
such a triangle.
5
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(b)
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S = 3/2
+z
|−z

+x
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−x

|−x

|+z
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S = 1/2
S = 3/2
|ψ
v̂ 1 , v̂ 2 , v̂ 3

E1/2
3
3
1
1
ψ|Hex |ψ =
|v̂ 1 + v̂ 2 + v̂ 3 |2 − 3 ≥ − > − =
kB J
8
8
4
kB J
S = 1/2

120

1/2
T = 0

0

i

j


1 
(ij) = √ |↑ i ⊗ |↓ j − |↓ i ⊗ |↑ j
2

(a)

(b)

(c)

S

= 1/2

1, 2, 3
|b

|b

↓

= |↑ 2 ⊗ (13)
|c ↓ = |↓ 3 ⊗ (12)
= |a ↓ + |c ↓
↑

|a ↑ = |↑ 1 ⊗ (23)
|b ↓ = |↓ 2 ⊗ (13)

|a ↓ = |↓ 1 ⊗ (23)
|c ↑ = |↑ 3 ⊗ (12)
|b ↑ = |a ↑ + |c ↑

(ij)
0
1/2
1
Si · Sj =
2



1
Pij −
2

Pij



i
S i · S j (ij) = (−3/4)(ij)

j
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bond and one outside it, the result is a superposition of nothing happening and the
spin in the valence bond switching positions with the spin outside it, i.e. a transition
into a dierent ground state (Fig. 3.6), where the free spin moved to a neighbouring
site and the valence bond accommodated this move by rearranging its position on
the triangle.
We can thus interpret the (overcomplete) quantum-entangled ground state basis
of an antiferromagnetic Heisenberg spin triangle depicted in Fig. 3.7 as one spin- 1/2
quasiparticle (the free spin) being able to freely propagate across the spin triangle
with no energy penalty in a spin- 0 background consisting, in this case, of a single
valence bond (spin singlet) that simultaneously rearranges its position as the spinful
quasiparticle propagates to a neighbouring site. We will see that such an intuitive
understanding of low-lying energy states also holds to a large extent when discussing
quantum spin liquids in the resonating valence bond (RVB) picture [1, 810].

3.5 Resonating valence bond (RVB) description
3.5.1 Denition and justication
Extending the lesson we learned in the case of a single quantum antiferromagnetic
spin triangle to a lattice of such triangles we expect that such a frustrated spin
system's ground states would be some coherent superpositions of valence bonds, as
they satisfy nearest-neighbouring Heisenberg antiferromagnetic exchange couplings,
covering the entire spin lattice [Fig. 3.8(b)]. Such states are called resonating valence bond (RVB) states and were rst proposed by Philip W. Anderson in 1973
when he proposed that the antiferromagnetic triangular lattice of quantum spins
1/2 should have them as its ground states, and simultaneously proposed that such
superpositions, as there are macroscopically many of them, should result in a dynamical highly-degenerate ground state that he named a quantum spin liquid (QSL)
[8]. A revival of interest in resonating-valence-bond states came with the discovery
of high-temperature superconductivity in 1987 and with the suggestion of Philip
W. Anderson and collaborators that a specic subset of these states [4] could be
connected with this phenomenon [9, 10].
The justication for resonating-valence-bond states comes from the expectation
that a highly frustrated system of quantum spins should have total spin 0 (or 1/2
if the number of spins is odd, as in an antiferromagnetic triangle of the previous
section), and dierent valence bond coverings of the lattice realize such states [51].
However, as we saw from Eq. (3.6) the eect of a single Heisenberg spin-exchange
term of the Hamiltonian is to eectively exchange spins between two dierent sites,
thereby spoiling any single valence bond covering by rearranging the valence bonds,
and even forming valence bonds between spins that are not even nearest neighbours
on the lattice, and thus have no a priori reason to prefer a valence bond state
between them [40]. In the extremely ne-tuned case that the quantum amplitudes
for these rearrangements were to perfectly cancel a single valence bond covering state
could be the ground state [Fig. 3.8(a)], but in general they do not, and we have to
form a superposition of many dierent valence bond coverings, even amongst spins
that are far away from one another on the lattice [Fig. 3.8(c)]. It turns out that
only the set of these general valence bond coverings, which also include covering with
valence bonds between spins an arbitrary distance apart from one another, form an
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Figure 3.8: Valence bond coverings of the triangular lattice of quantum spins 1/2
[Fig. 3.4(a)]: valence bond solid state (a), short-ranged resonating-valence-bond
state associated with gapped quantum spin liquids (b), and long-ranged resonatingvalence-bond state associated with gapless quantum spin liquids (c). Reproduced
from Ref. [1].
(overcomplete) basis (frame) of the total-spin- 0 sector [2]. This means that any
spin-0 state of a frustrated spin system, which is expected to include also all of its
ground states if the system is a quantum spin liquid, can be written (nonuniquely)
as a coherent superposition of valence bonds, i.e. as a resonating-valence-bond
state. Another reason for forming superpositions of valence bonds is that we expect
to nd a quantum-spin-liquid state that, in the simplest case, does not break any
lattice symmetry, but a single valence bond covering usually breaks either rotational
or translational symmetry. A symmetric combination is thus needed to realize a
symmetric quantum spin liquid.
When the ground state superposition is still dominated by a single valence bond
covering we say that we have a valence bond solid or crystal (VBS) state, which
is usually not taken to be a proper quantum-spin-liquid state when the valencebond pattern is highly-structured (e.g. periodic) [Fig. 3.8(a)] as such a state is
not necessarily dynamical, i.e. there is no a priori reason for there existing more
than a handful of such highly-structured ground states, and also because it usually
breaks rotational or translational symmetry, which at least symmetric quantum
spin liquids should not [1]. To exclude such structured valence bond solid states, we
usually extend the denition of a quantum spin liquid to forbid not just long-range
two-spin correlations, which are usually taken as a denition of long-range order,
but which vanish in a valence bond solid state due to the quantum-entangled nature
of the individual valence bonds, but any higher-order long-range spin correlations
of the systems ground-state [40]. In a periodic valence bond solid it is e.g. the fourspin correlations that do not decay with distance and thus detect the long-range
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ordered nature of such a valence bond solid state [Fig. 3.8(a)]. A quantum spin
liquid could thus be dened as a dynamical spin system, i.e.

with a macroscopic

number of low-lying states, with no long-range, i.e. distance-independent, arbitraryorder correlations between spins [40].

3.5.2 Gapped vs. gapless quantum spin liquids
It turns out that the dierence between gapped and gapless quantum spin liquids is
usually reected in the dominant terms in its resonating valence bond representation.
Namely, gapped quantum spin liquids are usually dominated by nearest-neighbour
valence bond coverings with a rapidly decaying contribution from further-neighbour
coverings [Fig. 3.8(b)], while gapless quantum spin liquids usually have large contributions from further-neighbouring valence bond coverings [Fig. 3.8(c)] [1]. Let us
make sense of this general rule.
Usual, experimentally accessible, excitation of a spin systems are spin-ip excitations that ip a single spin from pointing down to pointing up, thereby changing the
total spin projection onto the spin-ip axis by

1.

This is because perturbations of a

system can only couple to the actual spins either as projections onto a quantization
z
+
x
y
−
x
y
axis S or as spin-ips via the S = (S + iS )/2 and S = (S − iS )/2 operators.
In terms of the resonating valence bond representation of a spin- 0 ground state we
can interpret a spin ip of a specic spin as an excitation of the spin- 0 valence-bond
covering that spin (in any one specic term of the RVB superposition) into its spin- 1
triplet state with the two spins in the triplet coaligned and thus no longer quantumentangled.

If the valence bonds in the superposition were only between nearest

neighbours this would cost the energy of exciting the antiferromagnetic couplings
on which the bonds lie, i.e.
includes a fraction

x

2kB J

for equal-strength bonds.

If the superposition

of valence bond coverings that originally link the ipped spin

to spins that are not connected to it by exchange couplings, i.e. spins that are not its
nearest neighbours, the expected energy cost is reduced to

∼2kB J · (1 − x),

because

a singlet or triplet state between far away spins have the same energy as there is
no direct exchange bond between them in the spin model Hamiltonian and also, as
we saw in the case of an antiferromagnetic triangle, the actually present exchange
couplings between a ipped spin and a valence bond on a nearest-neighbouring site,
only cause the ipped spin to move in a spin- 0 background of valence bonds usually
with only a very small energy cost (Fig. 3.9) [2, 40], precisely as in the ground states
of an antiferromagnetic spin triangle (Fig. 3.7). In gapped quantum spin liquids the
energy cost is usually reduced to a small but nite fraction of

kB J ,

kB J/20
words: x < 1.

e.g. to

in some models of gapped kagome quantum spin liquids [52], in other

But in a gapless quantum spin liquids this energy cost can be reduced to zero if the
number (weight) of valence bond congurations that include a valence bond connecting the ipped spin to a far-away spin is much larger than the number (weight)
of valence bond congurations that include a nearest-neighbour valence bond of that
spin. More precisely, the fraction of congurations with valence bonds to far-away
spins in the resonating valence bond superposition has to be

6

x=1

in an innite

system .

This can happen because the number of possible nearest-neighbour valence bond coverings in
an innite system is innitely smaller than the number of coverings with valence bonds between
arbitrary spins. If the complex weights of these coverings between far-away spins in the resonating6
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Figure 3.9: Movement of a spinon across one valence bond state in the resonating valence bond (RVB) superposition. The spinon moves by simultaneous rearrangement
(ipping) the spin-0 valence bond singlets. This in complete analogy to the interpretation of ground states of an antiferromagnetic triangle as one free spin (spinon)
moving by rearrangement of the background spin- 0 valence bond singlet (Fig. 3.7).
Adapted from Ref. [2].
It is important to realize that since valence bonds are the maximally quantumentangled states of two spins, a valence bond covering with valence bonds between
distant spins realizes a state with quantum entanglement between spins a large distance apart. When these coverings are in a resonating valence bond superposition,
as they are in quantum-spin-liquid states, we say that the state exhibits long-range
quantum entanglement. Quantum spin liquids, which have a macroscopic number of
such states, thus show macroscopic (many-body) long-range quantum entanglement
between its spins. We see that quantum spin liquids are indeed very dierent from
classical spin liquids, as their massively quantum-entangled nature is usually taken
as one of their key dening characteristics, and the source of many unique properties, such as non-local excitations and topological characteristics [4]. Of these the
gapless quantum spin liquids could be said to have longer-range quantum entanglement and are thus often harder to understand but are also considered as, arguably,
the more interesting of the two. Having no energy gap, though, usually makes them
more unstable to dierent intrinsic instabilities, which can open a gap or even induce magnetic order [18], and to any perturbations of the system Hamiltonian. On
the other hand, some gapless quantum-spin-liquid are also predicted [5357] and
experimentally observed [5862] to be stabilized by strong quenched disorder, e.g.
strong (static) random variations in the exchange interactions (bond randomness),
valence-bond state is substantial it can easily happen that it proportionally speaking they take up
100 % of the total weight as the system size approaches innity.
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making them intrinsically robust to further perturbations in that limit 7.
All quantum spin liquids can be divided into these two classes, i.e. according to
whether they are gapped or gapless. The most basic question when faced with a
spin system model is thus if its ground state has a nite or vanishing energy gap.
This also strongly determines the experimental response of a quantum spin liquid
to outside perturbations, which depend on the excitations of the quantum-spinliquid state, with typically either power-law dependencies of observables (spin correlations) in gapless quantum spin liquids and thermal activation-type dependencies
of observables (spin correlations) in gapped quantum spin liquids [4].
In the case of Heisenberg quantum kagome antiferromagnet, i.e. the quantum spin model on the kagome lattice with nearest-neighbour antiferromagnetic
exchange interactions [Fig. 3.4(b)], which we will be studying in this thesis the issue
of the presence of an energy gap is still hotly debated even after decades of theoretical/numerical [64, 65] and experimental work [52, 66] with conicting partial
evidence found in favour of both a nite gap and a gapless ground state.
3.5.3 First hint of fractional excitations (spinons)

A single ipped spin in a resonating valence bond (RVB) state is also called a spinon
[1, 2] and possesses the usual spin 1/2. As spin ips change the spin from 0 in the
ground state with no spinons to 1 we see that spinons are always created in pairs.
This is also intuitively sensible as breaking one valence bond in each valence bond
conguration in the RVB superposition creates two spins with no quantum entanglement between them, at least within a single valence bond covering within the
RVB superposition. These spinons usually behave as quasi-free spin- 1/2 quasiparticles with well dened energies and momenta, but with highly-non-trivial dynamics
generated by the simultaneous rearrangement of valence bonds in the RVB superposition required for their propagation [40]. This usually results in eective interactions between spinons, in analogy with gauge theories of quantum eld theory, as we
will see in a concrete and relatively tractable theory of constructing and describing
quantum-spin-liquid states using eective quasiparticles and emergent gauge elds
in section 3.6 [40]. In some cases the eective interactions between spinons and their
gauge elds even result in eective topological or anyonic characteristics [47].
For now let us make the important observation that as spin- 1/2 quasiparticles
spinons are fractional quasiparticles that can be understood as coming from a spinip excitationusually representing a long-lived magnon excitation in magnetically
ordered systemsquickly (instantaneously) decaying into two spin- 1/2 fractional
spinon quasiparticles (Fig. 3.10). When the spin ips originate from magnetic scattering, e.g. inelastic neutron scattering (INS) experiments that we describe in subsection 5.4.1, the result is that we observe a spinon continuum instead of any sharp
dispersion typical of magnetically-ordered states (Fig. 3.11) [40, 46]. This is because
a spin-ip scattering resulting in two spin- 1/2 fractional spinons quasiparticles (instead of a single spin-1 magnon) is a three-body scattering event (instead of a twobody scattering event as with magnons) meaning that knowing the initial and nal
One has to be careful when interpreting experimental results on random spin systems, though,
since theory predicts that a random valence bond solid, instead of a quantum spin liquid, can also
arise from strong bond randomness [63] with the experimental signatures of such a random valence
bond solid closely mimicking those of a true gapless quantum spin liquid.
7
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energy and momentum of the scattering particle (e.g. a neutron) does not x the individual energies and momenta of the two produced spinon fractional quasiparticles,
thereby allowing scattering in a continuous range of energy and momentum transfers
even when the individual single spinons would have sharp dispersion relations, i.e.
they are true quasiparticles.

Figure 3.10: Inelastic neutron scattering on fractional spinon excitations of a quantum spin liquid. We can interpret it as scattering that produces a spin- 1 magnon
by a spin-ip process. Such a magnon would be the elementary excitation of an ordered magnet, but in a quantum spin liquid is just a state of two spin- 1/2 spinons,
an unstable conguration that in a quantum spin liquid ultimately produces two
quasi-free spinons. As the whole scattering is an eective three-body scattering
process the nal spinons have a continuum of possible momenta and energies. This
forms the spinon continuum, observed when performing inelastic neutron scattering on quantum spin liquid materials, that is depicted in Fig. 3.11. Adapted from
Ref. [67].

3.6 Parton constructions
3.6.1 Slave fermions
To proceed further, and to be more concrete, let us look at a specic and widelyused way of constructing actual low-energy eective-eld-theory descriptions of the
highly-non-trivial, but ultimately only qualitative, resonating valence bond physics
of quantum spin liquid described in the preceding section. For this we will mostly
follow Refs. [2] and [3]. Specically, we will take the approach of slave-fermion theory, also called Abrikosov-fermion theory, by rewriting the spin- 1/2 operators of a
quantum spin model [Eq. (2.5)] via Eq. (2.17) from the derivation of a spin model
from the Hubbard model, only this time not by using actual electron creation (an†
†
nihilation) operators ci,s (ci,s ), but by creation (annihilation) operators fi,s (fi,s )
of some fractional spin- 1/2 fermion. This fermion is postulated to obey the usual
cannonical anticommutation relation rules [Eq. (2.14)], possess spin 1/2 but have no
electric charge associated with it. It can be interpreted as a spinon, the spinful fractional excitation from our previous resonating valence bond picture [2]. Explicitly
we have [2]:

Si =

1 †
fi,s σ ss fi,s = tr(Ψ†i σΨi )
2 ss
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Figure 3.11: (a) A spin ip due to a inelastic neutron scattering produces single
long-lived spin-1 magnon excitation in an ordinary ordered magnet producing a
sharp dispersion in inelastic neutron scattering measurements. (b) A spin ip due
to a inelastic neutron scattering produces single, on the other hand, produces two
fractional spin-1/2 excitations in a quantum spin liquid. As this is a three-body
scattering process (Fig. 3.10) we observe a continuum of inelastic neutron scattering scattering, even if the underlying dispersions of single spinons were sharp. A
continuum of nal momenta and nal energies arises in any three-body decay or
scattering event, famously e.g. in β nuclear decay, or in the decay of muons. The
novelty in quantum spin liquids is that in ordered spin systems the inelastic neutron scattering always produces a single spin- 1 quasiparticle (magnon), and only
in strongly-coupled systems, e.g. in quantum spin liquids, can fractional spin- 1/2
quasiparticles (spinons) be produced. Reproduced from Ref. [46].
where σ is a vector of Pauli matrices, the trace tr is over the spin indices (s, s ), and
we introduced the 2 × 2 operator for more compact notation [2]:
⎡
Ψi = ⎣

fi,↑

†
fi,↓

fi,↓

†
−fi,↑

⎤
⎦

(3.8)

Such a substitution can always be performed, and as if obvious from the analogous
Eq. (2.17) equation the spin operators S i do still obey the correct spin commutation
rules.
However when we will rewrite the nearest-neighbour spin model using slave
fermions f of Eq. (3.7), we will nd it most useful to subsequently perform a specic
type of mean-eld approximation on it that does not explicitly conserve the f particle number. We thus have to be careful as the Fock space of f fermions at every
site is actually twice-enlarged compared to the Hilbert space of a single spin at that
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site. Specically, we have four

†
†
{|0 i , fi,↑
|0 i = |↑ i , fi,↓
|0 i =
physical for a spin 1/2 at that site:

f -fermion

Fock sates

†
†
fi,↓
|0 i = |↑↓ i } of which only two are
|↓ i , fi,↑
{|↑ i , |↓ i }. This physicality condition can be expressed as a constraint of single
occupancy of fermions f , analogously to the single occupancy of actual electrons

of the parent Hubbard model in the Mott insulating phase (subsection 2.4.2). The
constraint that has to be obeyed in physical states is thus [2]:



ni,s = 1

⇐

tr(Ψi σΨ†i ) = 0

(3.9)

s

where

†
ni,s = fi,s
fi,s

is the number of

f

fermions with spin

s

on site i, where the

more general right-hand side also includes the following identity that must be obeyed
under single-occupancy [2]:

†
†
fi,↑ fi,↓ = fi,↑
fi,↓
=0

(3.10)

This is a highly non-trivial constraint and when doing mean-eld theory is usually
implement numerically by rst solving a mean-eld Hamiltonian to obtain a meaneld wavefunction

, e.g. a BCS or Fermi sea conguration 8 of spinons

|ψMF

f,

and

only later projecting out a physical spin wavefunction using a so-called Gutzwiller
projection operator

PG

that projects out all double-occupancy and zero-occupancy

congurations from the mean-eld wavefunction [Eq. (3.11)] [2]. Explicitly:

|ψ = PG |ψMF
1
PG =
(1 − (−1)ni,↑ +ni,↓ )
2 i

(3.11)

|Ψ =P(|Ψ.'

= c1

+c2

+···

+c3

Figure 3.12: Schematic of the eect of Gutzwiller projection

PG

of a mean-eld

slave-fermion state

|ψMF

occupancy state

eectively by rst writing it out as a superposition of states with

|ψ

. The Gutzwiller projection produces the physical single-

well-dened slave-fermion occupancies and then setting to zero, i.e. projecting out
(red cross), any states with double of zero occupancy at any site. We are left with a
manifestly singly-occupied, and thus physical, state

|ψ

. Gutzwiller projection is a

highly non-trivial operation and must usually be done numerically [2]. Reproduced
from Ref. [67].

Explicitly |ψMF = k∈FS fk† ,↑ fk† ,↓ |0 or |ψMF = k (uk + vk fk† ,↑ f−† k,↓ ) |0 in the Fermi sea
and the BCS cases, respectively, where k is the momentum of f fermions, FS represents the part
of momentum space with single f -fermion energies below the Fermi energy (i.e. the Fermi sea),
and uk and vk are obtained from the mean-eld hamiltonian when in BCS form [2].
8
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We will consider an isotropic antiferromagnetic ( J > 0) Heisenberg Hamiltonian
[Eq. (2.5)]:

H =k J
S ·S
(3.12)
ex

B

i

j

ij

in the slave-fermion (spinon) picture. Rewriting a single Heisenberg exchange term
in the Hamiltonian we get [2]:
Si · Sj =

1 †
†
†
†
2fi,s fi,s fj,s
 fj,s − fi,s fi,s fj,s fj,s
4 ss

(3.13)

We see that the Heisenberg spin model Hamiltonian of Eq. (3.12) is highly interacting
in terms of spinons (fermions) f and thus a priori intractable. This is the reason
why we will consider mean-eld approximations to this Hamiltonian next.
Let us just rst remark that choosing fermionic CAR [Eq. (2.14)] statistics for the
operators f was actually an arbitrary choice, and we could choose also e.g. bosonic
CCR statistics, in which case we would call the slave bosonic particles Schwinger
bosons instead of Abrikosov fermions [68], or something even more exotic like slave
Majorana fermions [5, 69], or anyons. Dierent choices should give the same results if we were to solve the slave particle (parton) theory exactly and taking proper
accounting of the local Fock space constraints. Such an exact parton solution can
astonishingly be found for the 2D Kitaev honeycomb model with an exactly solved
gapped and gapless ground states (which is realized depends on the ratios of the
three exchange couplings in the Kitaev model) with spin- 1/2 Majorana fermions
spinons, which in the equal-exchange Kitaev honeycomb model have a Dirac dispersion, and spin-0 Z gauge uxes which are gapped and static, with mutual Ising
anyon statistics between the Majorana fermion spinons and gauge uxes [57]. In
most cases, though, and especially in the case of the kagome antiferromagnet, an
exact solution seems out of reach and we are forced to consider either approximations, like the mean-eld approximation below which will take us quite far, or even
direct numerical simulation of the spin Hamiltonian [2]. When doing mean-eld approximations of the slave particle rewritten Hamiltonian, though, the choice of the
slave particle (spinon) statistics can bias our results, and must thus be carefully considered. Specically, we can gain mean-eld access to dierent candidate quantumspin-liquid states by adjusting this choice [68]. As the purpose of this discussion is
only to gain a general feel of the many aspects of quantum spin liquid physics, we
will stick with the popular slave-fermion approach here [2].
2

3.6.2 Zeroth-order mean-eld approximation

As we saw, the Heisenberg antiferromagnetic Hamiltonian [Eq. (3.12)] rewritten
using fermionic spinons is highly interacting Eq. (3.13) and thus a priori intractable,
except in very special cases. To gain a handle on it we introduce the mean-eld
approximation to make it noninteracting, similarly to what was done in section 2.3,
the mean-eld decoupling quantum-mechanically decouples the fractional spinons
instead of full spins (which correspond to specic bound states of spinons). We
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obtain the general form [2]:


 1
3
†
†
†
†
Hex = kB J
tr(uij uij ) − (ψi ui jψj + ψj ui j ψi )
8
2
ij

+
aα ψi† σ α ψi

(3.14)

i,α

where we introduced the vector operator ψi = (f↑ , f↓† ), which is dierent from the
2 × 2 operator Ψi in Eq. (3.8), the mean-eld average of a real auxiliary eld aα =
aαi with α = 1, 2, 3 enforcing the single-occupancy constraint [Eq. (3.9)] in the
more fundamental path-integral formulation [2], and a 2 × 2 matrix of mean-eld
expectation values:
⎤
⎡
∗
χij Δji
⎦
uij = ⎣
Δij −χji
 †
(3.15)
fi,s fj,s
χij =
s

Δij = fi,↑ fj,↓ − fi,↑ fj,↓
We also replace the exact single-occupancy constraint of Eq. (3.9) by its average [2]:

ni,s = 1
(3.16)
s

Sometimes this averaged constraint is modelled as generalized grand-canonical contribution to the mean-eld Hamiltonian of Eq. (3.14) in the form of Eq. (2.15) with
an eective nite chemical potential μ for the spinons [70].
As the mean-eld Hamiltonian Eq. (3.14) consists of only quadratic terms in
the spinons f it can in principle be diagonalized given the mean-eld parameter
ansatz (uij , aα ). A self-consistent solution could then be found as in section 2.3.
However, as for general mean-eld ansätze (uij , aα ) the Hamiltonian Eq. (3.14) does
not preserve the number of spinons, and its ground state is thus not a physical
one because it violates the single-occupancy constraint of Eq. (3.9) and thus must
be Gutzwiller projected before we get a physical state, it is often the case that the
mean-eld ansatz parameters (uij , aα ) are treated as free parameters not constrained
by self-consistency with the mean eld wavefunction |ψMF , with the best choice for
this parameters obtained by variationally comparing the energies of the physical
Gutzwiller-projected wavefunctions [2]. This is also done because the variational
energy, i.e. the quantum-mechanical average of the original spin model Hamiltonian
on this wavefunction, of the mean-eld wavefunction |ψMF is often rather poor and
improves considerably after a Gutzwiller projection [2]. However, one hopes that
the mean-eld and Gutzwiller-projected quantum spin liquid wavefunctions are not
qualitatively dierent, such that the mean-eld solution can itself be taken as being
at least qualitatively close to the underlying truth, and justies its interpretation in
terms of spinons and, as we will see when we upgrade the basic mean-eld theory,
gauge elds. It is expected, though, that e.g. specic energy scales or eective
spinon properties (e.g. their eective masses), might get rescaled after performing
this projection.
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However, if we were to ignore the Gutzwiller projection and instead derive a selfconsistent wavefunction from the mean-eld Hamiltonian we would get the following
self-consistent mean-eld static spin correlations from Eq. (3.15):
Si · Sj = −


3
|χij |2 + |Δij |2
8

(3.17)

Assuming that the Gutzwiller projection does not qualitatively change this result,
we see that reasonable mean-eld ansätze corresponding to disordered quantum
spin liquids, i.e. with no long-range static spin correlations, must have short-ranged
mean-eld parameters uij that quickly decay with the separation between sites i and
j.
Let us mention one specic mean-eld ansatz, that of a zero-ux state, given
by χij = χ ∈ R on nearest-neighbouring bonds and χij = 0 otherwise, Δij = aα =
0 for all i, j , and α = 1, 2, 3. This ansatz results in a simple second-quantized
tight-binding Hamiltonian (i.e. the Hubbard model [Eq. (2.13)] with no Coulomb
interactions U = 0) [2]:
 †
3
(ci,s cj,s + c†j,s ci,s )
HH = − kB Jχ
8

(3.18)

ij,s

with an eective hopping of t = 38 kBJχ. Spinons in this state behave in the meaneld approximation as noninteracting electrons in a solid, even though this description is valid in a strongly-interacting Mott insulator with a quantum-spin-liquid
ground state. When the spinon dispersion obtained from this model results in an
extended spinon Fermi surface, and especially when upgraded with a certain type
of gauge eld, the resulting quantum spin liquid becomes one example of a so-called
spinon metal, a spinon analogue of a band metal of electrons, as we will see below
[18, 70, 71].
3.6.3 Gauge elds, classication of quantum spin liquids and
a universe in a crystal

The mean-eld Hamiltonian can easily be seen to be invariant under local
transformations [2]:
ψ → Wi ψi
uij → Wi uij Wj†

SU(2)

(3.19)

where Wi ∈ SU(2) is a 2 × 2 special unitary matrix, i.e. a unitary matrix with
determinant equal to one. Such transformations thus constitute a SU(2) gauge
structure on the mean-eld solutions as any two ansätze that are related by a gauge
transformation lead to the same mean-eld and also Gutzwiller-projected physical
quantum-spin-liquid states. These gauge transformations are thus not physically
observable as they only describe a redundancy in the description of the mean-eld
Hamiltonian [2, 41].
However, when we wish to describe not just the mean-eld ground state but also
the gapped or gapless excitations above it, a certain subclass of these gauge transformations does become physically observable. Specically, we can go back to the original spin model Hamiltonian [Eq. (3.12)] in the slave-fermion formalism [Eq. (3.13)]
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and write the statistical partition function in terms of a Feynman path integrals
[2, 3]. The mean-eld approximation above is recovered as the zeroth-order, saddlepoint approximation to the full path integral. In the rst-order approximation the
previous mean-eld ansatz parameters (uij , aα ) that were in the zeroth-order theory treated as constants become dynamical quantities [2, 3], with their uctuations
called gauge uctuations. Gauge uctuations correspond to spin-singlet excitations
[2], i.e. rearrangements of the valence bonds in a resonating-valence-bond state, and
are physically observable as they mediate eective interactions between spinons that
are otherwise noninteracting in the zeroth-order mean-eld theory [3]. The impact
of these additional gauge interactions can either be tame and not aect the quantum
spin liquid too much, resulting in eective Fermi liquid behaviour, or it can have
a profound impact on the quantum spin liquid, resulting in non-Fermi liquid behaviour. This depends on the specic quantum-spin-liquid ground states described
by the zeroth-order mean-eld ansatz (uij , aα ) [3].
The gauge symmetry of the physical gauge elds that mediate interactions between spinons in a stable quantum-spin-liquid state can be shown to equal the
invariant gauge group (IGG) of its mean-eld ansatz (uij , aα ), which is dened as a
subgroup of the full SU(2) group consisting of those group elements that leave the
zeroth-order mean-eld parameters uij unchanged under a gauge transformation of
Eq. (3.19) [2, 41]:

IGG = {Wi ∈ SU(2)|Wi uij Wj† = uij } < SU(2)

(3.20)

The invariant gauge group of a zeroth-order mean-eld ansatz thus determines the
gauge symmetry of the rst-order gauge uctuations in the quantum spin liquid. In
the slave-fermion formalism we have three natural candidates for this gauge symmetry: SU(2), U(1) and Z2 [2]. These give names to dierent quantum spin liquids
which we call SU(2), U(1) or Z2 quantum spin liquids, accordingly. In general SU(2)
quantum spin liquids are expected to be unstable due to many gapless gauge uctuations, U(1) quantum spin liquids are expected to be more stable but still with
gapless gauge excitations, while Z2 quantum spin liquids have gapped gauge uctuations, acquiring this gap via the AndersonHiggs mechanism [2, 4], and are expected
to be the most stable [2].
The spinons themselves can also independently have a gapped or a gapless dispersion. The most common options are either gapped spinons in gapped quantum
spin liquids, gapless spinons with a Dirac dispersion resulting in Dirac quantum
spin liquids, e.g. U(1) Dirac quantum spin liquids, or spinons with an extended
gapless Fermi surface with a nite density of states at the Fermi level, at least as
long as a Fermi-liquid description is appropriate, i.e. when gauge uctuations are
not too strong, called spinon-Fermi-surface quantum spin liquids. Spinon-Fermisurface quantum spin liquids, especially when possessing U(1) gauge symmetry, are
also called spinon metals for short [18, 71] due to them being described by an effective theory closely analogous to the theory of electrons in an ordinary metal,
only inside an electrical Mott insulator with fractional spinon excitations taking the
place of regular electrons and emergent gauge elds simulating eective Coulomb
interactions between these spinons.
Finally we note that since the emergent rst-order gauge uctuations in the
quantum spin liquid mediate eective interactions between the fractional spinon excitations the spinons therefore acquire eective gauge charges. The latter do not
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correspond to the original electron charge but are instead an emergent property
of the highly quantum-entangled quantum-spin-liquid ground states of spin model
Hamiltonian. We see that quantum spin liquids can be described in the same language and using similar eective Lagrangians, at least in the continuum limit, as the,
so far as we can tell, fundamental particles of particle physics [3]. In this language
quantum spin liquids are thus seen as simulators of alternate universes with a different particle content (as depending on the quantum spin liquid we can also obtain
multiple avours of spinons, spinons with dierent, even anyonic, statistics [57],
etc.), a dierent set of eective gauge interactions between them (with SU(2) gauge
uctuations corresponding to emergent weak interactions, U(1) to emergent electromagnetic interactions, with Z2 having no close analogue from particle physics), and
in a dierent number of spacetime dimensions ( 1 + 1 for 1D quantum spin liquids,
2 + 1 for 2D quantum spin liquids, and 3 + 1 for 3D quantum spin liquids) [3]. The
incredible richness of emergent low-energy physics, obtained via many-body eects
in the form of quantum entanglement from the simple frustrated antiferromagnetic
Hamiltonian of Eq. (3.12), is quite humbling, and leads to speculation about whether
the fundamental particles and elds of the Standard Model of particle physics might
not themselves only be emergent phenomena in a some system with possibly completely dierent truly-fundamental degrees of freedom [3].
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Quantum phase transitions and
quantum criticality
The most incomprehensible thing about the world is that
it is at all comprehensible.
Albert Einstein (18791955)

You have got to welcome and embrace complexity.
Paul Singer (1944)

4.1 Quantum phase transitions
At a thermal (classical) phase transition the ground state (phase) of a system changes
non-analytically as we vary the temperature, due to a change in the temperaturedependent balance between the energy and the entropy of the system, specically
when the phase that yields the lowest free energy suddenly changes. In contrast,
a quantum phase transition refers to a non-analytical change in the ground state
of the system at zero temperature, where some other, external, continuous tuning
parameter g (e.g. pressure, applied magnetic eld etc.) is varied instead of the
system's temperature [72]. It occurs due to a level crossing between the system's
ground state in one phase with the ground state of a dierent phase as the tuning
parameter is varied across the critical value g = gc, i.e. when an excited state
at g < gc becomes the ground state at g > gc and vice versa. To produce nonanalyticity in the ground state, and thus be regarded as a true quantum phase
transition, the system must experience a true level crossing at g = gc, not an avoided
one (see Fig. 4.1), which in a nite system is only possible if the system Hamiltonians
H(g) at values of g near gc commute1 . Most quantum phase transitions, however,
are not of this kind, but instead occur in the innite-size limit of systems with
an avoided level crossing, where the crossing becomes progressively sharper as the
system size is increased, only becoming innitely sharp, i.e. a true level crossing, in
an innite system [72].
Explicitly, if for any two values g1 and g2 of the tuning parameters g in the vicinity of the
critical point gc , i.e. g1 , g2 ∼ gc , we have: [H(g1 ), H(g2 )] = 0.
1
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Figure 4.1: Schematic of (a) a true level crossing, and (b) of an avoided level crossing
of two energy levels as a tuning parameter g is varied. Reproduced from Ref. [72].
In a macroscopic system we are usually not concerned only with a single ground
state of the system, but also by its attendant low-lying excitations, as these generate
the actual dynamical response of the system. The ground state and its low-lying
excitations together constitute what is called a phase of matter. In a continuous
quantum phase transition each of the two energy levels involved in the ground-state
level crossing is usually only the bottom of a relatively-narrow band of excitations
above that level, meaning that the quantum phase transition really is a phase transition, i.e. a transition between dierent phases of matter, not just a non-analyticity
in a single ground-state energy level. As such, it can occur when we have strong
competition between dierent phases of the system that depends on some parameter
g , or when the temperature of a continuous thermal phase transition is driven down
to zero via some tuning parameter g.
Going further, the presence of a quantum phase transition between two states as
we tune the parameter g implies that the Hamiltonians for which those are grounds
states are not adiabatically connected, meaning there is no way to smoothly deform one Hamiltonian into the other with any tuning parameter g , not just the
original g, without there being a singularity in the form of a level crossing somewhere in between [73]. This partitions the space of all possible Hamiltonians into
adiabatically-connected sets, which we call quantum phases, with an unavoidable
quantum phase transitions as we cross from one quantum phase to another. One
important example of adiabatically connected phases, so actually the same quantum
phase, are the Fermi gas and the Fermi liquid states, with the tuning (deformation)
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parameter g being the strength of the electronelectron Coulomb repulsion, with no
quantum phase transition in between. This is the reason that we can describe the
quasiparticles in both states using the same quantum numbers. They are, however,
by denition in a dierent quantum phase than non-Fermi liquids, where the Fermi
liquid quasiparticle description breaks down, and when going from a Fermi liquid to
a non-Fermi liquid we encounter a quantum phase transition.
Sometimes we can detect that two Hamiltonians belong to dierent quantum
phases, and thus that a quantum phase transition between them cannot be avoided.
Most notably this happens in the case when the symmetry of the ground state in the
two phases is dierent, resulting in a Landau-type quantum phase transition with
spontaneous symmetry breaking, and in the case when the ground states of the two
phases take on dierent discrete values of a topological invariant, which results in a
topological quantum phase transition with a jump between dierent values of this
invariant at the transition [73]. Landau-type quantum phase transitions have quite
similar properties to thermal phase transitions as they involve spontaneous symmetry breaking as do continuous thermal phase transitions, while topological quantum
phase transitions are not captured in the classical picture of phase transitions. Both
Landau-type and topological quantum phase transitions, however, share a common
feature in that we could detect that a quantum phase transition between two states
was necessary by calculating a discrete-valued property that discriminated between
those states (the symmetry group in Landau-type quantum phase transitions, or
the value of some topological invariant in topological quantum phase transitions),
as a smooth adiabatic deformation of the system Hamiltonian as some parameter g
is varied cannot change such a discrete value, unless the value suddenly jumps, in
which case we have a quantum phase transition, or quantum critical point, at this
point of non-analyticity. When this occurs between two gapped quantum phases the
excitation gap at the transition must also close, which renders the system gapless
at the quantum critical point [73].

4.2 Critical uctuations and scale invariance
All phase transitions can be categorized by their orders. First order thermal phase
transitions involve nite latent heat, which allows for the possibility of a mixed-phase
regime where dierent phases coexist (e.g. partially melted ice) and for hysteresis
phenomena. Magnetic systems usually experience second-order (continuous) or even
innite-order (smooth) transitions. At a second-order phase transition the correlation length and correlation time, which can be thought of as the typical length
and time scales of the system, diverge, producing gapless scale-free uctuations,
diverging susceptibility and power-law correlations. A classical example is that of
critical opalescence of a uid, e.g. water, at its critical point where scale-free density
uctuations, including uctuations at visible-light wavelengths, strongly scatter any
incoming light, which results in a milky appearance of the uid. The classical theory
of thermal second-order phase transitions based on spontaneous symmetry breaking
was furnished by Lev Landau (19061968).
At zero temperature a quantum phase transition is second-order if the characteristic energy scale of uctuations above the ground state vanishes at the quantum
critical point g = gc , usually as a power-law in |g − gc |, rendering the excitations at
the quantum critical point scale-free and gapless. The vanishing of any characteris71
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tic (preferred) energy scale, implies that the microscopic parameters of the system
Hamiltonian, like the bare values of interaction energies (e.g. exchange energies

J ),

cannot aect the strongly-coupled quantum critical regime [72]. This imbues such
phase transitions with strong universality properties and implies their classication
into universality classes.
While a true quantum phase transitions occurs only at zero temperature and at
precisely

g = gc ,

it strongly aects the system's behaviour also at non-zero tem-

peratures and in a nite interval of
quantum-critical region in the

g T

g

around

gc

[72]. This results in an extended

phase diagram with a typical `fan' shape above

the quantum critical point (Fig. 4.2) in which the system is in a strongly-coupled
many-body state [72]. A non-zero temperature in the quantum-critical region reintroduces a preferred energy scale for uctuations of

kB T , where kB

is the Boltzmann

constant, meaning that all dynamical properties of the system should be expressible
in terms of universal functions of

T,

where



ω/kB T ,

with possibly a power-law prefactor in

ω is the angular frequency of the
g = gc , as for g = gc the dierence in
level-crossing Δ (Fig. 4.1), usually a

is the reduced Planck constant and

uctuations [72]. This is strictly true only for
the energies of the two levels involved in the
power-law in

|g − gc |,

provides an additional energy-scale breaking scale-invariance

and resulting in a well dened non-critical phase at zero temperature. However, for
only a slightly detuned

g = gc ,

and while

Δ

kB T ,

the system behaves, to a good

approximation, as if it were actually at the critical point
that

Δ(g)

kB T

g = gc .

The condition

is what gives the quantum-critical region its typical `fan' shape

5FNQFSBUVSF

(Fig. 4.2) [72].
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Figure 4.2: Typical phase diagram near a quantum phase transition between two
phases, A and B. At zero temperature the quantum phase transition occurs at a
well-dened value of an external tuning parameter (quantum critical point), while
at elevated temperatures the quantum critical region extends into a wider `fan' where
scale-free uctuations dominate. Adapted from Ref. [1].
The nite-temperature quantum-critical region is thus a non-trivial stronglycoupled many-body state, often a non-Fermi liquid, described by universal scaling
laws for observables expressible purely as functions of
72
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power-law prefactor in T , with no dependence on the energies connected with the
microscopic parameters of the system Hamiltonian 2 . Applying this reasoning to
some excitation-frequency dependent quantity A(ω), e.g. the dynamical spin susceptibility χ (ω) which we will dene in Eq. (5.14), we obtain the typical scaling
form [72, 74]:

A(ω) ∝ T F
ζ

ω
kB T



(4.1)

in the quantum-critical region, where ω is the angular frequency of uctuations, T
is the temperature, and ζ and F are the prefactor exponent and universal scaling
function, respectively, appropriate for the quantity A(ω).
The presence of scaling laws makes quantum criticality somewhat tractable, despite it being in the strongly-coupled and often non-Fermi liquid regime [75]. Scale
invariance at a quantum phase transition in some cases also lends itself to analysis using the powerful methods developed to treat conformal eld theories (CFT's)
[75, 76], one of which is the holographic or anti-de Sitter/conformal eld theory
correspondence (AdS/CFT), whereby a strongly-coupled quantum conformal gauge
theory is transformed into its classical weakly-coupled gravitational dual, a black
hole in negatively curved anti-de Sitter space, and which was originally discovered
and developed in the context of string theory [77, 78].

The microscopic parameters of the Hamiltonian only delineate the boundary of the quantumcritical region, i.e. the `fan' shape, as they aect the magnitude of the level-splitting Δ when we
detune g from the quantum critical point, but they do not aect the scaling laws that hold within
the quantum-critical region, which is dened by Δ kB T .
2
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Chapter 5
Experimental techniques
You can practice shooting eight hours a day,
but if your technique is wrong,
then all you become is very good at shooting the wrong way.

Michael Jordan (1963)

5.1 Dynamical susceptibility and linear response
5.1.1 Denition

Experimental techniques that we will present in this section all include subjecting
a sample to some perturbation and observing how it responds to it, or by observing
in what way the intrinsic elds and uctuations in the sample act as perturbations
to some probe system under our control. We will be able to describe both situations
in the unifying language of linear response theory that will allow us to connect
the observables from all of these techniques to a single entity, the dynamical or
generalized susceptibility tensor χ(q, ω), measured in dierent technique-specic
parameters regions or limits of its two parameters of wavevector q and angular
frequency ω. As we will be interested in studying magnetic materials, we will be
concerned with the magnetic dynamical susceptibility, but this is not the only kind
of dynamical susceptibility possible and not always the only contribution to the
observed response. A usual source of additional contributions to observables in
some measurement techniques is e.g. the lattice dynamical susceptibility due to
phonons, i.e. vibrations of the crystal lattice. For simplicity, and due to the nature
of the materials we will be studying, we will only consider the magnetic dynamical
susceptibility in the following but will omit the explicit adjective magnetic.
To derive it, let us consider what happens when we subject a spin system to
some position x and time t dependent magnetic eld with strength H(r, t), a type
of magnetic perturbation. The sample will in general develop some position- and
time- dependent additional magnetization ΔM (r, t) = M (r, t)−M0 over the initial
magnetization M 0 as a response, which will depend on the applied magnetic eld.
For a weak perturbing magnetic eld this response is also expected to be weak, and,
in analogy to a Taylor expansion, to be linear in the applied eld. If we further
assume a periodic (on average translationally-invariant) and stationary (on average
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time-independent) system, we obtain in the linear response regime a convolutional
dependence of the additional magnetization [27]:



ΔM (r, t) =

dr





∞
−∞

with the susceptibility tensor

χ(r, t)

dt χ(r − r  , t − t )H(r  , t )

(5.1)

connecting the applied eld to the linear re-

sponse of the magnetization. To obey causality we must have

χ(r, t) = 0

for

t < 0,

i.e. the response must not precede the perturbation.
The simultaneous Fourier transform of this susceptibility tensor over both position and time already gives us the (magnetic) dynamical susceptibility [27]:



χ(q, ω) =

dre

−iq ·r



∞

dte−iωt χ(r, t)

(5.2)

0

where the lower time-integration limit of

t = 0

comes from causality.

This is a

sensible denition, as convolutions become ordinary products under Fourier transformation and Eq. (5.1) becomes simply a product in Fourier space [79]:

ΔM (q, ω) = χ(q, ω)H(q, ω)

(5.3)

5.1.2 KramersKronig relations
As a direct consequence of the causality relation

χ(r, t) = 0

for

t<0

we obtain,

under mild assumptions, that the dynamical susceptibility extended to complex
angular frequencies

ω = z ∈ C

is analytic in the upper complex half-plane that

it obeys the KramersKronig relations that hold for its real and complex parts

χ(q, ω) = χ (q, ω) + iχ (q, ω)

[79]:

 ∞ 
χ (q, ω  ) 
1
χ (q, ω) = P
dω

π
−∞ ω − ω
 ∞ 
χ (q, ω  ) 
1

χ (q, ω) = − P
dω

π
−∞ ω − ω


where

P

(5.4)

denotes the principal part of the integral. These relations are also known

under the names SokhotskiPlemelj theorem and Hilbert transform. They allow us
to reconstruct the real from the imaginary part of the dynamical susceptibility and
vice versa.
The physical signicance of this comes e.g. from the fact that the absorption
coecient of electromagnetic waves in a medium is proportional to the imaginary
part of the medium's dynamical susceptibility

χ (q = 0, ω)

times the angular fre-

quency (see Eq. (5.27) in subsection 5.3.1), allowing us to reconstruct the static
susceptibility

χ (q = 0, ω = 0)

from the absorption spectrum [Eq. (5.28)] [27, 80].

Furthermore, as both the magnetization and the applied eld are real quantities,

χ (q, ω) is an
function of ω [27]:

it follows that the real part of dynamical susceptibility
of

ω,

while the imaginary part



χ (q, ω)

is an odd

χ (q, ω) = χ (q, −ω)
χ (q, ω) = −χ (q, −ω)

even function

(5.5)

This allows us to use only the positive- or negative-frequency part of the response
to reconstruct the whole response at any frequency. This fact will be very useful in
section 7.2.
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5.1.3 Fluctuation-dissipation theorem and correlation functions

Thus far, we have treated the system as a black box with some unknown microscopic
cause of the observed dynamical susceptibility. Let us now focus on spin systems of
chapter 2, where we have discrete identical spins that interact with the applied eld
through the Zeeman interaction [Eq. (2.1)], as these will be our focus of this Thesis.
The macroscopic magnetization can in such systems be expressed as a quantummechanical average:
M (r, t) =

γ 
S i (t)δ(r − r i )
V i

(5.6)

where γ is the gyromagnetic ratio of individual spins,  is the reduced Planck constant, V is the sample volume, ri is the position of the i-th spin S i, and A
denotes the quantum average of the operator A at a nite temperature, explicitly:
A = tr(ρA) where ρ is the density matrix, and δ(r) is the delta function.
The eect of an applied eld is thus to cause a change in the time-dependence of
the average spin S i (t) in the spin system. In the linear response approximation
it turns out that we can express the dynamical susceptibility, which describes this
response of the system to an external perturbation, purely in terms of thermal
averages of correlations (uctuations) of the system at thermal equilibrium [79].
Ultimately, we obtain the uctuationdissipation theorem for the imaginary part
of the dynamical susceptibility at a nite temperature T [81, 82]:


χ (q, ω) ∝ γ 2 1 − e−βω S(q, ω)

(5.7)

where β = 1/kBT and kB is the Boltzmann constant, relating it to the dynamical
spin correlation functionalso called the scattering function [79] as it is proportional
to the scattered intensity in e.g. inelastic neutron scattering [81, 82]encoding
through a Fourier transform the spin uctuations in the studied system at thermal
equilibrium [81, 82]:
1
S(q, ω) =
2π



1
=
2πN

∞

dte−iωt

−∞





e−iq ·r i S 0 (0) ⊗ S i (t) =
(H)

i

∞

dte

−iωt

(H)
S −q (0)

−∞

(H)

(H)

(5.8)

⊗ S q (t)

where ⊗ denotes the usual 3D tensor product of vectors (not the quantum-mechanical
tensor product from many-body quantum systems), . . . denotes the thermal average under the thermal density matrix ρ0 = exp (−βH) where H is the system
Hamiltonian, e.g. the spin model Eq. (2.5), N is the number of spins in the system,
and we write the spin operators S (H)
i (t) at time t and their spatial Fourier transforms
(H)
S q (t) in the Heisenberg picture:
H

H

S i (t) = ei  t S i e−i  t

(H)
(H)
S q (t) =
e−iq ·r i S i (t)
(H)

i
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where S i is the spin operator in the ordinary Schrödinger picture 1.
The uctuationdissipation theorem [Eq. (5.7)] is the reason why we can obtain
so much information about a spin system by measuring its response to magnetic
perturbations, as it tells us that we are really measuring the intrinsic thermalequilibrium spin correlations (uctuations) in the system at given angular frequencies ω and momenta q.
We note that the dynamical spin correlation function obeys various sum rules,
one of which states that its integral over the whole Brillouin zone and across all
angular frequencies, both positive and negative, is a temperature-independent constant given only by the size S of the spins in the system [81]. This means that any
temperature dependence of the dynamical spin correlation function S(q, ω) can only
redistribute it weight in the Fourier (q, ω)-space, but its total weight remains xed.
5.1.4 Spectral representation

Note that since the imaginary part of the dynamical susceptibility χ(q, ω) is antisymmetric in ω [Eq. (5.5)] the presence of the temperature- and energy-dependent
prefactor 1 − exp(−βω) in the uctuationdissipation theorem is equivalent to the
statement called the principle of detailed balance that states for the dynamical spin
correlation function [79, 83]:
S(q, ω) = eβω S(q, −ω)

(5.10)

In other words, the uctuations at positive and negative frequencies are related
to one another, and those at positive frequencies are comparatively stronger than
those at negative frequencies. Namely, S(q, ω) > S(q, −ω) at a nite temperature
for ω > 0, and S(q, −ω) = 0 at zero temperature.
We can justify this by expressing the dynamical spin correlation function in the
so-called spectral representation, by writing its denition Eq. (5.8) in an orthonormal
basis {|n } of the spin Hamiltonian H |n = En |n , where En is the eigenenergy of
the eigenstate |n [83]:
S(q, ω) =


n,m

snm (q) =





e

−βEn

δ


Em − En
− ω snm (q)


e−iq ·r i n|S 0 |m ⊗ m|S i |n =

(5.11)

i

1
=
n|S −q |m ⊗ m|S q |n
N

where we introduced the tensor snm (q) = s∗mn(−q) that encodes the whole spatial
dependence of the correlations, specically the spin correlations, expressed from the
transition amplitudes m|S q |n , which also encode selection rules, at the wavevector2 q, but are independent of the actual eigenenergies and of temperature 3. From
One has to beware that the above expressions are strictly valid only when S(q, ω) = S(−q, ω),
e.g. when the system has inversion symmetry.
∗
2 Note that S † = S
= n|S †q |m = n|S −q |m in the
−q and so we could also write m|S q |n
q
Fourier-space expression for snm (q) in accordance with Eq. (5.8).
3 Note that here the spin operators S and their Fourier transforms S are now written in the
q
i
Schrödinger picture.
1
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this expression we can see that uctuations only occur at angular frequencies that
correspond to transitions between the energy levels of the system, i.e.

ω = Em −En ,

as is only possible, and that the probability for a uctuation is modulated by the

exp(−βEn )

Boltzmann thermal population factors
energy level

En

giving the probability that an

is occupied. We can easily manipulate this expression to directly

prove that Eq. (5.10) holds, as long as

snm (q) = smn (q).

To further interpret its physical content in the context of the system's response
to perturbations we can also rewrite the dynamical susceptibility in the spectral
representation using the uctuationdissipation theorem:



χ (q, ω) ∝ 1 − e−βω S(q, ω) =




Em − En
−βEn
−βEm
e
δ
=
−e
− ω snm (q)

n,m

(5.12)

The dynamical susceptibility is proportional to the probability that the system will
absorb (if positive) or emit (if negative) a quantum of energy
tion

ω = Em − En

ω .

By the above equa-

for any pair of energy levels with a non-zero tensor

snm (q)

and

the probability for such a transition proportional to the dierence of the Boltzmann
thermal population factors of the two energy levels

exp(−βEn ) − exp(−βEm ).

5.1.5 Homogeneous dynamical susceptibility
For homogeneous response which corresponds to

q =0

the expression for the dy-

namical spin correlation function Eq. (5.8) reduces to a simpler but very useful
form:

where

1
S(q = 0, ω)
2πN
 (H)
S (H) = i S i



∞
−∞

dte−iωt S (H) (0) ⊗ S (H) (t) ∝

χ (q = 0, ω)
1 − e−βω

(5.13)

is the total spin operator of the system in the Heisenberg

picture. We often write the homogeneous dynamical susceptibility by suppressing
the

q=0

in our notation and writing just

Expressing the

x

axis diagonal component of this tensor we obtain for the dy-

namical susceptibility via Eq. (5.7):

χxx (ω)

≡

χ (ω) ≡ χ (q = 0, ω).



χxx (q

−βω

= 0, ω) ∝ 1 − e

 ∞
1
−βω
1−e
dte−iωt
=
4
−∞





∞
−∞

dte−iωt S x,(H) (0)S x,(H) (t) =

S +,(H) (0)S −,(H) (t) + S −,(H) (0)S +,(H) (t)
(5.14)

where

S +,(H) = S x,(H) + iS y,(H)

and

S −,(H) = S x,(H) − iS y,(H)

are the spin raising and

spin lowering operators, respectively, that increase the projection of the total spin

−1,

respectively, which correspond to spin-ip processes,

as argued in subsection 3.5.2.

For the last equality we assumed that this is the

onto the

z

axis by

+1

and

response of a system for which the

Sz

projection of the total spin onto the

z ⊥ x is a

good quantum number, i.e. that the spin Hamiltonian [Eq. (2.5)] is isotropic under
rotations about the

z

axis (e.g. a Hamiltonian with only Heisenberg interactions as

S ±,(H) (0)S ±,(H) (t) = 0. A further simplication comes e.g.
in nuclear magnetic resonance where ω
kB T and so the prefactor becomes to a
good approximation simply 1 − e−βω ≈ ω/kB T .
in Eq. (3.12)), as then
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5.2 Bulk techniques
Bulk experimental techniques are those with which we measure the bulk (i.e. averaged over the entire sample volume) response of a system to an external perturbation, without being able to distinguish between the individual parts of the system
that contributed to the observed total response. In other words, they oer no site
selectivity, in sharp contrast with local-probe techniques (see section 5.3). Spin
susceptibility measurements (subsection 5.2.1) and torque magnetometry (subsection 5.2.2) are two bulk experimental techniques that we describe below, as we will
rely on them later on, but the category of bulk techniques also includes specic-heat
measurements and many other techniques. In the cases of spin susceptibility and
torque magnetometry what is measured is the static magnetic response of a system
to a homogeneous external perturbation. In the linear response regime this corresponds to measurements of the real part of the susceptibility tensor at q = 0 and
ω = 0, i.e. measurements of χ = χ (q = 0, ω = 0).
5.2.1 Spin susceptibility measurements
Applying a static magnetic eld with strength H to a system with magnetic, e.g.
spin, degrees of freedom generates a response in the form of an induced magnetization M . For systems with no spontaneous magnetization at zero eld strength, e.g.
systems that exhibit no long-range magnetic order, the response of the magnetization to an applied eld can usually be well approximated as being linear, at least for
small-enough applied elds. In other words, the rst term in the Taylor expansion
of M over H is usually dominant for small elds, which we can express as:
M = χH

(5.15)

where the static magnetic susceptibility tensor is dened as χ = ∂M /∂H , or equivalently in terms of its components as χij = ∂Mi /∂Hj . Magnetization is usually
experimentally measured by applying a small eld of known magnitude and direction and measuring the induced voltage either in pick up coils when a magnetized
sample is moved or, with greater precision, by a superconducting quantum interference device (SQUID) magnetometer. The components of the (dierential) magnetic
susceptibility tensor can then be approximated by χij ≈ Mi /Hj as long as the linear
approximation is valid.
In practice, we often measure the whole temperature dependence of magnetic
susceptibility χ in one run. We can either start at a high temperature, turn on
the eld and measure while cooling the sample downthis is called a eld-cooled
(FC) experimentor we can rst cool the sample to base temperature in zero eld,
only then turn on the eld and start measuring while heating the sample upthis
is called a zero-eld-cooled (ZFC) experiment. The measurement protocol can also
be combined by rst performing a ZFC experiment while warming up and then
a FC one while cooling back down. In the temperature range where the system
behaves reversibly (e.g. in a paramagnetic or a quantum-spin-liquid state) both
measurements produce the same magnetization curve M (T ), while if the system
starts to behave irreversibly below a certain temperature, due to multiple stable or
metastable states in its free energy landscape (e.g. in a magnetically ordered state,
or in a spin glass, which is a partially frozen disordered spin state), the ZFC and
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FC curves bifurcate with MFC (T ) generally being larger than MZFC (T ) (Fig. 5.1).
A non-zero dierence between the FC and ZFC magnetizations is called a ZFC
FC splitting and generally increases with the applied eld. A non-zero ZFCFC
splitting indicates an, at least partially, frozen magnetic state, and when it cannot
be attributed to parasitic phases or other impurities, can rule out a sample as a
quantum spin liquid candidate.

Figure 5.1: An example of ZFCFC splitting in a single crystal of Fe 0.5Mn0.5TiO3
upon entering the irreversible spin glass state below the spin glass freezing temperature Tg [84]. Reproduced from Refs. [31, 85].

5.2.2 Torque magnetometry
Torque magnetometry is a bulk experimental technique that directly determines the
anisotropy of the magnetic response of a system by measuring the magnetic torque
τ on a sample due to a misalignment between the induced magnetization M and
the applied static external eld H [13], which can be expressed as:
(5.16)
τ = μ0 V M × H
where V is the volume of the sample, and μ0 the vacuum permeability. When the
magnetic response is isotropic the induced magnetization is necessarily parallel to
the applied external eld M  H and the torque on the sample is thus identically
zero, τ = 0. The only way that we can obtain a non-zero torque is if the bulk
magnetic response of the sample is anisotropic, i.e. direction dependent. In this sense
torque magnetometry measures bulk magnetic anisotropy directly as any isotropic
contribution to the magnetization response is inherently ltered out.
This means that torque magnetometry is exquisitely sensitive to anisotropies in
magnetic susceptibility, even when those are below the experimental uncertainty
of direct susceptibility measurements (e.g. when the magnetization has a large
isotropic component that masks a much smaller anisotropic component in direct
susceptibility measurements). It, however, also means that torque magnetometry
can only be used on single crystalline samples as a polycrystalline, e.g. powder,
sample of randomly-oriented crystallites always responds isotropically on average
and thus always produces a net zero torque.
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M = χH , we can use torque magnetometry
to determine the directions of the bulk magnetic eigenaxes, i.e. axes where M  H ,
which correspond to eigenvectors of the susceptibility tensor χ, and along which the
In the linear response regime, where

magnetic torque vanishes. We can also determine the magnetic anisotropies, which
are given by the dierences between the eigenvalues of

χ.

We cannot determine the

individual eigenvalues themselves as a simultaneous shift of all eigenvalues, corresponding to adding an isotropic contribution to the magnetization, would produce no
extra torque and would thus be unobservable by torque magnetometry. If we wish to
obtain full knowledge of the susceptibility tensor

χ

we thus need to supplement our

magnetic torque measurements by a single scalar measurement of susceptibility, e.g.

n̂ · χn̂

the eective susceptibility

of a powder version of the sample

along a certain direction

n̂,

or the susceptibility

tr(χ)/3.

We usually measure a single component of the magnetic torque
a specic axis, which we will call the

z

τz = τ · êz

along

laboratory axis and dene a unit vector

êz

parallel to it, as a function of the orientation of the magnetic eld applied within the

x y

laboratory plane orthogonal to it. We can safely set to zero any component of

the applied magnetic eld
the measured torque

τz

H

along the

z

axis, as such a component cannot change

as it can only produce a torque

⊥ êz

by Eq. (5.16). In the

linear response regime we thus have:

τz = τ · êz = μ0 V H 2 (l̂ · χĥ)

(5.17)

H = |H|, ĥ = H/H is the direction of the applied eld and l̂ = ĥ × êz is
2
this direction rotated by −90° around êz . We see that in the linear regime τz ∝ H
and that by measuring only the z component of the magnetic torque we only obtain
information about the susceptibility tensor restricted to the xy plane, which we
4
(xy)
. For a general symmetric susceptibility tensor χ (which is real,
denote by χ
where

not complex, as it describes the static susceptibility of the sample producing a realvalued magnetization

M)

the tensor

x y  z

explicitly in the laboratory

is also symmetric and we can write it

coordinate system as:

⎤

⎡
⎢
⎢
χ=⎢
⎣

χ(xy)

χ

(xy)

χxz
χyz

χxz χyz

⎥
⎥
⎥ ;
⎦

⎤

⎡
χ(xy) = ⎣

χzz

χxx χxy

⎦

(5.18)

χxy χyy

Writing out the torque explicitly we nd:

1
τz (θ) = μ0 V H 2 [(χxx − χyy ) sin 2θ − 2χxy cos 2θ]
2
1
= μ0 V H 2 Δχ(xy) sin(2θ − 2θ0 )
2
where

θ

(5.19)

x laboratory axis and the applied magnetic eld
êz ), Δχ(xy) = χx − χy ≥ 0 is the magnetic anisotropy

is the angle between the

(in the positive sense around
within the

x y

plane, and

θ0

(also called the magnetic torque phase as it features

inside a sine in Eq. (5.19)) is the angle between the

x laboratory axis and the x

easy

By abuse of notation we could also write χ(xy) = P χP , where P = id−êz ⊗êz is the orthogonal
projection matrix describing a projection from 3D space onto the xy plane.
4
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eigenaxis of χ(xy) corresponding to the larger eigenvalue χx . The smaller eigenvalue
of χ(xy) is denoted by χy and corresponds to the hard eigenaxis y  ⊥ x . We can see
that τz (θ) is a pure sine in 2θ , and thus periodic with a period of 180°, and also that
it is zero for θ = θ0 (mod 90°), i.e. when the eld is applied along the eigenaxes
directions of χ(xy) (Fig. 5.2). Any deviation from behaviour described by Eq. (5.19)
immediately indicates a nonlinear magnetization response.

(xy)
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0 + 90°
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Figure 5.2: Theoretical angular dependence of the z component of the magnetic
torque τz in the linear response approximation described by Eq. (5.19). Note that
to transform the vertical axis of the plot such that the maximum of the torque curve
(xy)
would correspond to the molar magnetic anisotropy Δχmol , i.e. the anisotropy of
the tensor of molar susceptibility (per mole of magnetic ions) χ , we would have
mol

to replace τz · 2/(μ0 V H 2 ) by τz · 2Mmol /(μ0 mzH 2 ) on the vertical axis, where m
is the sample's mass, Mmol its molar mass per formula unit, and z the number of
magnetic ions per formula unit (see Eq. (1)).
Eq. (5.19) is the fundamental equation used for describing magnetic torque measurements in the linear response regime, which typically corresponds to low elds
and/or high temperatures. We usually measure the (full or partial) angular dependence of the torque curve τz (θ) and then use this equation to extract the two
parameters that describe it: the direction of the easy axis θ0 in the xy measurement plane and the magnetic anisotropy Δχ(xy) in this plane, at each temperature.
In this way we obtain the temperature dependencies θ0 (T ) and Δχ(xy) (T ), at a
given sample orientation or orientations, from which we can make inferences about
the temperature dependence of the eigenaxes and eigenvalues of the full magnetic
susceptibility tensor χ.
This connection is, in general, indirect. The directions of the eigenaxes x and y 
of xy susceptibility tensor χ(xy) , parametrized by θ0 , in general do not directly correspond to the directions of the eigenaxes of the full susceptibility tensor χ projected
onto the xy plane. For one, there are only two eigenaxes of χ(xy) while there are the
three projections of the χ eigenaxes, and for another, the eigenaxes of χ(xy) are, by
design (see Eq. (5.18)), unaected by the components χiz for i = x, y, z of the tensor
χ, while the eigenaxes of χ manifestly are aected by them. In other words, the xy
plane easy-axis direction θ0 will, in general, depend not just on the directions of the
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eigenaxes of the full susceptibility tensor χ, but also on its eigenvalues. By a similar
argument, the magnetic anisotropy Δχ(xy) also depends both on the eigenvalues as
well as on the eigenaxes directions of χ. Explicitly, we have [13]:

2χxy
χxx − χyy

= (χxx − χyy )2 + 4χ2xy

tan(2θ0 ) =
Δχ
where5 :

χij =

(xy)



αiK αjK (χK − χZ ) + δij χZ

(5.20)

(5.21)

K=X,Y

and where δij is the Kronecker delta, and αiK is the direction cosine between the
laboratory axis i (= x, y, z ) and the eigenaxis K (= X, Y, Z ) of the full susceptibility
tensor χ with the corresponding eigenvalue χK .
This, for example, means that the easy-axis direction θ0 within the xy plane
will in general rotate with temperature, if the eigenvalues of χ are temperaturedependent, even when the eigenaxes of the full susceptibility tensor χ remain xed
in temperature.
However, an important exception to this is when one of the eigenaxes of the full
susceptibility tensor χ lies within the xy laboratory plane as it is then necessarily
also a simultaneous eigenaxis of χ(xy) , since χ(xy) is by denition [Eq. (5.18)] just the
tensor χ restricted to the xy plane. In this case the easy axis direction θ0 is xed by
this eigenaxis and independent of the eigenvalues of χ (and hence also independent of
temperature, if the eigenaxes of χ do not rotate with temperature), modulo a jump
by precisely 90° every time the easy and hard axes in the xy plane interchange.
Assuming a smooth temperature evolution of the eigenvalues of χ this 90° jump
in θ0 can only happen at temperatures where the xy plane magnetic anisotropy
becomes zero Δχ(xy) = 0, as for the easy and hard axis to interchange they must
rst equalize, i.e. at the jump χx = χy . If the eigenaxes of χ do not rotate with
temperature such 90° jumps are also the only possible temperature dependence of
θ0 , when one of the eigenaxes of χ lies within the measurement xy plane.
A special case when we are guaranteed that at least one of the eigenaxes of χ
does always lie within the xy laboratory plane, and thus that θ0 is constant in
temperature modulo 90°, is when the susceptibility tensor χ has uniaxial symmetry
with a xed symmetry axis [13], e.g. if the state of the system is invariant under
rotational symmetry with a symmetry axis of order ≥ 3, i.e. threefold symmetry or
higher6 . The reason for this is that the xy measurement plane and the eigenplane

As on the right-hand sides in Eq. (5.20) we only have χxx − χyy and χxy , and as the left-hand
sides of Eq. (5.20) completely characterize the magnetic torque τz by Eq. (5.19), we see that indeed
only pair-wise dierences χX − χY and χX − χZ of the eigenvalues of χ can aect the magnetic
torque τz , not the individual eigenvalues χX , χY , χZ themselves. This is consistent with our
arguments in the beginning that a simultaneous shift of all eigenvalues of the susceptibility tensor
must be unobservable in torque magnetometry.
6 To warm up our geometrical intuition about threefold and higher-order symmetry, which will
feature prominently in chapter 6, let us quickly prove this fact. We can prove the uniaxial symmetry
of χ, or in fact any intrinsic tensor, if we have a rotational symmetry axis of order n ≥ 3 around
an axis c like so. First we prove that χ has an eigenaxis parallel to c for any n ≥ 2. If it did not we
could always nd an eigenvector neither parallel nor perpendicular to c, which would produce n
distinct eigenvectors with the same eigenvalue under the action of rotational symmetry around the
5
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of χ orthogonal to its symmetry axis are both planes through the origin, which
means that their intersection always contains at least one full line. This common
line then becomes the common temperature-independent eigenaxis of both χ and
χ(xy) , forcing the magnetic torque phase θ0 to be temperature-independent as well,
modulo discrete jumps by precisely 90° [13]7 . This direct consequence of threefold
symmetry will turn out to be very useful when interpreting our experimental data
on herbertsmithite in chapter 6. Specically, we will use the fact that a magnetic
torque phase change of = 90° is inherently incompatible with a threefold-symmetric
state of the studied system [13], as per the above completely general considerations.

5.3 Local-probe techniques
Local-probe techniques are those that can be site-selective, i.e. those that can resolve
the properties of a system at a well-dened real-space positions. The rst approach
to achieving site-selectivity is to measure the response of a local probe to the system's state, where that probe is localized to specic points or sites within the system.
This approach is used, for example, in nuclear magnetic resonance (NMR; see subsection 5.3.2), where we measure the magnetic response of nuclear spins of a selected
isotopes inside the sample, chosen by selecting an NMR frequency specic to those
isotopes, and in muon spin relaxation or rotation ( μSR; see subsection 5.3.3), where
we bombard the sample with muons from an accelerator, thereby implanting them
in specic electrostatically favourable sites within the sample, and then measuring
their precession under the local magnetic elds from the sample. As these types
of techniques measure the response of the system only at a specic discrete points
inside the sample, their results can be expressed in the linear-response regime, and
in the appropriate limits, as momentum-space averages of the
 real or imaginary part
of the sample's dynamical susceptibility [in the sense of
q χ (q, ω)] at dierent
excitation angular frequencies ω .
The second approach to achieving site-selectivity is when we measure the response of a system under a range of external conditions in such a way that we can
later separate the individual contributions to the measured response from dierent sites in the sample via the distinctive response of each site to changes in the
external conditions. An example from this camp is electron spin resonance (ESR;
see subsection 5.3.1), where we measure the eld- or frequency-dependent resonant
absorption of microwaves by the spin degrees of freedom of valence electrons in the
sample. As the absorption resonances from electrons at dierent sites in the sample
axis c. The sum of these n eigenvectors, itself an eigenvector, would be non-zero and parallel to c,
contradicting the assumption that c was not an eigenaxis. Having proved that c is an eigenaxis of
χ, we can choose an eigenvector v of χ that is perpendicular to c, since the tensor χ is a symmetric
tensor and is thus diagonalized in an orthonormal basis. Acting with rotational symmetry on
this eigenvector v once we get another eigenvector w, also perpendicular to c, with the same
eigenvalue. When n ≥ 3 this eigenvector w is linearly independent of the non-rotated eigenvector
v and as they share the same eigenvalue we see that they together span a whole eigenplane v 
w of χ perpendicular to the c axis. In other words, the tensor χ has uniaxial symmetry and its
symmetry axis is the same as the system's discrete rotational symmetry axis c. Writing the tensor
χ in any basis [a, b, c] where a, b ⊥ c, we nd: χ = diag(χ⊥ , χ⊥ , χ ), where χ⊥ and χ are the
eigenvalues of χ perpendicular and parallel to the symmetry axis c, respectively.
7 In the degenerate case when the z laboratory axis is parallel to the uniaxial symmetry axis the
torque on the sample is, however, identically zero τ = 0 and θ0 is not uniquely dened.
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tend to have dierent positions, widths and/or temperature dependencies we can
achieve site-selectivity by separating the contributions to the total absorption along
those lines. In the linear response regime ESR measures the imaginary part of the

q = 0, in other words, ESR
frequencies ω . As a second

homogeneous dynamical susceptibility, corresponding to
measures



χ (q = 0, ω)

at dierent excitation angular

example of this approach, we can sometimes distinguish between dierent isotope
sites when performing NMR measurements on a sample with multiple such sites, if
the sites' NMR spectra dier in positions, widths and/or temperature dependencies,
or if dierent sites have dierent spinspin ( 1/T2 ) or spinlattice ( 1/T1 ) relaxation
times by, e.g., performing NMR contrast measurements.

5.3.1 Electron spin resonance (ESR)

Overview

In an electron spin resonance (ESR) experiment we measure the absorption of microwaves at a xed angular frequency

ω

by unpaired (valence) electrons in a sample,

either in a transmission geometry or inside a resonant cavity. We do this as a function of the applied magnetic eld of density

B

that shifts and splits the energy levels

of the studied spin system. The microwave absorption has a peak (resonance) at the

B when the eld-dependent energy dierence
ΔE(B) fulls the resonance condition (Fig. 5.3):
eld

between a pair of energy levels

ω = ΔE(B)
where



(5.22)

is the reduced Planck constant, and as long as the transition between the

energy levels under the microwaves' electromagnetic eld is quantum-mechanically
allowed, i.e.

it obeys dipolar and other selection rules (higher-order transitions

can, however, break these rules). In the usual perpendicular-mode ESR, where the
magnetic eld of the microwave radiation is perpendicular to the applied eld, one
selection rule is that the projection of the total spin onto the quantization axis
parallel to the applied eld changes by

Δm = ±1 (ΔSz = ±1)

in this transition.

Interpreted in terms of spin uctuations, we see that ESR is only sensitive to spin
uctuations perpendicular to the applied eld, as only those can change the spin
projection.

In parallel-mode ESR the selection rule is dierent and also allows

Δm = 0 (ΔSz = 0)

transitions.

From here on we will only be concerned with

perpendicular-mode ESR, however.
We call an absorbing pair of energy levels an ESR mode (and its ESR resonance
an ESR line) and by combining measurements at several dierent microwave frequencies we can track the eld evolution of the mode's energy dierence

ΔE(B).

For a system with reasonably sharp discrete ESR modes the result is usually plotted
in a frequencyeld diagram (Fig. 5.4).

Quasi-free spins and g-factors
The simplest case is that of an eective quasi-free localized spin

1/2

undergoing

Zeeman splitting, which gives a linear dependence of the mode's energy dierence
on the applied magnetic eld (Fig. 5.3):



ω = ΔE(B) = μB gB 
86

(5.23)

5.3. Local-probe techniques

Figure 5.3: A schematic of an ESR experiment on a spin- 1/2 system. The applied
magnetic eld splits the two energy levels by the Zeeman interaction (upper), which
causes a resonance in the absorption of microwaves illuminating the system at a
specic eld Bres with width ΔB pp (middle). Usually ESR is measured in dierential mode, where we measure the derivative of the absorption coecient over the
magnetic eld, for increased sensitivity (lower). Adapted from Ref. [86].
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Figure 5.4: Two examples of frequencyeld diagrams showing the ESR resonance
modes for a spin-1 chain (left) and a spin-1/2 chain (right). Measurements at a single
frequency would correspond to horizontal cuts through the diagrams. Adapted from
Ref. [87] (left) and Ref. [88] (right).
where μB is the Bohr magneton, appropriate for an electron, and g is the eective
spin's g-factor tensor. For a free electron's spin we would have an isotropic g-factor
tensor g = g · id, where g = 2.0023 is the free-electron g-factor [27, 28]. However, for
electrons in a solid the eective g-factor is typically modied by interactions and is
usually anisotropic. Eq. (5.23) can also be rewritten in terms of an eective g-factor
geﬀ for a given eld direction as:
ω = μB geﬀ (B̂)B
 
 
geﬀ (B̂) = g B̂ 
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where B = |B| is the applied eld density and B̂ = B/B its direction. Even when
we have ESR measurements at only one microwave frequency, and we thus do not
know the true eld-dependence of a mode's energy, we usually implicitly assume a
linear eld dependence in the form of Eq. (5.23) and assign an eective g-factor to
its absorption line by inverting Eq. (5.24) to obtain geﬀ = ω/μBB , where B is the
eld density at peak microwave absorption.
We also have the following useful relation for a spin for which g-factor anisotropy
is the only magnetic anisotropy:
χ=

tr(χ) 2
g
tr(g 2 )

(5.25)

where 13 tr(g2) is the average squared g-factor (see Eq. (2.3)) and 13 tr(χ) is the
powder-averaged susceptibility of the spin. The eigenvectors of the susceptibility
tensor χ and of the g-factor tensor g thus in this case coincide, with eigenvalues of
χ proportional to squares of the eigenvalues of g . The eigenaxis with the largest
g -factor thus also has the largest susceptibility and is thus a magnetic easy axis.
Likewise, the eigenaxis with the smallest g-factor has the smallest susceptibility and
is thus a magnetic hard axis.
For localized electrons in d-orbital systems, which include the systems studied
in this Thesis, the main source of g-factor anisotropy is the spinorbit interaction
HLS = λL · S , where λ is the strength of the spinorbit interaction, S is the bare
spin and is L the orbital angular momentum. This interaction admixes the orbital
degrees of freedom of electrons into an eective spin response, and as those are
strongly aected by the electrostatic neighbourhood (crystal eld) around an ion,
the resulting eective g-factor can be highly anisotropic [27]. ESR measurements
of the g-factor can thus be used to determine the local atomic structure of the
studied material by considering what electrostatic neighbourhoods would produce
the measured g-factors. For example, the symmetry properties of the g-factor tensor
(isotropic, uniaxial, general) can tell us about the symmetry of the electrostatic
neighbourhood around an electron site 8.

Correlated systems
In highly correlated spin systems the resonance lines can further shift, which modies
their eective g-factors, and broaden due to magnetic interaction between spins [89].
Exceptions to this are isotropic Heisenberg interactions that preserve completely
sharp resonance lines9. Measurements of ESR line shapes are thus aected primarily
Note that the arguments given in subsection 5.2.2 saying that the susceptibility tensor χ must
be isotropic in the plane perpendicular to a threefold or higher symmetry axis also apply unchanged
to the g-factor tensor g of a symmetric electron site and show that g must also be isotropic in the
plane perpendicular to a threefold or higher symmetry axis, at least for small applied elds where
the linear response approximation is valid.
9 A broad line corresponds to a short spin correlation time and a narrow line to a long spin
correlation time. With only Heisenberg interaction the total SU(2) spin symmetry of the Hamiltonian is preserved and thus the total-spin raising and total-spin lowering operators S + and S − ,
respectively, commute with the Hamiltonian and are time-independent in the Heisenberg picture.
The total spin correlation time is thus innite, which corresponds to a delta-function response in
the frequency-dependent dynamical susceptibility χ , which is further proportional to the ESR
absorption spectrum I(ω) by Eq. (5.27).
8
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by anisotropic spin interactions, which means that ESR can oer superior sensitivity
to those interactions compared to the usual experimental techniques that are also
directly aected by isotropic spin interactions.
For strong spinspin correlations the spectral lines of coupled spin species can
even merge into one, as long as the interaction energy between them is larger than
the dierence in their mode energies, i.e. when [90]:
kB J > ΔgμB B

(5.26)

where Δg is the dierence in the g -factors of the two modes if we were to turn o
the J interaction. This eect is called exchange narrowing.
More generally, when an eective spin would have a linear frequency-eld relation
if we were to turn o the spinspin interactions, we can relate ESR measurements of
absorption of microwaves as a function of the magnetic eld I(B) to the absorption of
microwaves as a function of the microwave angular frequency I(ω) by converting B to
ω via Eq. (5.23). When we are in the linear response regime and the uctuations are
fast we can further relate this to the imaginary part of the homogeneous dynamical
spin susceptibility [Eq. (5.14)] via [27, 80]:
I(ω)
∝ ωχxx (q = 0, ω)
I0

(5.27)

where I0 is the input intensity of the microwaves, the magnetic eld of the microwaves points along the direction x.
Aside from putting ESR measurements into a broader context using the linearresponse language and dynamical susceptibility (section 5.1), the relation Eq. (5.27)
also gives us access to various general sum rules and relations. Among them are the
KramersKronig relations [Eq. (5.4)] which give us the static susceptibility of the
sample as the integral of the total absorbed microwave intensity I(ω) weighed by
1/ω 2 [27]:
χxx ≡

χxx (q

 ∞ 
1
χxx (q = 0, ω)
= 0, ω = 0) = P
dω ∝
π
ω
−∞
 ∞
 ∞
I(ω)
∝
dω ∼
I(ω) dω
∝
2
−∞ ω
−∞

(5.28)

where the last proportionality, expressing the static susceptibility from the χxx as
the total integral of the ESR line, is justied for relatively narrow ESR lines where
the weighing factor 1/ω 2 ≈ const. We will use this last form extensively in our
analysis of experimental ESR data on herbertsmithite in chapter 6.

5.3.2 Nuclear magnetic resonance (NMR)
Pulsed NMR
In an NMR experiment we measure the average time-dependent magnetization of
nuclear spins in a sample with the aim of indirectly observing the eect of the
electron spin susceptibilities and spin correlations on this magnetization through a
nuclearelectron spin coupling term in the nuclear Hamiltonian Hn−e . We choose
the nuclear isotope to measure based on its nuclear spin, abundance, gyromagnetic
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Zeeman

+

n–n

+

n–e

+

quadrupole

m = –3 / 2
m = –1 / 2
I = 3/2
m = 1/2

m = 3/2

ωL

ωL

ωL ωL(1+K)

ωL

Figure 5.5: Inuence of dierent terms in the nuclear Hamiltonian [Eq. (5.31)] of
a spin I on the energy levels (upper) with well-dened projections m of nuclear
spin on an applied eld, and on the NMR spectra (lower). The terms are: Zeeman
interaction term with the applied eld (Zeeman), dipolar nuclearnuclear spin interactions (n − n), hyperne nuclearelectron spin interaction ( n − e) and quadrupolar
coupling of the nuclear spin to the local electric-eld gradient (quadrupole). The ωL
of a free nucleus would be ωL , adding dipolar nuclearnuclear interactions broadens
the spectrum, adding hyperne nuclearelectron induces a relative shift in the whole
spectrum called the Knight shift K , and adding the quadrupolar coupling splits the
spectrum into separate peaks due to the induced non-equidistant spacing of nuclear
energy levels. Reproduced from Ref. [40].
ratio (which gives the strength of the signal we expect to measure and is inversely
proportional to the mass of the nucleus) and the position of the nucleus within the
sample, as dierent positions have dierent couplings to their surroundings.
In order to generate any response at all we usually rst have to apply a strong
xed magnetic eld B 0 on the sample to initially polarize the nuclear spins through a
Zeeman interaction term HZ [Eq. (2.1)] that splits the nuclear energy levels according
to their orientation relative to the external eld (Fig. 5.5). This gives rise to an initial
thermal-equilibrium Boltzmann distribution for the orientations of nuclear spins,
and to a Brillouin function dependence [Eq. (2.2)] of the average initial nuclear
magnetization. Usually this further degenerates into a simple Curie dependence
∝ 1/T [Eq. (2.3)] as the Zeeman energies of NMR nuclei are typically far below
even dilution fridge temperatures 10 , meaning that the Brillouin function is always
in its high-temperature Curie limit.
Given such an initial ensemble of partially polarized nuclear spins we irradiate
them with an electromagnetic pulse with just the right frequency ν to induce transitions between energy levels with an energy splitting hν where h is the Planck
constant (Fig. 5.5), as long as these obey quantum-mechanical selection rules, thus
shifting the populations of these levels away from thermal equilibrium. This is obHe/4He dilution refrigerators are the most common and most developed way of cooling bulk
down samples to sub-kelvin temperatures. The typical base temperature, i.e. the lowest achievable
temperature, is usually a few tens of millikelvin.
10 3
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served as a change in the average magnitude and direction of the nuclear spins, since
the energy levels correspond to dierent orientations of these spins, and thus as a
change in the observable average magnetization direction of the nuclear spins.
The required irradiation frequency

for e.g. a free nuclear spin in an external

ν

magnetic eld is its Larmor (precession) frequency [91]:

νL =

γn
B0
2π

(5.29)

γn is the gyromagnetic ratio of the nucleus and B0 is the density of the applied
magnetic eld. The Larmor angular frequency is dened as ωL = 2πνL = γn B0 . As

where

in electron spin resonance (subsection 5.3.1), the direction of the magnetic eld in
the irradiating pulse is chosen orthogonal to the xed applied eld
Zeeman transitions obeying the selection rule

Δm = ±1

B0

such that

are allowed. Typical NMR

∼10 MHz and up to a few hundred MHz.
duration t of the pulse determines the orientation

Larmor frequencies go from
The strength

B1

and

of the

average nuclear magnetization after it by only allowing the level-transitions (i.e.
population transfer between the two energy levels) to proceed only up to a certain
degree, as this process takes time. Specically, resonant population transfer between
two energy levels split by

ν

due to an irradiating eld with oscillating frequency

hν

is an oscillatory process with its characteristic angular frequency called the Rabi

oscillation frequency:

Ω=
where

γn

γn B1
2

(5.30)

is the gyromagnetic ratio of the nucleus we are measuring, and

B1

is the

density of the irradiating magnetic eld, which is proportional to the square root of
the irradiating intensity. The transfer from one level to the other is maximal when

Ωt = π

with the corresponding pulse called a

π

pulse. For a spin- 1/2 nucleus with

only the spin-up and spin-down energy levels it corresponds to a complete ip of
the nuclear spins from their starting orientation, i.e. a reorientation by
Another common pulse is a

π/2

pulse with

corresponds to a reorientation of the spin by

Ωt = π/2.
π/2 = 90°.

π = 180°.

For a spin-1/2 nucleus it
Of course any duration is

in principle possible.
We can also understand the eect of Rabi oscillations in a semi-classical sense
by considering a nuclear spin

1/2

in a frame of reference rotating about the xed

applied eld with the Larmor frequency

ν.

In this non-inertial frame the xed

applied eld eectively vanishes and the resonant irradiating magnetic eld is no
longer oscillating and is instead eectively constant and perpendicular to the initial
xed eld direction, causing the spin
with the Rabi frequency

Ω.

to uniformly precess around it precisely

1/2

The angle by which the spin rotates after time

the irradiating pulse is given precisely by

t

due to

Ωt.

Measuring NMR spectra
After the initial pulse the nuclei are left in a non-equillibrium state and start to
evolve in time, causing their observable magnetization to also evolve. If the nuclei are
initially irradiated by a
around the xed

π/2 pulse the result will be a precession of the magnetization
applied eld with the Larmor frequency ν . If we have either

multiple nuclear sites, or additional terms in the nuclear Hamiltonian beyond the
Zeeman term (Fig. 5.5), the resonant frequencies
91
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of dierent nuclei will, however,

I(ν)

M0 ∝ 1/T
∝ 1/t

π/2
t=0

t=τ

t=τ

π

t = 2τ

1/2
π/2

90

π

τ
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to the presence of multiple energy levels that can change their population when
the nuclei are thrown out of equilibrium by the initial pulse. For spin- 1 nuclei the
optimal detection sequence used is actually the solid-echo sequence [91].

Figure 5.7: Schematic of the observed signal in an NMR spin echo experiment with

π/2 tipping pulse at t = 0, an inverting π pulse at t = τ , and spin echo
formation at t = 2τ . Note that the gure shows a doubling of the π pulse intensity
compared to the π/2 pulse intensity at the same pulse duration. By Eq. (5.30)
this is equivalent to the more usual doubling of the π pulse duration compared to
the duration of the π/2 pulse where we keep both pulses at the same intensity.
an initial

Reproduced from Ref. [93].
Any decay of the spin-echo magnetization compared to the magnetization just
after the rst pulse is due to dynamical processes (interactions of the nuclei with
their surroundings) and not due to static dephasing eects, giving a slow decay of
the spin echo amplitude as

τ

the spinspin relaxation rate

gets longer that has a characteristic decay rate called

11

denoted by

1/T2 .

Eect of dierent interactions on the spectrum
The Hamiltonian of an NMR nucleus can be written as (Fig. 5.5) [40]:

H = HZ + Hn−n + Hn−e + HEFG
where

(5.31)

HZ is the Zeeman Hamiltonian [Eq. (2.1)] due to the interaction of the nuclear

spin with the applied eld and is responsible for the initial splitting of energy levels,

Hn−n captures the eect of dipolar couplings between dierent nuclei, Hn−e describes
the hyperne coupling between the nuclear spin and the surrounding electrons spins

We note that in the samples that we will be measuring the spinspin relaxation time T will
be long enough such that it will not to aect our results.
11

2
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HEFG

that we wish to measure, and

is the coupling of the electric quadrupole mo-

ment of the nucleus with the electric-eld gradient (EFG) due to the electrostatic
neighbourhood of the nucleus and is non-zero only for nuclear spins

I ≥ 1.

The eects of the individual terms are shown in (Fig. 5.5) [40]. Dipolar couplings
between nuclei broaden the NMR spectrum from a pure line that would be the result
of pure Zeeman interactions, hyperne couplings to electrons can shift the spectrum,
and quadrupolar interactions split the spectrum into many lines (the outer ones are
called satellite peaks). We will mainly be concerned with the quadrupolar part for
2

spin-1 nuclei, in our case this will be deuterium D, and the hyperne coupling part
of the Hamiltonian [40].
The quadrupolar splitting depends on the direction of the applied magnetic eld
with respect to the eigenaxes of the EFG tensor. When we perform measurements
on powders, i.e. if we average such a spectrum over all possible orientations, we
obtain for spin- 1 nuclei a typical Pake doublet structure of the spectrum with two
singularities (horns) of the spectrum separated by twice the quadrupolar frequency

2νQ

(Fig. 5.8) [91, 94].

This type of quadrupolar broadening is often dominant,

especially at higher temperatures where magnetic broadening due to hyperne interactions with electron spins gets suppressed with temperature.

Figure 5.8: Characteristic Pake double quadrupolar NMR spectrum of a spin- 1
nucleus. The quadrupolar splitting between the two Pake horns is
total width of the spectrum is

4νQ ,

where

νQ

2νQ ,

while the

is the quadrupolar frequency of the

nucleus [91, 94]. Reproduced from Ref. [94].
The second eect on NMR spectra is due to hyperne interactions with magnetic
moments of electron spins described by

Hn−e :

Hn−e ∝ −γn tr(I · AS)
where

γn

is the nuclear gyromagnetic ratio,

tensor and

S

I

its spin,

(5.32)

A

the hyperne coupling

the spin of the electron to which the nucleus is coupled. When the

electron spins develop sizeable magnetic moments this can lead to additional magnetic broadening of the NMR spectrum.
Even in the absence of strong electron moments the eect of this hyperne coupling is also felt as a shift in the eective average resonance frequency of NMR nuclei,
as

AS

acts as an eective additional Zeeman contribution to the local magnetic eld

of the nucleus. In a state with no magnetic order the average spin of the electrons
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is further proportional to the xed applied magnetic eld

S ∝ χB 0 ,

where

χ

is

the local susceptibility tensor of the electron to which the nucleus is coupled to, osetting the average resonance frequency by a factor dependent on

χ.

In an isotropic

sample this gives us the expression for the Knight shift of the spectrum:

ν − νL
νL

K=
where

ν

is the rst moment of the NMR spectral line [Eq. (5.36)], and

(5.33)

νL

is the

Larmor frequency of the nucleus in vacuum [Eq. (5.29)], in terms of the local susceptibility

χ:
AV0
A
χmol
χ=
μ0 z
μ0 NA

K=

(5.34)

A is the hyperne coupling constant, V0 is the volume of one unit cell containing z magnetic ions, χ is the (volume) susceptibility of the sample, NA the Avogadro
constant, and χmol,ion is the molar susceptibility per mol of magnetic ions from which
where

we can express the molar susceptibility per mol of unit cells, i.e. per mol of formula
units, as

χmol = zχmol,ion = NA V0 χ.

Note that in general the Knight shift could also have an additional and additive susceptibility-independent contribution called the chemical shift that depends
on the shape of the electron orbitals around the studied nucleus in an ion, i.e.

on

the local chemical bonds the ion whose nucleus we are measuring forms with other
neighbouring ions.

This can be used to identify dierent local atomic neighbour-

hoods and, in chemistry, to identify dierent molecules by their chemical shifts. As
chemical shifts are a static property of the atomic structure of the material they are
not so useful when studying electron spin correlation, but have to be kept in mind.
The hyperne coupling constant

A

in Eq. (5.34) and Eq. (5.32) is dened as:

ΔB eﬀ
μ1

A=

(5.35)

ΔB eﬀ = Beﬀ − B0 is the increase in the eective local magnetic eld density
Beﬀ = 2πν/γn at the nuclear site, in analogy to Eq. (5.29), due to the magnetic
response of the electrons in the sample to the applied eld density B0 , and μ1 is the
where

average magnetic moment of one magnetic ion in the sample. It is usually expressed
in units of tesla or millitesla per Bohr magneton of magnetic moment,

mT/μB .

Measuring the coupling constant

T/μB

or

A from the scaling of the Knight shift via

Eq. (5.34) we can, for example, deduce the average induced or ordered moments of
magnetic ions (electrons) in the sample.

Moments of NMR spectra
It will be useful to consider how to describe an NMR spectrum in terms of its moments, so that we will be able to disentangle dierent contributions to it, especially
in subsection 8.2.1 and section 8.5.
The

k -th

moment of an NMR spectrum is dened as:

∞
νk

∞
= −∞

ν k I(ν) dν

I(ν) dν
−∞
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where I(ν) is the intensity of the NMR spectrum at the frequency
nominator gives the total intensity of the whole NMR spectrum.
The k-th central moment of an NMR spectrum is dened as:
∞

mk = (ν −

ν)k

=

(ν − ν)k I(ν) dν
∞
I(ν) dν
−∞

−∞

ν

and the de-

(5.37)

a special case of which is : m2 = ν 2 − ν 2. We will use the denition of√ NMR spectral
width σ as the square root of the second central moment, i.e. σ = m2.
Given two spectra I (1)(ν) and I (2)(ν), with rst moments ν (1) and ν (2), respec(2)
tively, and second central moments m(1)
2 and m2 , respectively, their spectral convolution I(ν) = (I (1) ∗ I (2))(ν) has the rst moment ν and second central moment
m2 given by [16]:
ν = ν (1) + ν (2)
(1)

(5.38)

(2)

m2 = m2 + m2

This fact will be very useful in subsection 8.2.1 and section 8.5 for extracting the
magnetic contribution due to electron spins from the measured full NMR spectral
width that will also have a strong quadrupolar broadening component.

Spinlattice relaxation
Returning to our pulsed NMR experiment, let us consider what happens if instead
of irradiating the nuclei with an initial π/2 pulse we irradiate them with an initial
π pulse that completely inverts the populations of the two irradiated energy levels. In the case of a spin-1/2 nucleus its spin would point exactly opposite to the
xed applied eld after the pulse. As such a situation would be stationary with no
precession if the nuclei were not interacting with their surroundings, the only way
that the nuclei can relax back to equilibrium is via some loss of energy to their environment that it is coupled to, especially to electrons. The initial π pulse is called
an inversion-recovery pulse, and measurements of the nuclear magnetization as it
relaxes back to equilibrium is performed after some time delay t with a detection
pulse sequence appropriate for the given nuclear spin, the same detection sequence
that is used when measuring the NMR spectrum. An experiment where instead of
an initial π pulse we use a π/2 pulse (or a train of such pulses), wait some time t,
and then use a detection sequence is called a saturation-recovery experiment and
the initial pulse the saturation-recovery pulse.
After an inversion-recovery or saturation-recovery pulse the nuclear magnetization relaxes to its equilibrium value M0 at a rate given by the spinlattice relaxation
rate 1/T1, the inverse of the spinlattice relaxation time T1. An eective model for
the magnetization recovery of spin- 1/2 nuclei is [95]:
M (t) = M0 1 − (1 + s)e−(t/T1 )

β

(5.39)

where β is the stretching exponent which, when it is β = 1, models a distribution of
spinlattice relaxation rates with mean 1/T1, and M0 is the equilibrium (saturation)
magnetization. The parameter s would ideally be s = 1 in an inversion-recovery
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experiment and s = 0 in a saturation-recovery experiment, but due to non-optimal
pulses it usually deviate from this ideal value.
The magnetic model for nuclei with spin 1 is more complicated [95]:





M (t) = M0 1 − (1 + s)

1 −(t/T1 )β 3 −(3t/T1 )β
+ e
e
4
4


(5.40)

and now contains two stretched exponentials, but the same number of free parameters as for spin-1/2 nuclei. The dierence to the spin- 1/2 model is due to the larger
number of magnetic transitions possible between the three spin- 1 energy levels as
compared to just the two for spin- 1/2 nuclei.
In both of these equations the equilibrium magnetization M0 is proportional
to the fraction of the NMR spectral intensity in the irradiated part of the NMR
spectrum, and is thus sensitive to broadening and/or shifting of the NMR spectrum,
multiplied by the total spectral intensity, which is given by a Curie law. This fact
will be very useful in discussing results on Zn-brochantite in subsection 8.5.2.
The spinlattice relaxation rate 1/T1 due to hyperne coupling to electron spins
can be expressed in terms of the imaginary part of the dynamical susceptibility
χ (q, ω) of the electron spins at temperature T [Eq. (5.7)] as [96, 97]:


1
2 χ⊥ (q, ωL )
2
∝ γ n kB T
|A(q)|
T1
ωL
q

(5.41)

where γn is the gyromagnetic ratio of the nucleus, A(q) is the component of the
Fourier transform of the hyperne coupling tensor at the moment q (when considering that a nucleus can couple to dierent electron sites), χ⊥ is the component of
the dynamical susceptibility tensor χ perpendicular to the applied xed eld B 0 ,
and ωL ∝ B is the Larmor angular frequency of the nucleus [Eq. (5.29)].
The prefactor T /ωL is due to the uctuation-dissipation theorem [Eq. (5.7)], i.e.
the principle of detailed balance [96, 97], the integral across momentum space is
necessary to obtain the local response at the position of the nucleus, assumed to
2
be at the origin of our coordinate system, and the weighing by |A(q)| represents
momentum-space ltering which can be non-trivial for highly symmetric nuclear positions, as some contributions to the spinlattice relaxation rate from the dynamical
susceptibility can cancel out in that case [97]. The division by ωL , and the fact
that the NMR ωL is usually much smaller that the typical electron uctuation frequencies, means that NMR spinlattice rate divided by T can be interpreted, when
A(q) ≈ const., as the approximate angular frequency derivative of the momentumspace integrated imaginary dynamical susceptibility χ (ω) evaluated at ω = 0. Exdχ
plicitly, 1/(T1 T ) ∝ dω (ω = 0) to a good approximation, at least if there are no
very-low frequency excitation modes.
Finally, let us mention the useful Korringa relation valid for a gas of free fermions,
e.g. metals to a good approximation, that connects the spinlattice relaxation time
T1 to the local susceptibility via [91, 98]:

T1 T K 2 = const.
where T is the temperature and K the Knight shift [Eq. (5.33)].
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5.3.3 Muon spin relaxation and muon spin rotation (μSR)

Experimental setup

Muon spin relaxation and muon spin rotation ( μSR) is a technique in a way very
similar to NMR, where a local spinful probea muonwith an initial spin polarization is observed to relax in time due to its interaction with its surroundings in the
sample [40]. The dierence comes from the fact that in μSR, instead of using nuclei
in the sample as probes, we inject probes from the outside into the crystal structure of the sample and observe their precession. These probes in μSR are muons,
the heavier second-generation lepton partner to the electron, that is produced using
protons from proton accelerators colliding with e.g. graphite targets [40]. These collisions produce intermediary unstable pions through spallation [99, 100] that quickly
decay into positive muons (Fig. 5.9) [101]. This process occurs via the weak interaction which is maximally parity-violating and thus produces positive muons μ with
nearly ∼100 % polarized spins.
+

Figure 5.9: (a) Production of completely spin-polarized positive muons μ through
the parity-violating weak-interaction decay of positive pions π , themselves typically produced in spallation nuclear reactions of protons from a proton accelerators impinging on a target composed of light nuclei (e.g. graphite) [40, 101]. (b)
Parity-violating weak-interaction decay of positive muons into a positron, emitted
preferentially in the spin direction of the muon at its decay time, and a neutrino/antineutrino pair (not shown). Depending on the nal energy of the positron the angular dependence of the probability for its emission changes. The highest-energy
positrons are emitted with full asymmetry with no positron emitted in the direction directly opposite the muon spin (red curve), while lowest-energy positrons are
emitted isotropically (thick black curve). The ideal average asymmetry [Eq. (5.43)]
from all positrons would be a = 1/3. Reproduced from Ref. [101].
+

+

0

The produced muons are then guided by beam optics towards the studied sample
where they very quickly stop as they are charged particles and thus strongly feel
the local electrostatic elds that guide them to a stable position within the sample.
The sample is surrounded by positron detectors that are used to determine the
time-dependent orientation of the muon spin, since muons are unstable with a halflife of 2.2 µs [102] and when they spontaneously and randomly decay they emit a
positron (electron's antiparticle) preferentially in the direction of their spin direction
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at the time of the decay, as muon decay is also a weak-interaction parity-violating
process (Fig. 5.9). Measuring many such muon decays at dierent time delays after
the injection of the muons into the sample we can reconstruct the average timedependence of a muon's spin as it responds to local elds in our sample.
In practice it usually suces to only have two banks of detectors, the front and
the back (Fig. 5.10), and from the muon asymmetry between them [101, 102]:

a(t) =

NB (t) − αNF (t)
NB (t) + αNF (t)

(5.43)

where NB and NF are the number of positron counts in the back and front banks,
respectively, and α accounts for any asymmetry in the positions or sensitivities of
the detectors, we can obtain the time-dependent muon polarization [101]:

P (t) =

a(t) − Bgd
a(0) − Bgd

(5.44)

where Bgd is a constant background contribution from muons stopping anywhere
outside of our sample, e.g. in the sample holder. The muon polarization P (t) is
dened as the projection of the muon spin onto the axis between the detectors
(Fig. 5.10).

Figure 5.10: (a) Schematic of a μSR experiment with the forward and backward
detector banks detecting positrons e+ emitted by muons μ+ decaying in the sample.
(b) The obtained muon counts and (c) muon asymmetry [Eq. (5.43)]. Reproduced
from Ref. [101].
We can observe the muon precession under the action of purely the local elds
in the sample with no applied external eld in a zero-eld (ZF) experiment. Alternatively we can apply a eld either parallel to its initial polarization giving us a
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longitudinal-eld (LF) experiment, or perpendicular to it in a transverse-eld (TF)
experiment.

In ZF and LF experiments the applied eld does not itself induce

any muon precession, while an applied eld in a TF experiment induces muon spin
precession around it with the Larmor frequency [Eq. (5.29)] in exact analogy to
NMR. Even the Knight shift [Eq. (5.33)] and its scaling with the spin susceptibility
[Eq. (5.34)] remain unchanged from NMR.

Advantages and disadvantages of μSR
As magnetic probes, muons in

μSR have many advantages over nuclei in regular nu9-times lighter than hydrogen,

clear magnetic resonance. Muons are approximately

and so their magnetic moment is substantially larger than that of any NMR nucleus [102]. They are simple spinbroadening eects (no

HEFG

1/2

probes so they do not experience quadrupolar

term from Eq. (5.31)).

They usually arrive into the

sample either one by one or when in bunches, they are still extremely dilute, and
so we can eectively model a muon being the sole muons in the sample at the time,
thus bypassing any need to consider dipolar interactions between our probes (no

Hn−n

term from Eq. (5.31)), just between the probe and the electron spins.

They

∼100 % polarized from when implanted, and so we do not need to apply any
external eld to observe a muon response (no HZ term from Eq. (5.31) is needed).
are also

We can thus observe muon precession under purely the already-present local elds in
our sample, making muons exquisitely sensitive even to small local magnetic elds.
Muons can also be implanted into any sample, even liquid samples, in contrast to
NMR when we need specic isotopes that possess nuclear spin (subsection 5.3.2),
or inelastic neutron scattering where we have to avoid specic isotopes that scatter incoherently (subsection 5.4.1).

Finally, they are sensitive to a complementary

frequency range of electron spin uctuations, when present, that is not covered by
many other techniques.
Its disadvantages are that as their dominant coupling to the electron spins is
of a long-range dipolar nature the eld at the muon stopping site is usually a sum
of dipolar elds from many electron spins around that site, not just a few as in
NMR, which has a dominant local hyperne coupling to electron spins. Furthermore,
the muon site is not

a priori

known and can only be estimated, e.g.

by density

functional theory (DFT) calculations of muon stopping sites [103], so the precise
combination of dipolar elds that we are measuring (i.e. how much each of the ions
in the sample contributes to the local eld at the muon site) is not

a priori

known.

Furthermore, the muon, being a charged particle, can in some cases substantially
deform the crystal lattice around it, which can change the local properties of the
material precisely at the site that the muon is sitting at [103].

We note, however,

that physics that is interesting in its own right can arise from such a deformation
[103, 104].

Static muon polarization functions
Muons are very powerful in distinguishing between static and dynamic local elds.
In zero eld the muon will precess purely under the action of local magnetic elds.
If these are static on the muon life-time timescale of a few to around ten

µs

the

muon will start to precess around them (Fig. 5.11) with a local Larmor frequency,
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in analogy to NMR [Eq. (5.29)] [104]:

νL =
where

γμ = 851.4 · 106 rad/Ts

γμ
B
2π

B is the density
ωL = 2πνL = γμ B .

is the muon gyromagnetic ratio and

of the local magnetic eld. The Larmor angular frequency is

Figure 5.11:

(5.45)

Schematic precession of a muon's spin in a static magnetic eld

Reproduced from Ref.

B.

[104].

The eect of such a static local eld, arising e.g. from long-range magnetic order,
on the muon polarization will be [104]:

P (t) = cos2 θ + sin2 θ cos(γμ Bt)
where

θ

(5.46)

is the angle between the initial muon spin direction and the local static

magnetic eld

B

(Fig. 5.11). It is a simple cosine with its rst minimum at:

t=
from which we can determine the density

π
γμ B
B

(5.47)

of the local static eld at the muon site.

When we have a powder sample, or when static elds of the same strength have
random directions, we obtain the averaged muon polarization [104]:

P (t) =

1 2
+ cos(γμ Bt)
3 3

(5.48)

1/3 and 2/3 prefactors can also be justied in a hand-waving manner by
saying that 1/3 of the muons should encounter a local eld parallel to its initial spin
direction ( θ = 0 and thus the muon does not precess), while 2/3 of the muons should
encounter a local eld perpendicular to its initial spin direction ( θ = π/2 and thus
where the

the muon precesses the most). This is good for intuition and reproduces Eq. (5.48),
but does not really correspond to reality, as most muons encounter elds that are at
some arbitrary angle to their initial polarization, neither parallel nor perpendicular
to it.
Finally, if the static elds at the muon site are not of a xed magnitude but
come from static disorder with a Gaussian distribution of local eld density vectors with width

Δ/γμ

the muon polarization function is the KuboToyabe function

[Fig. 5.12(b)] [40, 104]:

P (t) =

1 2 −Δ2 t2 /2
(1 − Δ2 t2 )
+ e
3 3
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This is a polarization function with only a single dip (minimum) that returns to
the 1/3 tail of polarization as Δt  1. It can be understood as superimposing
(more precisely: averaging) muon polarizations in a single-magnitude magnetic elds
[Eq. (5.48)] with this eld coming from a Gaussian distribution [Fig. 5.12(a)].

Figure 5.12: Muon polarization function due to static disorder. (a) Individual contribution from dierent muon stopping sites, each with its own random eld and
thus random oscillation frequency. (b) Averaged zero-eld muon polarization function, called the static Gaussian KuboToyabe function, coming from averaging the
contribution from (a) if the random static elds had an isotropic Gaussian distribution ρ(B) with width Δ. (c) The same situation as in (b) but under dierent
applied longitudinal elds. Reproduced from Ref. [104].
The general expression for the muon polarization under an arbitrary eld distribution is [40]:


P (t) =


Bz2 Bx2 + By2
+
cos(γμ Bt) d3 B
ρ(B)
2
2
B
B


(5.50)

where ρ(B) is the probability density for nding a eld B at the muon stopping
site and the polarization is observed along the z axis. This is just an average of
Eq. (5.46) and shows that the initial muon polarization due to static elds always
starts like a parabola or a Gaussian, as (dP/ dt)(0) = 0.
For an isotropic static eld distribution (valid e.g. in a powder) we further have
the simplied expression [40]:
1 2
P (t) = +
3 3



ρ (B) cos(γμ Bt)B 2 dB

(5.51)

a straightforward extension (average) of Eq. (5.48), where ρ(B) = 4πρ(|B|) (the 4π
is for proper normalization). We see that all static powder samples always have a
1/3 tail of muon polarization at late times.
Applying an external eld B 0 is equivalent to shifting all the elds in the distribution ρ(B) by this amount (Fig. 5.13). We see that the larger the applied external
eld the more this shifted eld distribution becomes similar to a just a small perturbation around the external applied eld B 0. If the external eld is applied along
the initial muon polarization, i.e. if the applied eld is a longitudinal eld, then
the muon precesses less and less (it would not precess at all if B 0 were the only
eld), with its polarization reaching 1, as the eld increases. This is called a eld
decoupling, and an experiment where we progressively apply larger and larger elds
is called a eld-decoupling experiment [Fig. 5.12(c)] [40, 104].
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Figure 5.13: Schematic precession of a muon's spin in a static local magnetic eld
B with an additional applied longitudinal eld μ0 H . Reproduced from Ref. [40].
If instead of a single-peaked static eld distribution ρ(B) we have two contributions to the eld distribution with very dierent characteristic eld strengths (e.g.
nuclear and electron spin magnetic elds) then applying a longitudinal eld much
larger than the small elds, but much smaller than the large elds, we eectively
decouple only the small elds, which become unobservable, while leaving the large
elds eectively untouched. This is a common situation in practice when we often
have very small nuclear elds, but very large electron elds, as electrons have three
to four orders of magnitude larger gyromagnetic ratios than nuclei since the electron
is about 1800-times lighter than the proton. In such a situation we apply a moderate
longitudinal eld to decouple the magnetic elds from nuclear spins from the muon
relaxation, but leave the magnetic elds from electron spins relatively untouched.
Dynamic muon polarization functions

Having looked at the static polarization functions that in powders or otherwise
isotropic samples resulted in a 1/3 tail that could not be gotten rid of, we now
consider how electron spin dynamics aects the muon polarization. Assuming a
single-exponential decay of the local-eld auto-correlation function, appropriate e.g.
for Markovian eld evolution, of [40]:
B(t) · B(0) = B(0) 2 e−2νt

(5.52)

where ν is the uctuation frequency expressed as the inverse of the spin autocorrelation time 1/ν , we obtain a Volterra integral equation of the second type for the
muon polarization function Pν (t) under uctuating elds within the strong-collision
approximation [40]:
Pν (t) = e

−νt



t

P0 (t) + ν



Pν (t − t )e−νt P0 (t ) dt

0

(5.53)

where P0 (t) would be the muon polarization function if we were to freeze the uctuations but maintain the same eld distribution, which would now be a static eld
distribution ρ(B) [Eq. (5.50)]. In other words, Pν (t) is the dynamic version of P0 (t)
from Eq. (5.50) where we leave the eld distribution unchanged, but introduce random jumps of the magnetic eld with an autocorrelation time 1/ν [40] within that
distribution.
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Figure 5.14: Same as Fig. 5.12(b) but now with dynamical random local elds with
a single autocorrelation time 1/ν . Reproduced from Ref. [40].
Applying this procedure e.g. to the KuboToyabe function [Eq. (5.49)] we obtain
the dynamic KuboToyabe function (Fig. 5.14). We see that the 1/3 tail, required
if the local elds were static with an isotropic probability distribution, disappears if
the local elds are dynamical. This makes sense even in the hand-waving argument
of the origin of the 1/3 tail, as even if the initial muon polarization is parallel
to the instantaneous local eld, this eld will uctuate away in time, causing the
muon to loose its initial direction and thus contribute less and less to the multimuon averaged 1/3 tail as time goes on. A loss of polarization from the 1/3 tail
is thus a bullet-proof sign of a dynamical spin state in a powder sample, making
μSR a very powerful technique for conrming the dynamical state of a spin system.
This is especially relevant for quantum spin liquids, as one of their main dening
characteristic is that they are dynamical spin states down to T = 0, a property that
can be directly veried using μSR [11, 16].
The above strong-collision integral equation Eq. (5.53) can only very rarely be
solved analytically and instead requires a numerical approximation scheme if we
wish to model a measured muon polarization using it. However, at late times t
compared to the spin uctuation frequency ν , i.e. where νt  1 valid e.g. in the
fast-uctuation limit (where νt  1 for almost all the measured times), and with a
single spin autocorrelation time 1/ν , we obtain as a good approximation the standard
exponential decay of the muon polarization with an eective longitudinal-eld muon
relaxation rate λL given by [40, 102, 105]:
P (t) = e−λL t
2Δ2 ν
λL = 2
ωL + ν 2

(5.54)

where ωL is the Larmor angular frequency in the applied longitudinal eld (see
Eq. (5.45)) and Δ/γμ is the second moment of the instantaneous magnetic eld
distribution at the muon site, e.g. the width of the Gaussian eld distribution as
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in Eq. (5.49) [105]. Eq. (5.54) is sometimes called the Redeld formula. In contrast
to static muon polarization functions it starts with a non-zero negative derivative
at

t = 0,

i.e.

dP/ dt(0) < 0.

This can also be used as a criterion to discriminate

between static and dynamic local elds in

μSR.

At low applied elds or for very fast eld uctuations, specically, where

ωL

ν,

the muon relaxation rate in Eq. (5.54) reduces to:

λL =

2Δ2
ν

(5.55)

This equation describes the motional-narrowing (fast-uctuation) limit of singlespin-autocorrelation-time muon relaxation, where an increasing frequency of uctuations

ν decreases the muon relaxation λL , i.e.

to these uctuations.

makes the muon less and less sensitive

In other words, as the peak in the dynamical susceptibility

corresponding to these uctuations gets pushed to higher and higher frequencies

ν,

meaning that the muon response, which is limited to a nite frequency window below

ν

(in the fast-uctuation limit), gets smaller and smaller. Explicitly, the imaginary

dynamical susceptibility [Eq. (5.7)] corresponding to a single-time autocorrelation
dependence [Eq. (5.52)] is given by [40]:

χ (ω) ∝

ω
ν
2
T ω + ν2

(5.56)

where we neglected its momentum-dependence and only evaluated it at

q = 0.

This is a frequency derivative of a Lorentzian function with width proportional to

ν

giving a local maximum (peak) at the frequency

gets pushed to higher and higher frequencies

ν,

ν.

We see that this peak indeed

and the Lorentzian broader and

broader, while the frequency range to which the muon is sensitive to uctuations
remains the same, making the inuence of such eld uctuations on the muon less
and less pronounced as
function

S(q = 0, ω)

ν

increases.

Furthermore, the dynamical spin correlation

is a pure Lorentzian with width proportional to

ν

which again

decreases its contribution in a xed observation frequency window as the uctuation
frequency

ν

increases as the width of dynamical spin correlation function increases

but its total integral remains constant due to sum rules.
When we have a distribution of correlation times we can often model this with
a stretched exponential form as in NMR [Eq. (5.39)]:

P (t) = e−(λL t)

β

(5.57)

where

λL

β=1

we have exponential relaxation characteristic of a single spin autocorrelation

is now the average relaxation rate and

time, while

β = 2

β = 1

β

the stretching exponent. When

model a nite distribution. Let us note that the Gaussian limit

can also model the behaviour under static local elds at early times, i.e.

before any oscillation of the muon polarization and before the
captured by this form as

P (t → ∞) = 0 = 1/3

1/3

that cannot be

under dynamic local elds.

Let us note that in the fast uctuation limit and at high applied elds the
longitudinal-eld relaxation rate

λL = 1/T1μSR

is a direct analogue of

1/T1

from

NMR, and the transverse-eld relaxation rate (the decay rate of muon oscillations
in a TF experiment)

λT = 2/T1μSR

is a direct analogue of

1/T2

from NMR, just in

a dierent part of the frequency spectrum and under a dierent dominant coupling
(dipolar in

μSR

vs.

hyperne in NMR) [40].
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linear response theory in the same way as the NMR relaxations are [Eq. (5.41)].
However, this correspondence breaks down at low and zero applied elds where the
linear response expressions for e.g.

1/T1

no longer apply to muon relaxation, due

to the insuciency of the perturbative approximation that is used to derive it [40].
Namely, the notion of a well-dened transverse eld in a zero-eld experiment does
not make sense, and the internal perturbing elds are no longer small compared
to the external eld, if any is present.

This can also make muon relaxation non-

exponential even under dynamical elds with a autocorrelation time [Eq. (5.52)]. In
this regime the strong-collision approximation is one valid alternative to describe
the dynamic muon polarization [Eq. (5.53)] [40].
We note that when we have two relaxation channels (sources of elds) which by
themselves would give polarizations

P1 (t) and P2 (t), and at least one of the channels

is in the fast-uctuation limit of Eq. (5.54) due to highly dynamical elds in it, the
rst approximation to the combined relaxation function is simply a product of the
two polarizations:

P (t) ≈ P1 (t) · P2 (t)
This relation is in general very useful.

(5.58)

We will make use of it in our study of

Zn-brochantite in chapter 8.

5.4 Scattering techniques
Despite being able to lter out the response only at specic sites within the sample and not at others, local-probe techniques (section 5.3) cannot achieve arbitrary
momentum-space selectivity as they, e.g., measure only momentum-space averages
(INS,

μSR),

or only the homogeneous response corresponding to zero momentum

transfer (ESR and bulk techniques). Switching to real-space can actually make this
lack of momentum-space selectivity more intuitive.

Specically, momentum-space

selectivity would translate to measurements of the correlations between the selected
sites as a function of the distance between them, whereas local-probe techniques
of INS and

μSR

are limited only to uncorrelated, i.e. isolated, measurement of re-

sponses at the selected sites with no ability to measure cross-correlations between
those sites (hence a trivial momentum-space average). On the other hand, bulk techniques (and ESR), which measure the homogeneous response corresponding to zero
momentum transfer, only measure the trivial total sum of contributions over all the
(selected) sites, with no option to discern the non-homogeneous spatial correlation
prole of those sites by e.g. weighing their contributions by distance.
This is where scattering techniques provide complementary information to that
gleaned from the aforementioned local-probe and bulk techniques, by being able to
resolve dierent momentum transfers, and, in the case of inelastic scattering like
inelastic neutron scattering (INS; subsection 5.4.1), also dierent energy transfers.
This is achieved by scattering particles o the sampleneutrons in the case of
INS, or photons in the case of X-ray diraction (XRD)in such an experimental
geometry that we can determine the dierences in the particles' momenta, and
possibly also energies, due to this scattering.
dynamical susceptibility



χ (q, ω)

In this way we gain direct access to

at arbitrary momentum transfers

q

either at zero

energy transfer in the case of elastic scattering, corresponding to excitation angular
frequency

ω = 0,

or at arbitrary energy transfer, equivalently arbitrary
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case of inelastic scattering.

5.4.1 Inelastic neutron scattering (INS)
Magnetic scattering
In inelastic neutron scattering we scatter a beam of neutrons with some initial
intensity I0 o of our sample and determine how the intensity of the scattered
neutrons depends on the amount of their change in momentum, i.e. their momentum
transfer Δp = q , and their change in energy, i.e. their energy transfer E = ω . The
neutron beam usually comes from a particle accelerator (these are called spallation
sources [99, 100]) or from a nuclear reactor [82]. We usually use a beam with a
well-dened initial direction and a known either initial (in direct geometry) or nal
energy (in inverse geometry). We can then determine the momentum and energy
transfers of the neutrons by measuring the scattered neutron intensity I in specic
parts of the solid angle, i.e. with neutron detectors placed at dierent angles with
respect to the initial beam direction, and by resolving the kinetic energy of the
neutrons e.g. by timing their arrivals into the detector after the initial scattering
on the sample (time-of-ight spectrometers) or by using Bragg lters to select only
specic nal neutron energies [82]. As neutrons are spinful particles they can scatter
o of electron (and nuclear) spins and thus give us information about the magnetic
excitations in the sample.
The dierential scattered intensity of neutrons with an energy transfer E is
proportional to the initial intensity I0 times the dierential cross-section for scattering in that direction. The measured scattered intensity I , which is the dierential
scattered intensity integrated over a nite energy-transfer and momentum-transfer
range, is thus proportional to the average dierential cross-section over that range 12
times the initial intensity I0 . For coherent unpolarized inelastic magnetic scattering
of neutrons from a system with a single species of magnetic ion we have the dierential cross-section, which is proportional to the scattered intensity I , for scattering
into a dΩ-sized part of the solid angle with an energy transfer of E = ω from the
neutron to the sample [81, 82]:

d2 σ
kf
I
∝
∝ N f 2 (q)e−2W tr [(id − q̂ ⊗ q̂) S(q, ω)]
I0
dΩ dE
ki

(5.59)

where N is the number of magnetic ions, kf and ki are magnitudes of the nal
and incident wavevectors kf and ki , respectively, f (q) is the magnetic form factor
of the ion at momentum transfer q = kf − ki , e−2W is the DebyeWaller factor
and S(q, ω) is the dynamical spin correlation function [Eq. (5.8)] that is expressed
from the dynamical susceptibility χ (q, ω) via Eq. (5.7). We can thus see that
inelastic neutron scattering indeed directly measures the dynamical susceptibility
of the sample. The projected dynamic spin correlation function in the trace is
usually denoted by 13 S ⊥ (q, ω) = (id − q̂ ⊗ q̂) S(q, ω) (id − q̂ ⊗ q̂) and tells us that

The energy-transfer and momentum-transfer range is usually quite narrow, so that the dierential cross-section does not change much across it, meaning that we can approximately equate its
average to its value in some point. To be more precise, though, we have to include this and other
eects into a resolution function that tells us how the observed intensities in specic detectors
correspond to the underlying dierential cross-section of the sample [82].
13 Note that indeed tr [S (q, ω)] = tr [(id − q̂ ⊗ q̂) S(q, ω)] since the projector (id − q̂ ⊗ q̂) is
⊥
idempotent (it squares to one) and the trace is cyclic: tr(ABC) = tr(CAB).
12
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neutrons are only sensitive to the component of spin uctuations perpendicular to
their momentum transfer vector 14 q .
The energy transfer is dened as E = Ei − Ef , where Ei = 2 p2i /2mn is the
initial neutron energy, Ef = 2 p2f /2mn is the nal neutron energy, and mn is the
neutron's mass, giving E > 0 when the sample gains energy from the neutron and
E < 0 when it looses energy to the neutron [82]. In inelastic neutron scattering the
usual range of momentum transfer wavevectors is up to a few hundreds of inverse
nanometers, while absolute energy transfers in inelastic neutron scattering can range
from about ∼50 µeV up to more than 100 eV [106], in special cases, but are usually
between 0.1 meV and a few or few tens of meV when observing magnetic inelastic
neutron scattering [16].
Let us mention that in coherent elastic magnetic scattering of neutrons, i.e. at
E = 0, we have additional magnetic Bragg peaks when the system exhibits static
long-range magnetic order, and which can be used to determine this magnetic order,
but which vanish in disordered spin systems, e.g. in quantum spin liquids.

Nuclear scattering
In addition to magnetic scattering the neutrons are also sensitive to nuclear positions
giving also elastic nuclear Bragg peaks at E = 0, and phonon contributions to inelastic scattering [82]. The phonon contributions also obey the principle of detailed
balance and are thus seen as an eective extra term in the dynamical susceptibility
χ , while the elastic Bragg peaks can be used for crystal structure determination as
the neutrons are sensitive to dierent nuclei than e.g. X-ray diraction scattering,
with neutrons being especially sensitive e.g. to deuterium, which is almost transparent to X-rays. This is because neutron scatter o of nuclei in the sample, a process
with a non-trivial and non-monotonic isotope dependence of the corresponding scattering lengths b, with the neutron scattered intensity (cross-section) proportional to
b2 (Fig. 5.15), while X-rays scatter just from the electron clouds in the sample with
a simple monotonic Z 2 dependence of the scattered intensity on atomic number Z
(i.e. the number of electrons) with no isotope dependence [82]. Elastic neutron
scattering is thus complementary to X-ray diraction.
However, as neutrons are spinful particles their nuclear scattering depends also on
the relative spin state of the nucleus and the neutron at the time of scattering. This
gives a random nearly-isotropic incoherent contribution to the neutron scattering
intensity, the strength of which strongly depends on the nuclear isotopes present
in the sample, as dierent isotopes have dierent spins and dierent distributions
of nucleons within them [82]. This can sometimes severely limit the application
of the otherwise very powerful technique of neutron scattering, when we cannot
exclude nuclei with strong incoherent scattering, e.g. hydrogen. This is one of the
reasons we use deuterated samples of Zn-brochantite in subsection 8.2.3. On the
other hand, strong incoherent scatterers like vanadium 51V, with a cross-section for
incoherent scattering 276-times larger than for coherent scattering, are regularly used
for calibration of neutron detectors, as they produce a nearly-isotropic distribution
of scattered neutrons [82].
Finally, let us mention that, as with all techniques, we have to be aware of

Even though any angular dependence on the direction of the nal q vanishes in a powder the
powder average averages S ⊥ (q, ω) not S(q, ω), which can be non-trivial.
14
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Figure 5.15: Neutron scattering cross-section compared to cross-sections for X-ray
scattering. A strong non-monotonic isotope and atomic-element dependence is seen
for the neutron scattering cross-section, in contrast to a monotonic dependence of
X-ray scattering cross-section on the atomic number with no isotope dependence.
Reproduced from Ref. [107].
background contributions to our signal coming from the sample environment (e.g.
the sample holder, cryostat, etc.), which can be substantial when compared to the
observed signal, especially when dealing with samples with only weak magnetic
scattering like quantum spin liquids with spread-out continuum scattering (Fig. 3.10,
Fig. 3.11). We will deal with the issue of subtracting this background contribution
to extract the intrinsic signal in section 7.2 [16] where we will develop a new method
for achieving this much more eciently that was previously possible. The new
method will crucially rely on the principle of detailed balance [Eq. (5.10)], which
is equivalent to the uctuationdissipation theorem [Eq. (5.7)], that is obeyed by
neutrons scattered by the sample, but not by usual background scattering, giving
us a way to discriminate between the two [16].
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Chapter 6
Herbertsmithite
Tyger Tyger, burning bright,
In the forests of the night;
What immortal hand or eye,
Could frame thy fearful symmetry?
The Tyger by William Blake (1794)

This is a retelling of the story rst told in Ref. [13] of how we tackled the Tyger of
threefold symmetry in herbertsmithite and proved that it was an illusion all along.
It is also a story of how we were aided in our quest by a strange and wondrous new
species of defects, that had hitherto remained undiscovered.
You must unlearn, what you have learned.
Yoda in Star Wars: Episode V - The Empire Strikes Back (1980)

6.1 Introduction to herbertsmithite
Herbertsmithite, ZnCu3(OH)6Cl2, is the paradigmatic and most well studied example of a Heisenberg quantum kagome antiferromagnet (QKA) in a real material.
While rst discovered already in 1972 in Iran and Chile and named after the mineralogist Herbert Smith (18721953) [34], it was not until 2005 when it was rst synthesised in its pure form at M.I.T. [108] and subsequently by groups in Europe [11]
that precision experiments on its magnetic state could be successfully undertaken.
Quickly thereafter, in 2007, it became the rst compound that was unambiguously
shown to host a 2D quantum spin liquid (QSL) state with no long-range magnetic
order and no ZFCFC splitting down to the lowest experimentally-accessible temperatures (20 mK in μSR experiments) [11, 12]. The conrmation of the existence of
a stable 2D quantum spin liquid in a real material was the watershed moment that
led to a major renewal of research and interest in QSL's, and 2D frustrated magnetism in general, that persists to this day. Since then a handful of other quasi-2D
QSL materials have been found, yet despite its aws herbertsmithite remains the
closest realization of an ideal Heisenberg quantum kagome antiferromagnet to date
[13].
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6.1.1 Crystal structure

Herbertsmithite is the end, x = 1, compound in the Zn-substituted paratacamite
family (Zn-paratacamite), Zn xCu4x(OH)6Cl2. The parent x = 0 compound clinoatacamite, Cu4(OH)6Cl2, rst described by Herbert Smith in 1906 [34], contains four
Cu2+ ions per unit cell: three form a distorted kagome lattice, where two of them are
symmetry-equivalent, and the fourth sits between the kagome planes. The kagomeplane distortions are due to the strong JahnTeller eect of the kagome Cu 2+ ions1,
whereas the inter-plane Cu2+ ions have a much smaller JahnTeller distortion [34].
Because of this the substitution of spin- 1/2 Cu2+ with spin-0 nonmagnetic Zn2+,
which is not JahnTeller active, is strongly site-selective and occurs predominantly
on the inter-plane site. In x = 1 herbertsmithite the kagome planes of Cu 2+ should
thus ideally be completely separated by nonmagnetic Zn 2+, rendering the structure
quasi-2D.
The usual story goes that when the amount of Zn 2+-for-Cu2+ substitutions is
greater than x > 0.33 the crystal symmetry changes from monoclinic ( P 21/n) with
two symmetry-inequivalent kagome-plane Cu 2+ sites to perfect rhombohedral ( R3̄m)
where an additional threefold rotational symmetry axis makes all of the kagomeplane Cu2+ sites symmetry-equivalent (Fig. 6.1), resulting in perfect kagome-lattice
planes of Cu2+ (Fig. 6.2), at least on average. We will show, however, in subsection 6.3.3 and onwards, that the threefold rotational symmetry of x = 1 herbertsmithite is in fact only approximate and that a subtle but global structural distortion
still breaks it, at least at low temperatures [13]. This means that x = 1 herbertsmithite actually still has at least two symmetry-inequivalent kagome-plane Cu 2+
sites, and, as would be natural to conjecture, perhaps the whole Zn-paratacamite
family does as well, with no occurrence of true global threefold symmetry in this
family at any substitution level x.
6.1.2 Vanishing of magnetic order

All members of the Zn-paratacamite family are Mott insulators with nearest neighbour Cu2+ connected by superexchange pathways through OH  (Cu O Cu bridges)
that result in strong nearest-neighbour antiferromagnetic exchange interactions between kagome-plane Cu2+ [35] of J ∼ 180(10) K in herbertsmithite and much weaker
exchange interactions between kagome-planes with ab initio calculations suggesting
couplings of at most a few kelvin, specically up to J  ∼ 0.03J [33]2. The inter-plane
A JahnTeller distortion occurs when the electrostatic degeneracy of valence electrons around
an atom or ion gets lifted by spontaneous symmetry breaking [109, 110]. It occurs only for certain
electron congurations of ions.
2 The exact values of the exchange interactions in herbertsmithite are actually still not precisely
known. Experimentally the main kagome-plane coupling J is extracted from high-temperature series expansion or linked cluster analysis of magnetic susceptibility, however both suer from the fact
that susceptibility was measured only up to ∼2J where the eective Weiss temperature is around
θCW ∼ 300 K [12], while the true simple CurieWeiss tail with θCW = J is only expected above
∼10J [112]. This makes the analysis of experimental data sensitive to subtle assumptions about
any additional contributions to the observed susceptibility, like defect and magnetic-anisotropy
contributions. The initial experimental report gave the value of J = 17 meV/kB ∼ 200 K [12]
using high-temperature series expansion to analyse their data, a rened linked cluster reanalysis
of the same data yielded J = 170 K [112] using a model of a pure Heisenberg quantum kagome
antiferromagnet with not defects and no anisotropies (both are actually present in herbertsmithite
[66]), while a further reanalysis of that data using high-temperature expansion but now taking into
1
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Figure 6.1: Crystal structure in the Zn-paratacamite family (top), and the Cu 2+
and Zn2+ ion sites inside one unit cell labelled by their symmetry-(in)equivalence
(bottom), as was believed prior to our work in Ref. [13]. Starting from x = 0 clinoatacamite on the left through to x = 1 herbertsmithite on the right, the symmetry was
thought to get enhanced from monoclinic ( P 21 /n) to perfect rhombohedral ( R3̄m)
at x > 0.33. For herbertsmithite this would mean that it should have perfectly
threefold-symmetric Cu 2+ kagome planes separated by nonmagnetic Zn 2+. Reproduced from Ref. [108].
coupling in herbertsmithite is small, J  J , since the kagome planes are separated
by non-magnetic Zn2+, because the crystal structure is elongated along the c axis
perpendicular to the kagome planes [11] and because the Cu O Cu bond angles
favour a much smaller exchange J  than J by GoodenoughKanamori rules [108].
Nevertheless, in Zn-paratacamite the impact of the fraction 1 − x of inter-plane
Cu2+ that are not substituted by nonmagnetic Zn 2+ has a profound eect on the
ground state as it introduces 3D inter-plane couplings that strongly favour magnetic
order. The long-range magnetic order exhibited by the parent x = 0 clinoatacamite
compound below 18 K thus manifests at low temperatures in the form of an inhomogeneous partially-frozen spin state that disappears only above the substitution
level x > 0.66 when the material nally becomes a quantum spin liquid with no
long-range magnetic order down to the lowest temperatures (Fig. 6.3) [11].

6.1.3 Defects
The nal x = 1 compound herbertsmithite, ZnCu 3(OH)6Cl2, is a true QSL and
should ideally have nearly perfect kagome planes of spin- 1/2 Cu2+ with strong
antiferromagnetic nearest-neighbour Heisenberg interactions J separated by nonmagnetic Zn2+. Unfortunately, all experimental samples of herbertsmithite show a
account the contribution of (a model of) defects to the measured susceptibility of herbertsmithite
gave the value of J = 190 K [51]. A later ab initio study using density functional theory found the
value J = 180 K [33] for the antiferromagnetic nearest-neighbour Heisenberg exchange and predicted the coupling between the layers to be up to ∼6 K, with the sign and exact value dependent
on which two kagome sites the coupling refers to.
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Figure 6.2: Idealized rhombohedral ( R3̄m) crystal structure of a single kagome a
b plane of Cu2+ ions in herbertsmithite, ZnCu 3(OH)6Cl2. The unit cell dimensions
are a = b = 0.684 nm and c = 1.410 nm [111], the angle between the a and b axes
is 120°, and the c axis is orthogonal to the kagome layers. Herbertsmithite's molar
mass is Mmol = 428.97 g mol−1 and the volume of its unit cell is V0 = 0.571 nm3 .
Adapted from Ref. [111].
signicant amount of defects in the form of around 5 to 8 % of Cu2+ still on the
inter-plane Zn2+ site even in the best polycrystalline and single-crystal samples of
herbertsmithite [13, 113116]. These defects introduce 3D inter-plane couplings and
locally deform the lattice [13]. From stoichiometry, there are possibly even Zn 2+ on
kagome-plane Cu2+ sites introducing vacancies into the kagome planes [66], though
the presence of this type of defects was disputed by X-ray measurements in Ref. [116].
Defects in samples of herbertsmithite are in fact practically unavoidable as they arise
from the entropic mixing of Cu 2+ and Zn2+ during hydrothermal synthesis of herbertsmithite at the required high temperatures (as site disorder increases entropy it
becomes favourable at high temperatures). This mixing which is strong as the ionic
radii of Zn2+ and Cu2+ dier by of only ∼1 % [117].
The defects, sometimes also called impurities, are usually expected to represent
only a small perturbation to the intrinsic quantum spin liquid physics of kagome
planes in herbertsmithite [66], even though the question of their true impact on the
QSL ground state of herbertsmithite remains unsettled [14, 54, 97]. At low temperatures the defects nevertheless represent the dominant contribution to measurable
thermodynamic quantities like specic heat and magnetic susceptibility, which is
dominated by defects with their strong CurieWeiss-like contribution at low temperatures, masking the intrinsic kagome Cu 2+ signal (Fig. 6.4) [66]. To isolate the
kagome physics it is thus crucial to be able to reliably lter out the contribution of
defects to measured quantities either by carefully modelling and subtracting their
116

6.1. Introduction to herbertsmithite

Figure 6.3: A phase diagram obtained by longitudinal-eld μSR showing the average
frozen fraction of the full magnetic moments of Cu 2+ in the Zn-paratacamite family
that contribute to long-range magnetic order (marked Static) at x < 0.66, and
measurements showing no long-range magnetic order at x > 0.66 (marked Dynamic).
Insets shows the temperature-evolution of the frozen fraction. Reproduced from
Ref. [11, 66].
signal [14] or by employing local site-selective probes to suppress their contribution
and only focus on the intrinsic kagome spins, when possible [52, 66].
Defects are usually modelled as quasi-free spin 1/2 entities with a Weiss temperature of around 1.2 K [52] which were recently shown to actually be correlated
across the kagome planes in an inelastic neutron scattering study that attempted to
disentangle the kagome and defect excitation spectra [14]. We will, however, show
that local-probe electron spin resonance (ESR) on single crystals of herbertsmithite
can actually reliably detect two types of magnetic defects, which we call dI and
d
d
= 5.2 K and θCW
∼ 0 which,
dII , with very dierent Weiss temperatures of θCW
through their magnetic response, also reveal the global structural distortion and
global threefold symmetry breaking in herbertsmithite alluded to earlier [13]. The
symmetry reduction, possibly related to the establishment of a quantum-spin-liquid
ground state in herbertsmithite [13], is robustly conrmed in two independent ways,
using bulk torque magnetometry and using local-probe ESR, but in both cases it
turns out that the presence of defects in herbertsmithite is crucial to the success of
our measurements, as we ultimately use those defects as very sensitive local probes
of their crystallographic surroundings. The idea of using defects as local probes will
also reappear in our study of Zn-brochantite in chapter 8.
I

II

6.1.4 Quantum-spin-liquid state
Due to problems with large defect contributions to the observable quantities in herbertsmithite and dierent ways of modelling-and-subtracting or ltering out those
contributions it has been dicult to reliably determine the type of quantum spin liquid (QSL) that herbertsmithite hosts. Until recently the consensus was that, at least
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6.2. Introduction to spin-induced crystal symmetry breaking
two separate kinds of defects with vastly dierent eective Weiss temperatures, will
prove to be crucial in nally disentangling the defect contribution from the intrinsic
kagome physics.

6.2 Introduction to spin-induced crystal symmetry
breaking
As we will be concerned with threefold symmetry breaking in herbertsmithite, and
as we will argue that it is crucial that herbertsmithite hosts a quantum spin liquid,
it might be useful to remind ourselves of other instances of spin-induced breaking
of crystal symmetry.
In 1D antiferromagnets, for example, it is common for neighbouring spins to
form singlet pairs (usually called valence bonds) in a valence bond solid or crystal
(VBS), leading to a concomitant dimerization of the underlying crystal lattice, and
thus often a doubling of the unit cell as translational symmetry gets broken, in an
eect called a spin-Peierls transition [121123]. A similar instability of the crystal
lattice in higher dimensions can arise from magnetoelastic coupling in geometrically
frustrated spin systems, where spontaneous lattice symmetry breaking occurs to relieve the magnetic frustration of a fully symmetric crystal, allowing the system to
form long-range magnetic order in its ground state as one of the, otherwise degenerate, magnetic states becomes energetically favourable under spontaneous symmetry

breaking [40, 124129] 4 . Evading long-range order, a singlet-paired or VBS state
can also form in higher dimensions in a spin-Peierls-like transition within disordered
states on frustrated lattices, with theoretical predictions [130132] and experimental
conrmation [133, 134] of this mechanism in a spin-singlet ground states.
Even though the ideal Heisenberg quantum kagome antiferromagnet seems to
be resistant to valence-bond ordering as a quantum-spin-liquid ground state is predicted, this state is, nevertheless, only slightly energetically favourable to a VBS
state breaking translational symmetry [135], and possibly leading to a lattice distortion if assisted by magnetoelastic coupling. As defects might be able to locally
pin a VBS [136], it would be interesting to consider how this could aect the ground
state of herbertsmithite [13].
Another possibility is that instead of breaking the symmetry of the lattice by
dimerization or translational symmetry breaking, the quantum-spin-liquid state in
herbertsmithite could also spontaneously break just the rotational or even just the
chiral symmetry of its Hamiltonian. In principle there is little concrete evidence
that a fully symmetric quantum spin liquid should be the true ground state of the
Heisenberg quantum kagome antiferromagnet, and there are proposals for e.g. a
chiral ground states in herbertsmithite [42]. Aided by magnetoelastic coupling this
could also deform the lattice. As we will shortly see, our results do in fact show some
subtle breaking of threefold rotational symmetry of the lattice in herbertsmithite.

This is not unlike the symmetry breaking under the JahnTeller eect [109, 110], the only
dierence being that in the JahnTeller eect the initially degenerate states are the orbital states
of the electrons around an ion, while in the frustrated magnetic case they are the magnetic states,
which are degenerate due to magnetic frustration. In both cases spontaneous breaking of lattice
symmetry acts to relieve this degeneracy thereby lowering the energy of one randomly chosen
special state that becomes the ground state of the symmetry-broken system.
4
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The question of whether the quantum-spin-liquid state in herbertsmithite is the
cause of this reduction in symmetry is left until the Discussion in section 6.5.

6.3 Magnetic torque measurements
6.3.1 Setup and samples

We performed magnetic torque measurements on a home-built apparatus at the
Institute of Physics, Bijeni£ka c. 46, HR-10000 Zagreb, Croatia [13]. In the setup an
oriented single-crystal sample is held inside a quartz sample holder and suspended
on a thin quartz bre running along the vertical z laboratory axis. The sample
holder consists of two parallel quartz plates, one xed onto the bre and the other
connected to it by a quartz spring, between which the sample is held in place. The
sample-holder plates have a normal vector which in the zero-eld case points along
and denes the y horizontal laboratory axis, where y ⊥ z (see Fig. 6.6, and Fig. 6.7).
The horizontal x laboratory axis is dened so as to form a right-handed orthogonal
laboratory coordinate system [x, y, z], resulting in the axis x ⊥ y, z that is parallel
to the sample-holder plates in zero eld.
For magnetic torque measurements we apply a magnetic eld within the horizontal xy laboratory plane, i.e. perpendicularly to the bre, and measure how much
the bre twists as a function of the angle θ between the direction of the applied
external magnetic eld and the zero-eld x laboratory axis. The bre twist angle ϕ
at a particular point along the bre is measured by bouncing a laser beam o a small
mirror mounted on the bre and monitoring the laser beam's displacement far away.
The bre acts as a torsion spring and, since the typical twist angles are quite small, a
linear relation between the twist angle ϕ and the component of the magnetic torque
acting on the sample along the bre, i.e. the z axis magnetic torque component,
τz ∝ ϕ is a good approximation. By calibrating the whole setup on a material with
a known magnetic anisotropy the value of the magnetic torque τz can be determined
in absolute terms, without any unknown prefactors. The angular dependence of the
component of the magnetic torque along the bre τz (θ) due to magnetic anisotropy
in the xy laboratory plane is thus obtained. We can also vary the temperature
of the sample using a cryostat, and the magnitude of the applied eld H , as the
eld is produced by an electromagnet. By reorienting the sample within the sample
holder we can also cover dierent crystallographic planes by aligning them with the
measurement xy laboratory plane.
For our measurements we used recently synthesized single crystals of herbertsmithite with masses between 5.63 mg and 16.17 mg [13]. The crystals were synthesized by the hydrothermal method described in Ref. [137] and had irregular shapes
reminiscent of those reported in Ref. [138] (Fig. 6.5). The samples were characterized and their high quality conrmed by X-ray diraction (XRD) and by SQUID
magnetization measurements. The samples were oriented and their crystal axes
determined by XRD using a Laue camera in backscattering geometry [13].
Magnetic torque measurements were performed in two crystallographic planes:
in the a∗c plane (Fig. 6.6), where the c axis is perpendicular to the kagome a
b planes, and in the [101]∗ b plane (Fig. 6.7). These were chosen because of the
sample's morphology, as these measurement planes were both easily accessible by
placing the largest facet of the sample (Fig. 6.5), which corresponds to the (101)
120
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Figure 6.5: Morphology of the single-crystal herbertsmithite sample used for magnetic torque measurements viewed from two angles. The sample was mounted onto
the largest facet (dotted red outline on the left-hand side of the sample in the left
photograph), which corresponds to the (101) crystallographic plane as determined
by XRD, with its outside normal pointing along the negative [101]∗ direction.
plane as determined by XRD, onto the sample holder plate and rotating the thus
mounted sample on the sample holder plate prior to performing the measurements.
In all our measurements the sample holder plate normal y was thus pointing in the
well dened y = [101]∗ crystallographic direction 5 .
By optimizing the torque amplitude and phase at room temperature while selecting the correct rotations about the y = [101]∗ axis for measurements within the
a∗ c or the [101]∗ b plane, any residual sample misalignment could be constrained
to be due to a rotation of at most  2° about the y = [101]∗ axis [13]. After each
temperature sweep we remeasured the room-temperature torque curves τz (θ) to ensure that the sample orientation had not changed during the sweep. The direction
of the applied eld with respect to the sample holder θ was separately determined
to have an uncertainty of at most 0.3° [13].

6.3.2 Linear response
First, we wanted to check whether we were in the linear response regime. To this end
we oriented the sample into the a∗ c crystallographic plane and measured the dependence of the magnetic torque curve τz (θ) on the applied eld up to μ0 H = 0.8 T
at a low temperature of T = 4.2 K (Fig. 6.8). All the measured angular dependencies τz (θ) were perfectly described by a pure sine in 2θ and collapsed onto a
single curve when normalized by the square of the applied eld as τz /H 2 , precisely
as predicted within the linear response approximation [Eq. (5.19)]. The validity of
the linear response approximation is also consistent with previous direct magnetization measurements [113], which showed an approximately linear dependence of the
magnetization on the applied eld M ∝ H in this eld range.

Magnetic anisotropy within the kagome ab plane was, unfortunately, impossible to directly
measure in the torque magnetometer with the available sample holder due to the irregular sample morphology. Namely, the c crystallographic axis would have to be aligned parallel to the z
laboratory axis but there were no crystal facets on the sample parallel to the c axis (see Fig. 6.5)
that would allow us to mount it onto the sample holder in such a way. For direct kagome plane
measurements on these samples a dierent sample holder design would thus be required.
5
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Figure 6.6: (Middle and right) Experimental geometry and axes orientations for
measurements of magnetic torque in the xy = a∗ c plane (blue). The sample
holder is represented by the gray plate, and the sample by the smaller turquoise
box. The eld is applied within the xy plane and magnetic torque about the z axis
is measured as described in subsection 5.2.2. (Top left) Photograph of the mounted
sample with the marked crystallographic c axis. The photograph corresponds to the
panel marked Front (top middle).
As we conrmed that the linear response approximation was valid, we could then
parametrize the whole angular dependence of the measured magnetic torque τz (θ)
at each temperature T in terms of only two parameters: the xy plane magnetic
anisotropy Δχ(xy) and the direction of the xy plane easy axis θ0 , via Eq. (5.19)
(see subsection 5.2.2). In our further measurements we xed the magnetic eld
strength to μ0 H = 0.2 T and extracted the parameters Δχ(xy) and θ0 as functions
of temperature in both measured crystallographic planes: a∗ c and [101]∗ b.

6.3.3 First proof of reduced symmetry
First we measured the magnetic torque in a∗ c crystallographic plane [Fig. 6.9(a)]
[13]. We see that at high temperatures the a∗ c plane magnetic easy axis is oriented
towards the c crystallographic axis, and as at temperatures above ∼100 K the magnetic response of herbertsmithite is dominated by kagome spins (Fig. 6.4) [35], this
means that the kagome Cu 2+ spins have χc > χa . Below T0 ∼ 12 K the direction of
the a∗ c plane magnetic easy axis abruptly changes by |Δθ0 | = 90° [Fig. 6.9(c)] at
the same time as the magnetic anisotropy Δχ(a c) crosses zero [Fig. 6.9(d)], showing
that χc < χa for defects which dominate the magnetic response at low temperatures.
Such a temperature-dependence of the easy axis direction θ0 in the a∗ c crystal∗

∗

∗
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Figure 6.7: Same as Fig. 6.6 but for measurements of magnetic torque in the xy =
[101]∗ b plane.
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Figure 6.8: Field dependence of the measured a∗ c plane magnetic torque curves
τz (θ) at 4.2 K normalized by the inverse square of the applied magnetic eld H with
the values of μ0 H written in the legend. All the datasets collapse onto the same
pure sine curve in 2θ (black solid line) described by Eq. (5.19) (see also Fig. 5.2)
valid in the linear response regime.
lographic plane is consistent with our expectation that the axis c, which is perpendicular to the kagome planes, should be a magnetic eigenaxis (or at least close to
one) at any temperature, as would for example follow from the putative (or at least
approximate) threefold symmetry of herbertsmithite and of the ideal kagome lattice.
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We thus deduce that the bulk magnetic easy axis c due to kagome spins at T > T
is replaced by a bulk magnetic easy plane ab due to defects at T < T . This is
also in quantitative agreement with previous bulk susceptibility measurements on
single crystals of herbertsmithite [138], as can be seen from Fig. 6.9(d).
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Figure 6.9: (a), (b) The angular dependence of the magnetic torque τ measured on
herbertsmithite in the a c and [101] b crystallographic planes, respectively. The
solid lines represent ts with Eq. (5.19). (c), (e) The temperature dependence of
the magnetic-torque phase θ , and (d) of the magnetic anisotropy extracted from
such ts in both crystallographic planes. The angle θ = −25.9 is minus the angle
between the −c and the x axes, equivalently between the a and the [101] axes
(Fig. 6.6), using crystal parameters from Ref. [111] (Fig. 6.2). That at T  T we
have θ = θ in the a c plane (c) and θ = 90 in the [101] b plane (e) further independently conrms our proposed sample orientations in Fig. 6.6 and Fig. 6.7. The
solid red line in (d) represents the a c plane magnetic anisotropy from bulk magnetization data in Ref. [138] showing quantitative agreement with our magnetic-torque
measurements. The dashed lines are guides to the eye. In (e) they highlight the
magnetic-torque phase change of |Δθ | = 83 , which is = 90 well outside experimental uncertainty, immediately proving the breaking of global threefold symmetry in
herbertsmithite via general arguments presented in subsection 5.2.2 [13]. A modied
version of this gure appeared in Ref. [13].
Next we performed magnetic torque measurements in the [101] b crystallographic plane [Fig. 6.9(b)]. We see that we have χ > χ at T > T due to
kagome spins, as we would expect since the T > T magnetic easy axis c with
χ > χ ≈ χ , as we know from a c plane measurements, has a sizeable projection
onto the [101] axis, making it easier than the axis b. We also see that at T < T
we have χ < χ due to defects, which is again consistent with a c plane measurements. Quite unexpectedly, though, the easy axis direction changes by only
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Note that there is nothing particularly special about the temperature T0 itself as it is just
the accidental temperature where the total (and opposite) contributions to the bulk magnetic
anisotropy from the defects and from the kagome spins equalize. It thus strongly depends on
the concentration of defects within herbertsmithite not only on the inherent behaviour of a single
defect or kagome spin. Importantly, there is no abrupt change in the susceptibility tensor χ of
herbertsmithite at T0 , just an exchange of the easy axis/hard axis labels for its eigenvectors.
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|Δθ0 | = 83° between T  T0 and T

T0 , which directly contradicts the putative

threefold symmetry of herbertsmithite, as such a symmetry would only allow jumps
of |Δθ0 | = 90° irrespective of sample orientation (see subsection 5.2.2).
Note that, as torque magnetometry is a bulk technique, it should see an average
threefold symmetry in herbertsmithite even if individual sites or defects would possess lower local symmetry, provided that the directions of local symmetry breaking
around these sites or defects would be uncorrelated at large distances, as the local
symmetry breaking directions would then average out across the sample. This is
manifestly not the case, as we observe |Δθ0 | = 90° in the [101]∗ b crystallographic
plane directly contradicting even average threefold symmetry. This means that our
magnetic torque measurements represent the rst piece of irrefutable evidence that
the global, i.e. averaged, symmetry of herbertsmithite is reduced from the full symmetry of an ideal kagome lattice, and in fact does not even possess a threefold
symmetry axis, not even on average [13].

6.4 Electron spin resonance (ESR) measurements
6.4.1 Two kinds of defects
To gain further insight into the observed symmetry reduction in herbertsmithite
we performed complementary ESR measurements at the National High Magnetic
Field Laboratory in Tallahassee, Florida, USA on a custom-made ESR spectrometer
operating at 240 GHz and equipped with a goniometer for rotating the sample [13].
The samples were oriented by placing them in 2 mm quartz tubes lled with vacuum
grease and applying a 12 T magnetic eld either along or perpendicularly to the
quartz tubes at room temperature and then cooling the whole system down until the
vacuum grease solidied, thus xing the orientation of the samples for all subsequent
measurement temperatures. We found that the samples oriented themselves under
the applied eld such that the c axis pointed along the initial magnetic eld [13]. This
was to be expected since samples in general tend to orient themselves such that their
bulk magnetic easy axis, corresponding to the largest eigenvalue of spin susceptibility
(and the largest g -factor by Eq. (5.25)), points along the applied eld (see the
magnetic torque expression Eq. (5.16)), and at high temperatures the c axis is the
bulk magnetic easy axis of herbertsmithite, as conrmed by torque magnetometry
[Fig. 6.9(c)]. By maximizing or minimizing the ESR resonance eld at 200 K the
measurement planes either including or excluding the c axis, respectively, could be
found and optimized to a residual sample misalignment of at most  2°.
First we measured ESR spectra in two xed eld directions, either B  c or
B ⊥ c, at a series of temperatures [Fig. 6.10(a,b)]. We observe a broad ESR line
at all temperatures with a shape and position ( g -factor) consistent with previous
ESR measurement on polycrystalline samples of herbertsmithite [119]. From those
previous measurements it is known that the total intensity of the ESR spectrum,
which is dominated by the intensity of the broad line, is proportional to the bulk
susceptibility of herbertsmithite (and not, e.g., to the kagome susceptibility of herbertsmithite) via Eq. (5.28) [119]. This is corroborated by the fact that we observe
the intensity of the broad line to still be increasing [Fig. 6.10(a,b)] at temperatures
below ∼50 K where the kagome susceptibility already starts to decrease (Fig. 6.4)
[52, 114, 118].
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This proportionality of the broad line intensity with bulk susceptibility of herbertsmithite implies that the broad line has contributions from both the kagome
spins, which dominate the bulk susceptibility at high temperatures, and from the
defects, which we will call dI [13], that represent the main contribution to the bulk
susceptibility at low temperatures (Fig. 6.4) [119]. This should then show up in the
g -factor of the broad line as a crossover between the high-temperature regime where
the g-factor of the broad line should be higher for B  c, as the c axis is the hightemperature magnetic easy axis, to a low-temperature regime where the g-factor of
the broad line should be higher for B ⊥ c, as the c axis is the low-temperature
magnetic hard axis. This is precisely what we observe [Fig. 6.10(c)] which further
conrms that the broad line is the common ESR line for both kagome spins and dI
defects.
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Figure 6.10: (a), (b) ESR spectra of herbertsmithite in two eld orientations, either
B  c or B ⊥ c, respectively. The spectra are displaced vertically for clarity and
tted with a multi-component Lorentzian model (solid black lines) containing: a
broad component (B ) at all temperatures, and either a single narrow component
(N ) for B  c (a), or three narrow components ( N1 , N2 , N3 ) for B ⊥ c (b), at
low temperatures. The positions of the narrow components are indicated by dashed
lines. (c), (d) The temperature dependencies of the g-factors and the linewidths of
the individual components, respectively, with solid lines as guides to the eye.
Now, as both kagome spin and dI defect contributions are obviously merged into
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a single broad ESR line, and do not show up as two separate sets of ESR lines, we
conclude that kagome spins and dI defects must be strongly coupled and are not
independent [13]. Specically, they must be in the exchange-narrowing limit with
a coupling between them of at least J dI > ΔgμB B/kB by Eq. (5.26). Estimating
the g -factor dierence between the kagome spins and dI defects Δg if their mutual
coupling J dI were to be turned o (producing two sets of independent ESR lines with
g -factors diering by Δg ) as Δg ∼ 0.3 (a value typical for Cu 2+ ions in an octahedral
environment [90]) we obtain a lower bound on the exchange coupling between dI
defects and kagome spins of J dI  2 K [13]. The dI defects, which represent the
main contribution to the bulk susceptibility at low temperatures, are thus strongly
coupled with kagome spins in herbertsmithite. As we will prove in chapter 8 we
can similarly observe defects that are strongly coupled to the quantum-spin-liquid
kagome spins in the related Heisenberg quantum kagome antiferromagnet compound
Zn-brochantite.
Looking closer at the low-temperature ESR spectra [Fig. 6.10(a,b)] we observe
that they also contains additional narrow components that were not previously resolved in polycrystalline ESR [119]. There is one narrow component in the case of
B  c and three separate ones for B ⊥ c. We observe that the total intensity of
the narrow component IN in the B  c case is the same as the total intensity of
all three narrow components in the B ⊥ c case put together, when normalized to
the intensity of the broad line IB (inset in Fig. 6.11). This means that the total
susceptibility of the narrow components is nearly the same for both eld orientations
by Eq. (5.28), and that the narrow components in both eld orientations can in fact
be assigned to the same defects, which we will call dII [13]. These newly discovered
defects appear to consist of a single symmetry-inequivalent defect site when B  c
which then splits into three symmetry-inequivalent defect responses when we apply
B ⊥ c.
This splitting could be due to their dierent Zeeman Hamiltonian terms under
a eld B ⊥ c due to kagome-plane g -factor anisotropy of defects sites [Eq. (5.24)],
while the apparent absence of splitting when B  c implies that the c is still an eigenaxis of the g -factor tensor. If the kagome-plane anisotropic g -factors of dierent
sites were connected by threefold symmetry, the global threefold symmetry of the
lattice would be obeyed, and if they were not the global threefold symmetry would
be broken. Another option is that the applied eld perturbs the defects beyond
the eective g -factor description. However, if the underlying system were threefold
symmetric the response to the eld would also have be threefold symmetric, irrespective of whether the g -factor description is still valid or not. This splitting of
the dII defect site under B ⊥ c thus not by itself prove symmetry breaking of the
underlying kagome lattice, but gives us an idea of how to go about verifying it, by
measuring the angular dependence of this splitting (as we do in subsection 6.4.2).
Before we get to that, let us study the observed response a bit more closely.
We are now in a position to extract the individual susceptibilities of the dI and
dII defects. As we argued above, the broad ESR component corresponds to dI
defects with an unknown susceptibility χdI combined with kagome spins, with a
susceptibility χk that we can extract from previous local-probe NMR measurements
[52]. Using Eq. (5.28) we can thus express the intensity of the broad component
as IB = c(χk + χdI ) where the proportionality constant c is a priori unknown and
possibly temperature-dependent. The narrow ESR components are due to the new
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defects dII , which split into symmetry-inequivalent defect sites under B ⊥ c, with
an unknown total susceptibility χdII . Using Eq. (5.28) we can express the total
intensity of the narrow components as IN = cχdII with the same proportionality
constant c as before. From previous bulk measurements [35, 138] we also know the
total bulk susceptibility of herbertsmithite, which we can write out as χbulk = χk +
χdI + χdII . This completes the list of three equations (for IB , IN and χbulk ) needed
to uniquely determine the three unknowns χdI , χdII and c at each temperature and
eld orientation. Explicitly, we have for the defect susceptibilities [13]:
χd I =
χ

dII

χbulk
− χk
IN
+1
IB

(6.1)

χbulk
= IB
+1
IN

+IB
whereas the previously unknown proportionality constant is c = INχbulk
. The thus
dI
dII
extracted defect susceptibilities χ and χ are plotted in Fig. 6.11.
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Figure 6.11: Susceptibilities of type dI (upper data points) and type dII defects
(lower data points) in herbertsmithite extracted from the ESR intensity ratio shown
in the inset using Eq. (6.1). The solid lines are ts of the susceptibilities using
dI
dII
and θCW
. The dashed line
CurieWeiss models with Weiss temperatures of θCW
corresponds to a power-law dependence. The inset shows the temperature-dependent
ratio between the combined intensities of the narrow ESR components and the
intensity of the broad ESR component used to extract the defect susceptibilities. A
modied version of this gure appeared in Ref. [13].
Defects of type dI are dominant as the dII defect susceptibility is χdII ∼ 0.4χdI at
5 K but drops much more quickly than dI defect susceptibility χdI as the temperature
increases. Specically, the susceptibility of the defects dI can be nicely described
by a CurieWeiss law [Eq. (2.4)] with an antiferromagnetic Weiss temperature of
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dI
θCW
= 5.2 K

J dI  2 K for the
The total susceptibility of dII defects,

(Fig. 6.11) [13], consistent with the lower bound

coupling between

dI

defects and kagome spins.

on the other hand, decreases much faster as the temperature increases, where a
phenomenological power-law
dII
Curie law with θCW

around
and

dII

1.2 K

=0

χdII ∝ T −p

with

p = 1.6

ts even better than a pure

(Fig. 6.11) [13]. The oft cited defect Weiss temperature of

[52] comes about from a CurieWeiss approximation to the sum of

dI

defect susceptibilities, which themselves actually have very dierent Weiss

temperatures.
The absence of a nite Weiss temperature for

dII

defects, their narrow ESR

resonances, and the fact that these resonance are separate peaks in ESR spectra
when

B ⊥ c

with no discernible exchange coupling between them (which would

tend to merge them into one broader peak via exchange narrowing) together imply
that the exchange couplings of the

dII

defects among themselves and with other spin

species in herbertsmithite are very small or zero
the strong

J

dI

coupling of

dI

J dII

2 K,

in sharp contrast with

defects with the kagome spins in herbertsmithite [13].

6.4.2 Second proof of reduced symmetry
Let us now revisit the observation that

dII

defects appear to correspond to a sin-

B  c, which then splits into three
B ⊥ c. A natural explanation for the ob-

gle symmetry-inequivalent defect site when
symmetry-inequivalent defect sites under

served eld-direction-dependent splitting would be that in zero eld we have three

dII

defect sites, which are, however, in zero eld all equivalent under the threefold

symmetry inherited from the ideal kagome lattice. This would reproduce the result that the

dII

defect sites remain symmetry-equivalent when we apply

i.e. along the threefold symmetry axis

B ⊥ c,

i.e. within the kagome

a b

c,

B  c,

but become symmetry-inequivalent under

plane, as such an applied eld explicitly breaks

the threefold symmetry of the full system Hamiltonian 7 .
To check whether an external applied eld

B ⊥c

within the kagome plane is

the only source of threefold symmetry breaking in our system, which would be quite
trivial, we measured the angular dependence of the
components at a xed temperature of

5K

g -factors

of the individual ESR

using a goniometer to eectively rotate

the applied eld within the kagome plane [13]. If the applied eld

B⊥c

were the

only source of threefold symmetry breaking in herbertsmithite, meaning that the
zero eld state of herbertsmithite should still be threefold symmetric, the resulting

g -factors
8

should repeat for every rotation of the applied eld by

120°

about the

c

axis .
We nd that the broad ESR component, corresponding to the coupled kagome
and

dI

defects, is actually angle-independent within the experimental uncertainty

Note that the magnitude of the applied eld is about 40-times smaller in our magnetic torque
experiments than in our ESR experiments. The explicit threefold symmetry breaking due to the
applied eld is thus also about 40-times smaller in magnetic torque experiments than in ESR experiments and is thus likely unobservable in our magnetic torque experiments. This is corroborated by
the linear-response sine shape of the measured magnetic torque curves (Fig. 6.8), as strong explicit
symmetry breaking by the applied eld should show up as nonlinear corrections to this sine shape.
The results of subsection 6.3.3 therefore cannot be explained only by explicit symmetry breaking
due to the applied eld with the zero-eld state being threefold symmetric.
8 The ideal kagome lattice actually has a more powerful sixfold symmetry, meaning that the
g -factors should actually repeat even every 60°.
7
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Figure 6.12: Angular dependence of g-factors of the individual ESR components
in herbertsmithite in the B ⊥ c eld conguration at 5 K. The g-factor of the
broad ESR line (B ) is angle-independent (horizontal blue line), while the eective
g -factors of the narrow
components ( Nj ) are modelled using Eq. (5.24) (solid lines).
2
2
Explicitly: gj (φ) = gj,max
cos2 (φ − φj ) + gj,min
sin2 (φ − φj ) for the j -th narrow
component, where φj is the direction of the largest eective g-factor gj,max within
the ab plane, whilethe smallest is gj,min . The average eective g-factor of the
narrow components j gj (φ)/3 is shown by the dashed line and demonstrates the
breaking of threefold symmetry in herbertsmithite. This broken symmetry is also
obvious from the markedly dierent angular dependence of the g-factor of the N2
component as compared to the N1 and N2 components. The B ⊥ c measurements
in Fig. 6.10 correspond to φ = 30°. A modied version of this gure appeared in
Ref. [13].
(Fig. 6.12), which is consistent with threefold symmetry of the zero eld state of
herbertsmithite [13]. The three narrow components, corresponding to dII defect
sites, individually have 180° periodicity, expected for an anisotropic g-factor tensor (see Eq. (5.23)), and a relative shift of 120°, expected for threefold symmetry.
However, as one of the narrow ESR components, denoted by N2 on Fig. 6.12 and
on Fig. 6.10, has a much larger g-factor anisotropy (range of g-factor values as we
rotate the applied eld within the kagome plane), than the other two, they cannot
all together originate from a threefold-symmetric zero-eld state of herbertsmithite 9
[13]. Namely, as the resulting pattern of g-factors is only 180° periodic, and not
120° periodic as would be required under threefold symmetry, this result represents
the second unambiguous proof that, independently from magnetic torque results in
subsection 6.3.3, shows that herbertsmithite as a whole does not possess the global
threefold symmetry expected from an ideal kagome lattice geometry even in zero
eld. The threefold symmetry breaking in herbertsmithite must thus be intrinsic
9 Specically,

if herbertsmithite were threefold-symmetric in zero eld, a rotation of the applied
eld by 120° about the symmetry axis c would amount to a simple relabelling (permutation)
of the narrow ESR components, implying that they should all have precisely the same g -factor
anisotropies.

130

6.4. Electron spin resonance (ESR) measurements
[13].
The average kagome-plane

g -factor anisotropy of the dII

defects, which would be

zero if herbertsmithite were threefold symmetric, is actually

Δg dabII = 0.02

(see the

dashed line on Fig. 6.12) [13]. Note that this is within the linewidth of the narrow
ESR component in the case of

B  c,

which is the reason why threefold symmetry

Bc

breaking was not already apparent from our initial

ESR measurements.

From the broad ESR component, which is dominated by
surement temperature of

5K

dI

defects at our mea-

[see Fig. 6.10(c)], we can also obtain an upper bound,

determined by experimental uncertainty (Fig. 6.12), on the kagome-plane

dI
anisotropy of dI defects Δg
ab

 0.01

g -factor

[13].

6.4.3 First proof revisited
Returning with the knowledge of

g -factors

and susceptibilities of the three compo-

nents making up the bulk magnetic response of herbertsmithitethe kagome spins,
the dominant strongly coupled

dI

defects, and the weakly coupled

dII

defects with

broken threefold symmetryto our bulk magnetic torque measurements, we can
gain some further insight into the threefold symmetry or lack thereof of

dI

defects,

going beyond the apparent kagome-plane isotropy observed in ESR (Fig. 6.12).

|Δθ0 | = 83° in the [101]∗ 
T0 ∼ 12 K [Fig. 6.9(e)], and as

Specically, as the magnetic torque phase change of

b

plane from subsection 6.3.3 is quite sharp around

around

dII

the

T0

the

dI

defect contribution to the bulk susceptibility is far larger than

defect contribution (Fig. 6.11), we conclude that the

= 90°

magnetic torque

phase change in fact proves the broken threefold symmetry of the
herbertsmithite, and is not related to

dII

dI

defects in

defects, which also show broken threefold

symmetry (Fig. 6.12) [13].
The alternative possibility that the kagome spins would represent the main threefold symmetry breaking contribution to magnetic torque around

T0 ,

and that

dI

defects would remain threefold symmetric, is less likely as the NMR quadrupolar
frequency (related to the local electrostatic neighbourhood of the nuclei) at the
site next to the dominant, i.e.
and

dI

100 K

defects has a pronounced change between

O

50 K

[52], consistent with the onset of a local structural distortion around the

defects, while the

to at least

dI ,

17

17

O site next to the kagome spins shows no such change down

∼5 K.

In this way, magnetic torque measurements nicely complement ESR measurements, as the former prove the globally-broken threefold symmetry of the dominant
strongly coupled

dI

defects and the latter prove the globally-broken threefold sym-

metry of the weakly coupled
the

= 90°

dII

defects in herbertsmithite.

magnetic torque phase change and the

g -factor

We note that both

anisotropy with broken

threefold symmetry were observed in all the investigated crystals of herbertsmithite
meaning the

dI

and

dII

defects with broken threefold symmetry are generically

present in and intrinsic to herbertsmithite [13].

6.4.4 Magnetic torque modelling
We can also be a bit more quantitative and try to determine the kagome-plane

g -factor anisotropy Δg dabI

of the

dI

defects beyond the upper bound set by the exper-

imental uncertainty in ESR measurements by comparing a model of the magnetic
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susceptibility tensor with magnetic torque measurements, and in particular with the
magnitudes of phase changes
perature

T0

|Δθ0 |

[101]∗ b

in the

and

a∗  c

planes. As at the tem-

where the phase change occurs the kagome and defect contributions to

the bulk magnetic anisotropy become equal and opposite, our model has to describe
both of the kagome susceptibility tensor and of the dominant

dI

defect susceptibility

tensor. We construct such a model by relating the susceptibility tensors of these
two spin species to their

g -factors

measured in ESR and their susceptibilities along

a single direction via Eq. (5.23) as described below [13].
In particular, and as we argued in the preceding subsection 6.4.3, we assume
that the kagome spins, which dominate at high temperatures, approximately retain
their threefold symmetry with
the

g -factor

c axis and within the kagome plane,

eigenvalues

gck = 2.26

and

k
gab
= 2.13

along

respectively, as determined by ESR at high

temperatures [Fig. 6.10(c)] [13]. We supplement this with the kagome susceptibility
from Ref. [52]. For the

dI

defects we assume that their

c

axis remains a magnetic

|Δθ0 | = 90° in the a∗ c plane [Fig. 6.9(c)],
d
d
while within the kagome plane we allow two dierent g -factors g1 I = g2 I for these
defects. We use the dI defect g -factor gcdI = 2.16 along the c axis and an averd
d
age kagome-plane dI defect g -factor (g1 I + g2 I )/2 = 2.22 as determined by ESR at
10
low temperatures [Fig. 6.10(c)] [13] . We supplement this with the dI defect suseigenaxis to reproduce the phase change of

ceptibility extracted from ESR measurements (Fig. 6.11). The only two unknowns
that are left are the kagome-plane
defects, and the directions of the

g -factor

dI

anisotropy

Δg dabI = g1dI − g2dI

of the

dI

defect magnetic eigenaxes within the kagome

plane, which can be described by a single angle as they are mutually orthogonal (see
subsection 5.2.2).
We consider two natural directions for one of the
the kagome plane: the

a

(equivalently

∗

b ⊥ a)

dI

magnetic eigenaxes within

and the

a∗

(equivalently

b ⊥ a∗ )

crystallographic axes. For each of them we calculate the predicted phase change

[101]∗ b measurement plane in a magnetic torque experiment as
d
a function of the dI defect g -factor anisotropy Δg abI (Fig. 6.13). We then compare this prediction with our experiment to determine the true g -factor anisotropy.
d
Specically, this is the g -factor anisotropy Δg abI for which the predicted magnetic
torque phase change in the [101]∗ b plane matches the observed value of |Δθ0 | = 83°
[Fig. 6.9(e)]. Doing this for both obvious dI magnetic eigenaxis directions within the
kagome plane we obtain the best combined estimate of the kagome-plane g -factor
d
anisotropy of dI defects Δg abI ∼ 0.003(1) Fig. 6.13 [13]. This is obviously too small a
g -factor anisotropy to be resolved by ESR (see the broad component g -factor measurements, corresponding to dI defects at T = 5 K, in Fig. 6.12), but as torque
|Δθ0 |

within the

magnetometry is sensitive only to magnetic anisotropies it can detect it clearly via
the magnetic torque phase change

|Δθ0 |.

We know that Δg = g − g  0.01 so we cannot distinguish whether we measured g ,
or some weighted average of them in the ESR experiment in Fig. 6.9(c) as the dierence is
within the experimental uncertainty. As the magnetic torque phase change |Δθ | in the [101] b
plane is sensitive primarily to the g-factor dierence Δg and not the g-factor average, the nal
results for the g-factor dierence should also not be aected by our assumption that the g-factor
2.22 corresponds to the equal-weight average of g and g .
10
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the kagome lattice structure [13, 136, 139141]. The situation could be very similar
to local moment formation in cuprates and many other strongly correlated electron systems, where even a simple non-magnetic pre-defect can induce an eective
localized magnetic moment around it in the correlated state of its host [142].
One possibility for such a pre-defect would be a spin- 0 Zn

2+

vacancy at a Cu

2+

kagome site to which the quantum-spin-liquid state is expected to respond by producing precisely the required magnetization pattern around it [13, 136, 139, 140].
If these are not present in herbertsmithite, as suggested by X-ray measurements
in Ref. [116], another possibility for a pre-defect would be the local kagome lattice
deformation around an extra Cu

dI

2+

spin on the Zn

2+

inter-layer site, i.e. around a

defect, as this would introduce eectively random bonds in the two neighbouring

kagome planes and likely inducing a local magnetization pattern in the quantum
spin liquid [13]. In this sense the

dII

defects could be described as the kagome-plane

quantum spin liquid shadows of the primary inter-plane Cu
would also be consistent with the observed
we apply a magnetic eld

B ⊥ c

2+

defects. This

g -factor splitting of the dII

as each extra

is adjacent to three kagome-plane Cu

2+ d
I

2+
Cu

defects when

at the inter-plane Zn

2+

site

(Fig. 6.2), which can then split under a

magnetic eld applied within the kagome plane as explained in subsection 6.4.2. In
both the Zn

2+

vacancy and the

dI

defect shadow scenarios the induced quantum

spin liquid magnetization pattern could be described in the language of emergent
quantum spin liquid excitations as an immobile localized, i.e. pinned, spinon excitation [141], as recently found for example in the related Heisenberg quantum kagome
antiferromagnet compound Zn-brochantite (chapter 8) [15, 18]. This picture of
and

dII

dI

defects is also supported by recent NMR experiments on single crystals of

herbertsmithite [143].

6.5.2 Global symmetry reduction
Having discussed the likely origin of both types of defects in herbertsmithite, we turn
to the issue of their global symmetry reduction. A plausible source of local symmetry
reduction would be the JahnTeller eect of extra Cu

2+ on the interlayer Zn2+ sites

[13]. However, as both experimental techniques we used, torque magnetometry and
electron spin resonance, observed global, not just local, threefold symmetry breaking
in the magnetic responses of both types of defects, the local reductions of symmetry
must somehow be coupled together lest they average out in a bulk sample. The
concentration of defects is too low in herbertsmithite ( 5 to

8 %)

for these couplings

to be plausibly realized by direct overlaps of individual local structural distortions.
A global driving force coupling the individual local defect distortions is thus needed.
An attractive possibility is that it is the quantum-spin-liquid state in herbertsmithite that provides it. Namely, the symmetry reduction in herbertsmithite could
be due to local defect distortions, if these are eectively coupled amongst themselves via the correlated spin state of the system. An even more exciting possibility
is that the causation is reversed, and that it is the correlated quantum-spin-liquid
state in herbertsmithite that spontaneously breaks its threefold symmetry, possibly
even directly accompanied by a small structural distortion via magnetoelastic coupling, which is then only indirectly reected in the magnetism of
are strongly coupled to the kagome spins and of

dII

dI

defects as they

defects as they are likely only

local magnetization patterns in the symmetry-broken quantum-spin-liquid state of
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herbertsmithite. The latter scenario has some support for example in the proposed
striped spin liquid crystal instability of a Dirac U(1) quantum spin liquid on the
kagome lattice that would break threefold symmetry while also breaking the gauge
symmetry from U(1) to Z2 , in that case leading to an eectively 1D QSL [144]
that was recently argued to have been observed in the spin- 2 kagome compound
Fe4Si2Sn7O16 [145].
Whichever the primary source of threefold symmetry breaking turns out to be,
a global symmetry reduction should then appear around the temperatures where
substantial spin correlations in herbertsmithite start to develop [13]. A natural candidate temperature would be roughly ∼50 K, the temperature where the kagome
susceptibility has its maximum (Fig. 6.4) [52, 114, 118]. Unfortunately we could not
determine the onset temperature of the lattice distortion directly, as in particular
we would have to either perform magnetic torque measurements in the kagome ab
plane to do this for dI defects, which the sample geometry did not allow (see subsection 6.3.1), or to do it for dII defects to track the narrow ESR components up to
temperatures substantially above 20 K, where they were unfortunately already too
weak to separate from the broad ESR component (Fig. 6.10). A possible indirect indication of a denite temperature for a structural transition in herbertsmithite from
our experimental data is the pronounced enhancement of the linewidth of the broad
ESR component between roughly 50 K and 70 K that we observed [Fig. 6.10(d)],
which is especially obvious under B  c.
We can also nd corroborating evidence for the onset of a structural distortion
at these temperatures in the enhanced 35Cl NMR relaxation rate around 50 K (as
35
Cl, being a spin 3/2 nucleus, is sensitive to local changes in its electrostatic environment via the EFG tensor; see subsection 5.3.2) and a at 1H relaxation rate (as
1
H is spin-1/2 and is not aected by the EFG tensor) [52, 146]. Further evidence
pointing to the same symmetry breaking temperature is the pronounced change in
the quadrupolar NMR frequency at the 17O site next to defects between 50 K and
100 K [52]. The likely reason that the only synchrotron XRD report at low temperatures published to date (Ref. [137]) failed to detect any obvious structural transition
in herbertsmithite is that the average deformation of the ideal kagome lattice structure is quite subtle, as also indicated by the very small g -factor anisotropies of
Δg dabI = 0.02 and Δg dabII = 0.003(1) that we obtained [13]. An estimate of the actual
magnitude of the distortion could be obtained by ab initio density functional theory
(DFT) calculations of the expected kagome-plane g -factor anisotropies at the sites
of dierent defects, especially dI defects likely corresponding to Cu 2+ on Zn2+ sites,
as a function of lattice distortion, and comparing that with our experimentally obtained values. An estimate, or at least an upper bound, could also be obtained by
reanalyzing the low-temperature X-ray scattering data on herbertsmithite [116].
A recent infrared reectivity investigation also found an anomalous low-temperature
broadening of a low-frequency phonon mode in herbertsmithite [147] indicating a
lifting of the symmetry-protected double degeneracy of a phonon mode at the Γ
(q = 0) reciprocal lattice point, which should be protected by the symmetry of the
ideal kagome lattice. This was interpreted as being due to the spontaneous breaking
of p6 chiral symmetry in the quantum-spin-liquid ground state of herbertsmithite
prosed theoretically for an ideal Heisenberg quantum kagome antiferromagnet in
Ref. [42]. However, the symmetry-protected degeneracy would also be lifted if, instead of the chiral symmetry, the threefold symmetry was broken instead, as we
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alluded to in Ref. [13]. Concretely, the point group of the ideal kagome lattice is the
non-abelian dihedral group D6 composed of reections and 60° rotations, and the
symmetry-protected double degeneracy of the phonon mode is because this mode
lives in a two-dimensional irreducible representation of this group. If the p6 chiral
symmetry is broken the D6 point group breaks down to its cyclic normal subgroup
C6  D6 composed now only of 60° rotations. As the cyclic group C6 is abelian it
only has one-dimensional irreducible representations and the symmetry-protected
double degeneracy is lifted. However, if instead of the p6 chiral symmetry we break
the threefold symmetry of the kagome lattice the D6 point group breaks down to at
least its dihedral subgroup D2 < D6 composed of one 180° rotation and one reection. The dihedral group D2 , isomorphic to C2 × C2 , is abelian and thus, as before,
it can only have one-dimensional irreducible representation meaning again that the
symmetry-protected double degeneracy is lifted 11 . The infrared reectivity results
from Ref. [147] can thus be equally well explained by threefold symmetry breaking in
herbertsmithite, which we directly observed using ESR and torque magnetometry,
and do not necessitate the so far unobserved p6 chiral symmetry breaking.

6.6 Conclusion
In conclusion, we found that in herbertsmithite two types of intrinsic magnetic
defects, with very dierent interaction with the surrounding kagome spins, coexist
at low temperatures [13], and proposed their likely origins. The dominant dI defects
dI
= 5.2 K are strongly coupled
with an antiferromagnetic Weiss temperature of θCW
with the kagome spins, as evidenced by the fact that they together form a single
broad exchange-narrowed ESR line. The newly discovered subdominant dII defects
with a much steeper temperature-dependence of their susceptibility, possibly even
beyond the Curie model, are, on the other hand, very weakly coupled with the
kagome spins and form a narrow ESR line separate from the broad dI + kagome
ESR line. Explaining the unexpectedly narrow ESR resonance of dII defects and
their eective isolation from the kagome spins should be one of the key challenges
for future studies of herbertsmithite.
Moreover, we found that both types of defects show global threefold structural
symmetry breaking in herbertsmithite at low temperatures. As this challenges
the usual assumption that herbertsmithite possesses, on average, a perfect kagome
lattice, our discovery is expected to have profound implications on future discussions of herbertsmithite as a close realization of the idealized Heisenberg quantum
kagome antiferromagnet (QKA). Whether this threefold symmetry breaking in herbertsmithite originates around defects and is then imprinted on the quantum-spinliquid state, or whether it originates from the QKA quantum-spin-liquid state itself
and is only indirectly observed through the magnetic response of defects in herbertsmithite, is one of the key questions for future study. Rened ab initio studies
of the low-temperature herbertsmithite structure with and without inter-plane defects could be highly informative in this regard [13]. The absolute magnitude of the
structural distortion could also be addressed by ab initio density functional theory
calculations. Yet, regardless of its ultimate origin, the discovered broken threefold

Obviously, any further breaking of symmetry beyond the threefold symmetry breaking, either
of the chiral symmetry by removing the reection from D2 or of twofold symmetry by removing
the 180° rotation, would produce only a smaller subgroup of D2 which would thus still be abelian.
11
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6.6. Conclusion
symmetry in herbertsmithite is likely to substantially aect its nal ground state,
likely preferring a non-symmetric one. Precisely in what way poses an open challenge
for future theoretical and experimental work.
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Chapter 7
Theoretical interlude
Is this the real life? Is this just fantasy?

Bohemian Rhapsody by Queen (1975)
Taking respite from the real world, we nd our idle thoughts grow and transform
into something more beautiful and powerful than we had anticipated. They build
upon and transcend the ideas we wrote down in Ref. [16].

In the end, we nd

our thoughts connecting us back to reality with promises of opportunities aplenty
for our deliberations to solve what had previously remained unsolved, and uncover
what had previously remained hidden. This fortuitous short break will turn out to
be precisely what we needed for our next dive into the Real in chapter 8.

7.1 μ OH and related dipolar muon relaxation functions
7.1.1 Muon stopping site
When dealing with Zn-brochantite in chapter 8 we will nd that we will need a
few theoretical results about how muons relax when interacting with nearby nuclear
spins, in a specic highly quantum-mechanical and quantum-entangled regime. For
this we make a stop here and rst consider what happens to a positive muon when
it nds itself inside a material, and at which site in the material it chooses to sit at.
Positive muons are repelled from positively-charged atomic nuclei and attracted
to negatively-charged electrons. Due to charge neutrality both contributions cancel at large distances away from a sample, but inside a material the situation is
dierent. As electrons are much lighter than atomic nuclei their wavefunctions are
substantially less localized than nuclear wavefunctions and thus at atomic-radius,
i.e.

∼0.1 nm,

distances a muon feels an eective short-ranged repulsion even from

neutral atoms, because the spread-out electron cloud cannot completely screen the
point-like atomic nucleus at these distances any more. In non-polar systems, like
covalently-bound and metallic crystals, we thus expect the muons sit at interstitial
sites, as far away from atomic nuclei as possible [102]. As a consequence, the dipolar
interactions between the muon's spin and neighbouring nuclear spins are very weak
and are usually fully decoupled in applied elds of the order of a millitesla. The
main part of the muon relaxation in non-polar systems is then usually due to its
interaction with electron spins in the material.
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On the other hand, in highly polar systems, e.g. ionic systems, where electrons are, to a large extent, transferred from positively to negatively charged ions
or functional groups, the positive muons sit much closer to negatively rather than
to positively charged ions or functional groups due to long-range electrostatic attraction. In this case the dipolar interaction of the implanted muon's spin with the
nuclear spins of neighbouring ions can be substantial and can mask the relaxation
due to electron spins up to noticeably higher applied magnetic elds.
One class of polar systems with strong muonnucleus interactions are those with
hydrogen (H) bound to a highly electronegative atom such
as nitrogen (N), oxygen
+
(O) or uorine (F). In these cases H mostly ionizes to H as it gives its electron to
the electronegative atom, which in turn becomes strongly negatively charged and
This
process
thus attractive to the implanted positive muon ( μ+), pulling it closer.


resembles the formation of a hydrogen bond between the NH , OH or FH functional
groups and μ+. When this occurs, the muon in turn sits much closer also to the
hydrogen nucleus (proton) in this functional group than would be expected in a nonpolar sample. The strong nuclear magnetic moment of hydrogen (the strongest in the
entire periodic table) can then substantially impact the low-eld muon relaxation.
In systems like herbertsmithite [11, 148] and Zn-brochantite [16, 17] with the OH 
functional group the muonhydrogen distance is typically ∼0.16 nmsimilar to the
hydrogenhydrogen distance in a molecule of water, H 2O, of 0.152 nm [149]which
results in so-called μ OH oscillations that dominate the muon polarization function
up to elds of roughly ∼6 mT, i.e. an order of magnitude higher than the elds
needed to decouple typical nuclear contributions in non-polar samples
[11]. The
1
situation is similar in deuterated
samples, where nearly all hydrogen H is replaced
2
2
with its deuterium isotope D = H with one extra neutron, where we also get μ OD
oscillations that dominate the low-eld muon polarization function. In the case of
deuterium these oscillations are weaker, as deuterium has less than a third of the
nuclear magnetic moment of hydrogen [150].
7.1.2 Quantum approach to muon relaxation functions

The zero-eld and longitudinal-eld muon polarization function due to dipolar interactions of a muon with any reasonably small conguration of arbitrary nuclear
spins can be calculated numerically [151]. Moreover, the zero-eld muon polarization function due to dipolar interactions of a muon with a single spin 1/2, e.g. the
hydrogen nucleus, is also known analytically in closed form [11]. Here we will derive
an analytical expression for the zero-eld muon polarization function for a muon
interacting with a single arbitrary-sized spin, which includes, as a special case, the
muon's interaction with a spin- 1 deuterium nucleus that we will need later on and
also construct an ecient numerical technique to evaluate the LF muon polarization
function in this case. As is known from the spin- 1/2 case [11, 151] it is necessary
to treat this problem entirely quantum-mechanically, as the muon and the nuclear
spin actually form a quantum-entangled state.
If we have N spins of sizes Si the total Hilbert space is the tensor product of the
(2Si +1)-dimensional Hilbert spaces of the individual spins and thus has the complex
dimension Ni=1(2Si + 1). The canonical spin operators S i in the total Hilbert space
act non-trivially only on the parts of the tensor product corresponding to the k-th
spin. In the following we will consider the dipolar Hamiltonian Eq. (2.7) with no
140

7.1. μ OH and related dipolar muon relaxation functions
applied external eld. Explicitly [151]:

H = Hd =

N

i,j=1|i<j

μ0 γ i γ j  2
[S i · S j − 3(S i · r̂ ij )(S j · r̂ ij )]
4πrij3

(7.1)

where γi is the gyromagnetic ratio of the i-th spin in the spin system at a real-space
position r i , r ij = r j − r i is the displacement vector between a pair of spins, rij is its
r
magnitude, and r̂ ij = rijij is the normalized version of this vector, i.e. the direction
along which the displacement vector r ij points. We will chose the rst ( i = 1) spin
with S1 = 1/2 to correspond to the muon and we will place it at the origin of our
coordinate system, i.e. at r 1 = 0.
As the natural nuclear frequencies in usual lab elds are in the megahertz range,
they correspond to temperatures well below the lowest dilution-fridge temperatures
T  20 mK as h(1 MHz)/kB ≈ 50 µK, where h is the Planck constant and kB is the
Boltzmann constant, meaning that nuclear spins can really be treated as initially
being in a thermal equilibrium, i.e. initially pointing in random directions. On the
other hand, the muon at the time of implantation is initially completely polarized in
the direction we will denote n̂. The initial density matrix for the total spin system
is thus [151]:


1
(7.2)
ρμ̂ (0) = N S 1 · μ̂ +
2
with the normalization factor N −1 = N
i=2 (2Si + 1) ensuring that tr(ρn̂ (0)) = 1.
Note that ρn describes a non-equilibrium initial state of the whole muon + nuclei
system, and hence in general evolves non-trivially with time.
In a μSR experiment we measure the muon polarization, which is just the normalized projection of the muon spin in the direction of the detectors d̂:

P (t) = 2 d̂ · S 1 (t) = d̂ · P (t)μ̂


iH
t
−i H
t


P (t) = 2N tr S 1 ⊗ e S 1 e

(7.3)

where we used tr (S 1 ) = 0, A (t) = tr(Aρn̂ (t)) is the thermal average and of an
operator A and ρn̂ (t) is the density matrix at time t, and where ⊗ denotes the
regular tensor product of ordinary 3D vectors (not the quantum-mechanical tensor
product) and tr denotes the quantum-mechanical trace over the spin degrees of
freedom. We will call P (t) the muon polarization tensor, and calculating it will be
our main focus, as it encodes any possible orientation of the initial muon spin and
any detector geometry. We can see that P (t) is expressed in terms of the correlation
between the muon spin at zero time t = 0, S 1 , and the muon spin at a nite time
(H)
t in the Heisenberg picture, S 1 (t) = exp(i(H/)t)S 1 exp(−i(H/)t). At t = 0 we
have P (0) = id.
As our zero-eld Hamiltonian H does not depend on n̂ and d̂ neither does the
muon polarization tensor P (t). This means that we can also easily compute the
powder-averaged zero-eld muon polarization as rotating a microcrystalline part
of a powder sample by the rotation matrix R ∈ SO(3) is indistinguishable from
simultaneously rotating the initial muon spin direction n̂ and the detector direction
d̂ in the opposite sense by the rotation matrix R−1 ∈ SO(3). We thus obtain the
powder-averaged muon susceptibility as:
1
(7.4)
P powd (t) = tr (P (t) · R)
3
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where . . . powd denotes powder averaging, and R ∈ SO(3) is dened as the rotation
matrix that rotates the initial muon spin direction n̂ into the direction of the detector
d̂, i.e. μ̂ = Rd̂. Note that for an ordinary μSR experiment n̂  d̂ and so we can
take R = id.
This last equation [Eq. (7.4)] is no longer valid for powder averages of samples
in a xed applied magnetic eld (LF or TF), as the situation where we rotate a
microcrystalline part of the powder sample is then no longer the same as if we were
to rotate only n̂ and d̂ without simultaneously also rotating the eld direction. Explicitly, a rotation of the sample changes the relative angle between the displacement
vectors between a pair of spins rij = rj − ri in Eq. (7.1) and the magnetic eld,
described by the Zeeman term in the Hamiltonian [Eq. (2.1)], while rotating just
the initial muon spin direction n̂ and detector direction d̂ does not.
7.1.3 Cylindrical symmetry and muon polarization tensor in
spectral representation

If we have a cylindrically symmetric Hamiltonian that preserves the projection of
the total spin of the muon an all the nuclei onto a cylindrical-symmetry axis z , i.e.
S z quantum number, we have:


H
H
tr S1± ei  t S1± e−i  t = 0


H
H
tr S1± ei  t S1z e−i  t = 0


H
H
tr S1z ei  t S1± e−i  t = 0

(7.5)

where S1+ and S1− are the spin rising and lowering operators for the muon spin S 1.
These relations are a direct consequence of cylindrical symmetry, as if they were
non-zero S z would not be preserved, as can be checked directly. Then according to
Eq. (7.3) the muon polarization tensor is necessarily of the form:
⎡
P (t) =

1
S2 +

1
2

a(t) −b(t)

⎢
⎢
⎢ b(t)
⎣
0

a(t)
0

⎤
0

⎥
⎥
0 ⎥
⎦
c(t)

(7.6)

where we dene z(t) = a(t)+ib(t) with a(t) being its real part and b(t) its imaginary
part, with explicit expressions in terms of transverse and longitudinal muon-spin
correlations:
1  + i H t − −i H t 
tr S e  S1 e 
2 1

z iH
t z −i H
t


c(t) = tr S1 e S1 e

z(t) = a(t) + ib(t) =

(7.7)

Here the transverse correlations z(t) ∈ C give the muon relaxation in the plane
orthogonal to the z axis, while the longitudinal correlations c(t) ∈ R give the muon
relaxation along the z axis. When z(t) is complex the muon polarization will precess
around the z axis, and when it is real it will not. Given an eigenbasis of the
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Hamiltonian H |i = ω0λi |i we can express these correlation functions in the
spectral representation as:

2

2
1  
i|S1− |j  e−i(λj −λi )ω0 t +  i|S1+ |j  ei(λj −λi )ω0 t
4 i,j

c(t) =
| i|S1z |j |2 cos((λj − λi )ω0 t)

z(t) =

(7.8)

i,j

These expressions thus give us an explicit way to compute the muon polarization
tensor

P (t)

if we can diagonalize the Hamiltonian of the muon interacting with the

surrounding spins.
If we are interested in the powder-averaged muon polarization function, we obtain
from Eq. (7.4) that:

P

powd

1
1
tr (P (t)) = (Pxx (t) + Pyy (t) + Pzz (t)) =
3
3
1
1
=
· (2 · a(t) + c(t))
S2 + 12 3

(t) =

(7.9)

for the usual case where the detectors lie along the axis dened by the initial direction
of the muon spin, i.e. when

n̂ = d̂.

7.1.4 Diagonalizing dipolar Hamiltonian for muon and one
other spin
S1 = 1/2, coupled through a dipolar
S2 ∈ N/2 in zero eld. Without loss of generality
along r̂ 12 , in which case the dipolar Hamiltonian of

We now focus on the case of a single muon,
interaction to a one other spin
we can take the

z

axis to point

Eq. (7.1) reduces to:

H = Hd = ω0 [S1x S2x + S1y S2y − 2S1z S2z ]
μ0 γ i γ j 
ω0 =
4πr3
where we dened

r = r12

(7.10)

as the distance between the muon and the other spin and

dened the natural frequency

ω0 .

As this Hamiltonian possesses rotational (cylindrical) symmetry about the
the total spin along this axis

S z = S1z + S2z

z axis,

is a good quantum number, i.e. it com-

mutes with the Hamiltonian as is readily veried. This means that the eigenstates
of the Hamiltonian are also eigenstates of
nian does not possess full

SU(2)

Sz.

Note, however, that the Hamilto-

rotational symmetry, as it has a preferred axis ( z ),

S 2 = (S 1 + S 2 )2 . This
leads us to choose the simplest basis that has a good quantum number S z , the basis
2
where S1z and S2z are also good quantum numbers (but S is not), namely:

meaning that its eigenstates will not also be eigenstates of



B = BS2 +1/2 , BS2 −1/2 , . . . B−S2 +1/2 , B−S2 −1/2
B±(S2 +1/2) = [|±1/2 1 ⊗ |±S2 2 ]
BS z = [|−1/2 1 ⊗ |S z + 1/2 2 , |1/2 1 ⊗ |S z − 1/2 2 ]
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where in the last denition |S z | < S2 + 1/2. The Hamiltonian Eq. (7.10) will be
block-diagonal in this basis with blocks HS given by restrictions to the sub-bases
BS with good S z :
z

z

H±(S2 +1/2) = −ω0 S2
⎡
HS z = ω0 ⎣ 
1
2

S

z

S2 +

+ 12

1 2
−
2

1
2



S2 +


1 2
2

−S z +

(S z )2

−

⎤
(S z )2

⎦

(7.12)

1
2

where, again, in the last denition |S z | < S2 + 1/2. We see that we have reduced the
diagonalization of the original dipolar Hamiltonian of Eq. (7.10) to a simple diagonalization of 2 × 2 symmetric matrices HS with the two extreme blocks H±(S +1/2)
begin just single numbers (1 × 1 matrices) and thus already diagonal with the eigenstates |±1/2 1 ⊗ |±S2 2.
Explicitly, we have for |S z | < S2 + 1/2 the eigenstates and eigenvalues of the
Hamiltonian H |vS± = ω0λ±S |vS± where:
z

z

z

|vS±z =
±

2

z

1 ∓ yS z
|−1/2 1 ⊗ |S z + 1/2 2 ±
2
1 ± yS z
|1/2 1 ⊗ |S z − 1/2 2
2

(7.13)

1
(1 ± ΔλS z )
2
2S z
=−
Δλ z
 S
= (S2 + 1/2)2 + 3(S z )2

λ±
Sz =
yS z
ΔλS z

For future use we further extend the denitions of yS and ΔλS from |S z | < S2 +1/2
to all |S z | ≤ S2 + 1/2, giving explicitly: y±(S +1/2) = ∓1 and Δλ±(S +1/2) = 2S2 + 1.
We see that the eigenstates |vS± for |S z | < S2 + 1/2 are quantum-entangled states
of the muon spin and the nuclear spin, justifying the need for a completely quantum
approach to the problem of muon polarization in the present case.
We note that the same diagonalization procedure would work, with only minimal
changes, even if we were to apply a eld along the z axis (giving an additional Zeeman
term in the Hamiltonian), as that would preserve the cylindrical symmetry of the
Hamiltonian, still giving S z as a good quantum number and the still being blockdiagonalizable in the same basis [Eq. (7.12)] with 2 × 2 and 1 × 1 blocks. Explicitly,
if we write the added Zeeman term as HZ = ω0(b1S1z + b2S2z ) the only expressions
that change compared to Eq. (7.13) are:
z

2

z

2

z

1
(1 ± ΔλS z ) + S z b2
2
2S z + (b2 − b1 )
=−
ΔλS z

= (S2 + 1/2)2 + 3(S z )2 + (b2 − b1 ) ((b2 − b1 ) + 4S z )

(7.14)

If the applied eld were homogeneous in space we could further write:
and b2 = b0/γ1.

b1 = b0 /γ2

λ±
Sz =
yS z
ΔλS z
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Let us remark that if instead of a muon we would have an arbitrary spin S1 ∈ N/2
the diagonalization procedure would be the same just with blocks with sizes up to
(2S1 + 1) × (2S1 + 1).
Finally, if we apply a eld in a direction not parallel to the z symmetry axis we
explicitly break the cylindrical symmetry of the Hamiltonian and so the S z basis
of Eq. (7.11) is no longer an eigenbasis of the Hamiltonian, i.e. the operator S z
is no longer a good quantum number. The eigenenergies and eigenstates will in
this case depend on the angle between the applied magnetic eld B and the z
axis pointing along the muonspin displacement vector. This breaking of symmetry
course applies also to powder averages with an applied eld. In such cases we have to
proceed numerically by the procedure described in Ref. [151], where we diagonalize
the whole Hamiltonian that now also includes the Zeeman term as in Eq. (2.6).
There is one major simplication in still using the S z basis of Eq. (7.11), though.
Namely, the Hamiltonian Eq. (7.10) with the added Zeeman term from Eq. (2.6) is
hermitian and block-tridiagonal in this basis, and can thus be diagonalized much
more eciently than an arbitrary full matrix could, at least for large spin values
S2 . This is because it includes terms S z (diagonal in this basis) and terms S1± and
S2± that change S z by only ±1, and so couple only neighbouring S z blocks. Furthermore, since the Hamiltonian does not contain quadratic terms S1± S2± it cannot
ip two spins at a time, and so it turns out that not only is the Hamiltonian blocktridiagonal with 2 × 2 and 1 × 1 blocks, but is actually just an ordinary hermitian
pentadiagonal matrix, i.e. the matrix element furthest away from the diagonal in the
non-diagonal block is zero. This presents a further simplication of the diagonalization procedure. Using the S z basis of Eq. (7.11) we can thus numerically eciently
compute eld decouplings for arbitrary spin S2 , with the a priori running-time algorithmic complexity reduced from O(n3 ) to O(n2 ) where n = 2(2S2 + 1) is the
dimension of the Hamiltonian matrix, i.e. the dimension of the two-particle Hilbert
space.

7.1.5 Closed-form solution for muon polarization tensor
Now that we have diagonalized the Hamiltonian of a muon, which has S1 = 1/2,
dipolarly coupled to a single arbitrary spin S2 ∈ N/2 in zero eld [Eq. (7.13)], and
even in a longitudinal eld applied along the displacement vector r̂12 [Eq. (7.14)],
we can simply input the eigenstates and eigenvalues of the Hamiltonian into the
spectral representation of the muon polarization tensor [Eq. (7.8)], compute the
matrix elements, and obtain the nal closed-form solution for the muon polarization.
Before writing down the nal result, let us remark that when we do this in zero
eld we obtain an especially simple result that z(t) ∈ R [and so b(t) = 0], meaning
that the muon polarization tensor is diagonal:
⎡

1
P (t) =
S2 +

1
2

⎤

a(t) 0
0
⎢
⎥
1
⎢
⎥
⎢ 0 a(t) 0 ⎥ =
⎣
⎦ S2 +
0
0 c(t)

1
2

diag (a(t), a(t), c(t))

(7.15)

and so does not allow average precession of the muon spin around the z axis. This
makes sense as initially the nuclear spins S2 are completely randomly oriented and
thus do not prefer rotation in either of the two directions, neither clockwise nor
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anticlockwise, about the z axis. Specically, neither the Hamiltonian nor the initial
state break discrete chiral (mirror) symmetry and so no average precession is allowed.
On the other hand, when a nite longitudinal eld is applied along the z axis, where
S z is still a good quantum number and so our approach is still valid, the Hamiltonian
explicitly breaks chiral symmetry, as an external applied eld is an axial vector
(pseudovector), and thus prefers average precession in one direction over precession
in the other direction. Indeed, in a nite applied longitudinal eld we have z(t) ∈ C
and thus b(t) = 0.
Let us now write the nal closed-form solution for the components of the muon
polarization tensor [Eq. (7.15)] in zero eld:



S2



1
1 
ΔλS2z +1/2 ± ΔλS2z −1/2 · ω0 t
1 ± yz2 +1/2 · yS2z −1/2 · cos
a(t) =
4 S z =−S ±
2
2

b(t) = 0
c(t) =

⎛

1⎝
1+
2

2

S2 −1/2





⎞


yS2 z + (1 − yS2 z ) · cos(ΔλS z · ω0 t) ⎠

S z =−S2 +1/2

(7.16)
where we use the denitions of Eq. (7.14).
We note that the solution for c(t) is of the same form even in a longitudinal eld
along z , where we just use the denitions of yS z and ΔλS z appropriate for this case
[Eq. (7.14)]. The solution for z(t) = a(t)+ib(t) is a bit more involved in longitudinal
eld, though, and we end up with many terms. For this reason we omit it here.

7.1.6 Low-spin zero-eld cases and their spectra
Let us derive the muon polarization tensor for two special cases that we will need
in chapter 8. Using the above equations for zero eld we obtain for S2 = 1/2,
appropriate e.g. in μ OH oscillations as 1H has spin 1/2, the known result (Fig. 7.1)
[11]1 :

 
  
3τ
1
τ
+ cos
Pxx (t) = Pyy (t) =
cos
2
2
2
1
Pzz (t) = [1 + cos (τ )]
2
 
τ 
1
3τ
1 + 2 cos
+ cos (τ ) + 2 cos
P powd (t) =
6
2
2
where we dene the dimensionless time:


1
τ = S2 +
· ω0 t
2

(7.18)

which in the case of S2 = 1/2 gives τ = ω0 t.
1

Note, though, that in Ref. [11] only the powder average
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P

powd

(t)

is reported.
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In the zero-eld case of
spin

1,

S2 = 1,

appropriate e.g. in

μ

2
OD oscillations as D has

we obtain a new result (Fig. 7.1) [15]:



⎡
1⎢
Pxx (t) = Pyy (t) = ⎢
9⎣

2 + cos

2τ
√
3







  ⎤
1
1
+ 3 1 + √ cos
1+ √ τ +
⎥
3
3


  ⎥

⎦
1
1
1− √ τ
+ 3 1 − √ cos
3
3




1
2τ
5 + 4 cos √
Pzz (t) =
9
3



⎡
2τ
+2 1+
3 + 2 cos √
1⎢
3
⎢

P powd (t) = ⎣
9
+2 1−



  ⎤
1
1
√ cos
1+ √ τ +
⎥
3
3


  ⎥
⎦
1
1
√ cos
1− √ τ
3
3
(7.19)

where

τ = (3/2) · ω0 t

by Eq. (7.18).

It will be advantageous to dene the (tensorial) spectrum

P̂ (Ω)

of the polariza-

tion tensor through its inverse Fourier transform explicitly as:



∞

P (t) =

P̂ (Ω)eiΩτ dΩ

(7.20)

−∞

where the dimensionless angular frequency
quency

ω

Ω

is related to the actual angular fre-

of oscillations of the muon polarization through:

Ωτ = ωt

(7.21)

Explicitly, via the denition of the dimensionless time

Ω=

1
S2 +

1
2

·

τ

[Eq. (7.18)] we get:

ω
ω0

(7.22)

Since the general expression for the muon polarization tensor in zero eld only

cos(Ωτ ) =
(exp(iωτ ) + exp(−iωτ )) /2, every entry in the zero-eld spectrum is a real even
function P̂ij (Ω) = P̂ij (−Ω) ∈ R for all i, j ∈ {x, y, z}. Furthermore, as in zero eld
the parameter |yS z | ≤ 1 [Eq. (7.13)] in Eq. (7.16), the spectrum is non-negative,
P̂ij (Ω) ≥ 0, and diagonal by Eq. (7.15). By Eq. (7.16) it is also discrete for any
nite S2 , i.e. it is non-zero only at a nite number of angular frequencies. This
makes sense as at a nite S2 we only have a nite number of energy levels of the
contains cosines with real prefactors (see Eq. (7.16) and Eq. (7.15)), where

muonnucleus system giving only a nite number of possible transition frequencies
in Eq. (7.8).
In the case of a nite

S2

the zero-eld spectrum can thus be written a discrete

δ(x) at distinct non-negative dimensionless angular
k is an index, and their opposites −Ω(k) ≤ 0, both
(k)
with non-negative
non-zero diagonal-tensor prefactors p̂

sum of Dirac delta functions
frequencies

Ω(k) ≥ 0,

where

weighed by (halves of)
real entries:

P̂ (Ω) =


k

p̂(k) ·




1 
δ Ω − Ω(k) + δ Ω + Ω(k)
2
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7.1. μ OH and related dipolar muon relaxation functions
long times, i.e. in the limit

t → ∞ we have P (t) → P̂ (0) in the time-averaged sense.

Using this parametrization of the spectrum,

and putting it in its denition

[Eq. (7.20)], the muon polarization tensor itself can be parametrized as:

P (t) =





p̂(k) · cos Ω(k) · τ

(7.24)

k
where

τ

is given by Eq. (7.18). Since

P (0) = id

we have the identity


k

p̂(k) = id.

The powder average in the usual case where the detectors lie along the axis dened
by the initial direction of the muon spin, i.e. when
by:

P

powd (t) =



p̂(k)

powd

n̂ = d̂, is then given via Eq. (7.9)



· cos Ω(k) · τ

k

p̂
where


k

p̂(k)

powd

(k)
powd


1   1
(k)
2 · p̂(k)
= tr p̂(k) =
+
p̂
xx
zz
3
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= 1.

We can thus compactly give the zero-eld muon polarization tensors for dierent

S2
≥ 0

spins

(k)

p̂zz

and

Ω(k) ≥ 0.

In the cases of spin

S2 = 1/2

[Eq.

(k)

(k)

p̂xx = p̂yy ≥ 0,
(7.17)] and S2 = 1

by just listing their non-negative spectral parameters

[Eq. (7.19)] from above we have (Fig. 7.1):

Table 7.1:

S2 = 1/2

and Eq. (7.25) where

zero-eld muon polarization tensor coecients in Eq. (7.24)

(k)

(k)

p̂xx = p̂yy .

Zero components

(k)

p̂ii = 0

are omitted.

S2 = 1/2
Ω(k)

(k)

2 · p̂xx

0
1/2
1
3/2

Table 7.2:
Eq. (7.25)
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powd
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1
2
1
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1
1
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S2 = 1 zero-eld muon polarization tensor coecients in
(k)
(k)
(k)
where p̂xx = p̂yy . Zero components p̂ii = 0 are omitted.

S2 = 1
(k)
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Eq. (7.24) and
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Analogous tables of spectral parameters encoding explicit closed-form solutions
for arbitrary spin S2 can be obtained directly from Eq. (7.16) with zero-eld denitions from Eq. (7.14). We give these tables up to S2 = 5 in Appendix A along with
gures analogous to Fig. 7.1 showing the time-dependencies and the corresponding
spectra.
(k)
(k)
As can be seen Eq. (7.16) and Eq. (7.14) the Ω(k), p̂(k)
xx = p̂yy , and p̂
powd
spectral parameters are always at most square-root radical expressions, i.e. expressions involving only square roots and integers in rational combinations, while the p̂(k)
zz
spectral parameters are always rational numbers. All of these spectral parameters
are non-negative, as argued above.
7.1.7 High-spin zero-eld half-classical limit

We can also derive the S2 → ∞ limit, corresponding to a muon with quantum spin
S1 = 1/2 in a dipolar interaction with a classical spin S2 = ∞, from the closed-form
solution Eq. (7.16) with zero-eld denitions from Eq. (7.14) using the substitution
in the S2 → ∞ limit:


z

1
S2 +

1
2

·

SB

z
S z =SA

f

Sz
x=
S2 +


1
2


−−−−→
S2 →∞

z /(S + 1 )
xB =SB
2 2
z /(S + 1 )
xA =SA
2 2

f (x) dx

(7.26)

valid for an arbitrary integrable function f (x) and arbitrary limits SAz , SBz ∈ N/2,
where SAz − SBz ∈ N, which are allowed to depend on S2.
Explicitly, in the half-classical limit S2 → ∞ we obtain the following closed-form
solution for the spectrum of the muon polarization tensor (Fig. 7.2):
'
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1 · δ(Ω) + |Ω| · &
P̂ powd (Ω) =
3
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class
(Ω) = P̂yy
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P̂xx
6

%

(7.27)
where 1A (x) is the indicator function on the set A (the interval A = (1, 2] in our
case) returning 1 if x ∈ A and 0 if x ∈/ A. The time-dependent muon polarization
tensor in the S2 → ∞ limit can be calculated by plugging the expression for its
spectrum Eq. (7.27) into the inverse Fourier transform equation Eq. (7.20). Unfortunately this does not result in a closed-form solution in terms of standard special
functions. Nevertheless, a numerical solution can still be easily obtained by evaluating the inverse Fourier transform integral [Eq. (7.20)] numerically (Fig. 7.2).
We can still derive some properties of the time-dependent muon polarization
tensor from its spectrum. The Ω = 0 component p · δ(Ω) of the spectrum P̂iiclass(Ω)
corresponds to the limit Piiclass(Ω) → p of the muon polarization tensor at t → ∞.
Interestingly, we see that the powder-averaged
muon polarization tensor in the halfclass
classical S2 → ∞ limit recovers the P powd (t) → 1/3 tail at t → ∞, which would
be expected from classical calculations (detailed in subsection 5.3.3) for a static
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7.2. Inelastic neutron scattering equilibrium background subtraction
rect detection of prompt neutrons (unusually high-energy neutrons produced in the
spallation reaction that bypass energy-selection lters on the beam-line), etc. [82]
The background contribution is usually assumed to be temperature-independent,
which makes sense as only the sample and its immediate surroundings are actually
cooled and temperature-controlled, while the rest of the sample environment (cryostat, magnets etc.), which is much larger than the small sample volume, is usually
at a xed (e.g. room) temperature independent of the temperature of the sample.
As we are usually interested in the linear-response dynamical susceptibility of
the sample, which corresponds to measuring coherent single-scattering events on
the sample, additional incoherent and multiple-scattering events can also mask the
signal we wish to measure (e.g. an ordered system usually has a sharp dispersion
in linear response but an eectively incoherent continuum response from multiplescattering events). As these are sample-dependent and usually much weaker than
background scattering, at least for well-chosen isotopes of the nuclei in the sample,
we will take the rst approximation, which usually works very well, that the intensity

Isample

coming from the sample is given only by coherent linear-response neutron

scattering.
In many cases, and especially in materials with fractionalized excitations that
form a scattering continuum (Fig. 3.11), e.g. quantum spin liquids, the observed
neutron intensity coming from the sample can be comparable to the background

scattering Isample ∼ IBgd . This makes a proper subtraction of the background imperative if we wish to extract any meaningful data from the performed inelastic neutron
scattering measurements [16].

7.2.1 Empty-can background subtraction (EC)
Subtraction of the background contribution is usually done by performing an additional empty-can measurement, where we remove the sample from the detector and
measure the observed intensity without it (an extrinsic method of background subtraction), and then subtracting that from all measured data on the sample (Fig. 7.4).
This usually does a decent job of removing any moderate-sized background contributions but has several severe drawbacks detailed below.
Firstly, as the method is extrinsic, it cannot completely reliably determine the
background present in our sample data, as the background usually changes when
we remove the sample due to: self-shielding eects (where neutrons attenuate and
scatter as they pass through the sample, producing less neutrons impinging on the
far side of the sample environment when the sample is in the detector than when it
is outside), a change in the ight-path of the neutrons due to neutron interference
eects within the sample-holder, (unavoidable) misalignment of the sample holder
when we take the sample out and put the empty sample holder back in also affects neutron ight-paths, etc. This means that in the best case the background
contribution is reduced by a large factor, but cannot be completely removed using
empty-can subtraction, an eect readily seen when dealing with strong background
contributions, e.g. when measuring using a dilution fridge (being a large machine a
dilution refrigerator introduces strong background scattering).
Another signicant drawback of this method is that it requires us to at least
perform one additional measurement, which takes precious measurement time as a
single inelastic neutron scattering spectrum measurement (one measurement means
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χ (q, ω; T ), by rst estimating and then
contribution SBgd (q, ω; T ) from the total S(q, ω; T ).

the sample,

subtracting the background

This will be achieved by focusing rst on a single momentum transfer wavevector

q

±ω

ω > 0, i.e. on transitions within one
pair of energy levels with an energy splitting ω by Eq. (5.11), and then using this
procedure for all q and all pairs ±ω . We thus dene the notation for a single q and
a single pair ±ω :
and a pair of angular frequencies

where

Si± = S(q, ±ω; Ti )
SB± = SBgd (q, ±ω; Ti )
χi = χ (q, ω; Ti )


fi± = C(q) 1 − e∓βω
where

Ti

is an ordered list of the temperatures where measurements of inelastic

neutron scattering were performed with

i = n

(7.29)

i=1

denoting the base temperature and

the highest measured temperature in the experimental run.

We have the

following relations:

Si± = SB± ± fi± χi

(7.30)

fi± = e±βω fi∓

This notation allows us to concisely express the rst insight of Helton et al.
[12, 152] as:

SB− ≈ S1−

ω

when kB T1

(7.31)

As the background is supposed to be independent of the sample temperature, as
almost no other part of the setup is cooled to the sample temperature, we can thus
subtract

SB− ≈ S1−

from all the measured

Si− ,

getting rid of the background at

negative energy transfers.
We note that the dynamical susceptibility is an odd function of angular frequency
and so that by knowing

χ (q, −ω; T ) we also know χ (q, ω; T ) = −χ (q, −ω; T ), i.e.

its values at opposite energy transfers 2 .

One might thus be tempted to just calculate:

χi = −
and be done.
peratures

fi−

Si− − S1−
fi−

(7.32)

However, since due to detailed balance

fi+

fi− < fi+ ,

and at low tem-

[Eq. (7.30)], we would be introducing an unacceptable amount

of noise if we were to only use the negative energy-transfer measurements.
worse, the lowest temperature data at
cal susceptibility of

χ1 = 0,

i=1

Even

would give an estimate for the dynami-

eectively throwing the whole measurement away. The

method would therefore amount to an intrinsic version of empty-can subtraction,
this time with a need for a dilution refrigerator. The

q -integrated data Helton et al.

were dealing with is shown in Fig. 7.6 and clearly shows that the negative-energy
transfers

E>0

E < 0 part is strongly suppressed compared to the positive-energy transfer

part of the spectrum, as expected from the principle of detailed balance.

What we would therefore like to know is the background at the positive energytransfer part, i.e.

2

IB+ ,

as the positive energy-transfer part contains most of the

This is the reason why we only dened χi not χi± in Eq. (7.29).
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Figure 7.6: (a) The two extreme-temperature q-integrated inelastic neutron scattering datasets on herbertsmithite used for subtraction of background by the method
of Helton et al. from Ref. [12]. (b) The extracted antisymmetric dynamical susceptibility of the sample at these two temperatures using this method. Reproduced
from Ref. [12].
intensity at low temperatures. The second insight of Helton et al. is that the balance between the positive- and negative-energy transfer parts is restored at high
temperatures, where fi−  fi+ , and so we can still reasonably estimate χn =
−(Sn− −S1− )/fn− via Eq. (7.30) for the highest-temperature dataset [12, 152]. Using
the fact that dynamical susceptibility is an odd function of the angular frequency,
already encoded in Eq. (7.30), we can then estimate the positive-energy background
from Eq. (7.30) as [12, 152]:
χn ≈ −(Sn− − S1− )/fn−
SB+ = Sn± − fn± χn

(7.33)

and extract the dynamical susceptibility at all temperatures i < n by subtracting the
thus estimated background from the high-statistics positive-energy measurements
[12, 152]:
χi = Si+ − SB+ /fn+

(7.34)

The nal result is a method that determines the dynamical susceptibility χi =
χ (q, ω; Ti ) of the sample at all temperatures by just manipulating the measured
sample data and applying the principle of detailed balance: rst to suppress the
sample contribution at E < 0 at the lowest temperature T1 and determine the
negative-energy background SB− , and second to relate the negative-energy response
to the positive energy-response of the sample at the highest temperature Tn thus obtaining the positive-energy background SB+ which could nally be subtracted from
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all datasets in their high-statistics positive-energy region to obtain χi at all temperatures [12, 152]. In this way the need for an additional empty-can measurement
is avoided.
The method of Helton et al. has its own drawbacks, however. Firstly, it requires
the lowest-temperature measurement to be so low in temperature that the sample
contribution really is almost completely suppressed at E < 0 [Eq. (7.31)]. This
typically requires the use of a dilution-refrigerator, which is not a problem if we
are interested in dilution temperatures from the get-go, but severely limits the general applicability of the method. The dilution refrigerator by itself also introduces
a much stronger background than would otherwise be present (by large factors),
so if we are dealing with too weak a signal without the dilution refrigerator, the
method of Helton et al. will not help us. Secondly, the method also requires the
highest-temperature measurement to be at substantially higher temperatures than
the lowest-temperature one, ideally well above the sub-kelvin temperatures usually
studied using a dilution refrigerator, again limiting the general applicability of the
method.
Thirdly, even though we avoid contaminating our measurements with systematic uncertainty unavoidable in extrinsic methods, like the empty-can method, the
statistical uncertainty is not improved. This is because the method of Helton et al.
only uses half the spectrum of the lowest-temperature measurement (the negative
half) and half the spectrum of the highest-temperature measurement (the positive
half) to determine the background. Assuming equal-statistics measurements, the increase in the statistical uncertainty due to background subtraction is thus the same
as for empty-can
measurements, namely it increases the uncertainty by a factor of
√
about 2 (Fig. 7.5). And nally, the determination of the nal dynamical susceptibility of the sample [Eq. (7.34)] again uses only one half of the measured spectra
(the positive half), throwing away the negative-energy-transfer measurements. Only
this last point can be readily remedied by combining the positive-energy estimate
of Eq. (7.34) with the inferior estimate from Eq. (7.32) in some, hopefully optimal,
fashion, but this already transcends the original method of Helton et al. We will see
that we can do much better by redesigning the whole method [16].

7.2.3 Prototype of the Free Gaussian Model Background Subtraction (Proto-Free-GaMeS)
One stepping stone to the nal method is our insight that if we divide Si+ by fi+
[Eq. (7.30)], divide Si− by fi− , and sum the results, the dynamical susceptibility
contribution vanishes due to detailed balance (encoded in Eq. (7.30)) and we obtain
[16]:
SB+ SB−
Si+ Si−
+
=
+
(7.35)
fi+
fi−
fi+
fi−
or multiplying this equation by fi− and using the relation of Eq. (7.30) between fi+
and fi− [16]:
(7.36)
Si− + Si+ e−βω = SB− + SB+ e−βω
where the left-hand side contains 2n temperature-dependent measurements Si± (2
from ± and n from the number of measured temperatures), while the right-hand
side contains only 2 temperature-independent background contributions SB± (i.e.
there is no index i on the right-hand side).
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surements where the background is very strong, possibly even stronger than the
sample contribution, as a well-known background can be reliably subtracted as long
as its statistical uncertainty is lower than the statistical uncertainty of the sample
contribution.
This enables inelastic neutron scattering experiments that were not possible with
previous background-subtraction methods without rst performing detailed emptycan measurements, or dilution-fridge sample measurements in the method of Helton

et al. [12, 152], if we are measuring at ultra-low temperatures (the new method does
not require this). These would have to be

∼n-times

longer than usual to achieve

the performance of the new Proto-Free-GaMeS method [16], an infeasible amount
of time to spend measuring an empty sample holder (empty can). This is not to
mention the extrinsic nature of the empty-can method vs. the intrinsic nature of the
Proto-Free-GaMeS method. Our new Proto-Free-GaMeS method requires sample
measurements at any two (or more) temperatures

n ≥ 2

[16].

This is the same

minimal number of temperatures as needed for the method of Helton et al. [12, 152]
where, however, at least two temperatures had to be extreme (one very low and
one very high). Our new method works almost equally well across any temperature
range, with no special restrictions.

7.2.4 Free Gaussian Model Background Subtraction (FreeGaMeS)
Our Proto-Free-GaMeS method of Ref. [16] gets us almost to the nal free method
(we will dene what it means for a method to be free below). Using Eq. (7.36)
we could reliably determine the background contribution, signicantly reducing the
statistical uncertainty in it, without requiring any special restrictions on neither the
temperature range, the sample contribution (this could be completely arbitrary, as
long as it came from a linear response of the sample), nor the background, as long as
it was independent of the sample temperature (or had a known temperature dependence), usually a very good approximation [16]. This even enabled measurements
where the background contribution was larger than the sample contribution using
an intrinsic background-subtraction method.
What is missing in the previous method is a prescription for how to optimally
combine the two estimates we get for the dynamical susceptibility of the sample,
once we subtract the background, i.e.

either obtained from the negative-energy

transfer part of the spectrum via Eq. (7.32), or from the positive-energy transfer
part of the spectrum via Eq. (7.34). These two estimates need not match exactly,
as they contain dierent sources of statistical noise. The question then arises of
how best to combine them. Furthermore, could we not perhaps get an even better
estimate of the background itself if we could somehow demand that both estimates
should produce the same value? This leads us to the improved Free-GaMeS method
of background subtraction, going beyond the Proto-Free-GaMeS method of Ref. [16].
Looking at the equations Eq. (7.30), which already contain the detailed balance

Si± across all i in ± we see that we have denitions
2n measured values Si± , but only n + 2 unknowns: n values of χi and 2 values
SB± . The number of knowns and unknowns match for n = 2, however for n > 2

condition, dening the measured
for
of

we have more knowns than unknowns. This means that the equations Eq. (7.30)
dene an overdetermined system of linear equations that can be written in matrix
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form as:

S ≈ Ap
where

≈

(7.37)

means up to statistical noise and:

S = (S1+ , . . . , Sn+ , S1− , . . . , Sn− )2n×1
⎡
⎤
1 0
⎢
⎥
⎥
⎢ .. ..
diag
(f
,
.
.
.
,
f
)
⎢ . .
1+
n− ⎥
⎥
⎢
⎥
⎢
⎥
⎢ 1 0
⎥
A=⎢
⎢
⎥
⎢ 0 1
⎥
⎢
⎥
⎢ .. ..
⎥
⎢ . . diag (f1− , . . . , fn− ) ⎥
⎣
⎦
0 1

(7.38)

2n×(2+n)

p=

(SB+ , SB− , χ1 , . . . , χn )(2+n)×1

where the subscripts denote the dimensions.
a (vertical) vector as
in
in

Here we use the usual notation for

(v1 , . . . , vn ) ≡ [v1 , . . . , vn ]T .

The (known) measurements are

S , the desired but unknown separated sample and background contributions are
p, while the known matrix A containing the factors fi± from Eq. (7.29) acts to

connect the two.
Solving this overdetermined system for the vector of the desired parameters
equivalent to tting our data

S

with a linear model.

weighed least-squares method [153].

p

is

We do this by the standard

Weighing is necessary to take into account

the dierent experimental uncertainties (heteroscedasticity) of the neutron measurements and is achieved through the weighing matrix
variances of the measurements.

W

containing the inverse

As detection of neutrons is a Poisson process the

expected variance of each measurement is proportional to the total neutron count

Ii±

at that measurement point

Si± ,

3

we can use the weighing matrix :

W = diag−1 (I1+ , . . . , In+ , I1− , . . . , In− )
Note that ignoring the energy-dependent prefactor
and

ki

kf /ki

(7.39)

in Eq. (5.59) (where

kf

are the nal and initial wavevectors of the neutron, respectively), which

|q| &ki , we could instead simply use W =
diag−1 (S). Including the prefactor kf /ki = 1 ∓ ω/Ein where Ein (denoted by
Ei in Eq. (5.59)) is the energy of incoming neutrons before they scatterfor the
measurement point Si± we are lead to an equivalently-good alternative weighing

would be valid for low energy transfers

matrix:

W = diag−1 (p+ S1+ , . . . , p+ Sn+ , p− S1− , . . . , p− Sn− )
&
p± = 1 ∓ ω/Ein

(7.40)

The nal result is given just by the standard weighed least-squares method [153]

4

and reads explicitly :

p = (AT W A)−1 AW S

(7.41)

Note that a linear rescaling of the weighing coecients does not change the results so we can
ignore any xed, i.e. temperature- and energy-independent, proportionality constants.
4 Of course in practice this is not the most advantenageous form, as matrix inversion is expensive
and numerically unstable. We usually rather solve the equivalent equation (AT W A)p = AW S
numerically using e.g. iteration or matrix decomposition.
3
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This is the nal form of the Free-GaMeS method. In terms of determining the background contribution it can be shown to be almost the same as our Proto-Free-GaMeS
method of Ref. [16], but now optimally takes into account the fact that the sample's
dynamical susceptibility χ(q, ω) at positive energies is just negative the dynamical
susceptibility at negative energies χ(q, ω) = −χ(q, −ω). In other words, it optimally
solves the confusion about which of its estimates, the negative-energy Eq. (7.32) or
the positive-energy Eq. (7.34), to use when obtaining the background, e.g. from
Proto-Free-GaMeS. Instead, a single dynamical susceptibility χi is determined directly
from the Free-GaMeS method, which can result in an expected factor of about
√
2 reduction in its uncertainty (at least non-sub-kelvin temperatures) over using
just one of the two estimates Eq. (7.32) or Eq. (7.34), as is e.g. done in the method
of Helton et al. [12, 152] which uses just the positive-energy estimate of Eq. (7.34).
Aside from this improvement in the determined χi the Free-GaMeS method shares
all the advantages of the similar Proto-Free-GaMeS method of Ref. [16].
We call the Free-GaMeS method a free method as it has no nonlinear constraints
imposed in its output. It is also linear, like Proto-Free-GaMeS, under addition of
multiple data measurements, and so it has the distinct advantage, shared also by
Proto-Free-GaMeS [16], that it can be performed either before of after any q or ω
integration of the measured spectra S(q, ω), giving the same result in both cases.
The Si± then contain the integrated dynamical spin correlation function instead of
only its value at a single point (q, ω).
Applying our Free-GaMeS method to our Zn-brochantite inelastic neutron scattering data described in subsection 8.2.3 [16] we obtain a very signicant improvement in statistical noise of the extracted q-integrated dynamical susceptibility χ(ω)
over the standard empty-can background subtraction method (Fig. 7.8). Only using
this type of background subtraction could we extract any meaningful data from our
measurements and interpret the results in Ref. [16] 5, as otherwise the background
was too large and the signal too weak despite very long measurement times of 12 h
per temperature.
7.2.5 Constrained Gaussian Model Background Subtraction
(Core-GaMeS)

Going a step further we notice that in principle, and, as we will see, also in practice,
free methods for physical parameter determination are not the best methods possible, if we have further physical constraints that are obeyed by the underlying true
physical situation. In particular, in inelastic neutron scattering we have the physical
constraints that both the background SB± and the sample contributions χi are in
reality positive numbers, i.e. both background scattering and sample scattering can
only increase the number of observed neutrons in our detectors, not decrease it. In
other words in the situation when there was neither a background (e.g. sample environment) nor a sample present and all the neutrons would simply y along the beam
direction and miss our detectors completely (as they are at q = 0 to avoid directbeam background scattering [82]) giving zero counts. Only if there is something in
the way of the beam, e.g. a sample or some background scatterer, can we obtain
any neutrons, a positive contribution compared to the baseline of zero neutrons.
5 In Ref. [16] we actually used the earlier Proto-Free-GaMeS method as we had not developed
the Free-GaMeS and other methods at the time.
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Figure 7.8: Comparison of empty-can background subtraction and our Free-GaMeS
background subtraction method on experimental data on Zn-brochantite [16]. The
extracted q-integrated dynamical susceptibility χ (ω) is drawn as a function of energy E = ω, where  is the Planck constant, and oset vertically for clarity. Note
that at each energy E a separate t using the Free-GaMeS method was performed
(but connected measurements from all the temperatures at ±E simultaneously). A
signicant improvement in the statistical noise of the extracted sample dynamical
susceptibility is observed.
We can write this as inequalities that we

a priori

SB± ≥ 0
χi ≥ 0

know are obeyed in reality 6 :
(7.42)

Implementing these physical constraints into our background tting and signal extraction procedure of Free-GaMeS will give us the constrained (non-free) method
Core-GaMeS.
To go about implementing them we rst realize that the Free-GaMeS weighed
least-squares tting procedure (solution Eq. (7.41) to Eq. (7.37)) can be equivalently
reformulated as a standard optimization problem where we minimize the value of e
(chi-squared):
e(p) = S − Ap2W
x2W ≡ xT W x

(7.43)

where the norm xW is called the Mahalanobis distance of the vector x.
Freely minimizing e(p) in the space of the desired parameters p (describing separated background and sample contributions) is completely equivalent to nding
6 At least in thermal equilibrium, which is where the principle of detailed balance is obeyed in
the rst place.
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the weighed least-squares solution of Eq. (7.41). However, in sharp contradiction
to the exact nal free solution of Eq. (7.41), the form Eq. (7.43) lends itself naturally to the implementation of the physical constraints of Eq. (7.42), resulting in
a constrained weighed least-squares solution of the original overdetermined system
Eq. (7.37) [153] 7 .

We call this method the Core-GaMeS method. Its results on experimental data
are shown in Fig. 7.9 showing another substantial improvement in average statistical
uncertainty over the Free-GaMeS method, which itself saw huge improvements over
the standard empty-can background subtraction method. It shares all the advantages of the Proto-Free-GaMeS and Free-GaMeS methods, asides from linearity, as
the contraints that it implements are nonlinear constraints. As the method is nonlinear it should in principle be used on non- q -integrated data, not on

q -integrated

data, but we note that we did not see a signicant dierence in switching the order

q -integration.

of background determination using Core-GaMeS and
Free Gaussian-model (Free-GaMeS)
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Figure 7.9: Comparison of our Free-GaMeS and our Core-GaMeS background subtraction methods on experimental data on Zn-brochantite [16]. The curves are oset
vertically for clarity. A further signicant improvement in the statistical noise of
the extracted sample dynamical susceptibility is observed when switching from FreeGaMeS to Core-GaMeS.
The Core-GaMeS method does have a substantial advantage over all previous
methods, besides a much lower statistical uncertainty, in that its results are guaranteed to be physically sensible, as e.g. negative background or sample contributions
are forbidden by design and the best physically sensible results are returned instead.
This gives us a clue as to the underlying reason for the large reduction in statistical
uncertainty when implementing the physical constraints of Eq. (7.42). Namely, physical constraints introduce actual new (and nonlinear) information that the tting
7 Specically,

non-negative least-squares, as all elements of p should be positive by Eq. (7.42).
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procedure in Core-GaMeS can use to signicantly reduce the average uncertainty in
its nal results via the anti-correlation mechanism depicted in Fig. 7.10.

Figure 7.10: Schematic of the mechanism behind the reduced uncertainty of CoreGaMeS compared to Free-GaMeS background subtraction. (a) Under the FreeGaMeS method all freely tted values for the contributions to the signal are treated
as true (black and red points), regardless of whether they obey physical constraints
of positivity [Eq. (7.42)] or not. (b) Under Core-GaMeS only physical values of
physical parameters are considered (black and blue points). The lines connecting
the points are schematic. The variance (spread) of the tted parameters from each
method are depicted by covariance ellipsoids: (a) red ellipsoids for Free-GaMeS, and
(b) blue ellipsoids for Core-GaMeS. The substantially tighter spread of the results
of the Core-GaMeS method in this schematic is precisely what gives it a smaller
statistical uncertainty in practice (Fig. 7.9).

The gist of it is that the estimated background ( SB± ) and sample (χi ) contributions are strongly anti-correlated, as an increased estimate of one implies a decreased
estimate of the other, if they are to sum to the given observed experimental value
(Si± ). Schematically, this results in a negative-sloped line about which the estimates
of the background and sample parameters, given by any background-subtraction
method, are spread about (Fig. 7.10). As the physical positivity constraints of
Eq. (7.42) tell us that the physical parameters lie in the rst quadrant, the physical
constraints can be badly violated by any method that does not explicitly implement
them, when the statistical uncertainty in the data is large enough, so that the spread
of freely (unconstrainedly) tted parameters extends signicantly outside the rst
quadrant. The result is that the Free-GaMeS method that does not implement these
physical constraints has a much larger statistical uncertainty than the nonlinearly
constrained Core-GaMeS method, which can be seen clearly from the tting of our
experimental data on Zn-brochantite by both methods (Fig. 7.9).
165

Chapter 7. Theoretical interlude
7.2.6 Poisson Model Background Subtraction (PinS)

There is one more important point that we must address, namely the discrete nature of the neutrons. Namely, the number of detected neutrons is always a pure
integer. This is not taken into account by the previous methods, as can readily
be seen from their linearity away from the bounds set by the physical constraints
[Eq. (7.42)]. Specically, we can see from e.g. Eq. (7.43) that for all the previous
methods we have the scaling symmetry (S → αS) ⇔ (p → αp) for any α > 0 that
is not expected when dealing with a discrete underlying counting statistics. The
reason is that weighed-least squares regression, expressed e.g. in the Mahalanobis
distance formulation of Eq. (7.43), assumes a Gaussian experimental uncertainty
(hence Gaussian in the names of X -GaMeS methods), an assumption that does not
hold true in the discrete low-statistics case.

Figure 7.11: Probability that we will measure a specic number of neutrons in a
neutron detector in one experiment, if repeating this experiment many times would
give an average number of detected neutron counts λ. Depicted are the probabilities
under a discrete Poisson neutron detection process (points connected by solid lines),
which corresponds to reality. Also depicted is the probability density in a continuous
Gaussian model of the neutron detection process,√ with the same average number of
neutron counts λ and the same average width λ as the Poisson process (dashed
lines). A continuous Gaussian model of neutron counts is a simplication that breaks
down at low neutron counts (the discrete and continuous curves do not overlap very
nicely anymore), where the discrete nature neutrons comes into play. In this scenario
we have to use the correct discrete Poisson model of the non-Gaussian (Poisson)
experimental uncertainty of the measured neutron counts when performing ts on
this data. If we would not do this we would incur bias when tting low-count data.
We therefore turn to a more general nonlinear maximum-likelihood regression
model, that is able to correctly take into account the Poisson counting statistics of
neutrons. Let us denote by P the diagonal matrix of prefactors connecting the raw
neutron counts I [Eq. (7.39)] to the eective dynamical spin correlation function
values S [Eq. (7.38)] via:
I = PS
I = (I1+ , . . . , In+ , I1− , . . . , In− )
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We can now dene the likelihood function L(p), which is to be maximized across
p, giving the likelihood of observing the raw neutron counts I given the underlying true parameters p. The latter contain the background contributions and the
temperature-dependent dynamical susceptibility of the sample [Eq. (7.38)], which
are what we wish to extract from our neutron counts. Taking into account the
discrete Poisson statistics of counting neutrons we get:
L(p) =

n  −λi± Ii±

e
λi±
i=1 ±

(7.45)

Ii± !

λ = P Ap = (λ1+ , . . . , λn+ , λ1− , . . . , λn− )

here λ is the average (expected) number of neutron counts expected across many
repeats of the experiment given the underlying truth p. Their connection to observed
neutron counts I is through the discrete Poisson probability distribution given
inside the product (Fig. 7.11). If, instead, that probability distribution were replaced
with a continuous Gaussian distribution (Fig. 7.11) we would get precisely the, a
priori unconstrained, minimization problem from weighed least squares [Eq. (7.43)].
In maximum-likelihood regression we obtain the best estimate for the underlying
true parameters p by maximizing the likelihood function L(p) [Eq. (7.45)] across
all p. It can be shown that the solution to this nonlinear minimization problem is
unique, at least in the Poisson case with the expected number of counts λ connected
in a linear fashion with the underlying parameters p, as in our case. During this
optimization we also enforce the physical constraints of Eq. (7.42). As a starting
point of minimization we can take the estimate from Core-GaMeS, which should be
quite close to the truth.
The nal result is our ultimate PinS method, an improvement of the CoreGaMeS method that takes into account the discrete nature of the neutrons. As it
includes a highly nonlinear optimization problemeven though a convex one, as
can be shownit is computationally more demanding that the previous X -GaMeS
methods. It also cannot be preceded by q- or ω-space averaging, as that changes
the discrete counting statistics. A major advantage is, though, that it also works
reliably in regions of qω space where the number of total neutrons counted per
run is small, avoiding the biases of previous methods when the continuous-neutroncounts approximation fails. This should, for example, help at low temperatures
where by detailed balance [Eq. (5.10)] we expect to have very low neutron counts at
negative energies due to the sample contribution being heavily suppressed, making
a proper accounting of any neutrons that are detected imperative. Achieving this
makes PinS the most general and dependable method of background subtraction,
with no inherent biases, even when the neutron statistics are small .
The results of the PinS method on experimental data are shown in Fig. 7.12,
where we see that, indeed, a 1030 % bias of the Core-GaMeS method at the lowest
temperature of 1.4 K was indeed removed by the PinS method.
i±

i±

8

As it is computationally more expensive, though, especially for large datasets, it might in
practice be worthwhile to look at the result of the faster Core-GaMeS method, as a quick preview,
before running the full PinS optimization. On our lowly laptop it took an hour to run the full
PinS minimization, although code optimization have the potential to cut that down substantially,
while Core-GaMeS only took around ve minutes.
8
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Figure 7.12: Comparison of our Core-GaMeS and our PinS background subtraction
methods on experimental data on Zn-brochantite [16]. The curves are oset vertically for clarity. A further signicant improvement in the statistical noise of the
extracted sample dynamical susceptibility is observed when switching from FreeGaMeS to Core-GaMeS.

7.2.7 Discussion
To summarize, we have developed a set of intrinsic methods of background subtraction in inelastic neutron scattering, a major problem when measuring weak
signals, an common occurrence in practice. They progressively build on one another, systematically removing the drawbacks of previous methods and at each step
improving their signal-to-noise ratio (Fig. 7.13). We started from the initial detailedbalance method of Helton et al. [12, 152] that required measurements at sub-kelvin
(dilution-fridge) and also very-high temperatures but only used two halves of all
measured datasets for subtracting the background. We upgraded this to the Free
Gaussian Model Background Subtraction (Free-GaMeS) method, through an early
prototype Proto-Free-GaMeS we described in Ref. [16], by taking into account the
full detailed-balance conditions on all the measured data and eliminating the need
for extreme temperatures. This resulted in a huge improvement in signal-to-noise
when subtracting a large background to reveal a small signal, as was the case in
our measurements on Zn-brochantite (Fig. 7.8) [16]. The reason was that all the
measured datasets across all temperatures were used in conjunction to determine
the background to a very high precision, with more measured temperatures yielding
a bigger improvement over the previous methods.
The next step was adding physical constraints [Eq. (7.42)], such that the method
did not give spurious negative background or negative sample contributions. This
resulted in the Constrained Gaussian Model Background Subtraction (Core-GaMeS)
method. As physical constraints introduced nonlinear information into the method,
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Empty-can (EC) extrinsic

intrinsic

Method of Helton et al.
all data & detailed balance

Free Gaussian-model (Free-GaMeS)
physical constraints

Constrained Gaussian-model (Core-GaMeS)
discrete statistics

Poisson-model (PinS)

Figure 7.13: Overview of methods developed for inelastic neutron scattering background subtraction (black) and key physical insights (blue) that led us from the
method of Helton et al. [12, 152] to the nal PinS method.
and due to the strong anti-correlation property of the determined background and
sample contributions to a xed observed neutron intensity (Fig. 7.10), this resulted in
another huge improvement in the signal-to-noise ratio over the Free-GaMeS method
(Fig. 7.9).
The nal step was taking proper care of the discrete Poisson statistics of counting
neutrons (Fig. 7.11) that the previous methods did not address. This yielded the
ultimate Poisson Model Background Subtraction (PinS) method. In contrast to
the previous two improvements in the background-subtraction method, this did not
directly yield a large improvement in signal-to-noise, but it did eliminate an inherent
bias of the previous methods that implicitly assumed continuous Gaussian neutron
counting statistics (Fig. 7.12). This is especially important when doing limitedstatistics experimental runs, when dealing with low temperatures where the neutron
counts in the negative-energy part of the inelastic neutron scattering spectrum are
inherently lower, or when dealing with the low-count regions of energymomentum
space.
The nal PinS method is a completely general method for getting rid of background contributions to observed inelastic scattering results and should work reliably
in all linear-response cases with a temperature-independent background, making no
assumptions on the temperature-dependence of the sample contribution at all. Even
the assumption of temperature-independence of the background can be easily replaced with a known temperature-dependence of the background (just modify the
rst two columns of A in Eq. (7.38)). As all of the developed methods including
PinS are completely general, their use extends beyond inelastic neutron scattering to all inelastic scattering measurements of linear-response systems, as long as we
have access to both positive and negative energy-transfers simultaneously at at least
two temperatures. One immediate application beyond inelastic neutron scattering
would, e.g., be to inelastic scattering of X-rays.
The PinS method can oer an orders-of-magnitude improvement in the signalto-noise ratio over both the standard extrinsic empty-can method of background169
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Figure 7.14: Comparison of the standard empty-can and our PinS background subtraction method on experimental data on Zn-brochantite [16]. The curves are oset
vertically for clarity. A very signicant improvement in the extracted sample dynamical susceptibility is observed.
subtraction and over the intrinsic method of Helton et al. [12, 152] (Fig. 7.14),
while imposing almost no restrictions on the measured data, just that it is must
have been measured at at least two temperatures (the more the better, though,
as discussed above) and simultaneously at both the positive- and negative-energy
transfers (this is automatically true in time-of-ight inelastic neutron scattering
detectors, for example). As such, it oers a way to successfully perform inelastic
scattering experiments that were not possible before due to too weak sample signals
compared to the background, a common occurrence, especially when dealing with
scattering continua as e.g. in quantum spin liquids (Fig. 3.11). A case in point, our
own inelastic neutron scattering Zn-brochantite experiment that we will describe
in chapter 8 would be unsuccessful despite very long ( 12 h) measurement times per
temperature, if we did not develop the methods described here, or at least their
prototypes [16]. In addition to enabling previously-impossible inelastic scattering
measurements, the new method also promises to substantially cut down the required
measurement time in general, at least in conditions where the observed signal is weak
compared to the background. We expect this to potentially result in more inelastic
scattering measurements being performed per annum, or those performed giving
a larger number of more reliable results, giving a boost to the wide spectrum of
scientists relying on these powerful techniques.
Our challenge for the future is threefold: rst to package these methods into a
user-friendly program for inelastic data processing so that they become immediately
available to anyone deciding to give them a try. The second is to numerically characterize these methods using the rigorous estimator theory approach with Monte
Carlo simulations (see Fig. 7.15 for a preview). This is currently a work-in-progress,
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although already at an advanced stage with very promising results. The third challenge is to make a further extension of these methods by taking into account the
nite detector resolution, i.e. the bleeding of a sample's contribution to a detector at
a specic (q, ω) point into neighbouring detectors. At the moment the PinS method
treats each (q, ±ω) pair as separate from all others. This is not a bad approximation
when dealing with continua, as in quantum spin liquid, but gets more problematic
when dealing with sharp signals (though there the signals are often strong enough
to be observable even using standard empty-can subtraction). Implementing this
is not particularly hard, however care has to be taken not to cause an explosion in
the computational time required. All in all, we expect the newly-developed PinS
method of background subtraction to provide a substantial boost to the inelastic
neutron scattering and other inelastic scattering community, and enabling a wider
application of these powerful methods for studying excitations in a variety interesting materials that were thus-far inaccessible by standard methods.
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Figure 7.15: Monte Carlo simulations the eciency (denoted improvement on the
gures) of developed methods of INS background subtraction. The eciency is
given in terms eective measurement time that the total uncertainty (determined
by simulation) in the extracted dynamical susceptibility χ corresponds to, given
some baseline. A twice higher value of this eciency between two methods, e.g.,
means that the method with the higher eciency can produce the same quality
(uncertainty) of results twice as fast than the lower eciency method. The results
are plotted as a function of the average (expected) neutron counts per detector and
assume the measurements were performed at n temperatures equidistantly dividing
an interval with the temperature/energy ratio T /E from 1 to 10 K meV−1 . In the
simulation we take the ratio of signal to background as one-to-one. We see that as n
increases from (a) n = 2 to (c) n = 10 the eciency of the new developed methods
at high neutron counts increases compared to the previous best method, that of
Helton et al. [12, 152]. At low neutron counts the constrained Core-GaMeS and PinS
methods have a substantially higher eciency than the other two, unconstrained,
methods, as explained by the anti-correlation mechanism (Fig. 7.10). The lowneutron count improvement factor of PinS and Core-GaMeS in eciency over the
method of Helton et al. [12, 152] is written as an inset and shows more than an
order of magnitude improvement under these conditions. These results provide rm
theoretical justication to the experimentally observed improvements in signal-tonoise in Zn-brochantite data [16], and unambiguously conrm that the improvement
is indeed generic and sample-independent.
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Zn-brochantite
It is a riddle, wrapped in a mystery, inside an enigma;
but perhaps there is a key.

Winston Churchill (18741965)
In this chapter we retrace the path we embarked upon in a series of papers
[15, 16, 18] trying to unwrap and decode the mystery that is the recently crafted Znbrochantite [17]. We also take a step beyond the beaten path, into the Unknown. We
conrm some previous suspicions about Zn-brochantite's liquid properties [16], verify
a powerful idea about defects in such liquids that had hitherto remained unproven
[15], and discover an unexpected transformation in strong elds [18]. Overall, we
nd that Zn-brochantite holds inside it a world of wonder (almost) beyond measure.
The key to our success is to use the right tools, at the right times, for the task at
hand.

8.1 Introduction to Zn-brochantite
8.1.1 Crystal structure and defects
Zn-brochantite, ZnCu 3(OH)6SO4, is a recently synthesized new Heisenberg quantum kagome antiferromagnet [17], which is similar to the paradigmatic Heisenberg
quantum kagome antiferromagnet herbertsmithite (section 6.1) in many respects,
with some subtle but important dierences. Like herbertsmithite, it belongs to a
2+
2+
substituting magnetic Cu in the
family of compounds with nonmagnetic Zn
case of Zn-brochantite this is the Zn x-brochantite, Zn xCu4x(OH)6SO4, family and
in the case of herbertsmithite it is the Zn-paratacamite familyin which it is the
x = 1 end compound with a kagome lattice of Cu 2+ spins (Fig. 8.1). However, unlike
herbertsmithite, the kagome lattice in Zn-brochantite is substantially distorted with
2+
sites [17]. Ignorcorrugated kagome planes and three symmetry-inequivalent Cu
2+
lattice of herbertsmithite is much closer to an ideal kagome
ing defects, the Cu
lattice, even though the kagome lattice in herbertsmithite is also slightly distorted
2+
sites, as we have shown in chapter 6
with at least two symmetry-inequivalent Cu
[13].
Despite the drawback of a more distorted kagome lattice, the structure of Znbrochantite has a major advantage over herbertsmithite in that the nonmagnetic
2+
that separated kagome planes in herbertsmithite is now located within the
Zn
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Figure 8.1: Crystal structure of Zn-brochantite with in two dierent projections
(a) the top view of the bc kagome Cu2+ planes, and (b) the side ab view. (c)
Top view of bc kagome Cu2+ planes with denoted bond angles around the oxygen
O in Cu O Cu superexchange pathways. The crystal structure was determined in
Ref. [17] using X-ray diraction (XRD) and was found to have the P 21 /a space group
with lattice parameters: a = 1.3061(1) nm, b = 0.9870(1) nm, c = 0.608 82(6) nm
and β = 103.607(2)° [17]. Adapted from Ref. [17].
kagome planes in Zn-brochantite, with the larger nonmagnetic SO 42 taking the role
of separating kagome planes. The kagome planes are thus much better magnetically
separated in Zn-brochantite than they are in herbertsmithite, making Zn-brochantite
a better quasi-2D material 1 .
That nonmagnetic Zn2+ in Zn-brochantite is no longer the provider of magnetic
separation between Cu2+ kagome planes also means that Cu 2+Zn2+ site-mixing
defectswhich are as unavoidable in Zn-brochantite as they are in herbertsmithite
due to entropic mixing of Cu 2+ and Zn2+ during hydrothermal synthesis (see subsection 6.1.3) and which occur with roughly the same concentration of 69 % in both
compounds [17]now do not introduce any 3D couplings between kagome planes.
This is unlike the situation in herbertsmithite where defects with Cu 2+ on the Zn2+
site couple kagome planes, and instead maintain the 2D nature of the kagome lattice
even in the presence of such defects [17].
The change in the position and role of the Zn 2+ site means that defects in Znbrochantite could in principle behave dierently than those in herbertsmithite, even
when their concentration is similar. However, what is found is that defects actually have an average antiferromagnetic Weiss temperature of around 1.2 K in both
compounds [17, 52] (in herbertsmithite this Weiss temperature is in fact a weighted
average of the Weiss temperatures of the dI and dII defects; see subsection 6.4.1
[13]), implying that their average bulk behaviour might possibly not be so dissimilar
after all [15]. Like in herbertsmithite, defects also dominate the low-temperature
bulk susceptibility in Zn-brochantite [Fig. 8.3(a)].
1 Note that a polymorph of herbertsmithite, kapellasite, ZnCu (OH) Cl , also has intra-planar
3
6 2
2+
Zn , like Zn-brochantite, but unlike Zn-brochantite it suers from weak exchange interaction
with nearly-equivalently strong, but oppositely signed, nearest-neighbour and diagonal exchanges,
making it a poor example of the nearest-neighbour Heisenberg quantum kagome antiferromagnet
[154, 155]. The nearest-neighbour exchange interaction in kapellasite is actually ferromagnetic, but
slightly subdominant to the antiferromagnetic diagonal exchange interaction. This is not believed
to be the case in Zn-brochantite which has a much stronger average antiferromagnetic exchange
interaction [17].
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8.1.2 Vanishing of magnetic order and hints of two quantumspin-liquid states
x = 0 material shows long-range magnetic order of Cu 2+ spins
in the Znx-brochantite family the x = 0 compound is brochantite, Cu 4(OH)6SO4,
which magnetically orders below its ordering (Néel) temperature of 7.5 K [156]
which gets gradually suppressed as the substitution level x is increased and seems
to vanish in the nal Heisenberg quantum kagome antiferromagnet x = 1 compound.

In both families the

In the Zn-paratacamite, Zn xCu4x(OH)6Cl2, family (which included herbertsmithite

x = 1) the vanishing of spin freezing is conclusively conrmed already above
x > 0.66 using longitudinal-eld μSR (Fig. 6.3) [11], while in Zn-brochantite's family
it is indicated at least in the x = 1 Zn-brochantite by the absence of ZFCFC
at

splitting (Fig. 8.2), and the lack of anomalies in bulk susceptibility and bulk specic
heat down to

50 mK

that would indicate a phase transition [Fig. 8.3(b)] [17].

Figure 8.2: Zero-eld-cooledeld-cooled (ZFCFC) splittings measured between
and

15 K at 10 mT in three representatives of the Zn x-brochantite family.

2

The mea-

sured curves show the suppression of the onset temperature of long-range magnetic
order in the compounds, observed as the temperature where the ZFC and FC curves
split (see subsection 5.2.1), as the Cu

2+Zn2+

Long-range magnetic order sets in below

7.5 K

substitution level
in the

x=0

x

gets increased.

brochantite compound

3.5 K in the x = 0.6 compound (blue), and appears to vanish in the
x = 1 Zn-brochantite compound, as its ZFC and FC curves completely

(black), below
nal kagome

overlap at all measured temperatures (red). Adapted from Ref. [17].

Like herbertsmithite, Zn-brochantite is a Mott insulator [17, 18] with a kagome
lattice of spins, implying that it can be described by an eective Heisenberg quantum
kagome antiferromagnet spin model. The high-temperature magnetic susceptibility
in Zn-brochantite, which has an eective Weiss temperature of
175
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tted by a Heisenberg quantum kagome antiferromagnet high-temperature series expansion, with an average g -factor of 2.20 [17] which is typical for Cu 2+ ions [90], yielding an average antiferromagnetic exchange interaction of J = 65 K [Fig. 8.3(a)] [17],
roughly three times lower than in herbertsmithite, but still substantial 2 . We note
that, as unambiguously conrmed in herbertsmithite using local-probe electron spin
resonance [66, 119, 120], the presence of additional spinorbit and Dzyaloshinskii
Moriya interaction is also indicated in Zn-brochantite from a careful analysis of bulk
measurements [17].

Figure 8.3: (a) Bulk susceptibility of Zn-brochantite measured using SQUID in a
eld of 100 mT (black) modelled with a Heisenberg quantum kagome antiferromagnet high-temperature series expansion simulation with an average antiferromagnetic
exchange interaction of J = 65 K (solid red line) [17]. The CurieWeiss defect contribution with a Weiss temperature of around 1.2 K (dashed green line) [17] was determined in a variety of mutually-consistent ways (see Ref. [17]) and subtracted from
the bulk susceptibility down to the lowest measured temperature of 0.5 K to yield
the intrinsic kagome susceptibility (blue). (b) Comparison of the obtained kagome
susceptibility (empty symbols) and kagome magnetic specic heat with subtracted
defect and lattice contributions (solid symbols) showing two temperature regions
(low- and mid-temperature regions) with linear specic heat and constant kagome
susceptibility with a crossover region in between. Adapted from Ref. [17].
The bulk measurements of defect-subtracted bulk susceptibility and specic heat
in Zn-brochantite, however, unveil surprising behaviour where a temperature-linear
kagome specic heat and a constant kagome susceptibility is observed in two temperature regions [Fig. 8.3(b)]: the ground-state low-temperature region below 0.6 K
and the mid-temperature region between 5 and 15 K, with a smooth crossover between the two [17]. This behaviour is unique to Zn-brochantite amongst Heisenberg
quantum kagome antiferromagnet compounds, and assuming that the defect contribution was subtracted correctly and that no subtle spin freezing was missed (both
of which will be veried in the subsequent sections), the bulk measurements on Znbrochantite are consistent with it hosting two gapless spinon Fermi surface (spinon
metal) quantum-spin-liquid states in the low- and the mid-temperature regions with
a smooth crossover in-between as the temperature is varied [17]. They would, on the

The average exchange interaction J in Zn-brochantite is also roughly four to ve times higher
than the individual exchange interactions in herbertsmithite's polymorph kapellasite, while Znbrochantite's Weiss temperature is roughly ten times higher than that of kapellasite [154, 155].
2
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other hand, be inconsistent with a valence-bond crystal [157], a gapped Z2 quantum
spin liquid [158] and a gapless U(1) Dirac quantum spin liquid [159, 160] states of
the Heisenberg quantum kagome antiferromagnet [17].
Assuming that the spinon-metal quantum-spin-liquid state of Zn-brochantite in
the low- and mid-temperature regions is real, the spinon density of states at the
Fermi energy obviously increases substantially across the crossover region as the temperature is lowered, but a spinon-metal quantum-spin-liquid state of Zn-brochantite
gets preserved during the crossover [17].

8.1.3 The plan for this chapter
We will prove that Zn-brochantite is indeed a quantum spin liquid as suggested from
bulk measurements (section 8.3) [16], that it is a spinon metal (section 8.4) [15], and
that the change in the spinon density of states during the crossover is real. We
will do this by performing and carefully analysing measurements on Zn-brochantite
using multiple local-probe and scattering experimental techniques [15, 16, 18] that
will provide unambiguous proofs of these claims that were previously suggested from
bulk measurements reported in Ref. [17].
Furthermore, we will discover an additional high-temperature region of quantum
criticality in Zn-brochantite between ∼40 and ∼200 K (section 8.2) [16], for the rst
time experimentally conrm the existence of a defect Kondo-like eect in a quantum
spin liquid (section 8.4), in the case of Zn-brochantite arising from a strong coupling
of defects to kagome spins [15], we will also make sense of a crossover region in Znbrochantite as a crossover from the weakly-coupled to the strongly-coupled limits
of the Kondo-like eect of defect in Zn-brochantite as the temperature is lowered,
which is then indirectly observed as a crossover in the density of states of itinerant
(free) spinons in the spinon metal state, and nally nd a previously unexpected
eld-induced instability of the spinon metal state in Zn-brochantite that results in
a dierent, gapped, quantum spin liquid via spinon pairing at high elds and at the
lowest (dilution-fridge) temperatures (section 8.5) [18].

8.1.4 A Mott transition far, far away
As a prelude, though, let us quickly establish an important fact about Zn-brochantite
from bulk measurements cited above and ultraviolet/visible (UV/VIS) absorption
spectroscopy on Zn-brochantite [17], namely how far away from the Mott transition,
near which charge degrees of freedom would become important, is Zn-brochantite.
Or in other words, how good an insulator, and thus how good a potential Heisenberg quantum kagome antiferromagnet, can Zn-brochantite be. We will require this
knowledge to interpret our results in section 8.5 [18]. The only result from UV/VIS
spectroscopy that we will need to establish this is the insulating bandgap of Znbrochantite, which was found to be Eg ∼ 4.2 eV in Ref. [17].
Let us consider Zn-brochantite in the context of the kagome lattice Hubbard
model with two parameters [18]: the average nearest-neighbour hopping t and
Coulomb repulsion U . It is known that this model exhibits a Mott transition at
U/W ∼ 1.4 for the kagome lattice, where W = 6t is the bandwidth [161]. Using
the relations Eg = U − 2zt ∼ 4.2 eV [Eq. (2.19)], where z = 4 is the number of
nearest neighbours on the kagome lattice, and kB J = 4t2 /U = 5.6 meV [Eq. (2.20)]
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[26], we nd the Hubbard parameters

t = 0.08 eV

U = 4.9 eV
to U ∼ 6 eV,

and

that the Coulomb repulsion parameter is quite close

[18].

We note

which was de-

ab initio studies of the related herbertsmithite [33]. The
U/W ∼ 10  1.4 shows that Zn-brochantite lies deep inside the

termined in

resulting

ratio

Mott in-

sulating phase far away from a Mott transition.

This justies the description of

Zn-brochantite purely in terms of localized spin degrees of freedom, at least for en-

Eg ∼ 4.2 eV [17], equivalent to an enormous
Eg /kB ∼ 4.9 · 104 K ∼ 750J , where charge degrees

ergies below the large bandgap energy of
eective bandgap temperature of

3

of freedom start to be thermally activated .

8.2 Quantum criticality at high temperatures
8.2.1 Nuclear magnetic resonance (NMR) spectra
To explore the intriguing hints from previous bulk measurements [17] we rst turn

2

to deuterium ( D) nuclear magnetic resonance (NMR) measurements that were performed from room temperature down to liquid helium temperatures [16].

They

were performed on a custom-built NMR spectrometer at the Joºef Stefan Institute,
Jamova c. 39, SI-1000 Ljubljana, Slovenia. For these and the majority of subsequent
measurements we used a deuterated version of the powder samples from Ref. [17],
where all the hydrogen
deuterium isotope

2

1

H in Zn-brochantite, ZnCu 3(OH)6SO4, was replaced by its

D =

2

H during synthesis resulting in ZnCu 3(OD)6SO4.

The

sample was of the same high quality [16] as the non-deuterated samples reported
in Ref. [17].

Even though deuteration slightly complicated NMR measurements it

greatly helped with INS and

μSR

measurements as we will see in subsection 8.2.2

and subsection 8.3.2, respectively. For NMR a minor complication is that deuterium
nuclei have spin

1

and thus show quadrupolar broadening due to local electric-eld

gradients (EFG's) even in the absence of magnetic broadening arising from electron
spin uctuations (see subsection 5.3.2). This extra broadening would not be present
if we had used hydrogen samples of Zn-brochantite, as hydrogen nuclei only have
spin

1/2 and thus do not experience quadrupolar broadening.

Aside from this extra

broadening in deuterated samples, using deuterium instead of hydrogen for NMR
actually also has its benets.

Namely, using deuterium, which has a substantially

dierent central NMR frequency than hydrogen [150], we were able to easily lter
out any hydrogen contamination coming from the sample environment, like absorbed
water molecules, from our NMR signal by choosing our NMR frequency window to

The same type of estimate for herbertsmithite using J = 180 K (subsection 6.1.2) [35] and the
bandgap of Eg ∼ 3.3 eV measured recently using optical conductivity [162] would yield Hubbard
parameters t = 0.13 eV and U = 4.3 eV (quite close to U found in Zn-brochantite), with the
resulting ratio U/W ∼ 5.6. This ratio is roughly twice lower than in Zn-brochantite, but still well
above the Mott transition at U/W ∼ 1.4. However, the study that measured the cite bandgap of
herbertsmithite also found indications that herbertsmithite might not be a true Mott insulator at
all, but that it should instead be understood as a charge-transfer insulator with a larger Coulomb
repulsion of U ∼ 8 eV being suggested [162]. Whichever the ultimate origin of the insulating
behaviour in herbertsmithite will turn out to be, the Heisenberg quantum kagome antiferromagnet
spin model should still apply as a good approximation to the electron state of herbertsmithite, not
just to Zn-brochantite with its nominally higher U/W ratio, as was already implicitly assumed in
previous works before the recent Ref. [162].
3
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[Fig. 8.4(a)], and, as we will see shortly, by spinlattice relaxation results (Fig. 8.6).
Using Eq. (5.38) we can thus express the magnetic width

σm =

σm

by [16]:

&
2
σ 2 − σ∞

(8.1)

with results plotted in Fig. 8.5(a).
The observed magnetic broadening indicates a static inhomogeneity in the NMR

σm ∝ νL · Δ(Aχ), where νL is the nuclear
Δ(Aχ) is the distribution width of the product of the local hyperne coupling constant A with the local susceptibility χ across the deuterium sites
[97]. In Zn-brochantite we expect an eective distribution of coupling constants A
response as this gives a magnetic width

Larmor frequency and

due to the likely presence of anisotropic couplings, and we also expect a distribution

χ

of local susceptibilities

(i.e. a distribution of local instantaneous magnetization)

as the investigated sample has multiple inequivalent deuterium and Cu

2+

sites [16].

2+Zn2+ site substitution defects which in
On top of this, Zn-brochantite also has Cu

quantum kagome antiferromagnets are expected to induce staggered magnetization
proles with strong variations of local susceptibility

χ

around them, at least at low

temperatures in quantum-spin-liquid states [136, 139, 140].
Importantly, neither the Knight shift nor the observed magnetic broadening show
any visible anomalies that would indicate any abrupt spin freezing or phase tran-

1.6 K,

sitions down to

15 K

5
5 K.

i.e. across the whole mid-temperature region between

and partially into the crossover temperature region between

0.6

and

and

8.2.2 NMR spinlattice relaxation and rst hint of quantum
criticality
Having looked at high-temperature static NMR properties we now turn to

2D spin

lattice relaxation rate measurements. These were performed with the same experimental setup as before but now with an inversion-recovery pulse sequence
with a variable delay

t

prior to the solid-echo detection pulse sequence.

π −t−π/2
We chose

the lower-frequency spectral maximum for the inversion-recovery experiment (see
the lower inset in Fig. 8.6) [16].
curves using the model for spin-

After tting the obtained magnetization recovery

1

nuclei [Eq. (5.40); see Fig. 8.27 for a similar t

on higher-eld data] we obtained the temperature dependence of the spinlattice
relaxation rate

1/T1NMR

(Fig. 8.6).

For a trivial paramagnet and for quasi-free defects we would expect a at hightemperature relaxation rate [163], which is approximately realized in Zn-brochantite
above

∼200 K.

However, below

∼200 K the relaxation rate starts to signicantly de-

crease, a robust sign of developing spin correlations [16].

At the same time, the

distribution of relaxation rates around the average starts to get broader with decreasing temperature (upper inset in Fig. 8.6), as can be seen from the stretching
exponent (see subsection 5.3.2) decreasing from

β NMR = 0.93(3) ∼ 1

at room tem-

β NMR = 1 would correspond to a single correlation time, down to
β NMR = 0.53(3) at 1.6 K, corresponding to a broad distribution of relaxation rates.
2D sites,
A static distribution of coupling constants A, due e.g.
to inequivalent

perature, where

Cu

2+

sites or Cu

independent

β

2+Zn2+

NMR

site substitution defects, would lead to a temperature-

= 1, meaning that the observed temperature-dependent decrease

is due to a coupling of

2D

nuclei to a non-trivial electron spin state. In fact, a de-
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at temperatures T  J [169], i.e. around the temperatures where the spins rst
start developing signicant correlations upon cooling the sample. As quantum criticality shows strong universality properties (see chapter 4) [72, 74] and scale-free
uctuations of kagome spins were also observed up to high temperatures and energies in herbertsmithite [170], we deem it a likely explanation for the observed
high-temperature power-law behaviour in Zn-brochantite.
Scale-invariance at quantum critical points of continuous quantum phase transitions implies that the microscopic parameters of the system's Hamiltonian, e.g.
the exchange interaction strength J , cannot aect the system's behaviour in the
quantum-critical region (see chapter 4). This means that excitation-frequencydependent quantities can only be functions of ω/kB T , with possibly a power-law
prefactor in T , which results in scaling laws of the form of Eq. (4.1) with no explicit dependence on the microscopic interaction strengths. Applying Eq. (4.1) to
the momentum-space integrated dynamical spin susceptibility χ (ω) [Eq. (5.7)], and
the NMR spinlattice relaxation rate 1/T1NMR via Eq. (5.41), in a quantum critical region we obtain the usual scaling forms valid in the quantum-critical region
[16, 72, 74]:


ω

ζ
χ (ω) ∝ T F
kB T


(8.2)
ωL
NMR
ζ+1 −1
1/T1
∝ T ωL F
kB T
where ω is the angular frequency of uctuations, T is the temperature, ωL ∝ B is the
Larmor angular frequency of the NMR nucleus in a eld of density B [Eq. (5.29)],
ζ is a prefactor exponent, and F is a universal scaling function.

8.2.3 Inelastic neutron scattering (INS) and quantum criticality conrmed
To check whether the quantum-critical scaling forms of Eq. (8.2) indeed hold for
Zn-brochantite in the high-temperature region, and thus if our suspicion that the
high-temperature region is actually a quantum-critical region is correct, we turn to
INS experiments on the same deuterated powder sample of Zn-brochantite as used
for NMR experiments. INS experiments were performed on the FOCUS time-ofight instrument at the Swiss Spallation Neutron Source SINQ at the Paul Scherrer
Institut, CH-5232 Villigen PSI, Switzerland [16]. The initial neutron energy used
was Ei = 5.50 meV. A deuterated sample was chosen as hydrogen scatters neutrons
very strongly and incoherently, obscuring the signal due to scattering on electron
spins, whereas deuterium has a much smaller incoherent scattering length, enabling
clean measurements of scattering on electron spins [82].
To our initial misfortune, the measured signal was very weak with no discernible
momentum-space structure and proved to be very hard to separate from the strong
background coming from the sample environment, despite the long measurements
times of 12 h and more per single temperature. Even though we had performed INS
measurements in a range of temperatures, as we were looking for signs of scaling
described by Eq. (8.2), we were limited in our ability to eliminate the background
contribution as we only had measurements down to liquid helium temperatures,
not to the dilution-fridge temperatures needed for reliable subtraction of a strong
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region is indeed in a quantum critical state.

8.2.4 Discussion
Several remarks are in order, rstly about the attribution of the observed quantum
critical behaviour to the kagome or to the defect spins. As both herbertsmithite
and Zn-brochantite have a similar amount of defects with an average Weiss temperature of around

1.2 K

in both compounds [17, 52], where in herbertsmithite this

Weiss temperature is in fact a weighted average of the Weiss temperatures of the

dI

and

dII

defects (see subsection 6.4.1) [13], and as at least in herbertsmithite a

χ (ω) is limited
ω < 0.8 meV ∼ J/20

signicant defect contribution to the INS dynamical susceptibility
to low temperatures

T < 10 K ∼ J/20

[172] and low energies

[14, 173], we conclude that the high-temperature quantum-critical-scaling region in
Zn-brochantite likely originates from kagome spins in Zn-brochantite, and not the
defects, as it is observed both at high temperatures and up to high energy transfers,
where at least in herbertsmithite defects do not contribute signicantly to INS scattering. This is consistent with the dominance of the kagome spins over the defect
spins in static susceptibility at high-temperatures [Fig. 8.3(a)], and the fact that
NMR, which also showed clear signs of quantum criticality, is sensitive primarily to
kagome and not the defect spins in Zn-brochantite, as argued in subsection 8.2.1.
On the other hand, any low-temperature scaling, observed e.g.

in Ref. [152] in

herbertsmithite, could indeed be biased by defect contributions [14].
Secondly, the high-temperature quantum-critical region is observed in Zn-brochantite
at temperatures from

∼0.6J

to

∼3J ,

where

J = 65 K

is the average nearest neigh-

bour exchange coupling constant in Zn-brochantite [17], which seems a little unusual
as in e.g. 1D systems it would be expected to hold only up to
comes from the fact that the exchange interaction

J

T  J.

This bound

sets a characteristic temper-

ature scale above which temperature uctuations start to overwhelm the intrinsic
spin correlations due to the exchange interaction, and the strongly correlated quantum critical state gets destroyed. In Zn-brochantite, however, the high-temperature

∼3J (Fig. 8.6), i.e.
∼3J , meaning that the characteristic energy

region shows strongly developing spin correlations already below
the quantum critical state persists up to

scale is obviously signicantly higher. It could be that this is an intrinsic property
of 2D Heisenberg quantum kagome antiferromagnets, or it could also indicate the
presence of additional couplings in Zn-brochantite beyond the nearest-neighbour
Heisenberg ones.
As an example of the second scenario, kapellasite, a polymorph of herbertsmithite with the same chemical composition but a dierent crystal structure, also
has 2D kagome planes with Zn

2+

situated within them in the centers of the kagome

hexagons, similarly to Zn-brochantite but unlike the inter-plane Zn

2+

encountered

in herbertsmithite, has a moderate ferromagnetic nearest-neighbour exchange cou-

J1 = −12 K, a weak ferromagnetic next-nearest-neighbour exchange coupling
J2 = −4 K and again a moderate antiferromagnetic third-nearest-neighour exchange
coupling Jd = 15.6 K across the diagonals of the kagome hexagons [154, 155].
pling

The average high-temperature Weiss temperature for an ideal Heisenberg quantum kagome antiferromagnets with these additional exchange interaction can be
expressed as
6

θCW = J1 + J2 + Jd /2

[155]6 , meaning that if we were to assign an

A CurieWeiss tail with this Weiss temperature θCW would in an ideal Heisenberg quantum
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average exchange coupling to this Weiss temperature we would get an average ferromagnetic J ∼ θCW = −8.2 K, i.e. only ∼70 % of the true nearest-neighbour exchange J1 and just ∼50 % of the dominant diagonal-exchange coupling Jd and with
the wrong sign. The fact that the spin correlations in Zn-brochantite start developing already at ∼3J could then mean that in Zn-brochantite we have a competition
of Heisenberg-exchange interactions with opposite signs, or a competition of the
dominant exchanges with other types of additional interactions like the anisotropic
DzyaloshinskiiMoriya interactions as in herbertsmithite [119] that lower the apparent average exchange interaction J relative to the strengths of the individual microscopic interactions. The individual microscopic interactions could then be higher
than J ∼ 65 K [17], if the diered in their signs, explaining the unusually high
temperature for quantum criticality in Zn-brochantite. A competition of dierent
interactions could also itself contribute to the quantum critical behaviour observed
in Zn-brochantite (see chapter 4).
Returning to the results of our measurements we see from inelastic neutron
scattering that for temperatures below ∼40 K the power-law scaling breaks down
(Fig. 8.8). At the same temperature the 2D NMR spinlattice relaxation also starts
to deviate from a power-law and begins to atten (Fig. 8.6). This motivates the
proposed schematic g T phase diagram of Zn-brochantite in Fig. 8.8 where an unknown tuning parameter g , which could well be the relative strengths of the individual microscopic interactions if these turn out to be sizeable in Zn-brochantite,
is slightly detuned from its quantum critical value gc where a zero-temperature
quantum phase transition between two competing states would occur, as this would
result in a natural low-temperature cuto for the quantum critical behaviour, as observed in Zn-brochantite. There have also been proposals that the ideal Heisenberg
quantum kagome antiferromagnet itself sits at a quantum critical point and that
additional interactions or defects, which are always present in real materials, could
act to detune it from quantum criticality at low-enough temperatures [174, 175].

8.3 Quantum spin liquid at mid and low temperatures
We now turn to the behaviour of Zn-brochantite at temperatures below the hightemperature quantum-critical region, where bulk measurements hinted at quantumspin-liquid behaviour in two regions: the mid-temperature region from 5 to 15 K
and the low-temperature region below 0.6 K (see subsection 8.1.2) [17].

8.3.1 A second look at NMR spinlattice relaxation
As already noted, the high-temperature NMR spinlattice relaxation rate 1/T1NMR
starts to level o below ∼40 K as we leave the high-temperature quantum-critical
region (Fig. 8.6), i.e. at the same temperature where the INS scaling stops being
kagome antiferromagnet only be expected at temperatures above ∼10J ∼ 10θCW , while for lower
temperatures the eective Weiss temperature would be lower [112]. This is consistent with θCW < J
as θCW ∼ 79 K and J ∼ 65 K in Zn-brochantite [17], as the Weiss temperature was determined
around room temperature, i.e. T ∼ 300 K, which is less than 5J and much less than ∼10J needed to
reach the asymptotic CurieWeiss susceptibility, even if there were no signicant further-neighbour
interactions beyond the nearest-neighbour kagome ones in Zn-brochantite.
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valid (Fig. 8.8). 1/T1NMR experiences a shallow minimum at ∼15 K and a shallow
maximum at ∼5 K [16], where both extrema are found right at the boundary temperatures of the mid-temperature region in which bulk measurements showed linear
specic heat and constant bulk susceptibility [Fig. 8.3(b)]. On the other hand, the
spinlattice stretching exponent β NMR evolves smoothly and monotonically from
room temperature right across this whole region (inset in Fig. 8.6), which shows
that the observed attening of 1/T1NMR is indeed intrinsic to the same correlated
state in Zn-brochantite, which was quantum-critical in the high-temperature region
[16]. We stress that the attening of 1/T1NMR cannot be due to defect contributions
as the NMR signal in Zn-brochantite is still dominated by kagome spins down to
at least ∼10 K [Fig. 8.3(a)] [16], in contrast to herbertsmithite where defects take
over at much higher temperatures (Fig. 6.4) [66]. Moreover, we showed in subsection 8.2.1 that 2D nuclei we were measuring using NMR are dominantly coupled
to kagome spins at any temperature [Fig. 8.4(b)], even at the lower temperatures
where the defect spins in Zn-brochantite do take over in bulk measurements.
We thus observe a crossover from the high-temperature quantum critical region
into the mid-temperature region where the kagome spins of Zn-brochantite behave
quite dierently than at high temperatures. Together with the lack of any observed
anomalies in NMR spectra in this region (Fig. 8.5), a continuum of excitations
observed in inelastic neutron scattering, and the results of previous bulk measurements [Fig. 8.3(b)] [17], we conclude that all our observations thus far are consistent
with the hypothesized quantum-spin-liquid state in the mid-temperature region in
Zn-brochantite [16].
Below ∼5 K, i.e. where the bulk measurements indicate a crossover from the
mid-temperature into the low-temperature region, 1/T1NMR starts to drop with temperature again, corroborating the existence of this lower-temperature crossover, and,
furthermore, indicating that it is actually a crossover in the kagome spin correlations
by the arguments given above [16].

8.3.2 μ OH(D) oscillations
To progress further and try to unambiguously prove that Zn-brochantite hosts a
quantum spin liquid we performed longitudinal-eld (LF) muon spin relaxation
(μSR) measurements on the General Purpose Surface-Muon (GPS) and Low Temperature Facility (LTF) instruments at the Swiss Muon Source S μS at the Paul
Scherrer Institut, CH-5232 Villigen PSI, Switzerland, and on the EMU instrument
at the ISIS Neutron and Muon Source, Science and Technology Facilities Council, Rutherford Appleton Laboratory, Harwell Oxford, Didcot, OX11 0QX, United
Kingdom [16]. μSR was chosen because it enables measurements of very small
elds within the sample and because it can determine the eld's dynamics. If Znbrochantite were to, for example, magnetically order μSR should be able to observe
it. We used the same powder sample of deuterated Zn-brochantite, ZnCu 3(OD)6SO4,
that was used for NMR and INS measurements, with additional reference samples
of non-deuterated Zn-brochantite, ZnCu 3(OH)6SO4, and of the deuterated parent
compound brochantite, Cu 4(OD)6SO4, which magnetically orders below its Néel
temperature of 7.5 K [156], for comparison.
Prior to any further processing we determined and subtracted a constant background from the measurements by comparing the measured muon asymmetry curves
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with the asymmetry curve measured on the GPS instrument operating in veto mode,
as veto mode operation reduced the amount of background signal below the detection limit in that case [16]. The other instruments showed backgrounds of up to
∼30 % of the intrinsic muon polarization. With the background subtracted the LF
muon polarization curves P (t) could then be obtained.
We rst focused on the eld-dependence of the LF muon polarization, i.e. on a
eld decoupling experiment, at 10 K in both the deuterated and non-deuterated Znbrochantite. Even in zero eld (ZF) the polarization functions from both variants
of Zn-brochantite diered substantially (Fig. 8.9), with obvious oscillations in nondeuterated Zn-brochantite and a seemingly monotonic decay of muon polarization,
within the observational time window, in deuterated Zn-brochantite (Fig. 8.9). The
polarizations also show a pronounced eld dependence in elds up to about ∼6 mT,
which is both very small as compared to typical elds due to electron spins, where
only elds of a few tens or hundreds of mT are expected to signicantly alter the
polarization function, but also rather large as compared to the usual nuclear elds
which usually fully decouple already at 1 or ∼2 mT [40, 102]. Similar muon decoupling behaviour with a pronounced hydrogen isotope dependence was also observed
in herbertsmithite [11] and attributed to strong nuclear dipolar elds that result
from μ OH(D) complex formation (see section 7.1) [176]. This is a likely explanation also in Zn-brochantite, as both herbertsmithite and Zn-brochantite possess
highly electronegative (polar) OH  (OD) functional groups that strongly attract
the positive implanted muon μ+ forming a muonic analogue of a hydrogen bond.
To check whether μ OH(D) complex formation explains the observed dependence of the muon polarization in a low applied eld we performed a global simultaneous t of longitudinal-eld muon polarization curves measured at T = 10 K in a
range of applied elds between zero eld and 6 mT simultaneously on both deuterated and non-deuterated Zn-brochantite (Fig. 8.9). To model the μ OH(D) polarization Pμ−OH(D)(t) due to dipolar interactions of the muon with a single nearestneighbour 1H and 2D nucleus in non-deuterated and deuterated Zn-brochantite,
respectively, we used the powder-averaged muon polarization functions calculated
in section 7.1 in zero eld, where for 1H we used the parameters S2 = 1/2 and γH =
267.5 · 106 rad/Ts and for 2D the parameters S2 = 1 and γD = 41.07 · 106 rad/Ts
[150], while for nite longitudinal elds we used numerical simulations in the spirit
of Ref. [151] but with the improvements in performance described in section 7.1.
Note that γD /γH = 0.154 1 explains the lack of oscillations in the observational
time window in deuterated Zn-brochantite, as the natural oscillation frequency is
reduced by this amount (see section 7.1).
To model the full polarization function we multiplied both μ OH(D) polarization functions with the same simple single-exponential decay due to electron spin
uctuations in the fast-uctuation limit as per Eq. (5.58), obtaining the nal models
[16]:
PH (t) = Pμ−OH (t)e−λL t
PD (t) = Pμ−OD (t)e−λL t

(8.3)

where λL is the longitudinal-eld muon relaxation rate due to electron spins. The
results of the simultaneous t using these models, where λL was allowed to vary
with eld but had to be the same between the non-deuterated and deuterated Znbrochantite, are plotted in Fig. 8.9.
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2

stronger than the ionic bond of SO 4 . Note that this situation is dierent than in


herbertsmithite, where around 10 to 20 % of muons stop near a Cl [11], as Cl is
2

2

far more electronegative than SO 4 . Thus if a muon site did form near SO 4 the
expected fraction of muons that would stop there would then be many factors below

10 %,

making their contribution negligible for all practical purposes. Thirdly, if a
2





noticeable fraction of muons stopped near an SO 4 instead of near a OH (OD ) the
muon polarization curves should show a lower degree of isotope dependence than
they do (Fig. 8.9), and the ts to a single muon stopping site should be worse than
they turn out to be. And nally, our hypothesis of a single muon stopping is also
conrmed by our preliminary density functional theory (DFT) calculations of the
muon stopping sites in Zn-brochantite that show a single muon stopping site near




an OH (OD ).
Above an applied longitudinal eld of

6 mT

the muon relaxation is decoupled

from the nuclear elds due to the nearby hydrogen, and is solely due to the uctuating electronic moments of Cu
elds of hundreds of

mT

2+

ions. It remains essentially unaltered up to applied

(Fig. 8.9) [16].

8.3.3 Muon spin relaxation (LF μSR) and proving a quantum
spin liquid
Having understood and quantitatively described the nuclear origin of the strong
isotope- and eld-dependence of muon spin relaxation at low applied longitudinal elds, we next performed temperature-dependent measurements of muon relaxation on deuterated Zn-brochantite in moderately higher applied longitudinal elds
[Fig. 8.10(a)]. We used the deuterated sample of Zn-brochantite to limit the impact
of nuclear spins on the muon relaxation as much as possible, as the nuclear spin
of deuterium is only

2γD /γH = 0.307 times that of hydrogen [150]. We also
8 mT as it fully decouples the nuclear

a xed applied longitudinal eld of

chose
elds

(Fig. 8.9) but does not signicantly impact the muon relaxation due to electron spin
uctuations of the magnetic Cu

2+

ions.

The measured data could be modelled by a simple stretched-exponential model
[Eq. (5.57)] [Fig. 8.10(a)]:

P (t) = e−(λL t)
where

λL

μSR
β
L

(8.4)

is the mean longitudinal-eld muon relaxation rate due to electron spins

and the stretching exponent

βLμSR ,

when it diers from

1,

μSR
relaxation rates around their mean. We found that βL

models a distribution of

= 0.86(6),

corresponding

to only a moderate distribution of relaxation rates, describes all our measured data
[Fig. 8.10(a)] [16].
The longitudinal-eld muon relaxation rate of Zn-brochantite is rst moderately
increasing as the temperature is lowered from

150 K,

plateau across the mid-temperature region between
and down to

0.6 K,

then appears to have a weak

15

and

5 K,

while below

5K

i.e. across the crossover region, it increases substantially, nally

reaching a stable plateau in the low-temperature region below

0.6 K

[Fig. 8.10(b)].

The substantial increase across the crossover region is directly correlated with an increase in the kagome susceptibility extracted from bulk measurements [Fig. 8.10(b)]
[16, 17].
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results in the mid-temperature region [Fig. 8.3(b)] and arguments from our NMR
and INS measurements in favour of a kagome quantum spin liquid also in the midtemperature region given in subsection 8.3.1, we conclude that a similar type of a
quantum-spin-liquid state, e.g. again with linear specic heat and constant susceptibility [17], also exists in the mid-temperature region in Zn-brochantite [16]. Znbrochantite thus becomes the unique quantum kagome antiferromagnet compound
showing clear quantum-spin-liquid behaviour in two separate temperature regions.

8.3.4 Discussion
We note that a similar substantial increase of the longitudinal-eld muon relaxation rate as we approach the low-temperature ground state and a subsequent lowtemperature plateau of muon relaxation, signalling persistent spin dynamics, were
also previously observed in other quantum kagome antiferromagnets with a quantum-spin-liquid ground-state [11, 148, 154, 177, 178].
Let us also briey focus on the increase of longitudinal-eld muon relaxation
rate as we lower the temperature across the crossover region between

5 K and 0.6 K.

The measured muon relaxation is expected to be in the fast-uctuation limit since
the natural frequency of spin uctuations in Zn-brochantite should be on the order

ν ∼ kB J/h ∼ 1 THz, where kB is the Boltzmann constant, h the Planck conJ = 65 K the average exchange interaction in Zn-brochantite, while the
ν
muon Larmor frequency in the applied eld of B = 8 mT is νL = 1.1 MHz
of

stant, and

via Eq. (5.45), i.e. six orders of magnitude lower. Assuming a single-correlationtime decay of the Cu

2+

spin autocorrelation function, we would thus have for the

longitudinal-eld muon relaxation rate
increase in

λL

λL ∝ Δ2 /ν

[Eq. (5.55)], meaning that the

across the crossover region could be interpreted as either an increase

in the width of the distribution of local uctuating magnetic elds encoded in
and/or a slowing-down of spin uctuations, i.e. a decrease in their frequency

ν

Δ

[16].

Even if the spin autocorrelation function has a distribution of auto-correlation
times

1/ν ,

i.e. if it is not of single-correlation-time type and Eq. (5.55) does not

directly apply, we still expect the same general argument to hold: either the magnitude of uctuating local elds increases, yielding stronger muon relaxation, or
the mean frequency of uctuations

ν

decreases, as we lower the temperature across

the crossover region, as long as we are in the fast-uctuation motional-narrowing
limit

ν  νL .

An exception to this could be if the spin uctuations had a large

weight at very low frequencies, as e.g. in a gapless quantum critical state, where
the motional-narrowing assumption that

ν  νL

for most spin uctuations would

no longer apply.

8.4 Defects and Kondo eect
Having understood the broad outlines of the phase diagram of Zn-brochantite, with
a quantum-critical region at high temperatures, and a quantum-spin-liquid state in
the mid- and low-temperature regions, let us now specically consider the role of
defects in Zn-brochantite. As muons are primarily sensitive to long-range dipolar
elds which typically overshadow their contact hyperne interactions in magnetic
insulators [102], they are likely to be more sensitive to defects than to kagome spins
at low temperatures, as the defect susceptibility (also a measure of the expected
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uctuating elds) is much larger than kagome susceptibility in Zn-brochantite [16].
Such a scenario was indeed conrmed in herbertsmithite [148]. This would stand in
contrast to 2D NMR where the short-range contact hyperne coupling of 2D nuclear
spins with the local electron density is usually to be much larger than their dipolar
couplings, and which, as we have shown in subsection 8.2.1 [Fig. 8.4(b)], is indeed
primarily sensitive to kagome spins in Zn-brochantite and is not signicantly directly
aected by defects.
At rst, we might worry whether the muon's expected primary coupling to defects at low temperatures would invalidate our arguments from longitudinal-eld
muon relaxation that Zn-brochantite hosts a uctuating quantum-spin-liquid state.
Even ignoring the results of bulk measurements, NMR and inelastic neutron scattering which all agree with a state with not magnetic order in Zn-brochantite, let us
note rstly that in brochantite, which does magnetically order, we can clearly see
oscillations due to a strong static magnetic eld coming from the dense and ordered
Cu2+ spins, while no strong static elds coming from the dense kagome spins were
observed in Zn-brochantite. And secondly, even if muons were exclusively sensitive
to defects in Zn-brochantite such that even a magnetically ordered kagome lattice
of spins could not directly aect μSR results, these defects obviously behave very
dierently than would be expected for quasi-free defects in a magnetically-ordered
material. Specically, the peculiar increase of longitudinal-eld muon relaxation
rate across the crossover region between 0.6 and 5 K, and the plateau in the muon
relaxation rate in the low-temperature region below 0.6 K are not compatible with
quasi-free defects in Zn-brochantite, but instead indicate defect that are strongly
coupled to the kagome spin state with non-trivial spin dynamics, not a spin state
with static long-range order [16]. Our conclusion that Zn-brochantite is a quantum
spin liquid thus remains valid.
If the muons are indeed primarily sensitive to defect spins, the increase in the
longitudinal-eld muon relaxation rate in the crossover region should be understood
as the result of evolving spin correlations, which saturate below 0.6 K, between the
defect and kagome spins. We already proved the presence of strong defectkagome
correlations in the related Heisenberg quantum kagome antiferromagnet herbertsmithite (with a quantum-spin-liquid ground state) in subsection 6.4.1 using ESR
on single crystals [13]. Could similar defectkagome couplings also be present in
Zn-brochantite? If they are strong enough, as they are in high- Tc superconductors and in many other strongly correlated electron systems [142, 179], could we
probe subtle correlations of the host quantum-spin-liquid states of Zn-brochantite
indirectly through the behaviour of defects? Finally, as the increase in muon relaxation precisely coincides with the increase in the kagome spin susceptibility in the
crossover region between the low- and mid-temperature quantum-spin-liquid states
of Zn-brochantite [Fig. 8.10(b)], could the crossover between the two states itself be
caused by defects?

8.4.1 Muon spin rotation (TF μSR)
To investigate these questions we performed additional μSR experiments [15], only
this time in transverse-eld (TF) geometry, at the General Purpose Surface-Muon
(GPS) and Low Temperature Facility (LTF) instruments at the Swiss Muon Source
SμS at the Paul Scherrer Institut, CH-5232 Villigen PSI, Switzerland, on the same
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the bulk susceptibility from kagome spins above

∼5 K

∼5 K

to defect spins below

[Fig. 8.3(b)] [17]. That a change in the linear scaling does occur is seen perhaps
even more clearly in the inset of Fig. 8.12, where a systematic deviation from the

∼5 K

high-temperature (low-susceptibility) scaling is seen below

(i.e. at high sus-

ceptibilities). Using Eq. (5.34) we can extract the coupling constants of the muon
spins with the kagome and defect spins from the scaling above and below

∼5 K,

respectively. We get the muonkagome coupling of AkμSR = 36 mT/μB and the quite
similar muondefect coupling of AdμSR = 44 mT/μB [15]. As at low temperatures
defects dominate the bulk susceptibility of Zn-brochantite we thus unambiguously
conrm that muons are indeed primarily aected by defects at low temperatures, as
already indicated by the change in the stretching exponent
is lowered.

βTμSR

as the temperature

2

This stands in contrast to D NMR, which is sensitive primarily to kagome spins,
as shown in subsection 8.2.1 via the low-temperature levelling o of the NMR Knight
shift [see Fig. 8.4(b) and Fig. 8.13]. As explained above, this dierence is due to
the dierent primary coupling mechanism between the probe's spin and the electron
2

spins in Zn-brochantite between D NMR and
2

μSR:

short-range hyperne coupling

in the case of D nuclei, and long-range dipolar coupling in the case of implanted
muons in

μSR

[15].

We might wonder why the muons have a non-zero coupling constant at all, seeing as the dipolar coupling is traceless in vacuum and should thus average to zero
in a powder sample. This argument would only hold if the
ions were isotropic, but as Cu
typically span the interval

2+

g -factor tensors of the
g -factors which

ions usually have quite anisotropic

2.052.3

[90] (see e.g. our ESR results on Cu

bertsmithite, Fig. 6.12), a non-zero coupling constant

A

2+

in her-

due to dipolar interactions

is in fact expected [15].

8.4.3 Defects and their coupling to kagome spins
The muon Knight shift

K μSR

in Zn-brochantite saturates below

∼0.6 K,

i.e. as we

enter the low-temperature region (Fig. 8.12). On the other hand, the transverseeld muon relaxation rate

λT

saturates already below

∼1.5 K, a 2- to 3-times higher

temperature. This dichotomy in the static properties of the local elds at the muon
site is most obvious in the scaling diagram where we plot both quantities as functions
of the bulk susceptibility
broadening (increase of
that

λT ∝ K ∝ χ

χ of Zn-brochantite (Fig. 8.13). In a paramagnet with line
λT ) due to anisotropic powder averaging one should nd

[40]. However, if antiferromagnetic correlations start developing

in the sample the width of the local eld distribution at the muon site, proportional
to

λT ,

will change, while the mean eld at the muon site, proportional to

not. This naturally leads to a situation where

λT ∝ K ∝ χ

K,

will

[15], as observed in

Zn-brochantite (Fig. 8.13).
The saturation of the transverse-eld muon relaxation

λT

below

∼1.5 K

thus

indicates a saturation of quasistatic antiferromagnetic correlations involving defects, as they dominate the magnetic and muon response in Zn-brochantite at low
temperatures (Fig. 8.13) [15]. This temperature also coincides with the eective
antiferromagnetic Weiss temperature of defects in Zn-brochantite of

d
θCW
∼ 1.2 K

[17]. The saturation of quasistatic antiferromagnetic correlations involving defects
corroborates the bulk measurements' result that defects in Zn-brochantite are not
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completely free, as indicated by their nite Weiss temperature.
Note that the transverse-eld muon relaxation shows an additional anomalous
slope change in the susceptibility scaling diagram Fig. 8.13 already at 70 K, a temperature that nicely corresponds to the average exchange interaction of J = 65 K of
the kagome spins that dominate the magnetic and muon response in Zn-brochantite
at high temperatures. This slope change is thus probably due to developing quasistatic spin correlations between kagome spins in Zn-brochantite, which is also seen
2
in the increased D NMR linewidth [Fig. 8.5(b)] [15].
The saturation of the muon Knight shift K μSR below ∼0.6 K indicates that
the local susceptibility detected at the muon sitewhich is the same as the bulk
susceptibility of Zn-brochantite at least down to 0.5 K, the lowest temperature
of bulk susceptibility measurements (Fig. 8.13) [17]reaches a plateau value of
3
χμSR
mol = 0.4 cm /mol Cu for temperatures below ∼0.6 K in our applied eld of 0.3 T.
Comparing this to the expected normalized magnetization divided by the applied
2+
eld of 23.3 cm3 /mol Cu for fully saturated Cu
gives us the average magnetic
2+ ions of only 0.017 μ in the local-susceptibility plateau in Znmoment of Cu
B
brochantite in the low-temperature region below ∼0.6 K [15]. This average magnetic moment is signicantly reduced from the value of the full magnetic moment
2+ if both defect and kagome spins were to order, giving further
of ∼1 μB per Cu
evidence of a quantum-spin-liquid state with no long-range order of kagome spins
2+
in Zn-brochantite. The average magnetic moment of Cu ions is also much smaller
2+
than the expected average moment even if only the 69 % of Cu spins constituting
Zn-brochantite defects were to saturate.
The defect spins in Zn-brochantite are thus obviously not saturated, despite
having a plateau in their local susceptibility. This proves that they are not simple quasi-free defects, i.e. weakly coupled defects, but are instead strongly coupled
to a non-trivial spin state. Moreover, as the low-temperature increase and saturation of the quasistatic local defect susceptibility precisely coincides with the lowtemperature increase and saturation of the longitudinal-eld muon spin relaxation
(showing persistent spin dynamics at low temperatures) even in a much lower eld
of 8 mT (Fig. 8.12) we conclude that this non-trivial spin state, which the defects
are coupled to, must be highly dynamical.

A priori

we have two options for this non-trivial spin state: either it is some
complex state involving coupled defects, or it is the quantum-spin-liquid state of Znbrochantite. As this state must be dynamical at very low temperatures this excludes
frozen, partially frozen, and spin glass states of defects, with the latter being the
most realistic expectation if the defects were only coupled amongst themselves, as
their couplings would be inherently random due to their random positions in Znbrochantite. The only natural explanation is then that the defects are coupled to
the quantum-spin-liquid state of kagome spins [15] 7 . Moreover, a low-temperature
saturation of longitudinal-eld muon relaxation rate [11, 148] and a small average
2+
moment of Cu spins with a likely plateau in the muon Knight shift [180, 181] at low
temperatures were also observed in herbertsmithite, and, as we have unambiguously

We might have already guessed as much from the simultaneous increase and saturation of
the local susceptibility (Knight shift) of defects and the longitudinal-eld muon spin relaxation
(Fig. 8.12), the latter of which, as we have seen in subsection 8.3.3 and the beginning of section 8.4,
actually unambiguously proves that Zn-brochantite really has a quantum-spin-liquid state in the
low-temperature region below 0.6 K to begin with.
7
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proved in subsection 6.4.1 [13] using single-crystal ESR, the dominant defect type in
herbertsmithite (dI ) is in fact strongly coupled to the quantum-spin-liquid kagome
spins. This makes our conclusion that defects in Zn-brochantite are also strongly
coupled to the quantum-spin-liquid kagome spins all the more natural.

8.4.4 Interpretation as Kondo eect
The observed strong coupling between the defects and quantum-spin-liquid kagome
spins in Zn-brochantite, which results in highly non-trivial behaviour of these defects
with a low-temperature plateau in their susceptibility and a reduced magnetic moment, can naturally be interpreted as a Kondo-like eect of a defect (impurity) in a
quantum spin liquid (living in a Mott insulator) [15], in analogy to the Kondo eect
of an impurity in a regular metal and in many other systems [182]. In both cases
we introduce a localized defect and couple it to a macroscopic system of itinerant
quasiparticles (electrons in a metal, spinons in a quantum spin liquid) that, due to
their coupling to the defect, respond to it by screening its spin to various extents
by forming an extended singlet state with the defect [19]. This screening response
is due to non-trivial many-body behaviour involving the defect and the itinerant
quasiparticles it is coupled to [19, 182]. The presence of a Kondo-like eect when we
introduce a defect into a quantum spin liquid was in fact theoretically predicted and
studied for a variety of quantum-spin-liquid states, with both bosonic and fermionic
spinon excitations [141, 183186], but has not been conclusively conrmed in a real
2D quantum spin liquid material until our work [15].
In passing we note our conjecture that, complementary to the quasiparticle picture of the quantum-spin-liquid Kondo eect of Refs. [141, 183186], the expected
staggered magnetization proles around defects with strong spatial variations of local susceptibility predicted in Refs. [136, 139, 140] should be reinterpreted as the
real-space picture of the extended quantum spin liquid Kondo screening cloud around
these defects, which is even in the Kondo eect in regular metals an extended object with staggered magnetization [187189]. The two perspectives might thus turn
out to be complementary theoretical descriptions of the same quantum-spin-liquid
Kondo state.
We rst note that Kondo screening of defects by quasiparticles generally leads
to a CurieWeiss behaviour of the defect susceptibility at temperatures above the
Kondo temperature TK , where the corresponding Weiss temperature is of the same
order as the Kondo temperature 8 [19]. This means that we can get an estimate of the
d
∼ 1.2 K. Moreover,
Kondo temperature for defects in Zn-brochantite as TK ∼ θCW
the defect susceptibility at temperatures below the Kondo temperature can help
discriminate between dierent quantum spin liquids states of the parent kagome
lattice that hosts the defects. The observed nite defect susceptibility as T → 0,
observed in Zn-brochantite in the low-temperature muon Knight shift plateau, is
consistent with a gapless spinon-Fermi-surface (spinon metal) quantum spin liquid
[141, 185], but contradicts the divergent susceptibility expected for a gapless Dirac
U(1) quantum spin liquid and the thermal-activation-type suppression of the defect
response of gapped Z2 quantum spin liquids [141]. This conclusion is consistent

The precise relation depends on the appropriate model of the coupling between the defect and
the macroscopic system of itinerant quasiparticles, and is known in many standard cases [19], but
should on the order of ∼1.
8
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with bulk measurements that also indicated a gapless spinon-Fermi-surface (spinon
metal) state of Zn-brochantite in the low- and mid-temperature regions.
In general the Kondo response of dierent quantum spin liquids to defects is
complicated [141]. However, the eective low-energy theory of the now-conrmed
low-temperature spinon metal state of Zn-brochantite is described in a very similar terms to a regular metal, at least at the mean-eld level [18, 70, 71]. Within
this description fermionic spinons form energy bands and have an extended Fermi
surface with a well-dened Fermi energy, i.e. chemical potential [70]. We might
expect some additional renormalization of various physical properties due to the
need for Gutzwiller projecting such a mean-eld state to a physical quantum-spinliquid state (see subsection 3.6.2) and due to the presence of gauge uctuations mediating interactions between spinons (see subsection 3.6.3) [185]. However, none of
these eects are expected to change the qualitative picture of such a quantum spin
liquid where we can consider spinons in a spinon metal as chargeless analogues of
electrons in a regular metal, albeit with slightly renormalized properties [185]. This
indicates that the spinon Kondo eect could also be very similar to the Kondo eect
of defects (impurities) in a regular metal. One conrmation of this idea is precisely
the low-temperature plateau in the defect susceptibility of Zn-brochantite, a feature
that is also observed in the ordinary Kondo eect in metals [19].
8.4.5 Kondo resonance splitting

This suggests that we can look for new experimentsto show further non-trivial
behaviour of defects in Zn-brochantite and to further conrm the Kondo defect
picturein the repertoire of standard Kondo experiments from ordinary metals,
only now we will look at the magnetic response of a Mott insulator instead of the
electromagnetic response of a metal. One idea for a non-trivial experiment is to
look for Kondo resonance splitting (Fig. 8.14) known from standard Kondo physics
in the strongly-coupled low-temperature regime of the Kondo eect [19, 190].
The Kondo resonance peak (also called a zero-bias anomaly) is a peak in the
spectral density of the defect, i.e. the eective defect density of states, at the
Fermi level due to the strong coupling of the defect to itinerant quasiparticle degrees
of freedom around it [190]. It consists of the spin-up and spin-down components
which split into two separate peaks (Fig. 8.14) at a nite eld that depends on the
competition between the Zeeman and the Kondo interactions, the balance between
which in turn depends on temperature. When the resonance splits the eective
defect density of states at the Fermi level, which lies in the middle of the two peaks
(ω/TK = 0 in Fig. 8.14), substantially decreases [190].
To tackle this we performed additional longitudinal-eld and transverse-eld
μSR experiments at very low, dilution-fridge, temperatures at the Low Temperature
Facility (LTF) instruments at the Swiss Muon Source S μS at the Paul Scherrer
Institut, CH-5232 Villigen PSI, Switzerland, on the same deuterated Zn-brochantite
sample used in previous experiments, and with the same background-subtraction
procedure (see subsection 8.3.2). This time we looked at the eect of strong applied
magnetic elds at a low temperatures.
Let us rst focus on the results of a longitudinal-eld decoupling up to 1.5 T
at the temperature of 110 mK (Fig. 8.15), a temperature that is deep in the lowtemperature plateau region of the muon relaxation rate (Fig. 8.12). We could t the
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Figure 8.14: Theoretical calculations of Kondo resonance splitting in a dierent
system showing the splitting of the single Kondo resonance into two separate peaks,
as the ratio of the applied eld H to the Kondo temperature TK increases. The
Kondo resonance splitting eect in the gure was calculated at T = 0 (left) and at
T = 0.36TK (right) [190]. Reproduced from Ref. [190].
obtained muon polarizations using the stretched-exponential model of Eq. (8.4) with
the same stretching exponent βLμSR = 0.86(6) as before. We see that up to a critical
eld BK ∼ 0.4 T the inverse longitudinal-eld relaxation rate is given by a gentle
power law 1/λL ∝ B p with p = 0.20(1), while above this critical eld the inverse
longitudinal-eld relaxation rate becomes much steeper with an eective p = 2.5(4)
[15]. As in the fast uctuation limit we expect the muon relaxation rate to be
proportional to the square of the eective density of states at the Fermi level of the
spins it is coupled to [7, 191], in our case the defects at these low temperatures, i.e.
λL ∝ DOS2 we see that the sharp increase of the inverse relaxation rate 1/λL above
BK , i.e. a sharp decrease in the relaxation rate λL , corresponds to a sudden decrease
in the eective density of states at the Fermi surface. This scenario is completely
consistent with the Kondo resonance splitting model, where BK corresponds to the
eld where the Kondo resonance peak splits in two (Fig. 8.14).
Furthermore, we see that the high-eld p = 2.5(4) power-law dependence of the
inverse longitudinal-eld relaxation rate is close to a simple nearly-single-correlationtime relaxation in the fast-uctuation limit, given by Eq. (5.54) where p = 2, i.e. by
a nearly exponential decay of eld autocorrelations [Eq. (5.52)] giving a Lorentzian
dynamical spin correlation function [Eq. (5.56)]. The sublinear p = 0.20(1) powerlaw eld-dependence, however, indicates a more complex dynamical spin correlation function9 . In particular, it suggests that below BK the defects are in a nontrivial regime with a more exotic power-law dynamical spin correlation function
Note that as the applied elds are high above the 6 mT needed to decouple nuclear elds the
observed relaxation is purely due to uctuating electron elds.
9
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Taken together with all the previous evidence of a Kondo eect in Zn-brochantite
this unambiguously conrms it.
That the correspondence between the Kondo eect of defects in the spinonmetal quantum spin liquid Zn-brochantite and defects (impurities) in an ordinary
metal of electrons is so close, as evidenced by the correspondence between the zerotemperature Kondo resonance splitting oset BK(0) and the Weiss temperature of
defects above ∼0.6 K, further shows that the simplest spinon-metal picture of the
quantum-spin-liquid state in Zn-brochantite, with spinons in this quantum spin liquid being thought of as spin-only analogues of ordinary electrons in a band metal,
is very close to the underlying reality. As this interpretation of a spinon metal originates from zeroth-order mean-eld theory before performing the Gutzwiller projection [2, 3], and without considering gauge elds which only emerge in the upgraded
rst-order mean-eld treatment [2, 3], we can conrm that the inuence of these further eects is indeed small in Zn-brochantite. This is consistent with only a small
deviation of p = 0.2 from p = 0 in our longitudinal-eld decoupling experiment
(Fig. 8.14), due to emergent gauge elds.
8.4.6 Origin of two quantum spin liquid regions and a unied
treatment of quantum spin liquid and Kondo behaviour
in Zn-brochantite
Basic idea and Kondo screening of defects

A careful reader might have realized that in the above discussion we indeed unambiguously conrmed the Kondo eect in the low-temperature quantum-spin-liquid
region of Zn-brochantite via Kondo resonance splitting, but that we made one additional assumption when we were discussing the correspondence of the CurieWeiss
defect susceptibility with the low-temperature Kondo eect. Namely, the Weiss
temperature was determined, by denition, from the behaviour of the defect susceptibility in the crossover region, where we a priori do not know what to expect for
the kagome spin state to be, as it is smoothly changing from the well-dened midtemperature quantum-spin-liquid state to the well-dened low-temperature spinonmetal quantum-spin-liquid state at these temperatures. We nevertheless attempted
to interpret the obtained Weiss temperature in terms of a Kondo eect of defects
coupled to a pure spinon-metal state, not to some unknown crossover spin state of
Zn-brochantite. As this crossover state could in principle be complicatedlikely
quantum critical, if it were e.g. caused by strong competition between two dierent
quantum-spin-liquid states of Zn-brochantitein this case we actually would not expect the Weiss temperature to correspond to the zero-temperature Kondo resonance
splitting oset BK(0) that we determined at very low temperatures, well below the
crossover region.
But as the correspondence between the low-temperature BK(0) and the Weiss
temperature in the crossover region is nearly exact, we are led to hypothesize a
simpler picture that will explain the whole behaviour of Zn-brochantite from the
mid-temperature region between 5 and 15 K, the crossover region between 0.6 and
5 K, and the low-temperature region below 0.6 K. Namely, we posit that in Znbrochantite we enter a spinon-metal ground state already when we enter the midtemperature region below 15 K, i.e. directly below the high-temperature quantum205
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critical behaviour. As these temperatures are well above the Kondo temperature
TK = 1.1(2) K of defects (obtained from Kondo resonance splitting at low temperatures), the Kondo description of defects tells us that they should be in their
weak-coupling Kondo limit, i.e. almost unscreened by the spinons of the spinonmetal quantum-spin-liquid state of Zn-brochantite. Specically, they should behave
as quasi-free defects, with CurieWeiss susceptibility, but with an eective Weiss
d
temperature given by their Kondo temperature θCW
∼ TK , a fact conrmed by our
Knight shift measurements (Fig. 8.12) [15] and by bulk measurements [17].
As the temperature is lowered the screening of defects by spinons should gradually increase, becoming especially strong around their Kondo temperature, i.e.
in the crossover region in Zn-brochantite between 0.6 and 5 K, just before the defects would enter the stable strongly-coupled and strongly-screened low-temperature
Kondo regime below (roughly) their Kondo temperature, i.e. in the low-temperature
region of Zn-brochantite below 0.6 K. This crossover from the weakly-coupled Kondo
regime above TK to the strongly-coupled Kondo regime below TK is a generic Kondoeect prediction for localized defects coupled to a system of itinerant quasiparticles,
i.e. the spinon-metal quantum spin liquid in our case [19]. This is observed as a
gradual saturation of the defect susceptibility until it reaches a reduced-moment
susceptibility plateau in the low-temperature strong-coupling Kondo regime below
0.6 K (Fig. 8.12) [15].

Quantum spin liquid response to Kondo screening of defects
As the defect concentration in Zn-brochantite is sizeable at 69 % [17], this Kondo
screening of defects should also be observable as a change in the number of free
spinons in the spinon-metal quantum-spin-liquid states, as the spinons that are
required to screen the defect gradually become localized (pinned) to the defect at
low temperatures and are no longer free to move around in the quantum spin liquid.
To a rst approximation we can model this as a gradual transfer of spinons from the
itinerant spinon-metal quantum spin liquid to the Kondo screening clouds around
defects in Zn-brochantite. We should thus observe a gradual decrease of the eective
chemical potential (Fermi energy) of the free kagome-lattice spinon-metal spinons,
i.e. a decreases in their total number. Whether this corresponds to a decrease of
an increase of the free spinon density of states at the Fermi energy depends on the
spinon dispersion in Zn-brochantite.
Using the zero-ux slave-fermion mean-eld ansatz [Eq. (3.18)], which is the
minimal model [70] for a spinon metal on the kagome lattice and predicted to be
close to reality in some quantum kagome antiferromagnets [192], we obtain the
following spinon dispersion (Fig. 8.17) [193] 10 :

(
1,2 (k) = −t −1 ±

kx
ky
1 + 8 cos cos cos
2
2



k x − ky
2


(8.7)

3 (k) = 2t = const.
where kx and ky correspond to dimensionless momenta of the spinons and t the
hopping energy [Eq. (3.18)]. The dispersion of spinons thus consists of one at band

The zero-ux model corresponds to a simple eective tight binding model for spinons with
only nearest-neighbour hopping on the kagome lattice.
10
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described by 3 (k) = 2t = const. and two dispersive bands 1,2 (k) below it. We
expect the spinon bands to be half-lled at high temperatures (where defects are
almost unscreened), corresponding to an average mean-eld version of the physical
constraint of single-occupancy for spinons, with the chemical potential (Fermi energy) in the middle band [Eq. (3.9)(a)]. When the eective chemical potential of
spinons is lowered at lower temperatures, due to their need to screen defect spins
through the Kondo eect the density of states, of free spinons at the Fermi surface
actually increases in this model with t > 0 [Eq. (3.9)(b), Fig. 8.18]. This is because
the chemical potential (Fermi energy) approaches a van Hove singularity due to a
saddle point of the middle dispersive band below the half-lling energy (Fig. 8.18).
Curiously, we nd that the density of states can be given by the tractable closedform expression [Fig. 8.18(b)]:
)

DOS (ω/t) = 1 · δ(ω/t − 2) +

g (−ω/t − 1) , if ω/t ∈ (−4, −1)
g (ω/t + 1) ,
if ω/t ∈ (−1, 2)

(8.8)

where:
6
· A() · Im {EllipticF [θ(), m()]}
π2

A() = &
(3 − )(1 + )3

√
⎧
(3− )(1+ )
⎨i ArcSinh
, if  ∈ (1, 3)
−1
θ() =


⎩
− ArcSin 1+
,
if  ∈ (0, 1)
1−
g() =

m() =

(8.9)

(3 + )(1 − )3
(3 − )(1 + )3

where Im z denotes the imaginary part of the complex number z . Here we use the
denitions of the elliptic integral of the rst kind EllipticF [θ, m], inverse hyperbolic
sine ArcSinh [z], and arcsine ArcSin [z] as analytically-continued complex functions,
where we use identical branch choices in the analytical continuation as the software
package Wolfram Mathematica 11.0. In other words, we dene these functions
to be identical to the ones in Wolfram Mathematica 11.0. This density of states
has a logarithmic divergence, a van Hove singularity, at ω/t = −2 and ω/t = 0
(equivalently at  = 1) as expected for the density of states of a non-degenerate 2D
dispersion. We, unfortunately, did not manage to obtain a closed-form solution also
for the integrated density of states [Fig. 8.18(a)], but our closed-form solution for
the density of states can be integrated numerically.
The predicted increase of the free-spinon density of states as the temperature is
lowered across the crossover region between 0.6 and 5 K, where the defects transition
from the unscreened (weakly-coupled) Kondo regime in the mid-temperature region
to the strongly-screened (strongly-coupled) Kondo regime in the low-temperature
region, is observed in bulk measurements as the simultaneous increase of the kagome
susceptibility and of the linear coecient of the kagome specic heat across precisely
this crossover temperature range, as both should be directly proportional to this
density of states (Fig. 8.3).
Giving further credibility to this scenario is the fact that the kagome susceptibility from bulk measurements also matches the observed increase of the defect
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Figure 8.17: Three-band spinon dispersion in the zero-ux spinon-metal quantumspin-liquid state on the kagome lattice. With the lower (yellow) and middle (blue)
dispersive bands and the top at band (green). The Fermi energy is shown by
the translucent grey plane, the Fermi surface is shown by a red curve and denoted
by FS, low-lling Dirac points and extrema of the dispersion are shown by black
dots. The whole dispersion and the Fermi surface is projected down to the rst
Brillouin zone at the bottom and delineated by the dashed lines. (a) Half-lling
state expected in the mid-temperature range in Zn-brochantite. (b) Reduced Fermi
energy (reduced chemical potential) state expected in the low-temperature range
in Zn-brochantite. We see that the reduced Fermi energy state has a larger Fermi
surface, and consequently a larger spinon density of states. The reason for this is
the presence of a van Hove singularity below half-lling due to a saddle point in the
middle (blue) dispersion (Fig. 8.18).
susceptibility from μSR, as both precisely match the longitudinal-eld muon spin
relaxation rate at this temperatures (Fig. 8.10, Fig. 8.12), showing a direct correlation between the gradual Kondo screening of defects (described by a CurieWeiss
law) and the increase of the density of states of free spinons at the Fermi energy (as
this density of states is proportional to the kagome susceptibility).
We are thus able to explain the previously baing result that Zn-brochantite
has two regions with quantum-spin-liquid behaviour in terms of a simple picture
where the underlying quantum spin liquid in Zn-brochantite is the same spinonmetal quantum spin liquid across all temperatures up to 15 K (i.e. up to and including the mid-temperature region), it is only its eective chemical potential (Fermi
energy) that gets lowered as the temperature decreases across the crossover region
between 5 and 0.6 K. This lowering in the chemical potential is in turn caused by
the crossover from the weak-coupling Kondo regime (above the crossover, i.e. in the
mid-temperature region) to the strong-coupling low-temperature Kondo regime (below the crossover, i.e. in the low-temperature region) of defects as the temperature
is lowered below their Kondo temperature TK = 1.1(2) K. The connection between
Kondo screening of defects and the decrease of the chemical potential (Fermi energy)
of kagome spinons is that the spinons that screen a defect become localized (pinned)
around it, and are thus eectively removed from the quantum-spin-liquid state of
itinerant spinons.
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8.5. Field-induced instability

when introducing a defect into a quantum spin liquid [141, 183186]. The potential
implications are huge, as understanding the complex behaviour of defects in quantum
spin liquids is one of the central issues in the eld of frustrated magnetism, and is
especially vexing in the case of Heisenberg quantum kagome antiferromagnets as the
main representatives, including the cleanest realization to date, herbertsmithite, all
contain a signicant concentration of defects [43]. As we have seen, without rst
understanding defect contributions to the observed signals, even when these only
show up indirectly as a removal of spinons from the quantum spin liquid by pinning
them to defects, we cannot make much progress in understanding the quantum-spinliquid state.
As we have proved in chapter 6 the dominant defects in herbertsmithite are also
strongly coupled to the kagome spins [13]. This suggests that we might look for
signs of a Kondo eect in the case of herbertsmithite as well. Since herbertsmithite
actually has two types of defects (see chapter 6) [13], as these defects occupy dierent
lattice sites than the defects in Zn-brochantite, and since the quantum-spin-liquid
state of herbertsmithite might not be a spinon metal [52, 66], the result might
even be a dierent kind of Kondo eect [141, 183186] in herbertsmithite than in
Zn-brochantite, which would be very interesting indeed.
Finally, our results present quantum spin liquid defects not only as active probes
of the host quantum-spin-liquid state, but also as entities with very rich and interesting physics of their own, worthy of detailed study. Historically the Kondo eect
in metals was a catalyst for introducing powerful theoretical tools, including the
application of renormalization-group methods and the idea of asymptotic freedom
(known originally in the realm of particle physics), to solid state physics to study
them, and lead to a great many new fundamental insights and new physical systems
to study [19]. Intense study of the Kondo eect in dierent contexts persists to this
day [182, 189]. Our rst experimental conrmation and study of a Kondo eect in
a non-trivial quantum-spin-liquid state in Zn-brochantite opens the door to a crossfertilization between the active elds of Kondo physics and of frustrated magnetism
of quantum spin liquids.

8.5 Field-induced instability
8.5.1 Discovering an instability

Having built up a detailed picture explaining the temperature-dependent behaviour
of Zn-brochantite in zero and small applied elds through an interplay of spinonmetal quantum spin liquid and Kondo physics we now turn to its behaviour in strong
applied magnetic elds and at low temperatures. To better dierentiate between
kagome and defect spins of Zn-brochantite we used 2D NMR, which is dominantly
coupled to kagome spins in Zn-brochantite, as we saw in subsection 8.2.1. We thus
extended our previous 2D NMR results from section 8.2 [16] with measurements at
additional magnetic elds and down to dilution fridge temperatures.
2
D NMR measurements down to pumped liquid helium temperatures of 1.7 K
were performed on custom-built NMR spectrometers at the Joºef Stefan Institute,
Jamova c. 39, SI-1000 Ljubljana, Slovenia, while dilution fridge 2D NMR measurements, with temperatures down to 42 mK, were performed at Laboratoire de
Physique des Solides, UMR 8502 Université Paris-Sud 11, Université Paris-Saclay,
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91405 Orsay CEDEX, France. For measurements of NMR spectra we used the same
solid-echo detection pulse sequence as described in subsection 8.2.1, for liquid helium
2
D NMR spinlattice relaxation rate measurements we used the same pulse sequence
as described in subsection 8.2.2, while for dilution 2D NMR spinlattice relaxation
rate measurements we used the saturation-recovery pulse sequence π/2−t−π/2 with
a variable delay t prior to the solid-echo detection pulse sequence [18]. We tted
the magnetization curves in spinlattice experiments with the model appropriate for
spin-1 nuclei [Eq. (5.40)], the same model as used in subsection 8.2.2.
Looking at the data we obtained in an applied eld of 4.69 T [Fig. 8.20(a)] from
room temperature down to 50 mK we see the familiar high-temperature quantumcritical region with power-law spinlattice relaxation rate below ∼200 K (subsection 8.2.2), then a broad minimum and a lower-temperature broad maximum around
∼5 K between which we have the mid-temperature quantum spin liquid region, and
below which the Kondo crossover begins (subsection 8.3.1). However, upon further
lowering of temperature into the sub-kelvin range we encounter an unexpected but
pronounced anomaly in the form of a sharp kink in the 2D NMR spinlattice relaxation rate at the critical temperature Tc = 0.76 K, which is obviously not connected
to the smooth Kondo crossover within the quantum-spin-liquid state between the
mid-temperature and low-temperature quantum spin liquid regions [18].
Below the critical temperature of Tc the spinlattice relaxation rate 1/T1NMR
quickly drops by several orders of magnitude. A sharp drop in NMR spinlattice
relaxation rate below a critical temperature usually indicates a phase transition,
however as such transitions usually show a divergence of the relaxation rate due to
critical uctuations at the critical temperature, and no obvious peak is observed
in our measurements [Fig. 8.20(a)], the anomaly at Tc is obviously not a standard magnetic transition [18]. A similar kink anomaly (instability) followed by a
drop in 1/T1NMR at high elds and low temperatures was previously observed in
herbertsmithite [194] as well as in organic [24, 164] and inorganic [60] triangular
antiferromagnets.
After performing additional dilution-temperature 2D NMR spinlattice measurement in a range of magnetic elds from 0.92 T to 9.4 T we see that the temperature
of the kink anomaly strongly depends on the applied magnetic eld, with lower
elds yielding lower critical temperatures for the kink [Fig. 8.21(a)], making it a
eld-induced instability of Zn-brochantite. This strengthens our conclusion that the
anomaly is not connected to the Kondo crossover within the quantum-spin-liquid
state. It also does not coincide with the critical elds for Kondo splitting (Fig. 8.23).
In particular, we see that at the lowest applied eld the critical temperature is lowered already down to Tc = 130 mK, a temperature that is well inside the stable
low-temperature quantum spin liquid region of Zn-brochantite observed previously
at low elds [Fig. 8.3(b)].

8.5.2 Still a quantum spin liquid
We rst ask ourselves if the state below the eld-induced instability in Zn-brochantite,
i.e. at temperatures below Tc , still remains a quantum spin liquid, or if the instability gives rise to a magnetically ordered state instead. To detect any frozen moment
that might arise below Tc in the latter case we compared NMR spectra recorded at
temperatures both above and below the instability, as any frozen moment should
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temperature-independent quadrupolar broadening of the NMR spectrum (see inset
in Fig. 8.22) [18].
2

As no D NMR spectral broadening across and far below the critical temperature

Tc

is seen in Zn-brochantite, neither in the intermediate eld of

highest eld of

9.4 T,

4.69 T

nor in the

in neither the direct NMR spectral measurements nor via any

deviation from simple Curie behaviour of equilibrium nuclear magnetization, we
conclude that the dramatic eld-induced instability in Zn-brochantite, observed as
a sharp kink in

1/T1NMR

at the critical temperature, is not due to bulk spin freezing,

but rather implies a sudden eld-induced modication of the excitation spectrum
within the quantum-spin-liquid state [18]. Zn-brochantite thus remains a quantum
spin liquid even below the critical temperature of the eld-induced instability.

8.5.3 Finding the right temperature
We might wonder if perhaps defects are to blame for the eld-induced instability
in Zn-brochantite. To answer this, let us rst consider the eld-dependence of the
critical temperature of this instability. From Fig. 8.21(a) we can see that the critical
temperature of the eld-induced instability in Zn-brochantite increases steadily as
the applied eld is increased and roughly coincides with the broad minima of the
stretching exponent
2

β NMR

[Fig. 8.21(b)], i.e. with the temperatures where the dis-

tribution of D NMR spinlattice relaxation times is at its broadest [18]. We will
return to the latter point later on in subsection 8.5.7, while for now, let us focus on
the precise eld dependence of the critical temperature where the mean

2

D NMR

spinlattice relaxation rate 1/T1NMR experiences a kink (Fig. 8.21).
We could get a rather good estimate of the critical temperature just by eye, by
looking for the kink in Fig. 8.21(a) manually. The results would be very similar to
the nal, rened, results shown in Fig. 8.23. However, as we are dealing with a kink
not a jump, and our data have nite experimental uncertainty, we might worry if a
rough estimate by eye would not still contain an element of human bias.
Thus, to be as objective as possible we tted the data below the critical temperature with the extended thermal-activation model of Eq. (8.14) (appropriate for a
gapped quantum spin liquid below the critical temperature), to be derived and justied in subsection 8.5.9, at each eld from the lowest measured temperature up to
dierent cuto temperatures and calculated the chi-squared goodness of t statistic
as a function of this cuto temperature (Fig. 8.24). We then dened the critical
temperature

Tc

as the highest cuto temperature such that Pearson's chi-squared

1 − p = 95 % condence level
temperature T such that:

test still indicated a good t at a
was dened as the highest cuto



∞
χ2

where

N

fk

[18]. Explicitly,

fk (χ2 ) dχ2 > p

is the chi-squared distribution with

k = N −r

(8.10)

degrees of freedom, where

is the number of data point in the t up to the cuto temperature, and

the number of t parameters. Here
to the cuto:

χ2

Tc

r=3

is

is the weighed chi-squared of the best t up

2
N 

(1/T1NMR )i − (1/T1model )i
χ =
σi
i=1
2
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We can calculate the eective g-factor g of the eld-induced instability by equating the thermal energy at the critical temperature with the Zeeman energy of an
electron spin. We obtain g = ak /μ = 0.210(4) for elds up to ∼5 T [18], a value
that is an+ order of magnitude lower than the g-factors usually associated with quasifree Cu ions of 2.052.3 [90]. Considering as the Kondo resonance is already split
by these elds and the defects therefore act as quasi-free [19, 142, 190], we thus arrive at the conclusion that defects are not the driving force behind this eld-induced
instability. We also conclude this on the basis that the shape of the T (B) curve is
convex at higher elds as b > 0, which would not be the case if the instability were
due to saturation of defect spins, the fact that the eld-induced instability is a sharp
kink anomaly, whereas saturation of defect would usually result in a crossover, and
nally also from the fact that bulk susceptibility shows no signicant anomaly at
the critical temperature of T = 0.76 K in an applied eld of 4.69 T [Fig. 8.20(c)] [18]
despite the dominant defect contribution to bulk susceptibility at that temperature
[Fig. 8.3(a)] [17]. The eld-induced instability in Zn-brochantite is thus obviously
an intrinsic instability of its spinon-metal quantum-spin-liquid state [18].
B

B

2

c

c

8.5.5 Spinon metal above the instability

Having established that the eld-induced instability is an intrinsic instability of the
quantum-spin-liquid state of Zn-brochantite itself, and that it results in a dierent
quantum-spin-liquid state of Zn-brochantite below the critical temperature, let us
rst look into the quantum-spin-liquid state at temperatures above the instability.
Above T the power-law:
1/T
= αT
(8.13)
with η = 0.8 and a eld-dependent α ts the measured 1/T data in all elds
but the highest one [Fig. 8.21(a)] [18]. The power η is very similar to the one found
in herbertsmithite above its eld-induced instability where η = 0.73(5) was found
[114, 194]. It is also rather close to the Korringa relation, which holds in the case
of free fermions, where 1/T ∝ T [Eq. (5.42)] [91, 98], i.e. η = 1. As for a gapless quantum spin liquids with a spinon Fermi surface we expect deviations towards
η < 1 when the spinons are coupled to emergent U(1) gauge elds [23], we nd that
the observed 2D NMR spinlattice relaxation above the critical temperature agrees
with a gapless spinon-Fermi-surface, i.e. a spinon metal, state of Zn-brochantite, as
already argued for via the Kondo eect observed in transverse-eld μSR in subsection 8.4.4.
Moreover, the eld-dependent prefactor α, which is in a spinon metal, like in
an ordinary metal [91], proportional to the squared density of states of spinons at
the Fermi level, decreases as the applied eld increases [Fig. 8.21(a)] [18]. This is
consistent with the recently developed theory of spinon metals where an increasing applied magnetic eld progressively shifts the spectral weight in the dynamical
structure factor away from zero energy [196], yielding a lower NMR spinlattice
relaxation rate as that is sensitive to the dynamical structure factor at near-zero
energy transfers [Eq. (5.41)].
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8.5.6 Second relaxation channel

The fundamentally altered temperature dependence of the 2D NMR spinlattice relaxation rate below the eld-dependent critical temperature in Zn-brochantite suggests that a dierent quantum-spin-liquid state is born out of the instability. That
the relaxation rate drops very quickly, faster than T 3, with temperature below the
instability [Fig. 8.21(a)] is a hint that the resulting quantum spin liquid below the
instability's critical temperature is, at least partially, gapped.
However, at the lowest temperatures a sublinear temperature dependence of the
spinlattice relaxation rate 1/T1NMR is recovered [Fig. 8.21(a)]. Such a signicant
slowing down of the rate of drop of 1/T1NMR with temperature is a ngerprint of a
second relaxation mechanism that takes over at the lowest temperatures below the
critical temperature [18]. This is because the spinlattice relaxation rates are additive when we have to separate relaxation channels, and thus when the relaxation rate
of the main relaxation channel, i.e. the hinted-at gapped quantum-spin-liquid state
below the critical temperature, becomes weaker than a second, sublinear, relaxation
channel, this second channel dominates the measured NMR spinlattice relaxation
rate. We dene the temperature T ∗ as the temperature where both contributions
are the same.
The appearance of a second relaxation channel with a relaxation rate that varies
slowly with temperature alongside the main relaxation channel that has a steep
temperature-dependence is usually ascribed to defects [18]. However, we will argue that defects are not responsible for this second relaxation channel. Firstly, if
defects were strongly coupled to a gapped quantum-spin-liquid state below the critical temperature at these high elds, their spinlattice relaxation rate should not
be slowly-varying with temperature but should instead show thermal-activationtype behaviour, i.e. dominantly exponential in −1/T , like the gapped quantumspin-liquid state itself. Secondly, if, on the other hand, the defects were almost
free their relaxation rate should follow some functional dependence (1/T1NMR)d =
f (T /B) [148] (cf. Eq. (2.2)). At the temperature T ∗ where the contribution to
the total 2D NMR spinlattice relaxation rate 1/T1NMR from the main and the
second relaxation channels equalize, the total relaxation rate should therefore be
1/T1NMR = 2f (T ∗ /B). In Zn-brochantite we nd that T ∗ ∝ B (Fig. 8.25), i.e. that
T ∗ /B = const. = 40(1) mK/T, and so that the spinlattice relaxation rate 1/T1NMR
at the eld-dependent temperature T ∗ should stay constant across dierent elds,
if the second relaxation channel were due to defects. This is not what is observed
in Zn-brochantite, where the NMR spinlattice relaxation rate 1/T1NMR at T = T ∗
gets strongly suppressed as the eld is increased (inset in Fig. 8.25). We therefore
conclude that the sublinear second relaxation channel, which becomes dominant at
the lowest temperatures below T ∗ < Tc, is not due to defects, but rather originates
from kagome lattice excitations [18].
8.5.7 Residual spinon metal density of states below the instability

Further evidence that the second relaxation channel is intrinsic is provided by the
fact that the observed sublinear dependence of the 2D NMR spinlattice relaxation
rate below T ∗ < Tc can be described as a power-law with the same power η = 0.8
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thermally-activated relaxation is appropriate for excitation of single quasiparticles
(in a magnetically ordered material this would be a single magnons) with a parabolic
2D quasiparticle dispersion above the gap [7, 191], a sensible assumption, and is in
fact found to be the optimal power-law prefactor when tting our data [Fig. 8.21(a)],
even though the extracted parameters are quite independent of its precise form, as
the exponential term generates the most severe temperature dependence 13 .
At the lowest measured eld of

0.93 T

we nd the residual density of states

f ∼ 30 %, while at higher elds it gets quickly suppressed, reaching
∼10 T (inset in Fig. 8.23). We therefore derive the important conclusion

fraction to be
zero around

that the eld-induced instability in Zn-brochantite aects the majority of spinonmetal spinons near the Fermi surface [18].
The quantum spin liquid excitation gap below the eld-induced instability, extracted using Eq. (8.14), is found to scale linearly with the critical temperature for
the instability 14 . Specically, the gap relation [18]:

2Δ
= 3.9(1)
Tc

(8.15)

is obeyed (Fig. 8.23). This gap relation is actually consistent with the one found
in herbertsmithite where
relation

2Δ/Tc = 3.53

electrons15 .

2Δ/Tc = 4.6(6)

[194], and close to the characteristic gap

of conventional BCS superconductors with Cooper pairing of

8.5.10 Spinon pairing is behind it all
The observed eld-induced instability of the spinon metal state in Zn-brochantite
demands an explanation in terms of the mechanism behind it. Based on current
understanding of such states we,

a priori ,

have two options. The rst would apply

to systems close to a Mott transition, where charge uctuations are strong and an
instability that gaps out a part or even the whole Fermi surface is expected [197, 198].
However, as we saw in subsection 8.1.4, Zn-brochantite is positioned deep inside the

U/W ∼ 10 [18], where U is the Coulomb repulsion
t the average hopping, while a Mott transition is
lower ratio U/W ∼ 1.4
10 [161], this rules out this

Mott insulating regime with
and

W = 6t

the bandwidth with

expected around the much
rst scenario.

We therefore propose the second possible instability scenario, based on spinon
pairing [2023], is responsible for the eld-induced instability in Zn-brochantite [18].

U(1) quantum spin liquids with a spinon Fermi surface are found to be parent (root) states of many fermionic Z2 quantum spin liquids when spinon pairing amplitudes in these Z2 states are turned o [199] 16 . When gauge-eld mediated spinon
Namely,

The independence of the extracted gap on the power-law prefactor was also found when tting
O NMR spinlattice relaxation below the eld-induced instability in herbertsmithite Ref. [194].
14 This makes intuitive sense as for a system to establish a clear gap its temperature must be
suciently-many times lower than the size of the gap, to prevent the gap being washed out, and
potentially destroyed, by thermal uctuations.
15 Note that in superconductors deviations from the BCS gap relation imply unconventional
superconductivity.
16 Analogously, Dirac U(1) quantum spin liquids are also found to be parent states of dierent
Z2 quantum-spin-liquid states when the pairing amplitudes between fermionic spinons in the Z2
state are turned o [200].
13

17
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pairing amplitudes are reintroduced or strengthened, a spinon metal state becomes
susceptible to various pairing instabilities [2023] that break the U(1) symmetry
down to Z2 and open a gap in the excitation spectrum below a critical temperature
Tc [20, 22]. This gap can either be a full gap or a partial gap (e.g. a nodal gap, a
pseudogap, etc.), with the latter case resulting from pairing in a nonsymmetric, i.e.
non-s-wave, channel [2123]. The nal Z2 state and the structure of its gap, full or
partial, also depend on the specic spin lattice on which the quantum spin liquid
exists, as the lattice's symmetries constrain the patterns of pairing amplitudes that
are allowed in the system [200].
There are various dierent types of attractive interactions between spinons that
can lead to pairing instabilities [20, 21, 23]. If the spinon pairing were of the singlet
BCS type, i.e. paired spinons would tend to form spin singlets, the critical temperature for the paired gapped quantum-spin-liquid state should get suppressed as the
eld is increased, with the gapped quantum-spin-liquid state being destroyed completely above a critical eld (the eld where the critical temperature would reach
zero) [23]the eld where the lowest-lying excited triplet state becomes lower in
energy than the singlet state due to Zeeman splitting of the triplet states in an applied magnetic eld. This is the situation in conventional superconductors, but is in
contradiction with what is observed in Zn-brochantite, where a larger applied eld
only acts to stabilize, not destroy, the gapped quantum-spin-liquid state below the
eld-induced instability against thermal uctuations, which tend to prefer the gapless spinon-metal quantum-spin-liquid state, with the critical temperature rising as
the intensity of the applied eld is increased (Fig. 8.23). The observed stabilization
of the gapped quantum-spin-liquid state in Zn-brochantite with increasing applied
eld is, however, consistent with spin-triplet BCS pairing [20] and the more exotic
Ampèrean-type pairing with a spatially modulated amplitude [21]. The latter two
spinon-pairing scenarios are therefore more likely to be realized in Zn-brochantite
[18].

8.5.11 Discussion
The spinon pairing in Zn-brochantite seem to share many similarities the unconventional eld-induced instability observed in the triangular-lattice quantum-spin-liquid
compound EtMe3Sb[Pd(dmit)2]2 [24], which is also a gapless spinon-metal in zero
eld [195]. In both systems a gap develops in the spinon excitation spectrum below
a eld-dependent critical temperature with no signs of spin freezing. The structure
of the gap might be dierent, with a nodal gap suggested in EtMe 3Sb[Pd(dmit)2]2
[24], while a full gap with a residual density of states of the spinon metal state is
found in Zn-brochantite, this can be down to the fact that EtMe 3Sb[Pd(dmit)2]2
has a triangular lattice of spins, while Zn-brochantite has a kagome lattice of spins,
as a dierence in the underlying spin lattice is predicted to aect the structure of
the gap [200]. Nevertheless, the presence of a eld-induced instability seems to be
a common characteristic of spinon-metal quantum-spin-liquid states with a spinon
Fermi surface, and would therefore be interesting to look for in other spinon metal
candidate compounds, for example the rare-earth triangular-lattice antiferromagnet
YbMgGaO4 [70, 196, 201204].
Additionally, as already argued in subsection 8.5.4 that an innitesimal eld
apparently suces to destabilize the quantum-spin-liquid state is an indication of
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its gapless nature [195].

It also makes the spinon metal state in Zn-brochantite

similar to some other gapless quantum spin liquids, specically:

the Dirac

U(1)

quantum spin liquid on the kagome lattice is predicted to be unstable towards magnetic ordering with gapped excitations under an innitesimal applied eld [205], the
anyonic Ma jorana fermions in the honeycomb-lattice Kitaev quantum spin liquid
with a Dirac dispersion in the zero-eld ground state become gapped under an applied eld [5, 7], and Majorana fermions in one candidate quantum-spin-liquid state
on the triangular lattice with six Fermi lines intersecting at

q = 0,

with

ω ∝ q3

dispersion there, become partially gapped in an applied eld, with two thirds of the
excitations acquiring a gap, and one third remaining gapless [69].

Especially the

latter case of a eld-induced opening of a gap with some residual gapless density of
states seems to be closest to the situation encountered in Zn-brochantite in applied
elds below

∼10 T,

where a nite gapless residual density of states is evident (inset

in Fig. 8.23).
Finally, the nding of a eld-induced pairing instability in Zn-brochantite has
potential wider implications in the broader context of Fermi-surface instabilities
as many aspects of pair condensation in quantum spin liquids are shared by electron pairing in superconductors [20], electron pairing in metals near quantum critical points mediated by strong order-parameter uctuations there, and compositefermion pairing in quantum Hall uids [23]. It is even possible that the same type
of pairing occurs in both quantum spin liquid and superconducting phases [18, 206].

8.6 Conclusion
8.6.1 Review
In our work we looked at an intriguing new candidate for a quantum spin liquid on the 2D frustrated kagome lattice with dominant antiferromagnetic interactions between nearest neighbouring Cu

3

6

ZnCu (OH) SO

4

[17].

2+

quantum spin-

1/2

ions, Zn-brochantite,

Previously synthesized and characterized using bulk mea-

surement techniques in Ref. [17] it was suggested that it avoided magnetic ordering
down to the lowest experimentally accessible temperatures, as no sharp anomalies or
splittings were observed in bulk properties, suggesting that it might be a quantum
spin liquid. Previous bulk measurements also indicated that it had several temperature regions of non-trivial behaviour, with tantalizing hits of a mid-temperature
region with a well-dened quantum-spin-liquid state with dierent properties (density of states) than the low-temperature, possibly quantum spin liquid, state [17].
In between the two a wide and ununderstood crossover region was observed [17].
Staring from this basis we applied a multitude of dierent local-probe and scattering experimental techniques (muon spin relaxation, muon spin rotation and nuclear
magnetic resonance and inelastic neutron scattering), each giving its own complementary piece of information, to construct a comprehensive picture of the spin behaviour of Zn-brochantite across dierent temperature regions and under dierent
applied elds [15, 16, 18] conrming, amongst other things, the previous suspicions
of the existence of two temperature regions where a gapless spinon-Fermi-surface
(spinon metal) quantum-spin-liquid state is realized.
Starting from high temperatures, we found a clear realization of quantum criticality at temperatures between

200 K

and
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∼40 K

[16].

In the mid-temperature

8.6. Conclusion
region between

15

and

5K

we unambiguously conrmed a spinon-metal quantum-

spin-liquid state with inherent and unavoidable defects only weakly perturbing it
[15, 16]. Furthermore, we found that these defects are indeed coupled to the kagome
quantum spin liquid spins, as we also found for the dominant type of defect in herbertsmithite in chapter 6 [13]. Due to their coupling to the spinon metal kagome
spin state with a continuum of itinerant spinon fractional quasiparticles, we found
that the defects in Zn-brochantite experience a quantum spin liquid analogue of
the many-body Kondo eect, conrmation of an eect predicted theoretically more
than a decade ago [141, 183186] but with no experimental proof until our work on
Zn-brochantite [15]. We found that in the mid-temperature region the defects are
in their weakly-coupled high-temperature limit, i.e. well above their Kondo temperature of

TK = 1.25(5) K,

and behave as quasi-free spins there, with little impact on

the spinon-metal quantum spin liquid physics there.
Lowering the temperature towards the Kondo temperature of defects the Kondo
screening eect becomes progressively more signicant, especially when we enter
the crossover region between

5

and

0.6 K.

We developed a simple model where this

Kondo screening eect can be seen as eectively pinning spinons from the spinonmetal quantum-spin-liquid state of Zn-brochantite, making them immobile and eectively decoupled from the itinerant spinon metal physics. This depletion of spinons
from the quantum-spin-liquid state has the eect of lowering the eective chemical
potential (Fermi energy) of spinons in Zn-brochantite, which in the simplest zeroux mean-eld ansatz for the spinon metal state on the kagome lattice, has the
eect of increasing the spinon density of states at the eective spinon Fermi energy.
This interplay between Kondo screening of defects and spinon-metal quantum spin
liquid physics results in the changing of eective quantum spin liquid properties,
i.e. the free spinon density of states, across the crossover region. This explains all
the previous observations on Zn-brochantite and oers a simple explanation for the
existence of a crossover within the spinon metal state of Zn-brochantite as being
due to defects with an quantum spin liquid Kondo eect.
At the lowest temperatures, below

0.6 K

TK ,

the Kondo eect of defects

reaches a stable screening response that does not change any further as we lower the
temperature, meaning that a non-trivial strongly-coupled low-temperature regime
of the Kondo eect is reached [15]. We proposed a simple model for this Kondo
transition in close analogy with the Kondo eect in metals, where spinons in the
spinon metal state act as eective analogues of electrons in a metal when screening the defects. This model postdicted the precise form of the defect susceptibility
measured in Zn-brochantite using transverse-eld muon spin rotation [15], and predicted the existence of a Kondo splitting eect when a eld would be applied. We
conrmed this prediction obtaining complementary proof of the quantum spin liquid Kondo eect in this Mott insulator. As the Kondo screening becomes eectively
temperature-independent below

0.6 K,

so does the spinon density of states in the

spinon metal state of Zn-brochantite, and we nd that Zn-brochantite then enters
its low-temperature spinon-metal quantum-spin-liquid state with temperature independent properties and persistent spin dynamics down to the lowest accessible
temperatures of

21 mK, a factor of more
J = 65 K [16].

than

3000

times smaller than its average

exchange coupling of

Unexpectedly, we nd that this quantum-spin-liquid state becomes unstable to
spinon pairing under an, apparently innitesimal, applied eld
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unconventional transition from the gapless spinon-metal quantum-spin-liquid state
to a gapped quantum-spin-liquid state below a critical temperature Tc ∝
∼ B ranging
from 0.13 K at 0.93 T up to 2 K at the largest applied eld [18]. The gap Δ opened
by spinon pairing obeys the gap relation 2Δ/Tc = 3.9(1) close to the gap relation
2Δ/Tc = 3.53 of conventional BCS superconductors with Cooper pairing of electrons. This is a hint that we might understand the pairing instability of the gapless
spinon metal in Zn-brochantite that results in a gapped quantum spin liquid at low
temperatures and nite elds, as being analogous to the transition from a metallic
to a superconducting state, again with spinons taking the role of eective electrons
in this analogy. Succinctly, in this picture the gapless spinon-metal quantum spin
liquid in Zn-brochantite, which is analogous to an ordinary metal with chargeless
but spinful spinon quasiparticles, undergoes a eld-induced spinon-pairing instability into a gapped quantum-spin-liquid state that could be described as a spinon
superconductor.
That the critical temperature and the gap both increase with the applied eld
in Zn-brochantite implies that the spinon pairing is either of an exotic triplet kind
or is instead due to Ampèrean-type pairing with a spatially modulated amplitude,
as predicted by theory [2023]. A similar pairing instability, though only at a single
xed eld, was previously observed in the triangular-lattice quantum spin liquid
EtMe3Sb[Pd(dmit)2]2 [24] and appears to share many similarities with the instability
we found in Zn-brochantite [18]. This suggest a common spinon pairing mechanism
that deserves further study.

8.6.2 Summary
To summarize, we have undertaken a comprehensive study of Zn-brochantite and
explained its behaviour across a range of temperatures and elds. Our results show
that Zn-brochantite is an almost ideal physical system in which to study 2D gapless
spinon-Fermi-surface (spinon metal) quantum spin liquid physics and the physics
of the quantum spin liquid Kondo eect, with a wide gamut of quantum manybody phenomena realized and experimentally accessible within it. The list ranges
from quantum criticality, gapless spinon-metal quantum spin liquid physics, quantum spin liquid Kondo eect with defects coupled to itinerant gapless Fermi-surface
spinons, spinon pairing instabilities, and the resulting gapped spinon superconductor
quantum-spin-liquid state. Our discovery of these eects in the quantum kagome
antiferromagnet Zn-brochantite has bearing on the burning question of what the
eective low-energy physics of the ideal QKA actually is.
Especially our discovery of a quantum spin liquid Kondo eect in Zn-brochantite,
the rst experimental verication of this theoretical prediction [141, 183186] in any
2D quantum-spin-liquid compound, is expected to bring about a fusion of ideas from
the eld of quantum spin liquid in frustrated magnetism and the large community
studying Kondo physics in other systems [182]. This will likely result in proposals for new kinds of experiments using defects in quantum spin liquids as essential
bearers of interesting many-body physics, worthy of detailed study and exploitation. We already used the Kondo eect in Zn-brochantite to eectively turn defects
into local probes that unambiguously identied the quantum-spin-liquid state in
Zn-brochantite as being a spinon metal [15], and we expect that many non-trivial
properties of Kondo defects in quantum spin liquids will in time be studied in similar
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ways.
Our discovery of the defect Kondo eect in Zn-brochantite also suggests that
we look for similar quantum spin liquid Kondo eects in other compounds, e.g. in
the widely studied quantum kagome antiferromagnet herbertsmithite. We already
made the rst step in this direction by establishing that the dominant dI defects
in herbertsmithite are also strongly coupled to quantum-spin-liquid kagome spins,
as they are in Zn-brochantite (chapter 6) [13]. The next step is to look for unambiguous ngerprints of Kondo physics in herbertsmithite and other quantum kagome
antiferromagnet compounds, e.g. the Kondo-resonance-splitting eect we observed
in Zn-brochantite or others. The future looks bright for studying the interesting
strongly-coupled physics of defects in quantum spin liquids, now that the predicted
quantum spin liquid Kondo eect has nally been conrmed.
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Conclusion
A piece of art is never a nished work.
It answers a question which has been asked,
and asks a new question.
Robert Engman (1927)

In this Thesis we studied quantum kagome antiferromagnets herbertsmithite
and Zn-brochantite using a variety of experimental techniques. A recurrent theme
that emerged was that defects, localized deviations from the ideal kagome structure, proved to be crucial proxies for studying the kagome spin state in these two
compounds.
In chapter 6 we found that herbertsmithite actually possesses two types of intrinsic defects, dI and dII , that coexist at low temperatures and which dier in their
interaction with surrounding kagome spins [13]. We discovered that the dominant
dI defects in herbertsmithite, which we plausibly attribute to extra spin- 1/2 Cu2+
d
on the Zn2+ inter-layer sites, have a Weiss temperature of θCW
= 5.2 K. This is
substantially higher than previously believed when the whole non-kagome response
was ascribed to only one type of defect. We unambiguously proved that these defects are strongly coupled to the kagome spins, as they both together form a single
exchange-narrowed ESR line. This disproves the usual assumption that the defects
in herbertsmithite are quasi-free with a sizeable coupling only amongst themselves
[14]. In light of our results on Zn-brochantite, we wonder if non-trivial physics might
arise from this coupling, perhaps in the form a quantum spin liquid Kondo eect as
observed in Zn-brochantite [15]. This coupling might also be relevant for the selection of the ground quantum-spin-liquid state of herbertsmithite, or a modication
of its properties as in Zn-brochantite, which calls for further investigations.
The newly discovered, subdominant, dII defects were found to be only weakly
coupled to the kagome spins with a much steeper susceptibility, possibly even beyond
d
the Curie model with θCW
= 0, and a very narrow ESR resonance separate from the
broad dI + kagome ESR line [13]. We tentatively ascribed these defects to either
missing spins in the kagome lattice (Zn 2+ vacancies), should these exist, or to local
deformations of the kagome lattice around inter-layer Cu 2+ dI defects. Namely, such
local a priori nonmagnetic pre-defect distortions introduce eective random bonds
into the kagome lattice that could trap (pin) a spinon excitation of the quantum
spin liquid in herbertsmithite [13, 141]. Such a localized spinon would have spin 1/2
and would acts as an eective quasi-free extra magnetic moment with quite dierent
I

II
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properties than the itinerant spinons in the bulk kagome quantum spin liquid. One
falsiable consequence of this scenario is that we should observe a total loss of the
magnetic moment of dII defects above a certain temperature where the spinons unpin
from pre-defects as thermal uctuations overcome their eective binding potential
(surely above T  J when herbertsmithite exits the quantum spin liquid regime
but possibly already at much lower temperatures), while dI defects should preserve
their (CurieWeiss) magnetic moments up to arbitrary high temperatures, as they
should be simple extra Cu 2+ ions.
Conrming or disproving such an intriguing picture of the origin of dII defects
represents a challenge for future work. In general, explaining the origin and eective isolation of dII defects from kagome spins is one of the key questions facing
future studies of herbertsmithite. Understanding the behaviour of defects, which
dominate many experimental observables, has repeatedly proven as being crucial to
understanding the quantum spin liquid state itself.
Moreover, we have discovered that both types of defects in herbertsmithite unambiguously show that global threefold structural symmetry of herbertsmithite is
broken at low temperatures [13]. This challenges the assumption of previous works
that herbertsmithite has, on average, a perfect threefold-symmetric kagome lattice
of Cu2+ ions. As such, our discovery is expected to profoundly impact further discussions of herbertsmithite, which was previously believed to be, asides from defects
and anisotropies, a nearly-perfect realization of an ideal quantum kagome antiferromagnet, a theoretical model with unbroken threefold symmetry. This could have
deep implications on the selection of the quantum-spin-liquid ground state of herbertsmithite. Precisely in what way presents an open challenge for future theoretical
and experimental work.
An open challenge is also the origin of this correlated structural distortion. One
option is that its origin lies in defects that might break threefold symmetry, and only
then imprint this distortion on the quantum-spin-liquid state, connecting these local
distortions [13]. The second option is that the ground quantum-spin-liquid state in
herbertsmithite might itself spontaneously break global threefold symmetry even if
defects were not present, a symmetry breaking that we then observe indirectly in
the magnetic response of defects. To clarify the origin and impact of the observed
threefold symmetry breaking in herbertsmithite more studies are needed, with rened ab initio studies of the structure of herbertsmithite with and without a nite
concentration of defects possibly proving or disproving the rst option, and theoretical calculations of candidate non-symmetric quantum-spin-liquid ground states
addressing the second option. In both cases, more experimental results could provide
complementary information.
In chapter 8 we next turned our attention to Zn-brochantite, ZnCu 3(OH)6SO4
[15, 16, 18]. Conrming intriguing hints from previous bulk measurements [17], we
found, using local-probe techniques, that it is a new example of a quantum kagome
antiferromagnet with a quantum-spin-liquid ground state, in this case a gapless
spinon-metal quantum spin liquid, a state with an extended spinon Fermi surface,
in the low-temperature region (below 0.6 K) [15, 16]. Not only that, we found that
it also possesses a gapless spinon-metal quantum-spin-liquid state in the separate,
mid-temperature, region ( 515 K). This mid-temperature spinon metal states has a
dierent free-spinon density of states at the Fermi level than the low-temperature
spinon metal state, with a smooth crossover as the temperature is driven from one
232

temperature range to the other, with Zn-brochantite being the unique quantum
kagome antiferromagnet that clearly shows such behaviour [16].
We also found an interesting quantum-critical regime of Zn-brochantite at high

temperatures ( ∼40200 K), suggesting its proximity to a quantum critical point.
Future studies, e.g. under pressure or under doping, could help address the existence
and nature of proximate quantum phase transition at this quantum critical point.
Furthermore, we discovered a quantum spin liquid Kondo eect of the localized
defect embedded and strongly-coupled to a sea of itinerant spinon quasiparticles
of the host spinon-metal quantum-spin-liquid state in Zn-brochantite [15].

The

discovery of a quantum spin liquid Kondo eect is the rst experimental conrmation
of its existence in any 2D quantum-spin-liquid compound, after more than a decade
since its initial theoretical prediction [141, 183186]. As this brings together the
elds of Kondo physics and of quantum spin liquid in frustrated spin systems, we
expect a fruitful exchange of ideas and insights in the future.
It also opens the door to new experiments and new studies of strongly-coupled
defects in quantum spin liquids that exploit the non-trivial many-body physics of the
Kondo eect. We, for example, used this Kondo eect to separately determine that
the low-temperature quantum-spin-liquid state in Zn-brochantite is a spinon metal
with a spinon Fermi surface, as such strongly coupled defects are sensitive probes of
subtle correlations of the host state [15]. We also conrmed two additional classical
predictions of Kondo theory, that of Kondo resonance splitting and of the precise
temperature dependence of defect susceptibility, in Zn-brochantite using

μSR.

We

expect that future studies will nd new ways of testing and using the quantum spin
liquid Kondo eect to gain further insights. We also propose to look for this eect
in other quantum spin liquids. One example is herbertsmithite, where we took the
rst step of proving that a strong coupling between

dI

defects and kagome spins

does exist [13], opening the possibility that it also results in a quantum spin liquid
Kondo eect there as well, which might be either similar or dierent from the Kondo
eect in Zn-brochantite.
The presence of a Kondo eect in Zn-brochantite also solves a number of mysteries, the primary one being the presence of two quantum spin liquid temperature regions with a dierent free-spinon density of states.

We propose that this

can naturally be understood as being due to the temperature-dependent Kondo
screening of defects by spinons, which we proved exists [15]. Namely, defects are
in their weakly-coupled Kondo regime in the mid-temperature region ( 515 K), and
are thus essentially unscreened and quasi-free, bearing little impact on the spinonmetal quantum spin liquid.

As the temperature is lowered towards their Kondo

TK = 1.25(5) K

Kondo screening becomes substantial, reaching a sta-

temperature

ble strongly-coupled Kondo state in the low-temperature region below

0.6 K.

As

Kondo screening requires spinons from the quantum spin liquid to localize around
defects this eectively removes them from the free-spinon Fermi surface, resulting
in a lowering of their eective Fermi energy (chemical potential). Using an ansatz
for a zero-ux quantum-spin-liquid state on a kagome lattice we showed that such
a lowering can change the free-spinon density of states at the Fermi energy in the
way observed in bulk experiments [17]. We could thus explain the origin of two
quantum spin liquid spinon metal states in Zn-brochantite as being really just one
spinon metal state strongly coupled to defects through a Kondo eect with a nite
Kondo temperature. This suggest that we might also be able to interpret various
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crossovers in other quantum-spin-liquid compounds [16] as perhaps being due to
their own quantum spin liquid Kondo eects.
We also found an unexpected eld-induced spinon-pairing instability of the gapless spinon-metal quantum spin liquid in Zn-brochantite at very low-temperatures
that results in a gapped quantum-spin-liquid state below a critical temperature Tc ∝
∼
B [18]. The gap Δ opened by spinon pairing obeys the gap relation 2Δ/Tc = 3.9(1)
rather close to the gap relation 2Δ/Tc = 3.53 of conventional BCS superconductors
with Cooper pairing of electrons. We might call the eld-induced gapped quantumspin-liquid state a spinon superconductor, as it could be described as arising from
the formation of bound pairs of spinon-metal spinons, in analogy to the formation
of Cooper pairs of electrons in superconductors. However, the eld-induced pairing in Zn-brochantite is not of the usual singlet type, but might be of the exotic
triplet or Ampèrean type with a spatially modulated amplitude [2023], as a nite
applied eld promotes instead of suppresses the pairing instability. Investigating
the properties of this gapped quantum spin liquid and the precise spinon pairing
mechanism from which it arises is an interesting topic for further study. This is
especially true since other quantum-spin-liquid compounds show a similar instability, e.g. the triangular-lattice spinon-metal compound EtMe 3Sb[Pd(dmit)2]2 [24],
suggesting that a spinon pairing instability might generically be present in this class
of quantum spin liquids [18].
Through a comprehensive study we have thus shown that Zn-brochantite is an
ideal test-bed for interesting 2D quantum spin liquid physics ranging from gapless spinon-metal quantum-spin-liquid states with a spinon Fermi surface, a eldinduced spinon-pairing instability resulting in a gapped quantum spin liquid, hightemperature quantum criticality, and last but far from least, the rst conrmation
the predicted quantum spin liquid Kondo eect in a real material. We thus expect
it to become a common xture in future discussions of quantum kagome antiferromagnet quantum spin liquids and quantum spin liquids in general.
Finally, besides our extensive experimental work we have also made theoretical
progress in chapter 7 [16], where we obtained explicit closed-form solutions, useful for
example in μSR measurements on samples with μ OH(D) complex formation like
herbertsmithite and Zn-brochantite, of an initially spin-polarized spin- 1/2 particle
(e.g. the muon) coupled through a dipolar interaction to an initially unpolarized
spinful particle of arbitrary spin. Two special low-spin zero-eld cases we made
use of when interpreting our experimental results are for the muon interacting with
1
hydrogen H, which has spin 1/2, a previously-known result [11, 151], and with
2
deuterium D which has spin 1, a new result [16]. As simulations of such quantumentangled states of muons are usually done numerically [151], the tractable zero-eld
and longitudinal-eld cases could be useful for speeding up ts of μSR data when
this model of muon spin relaxation applies.
The closed form of the analytical solutions for arbitrary spin of the second particle
also allowed us to calculate the analytical form of the polarization curves in the halfclassical zero-eld limit of a quantum spin- 1/2 particle, e.g. the muon, interacting
dipolarly with a classical spinful particle (with eective spin ∞), which is also a
new result. As it represents a new exactly-solved instance of a quantumtoclassical
crossover and of a coupling between a quantum (spin 1/2 particle) and a classical
system (classical spinful particle) resulting in non-trivial dynamics, we expect it to
be of interest in its own right.
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To facilitate our experimental results of quantum criticality in Zn-brochantite we
also developed a new method for removing the background from multi-temperature
experimental inelastic neutron scattering data (and other inelastic scattering data).
It is based on three main insights of: the validity of the principle of detailed balance
for the sample contribution but not for the background contribution [16], a priori
known physical constraints (positivity of scattering probability), and the need to
correctly take into account the discrete Poisson statistics of neutron counting in
neutron detectors. The new method substantially improves the signal-to-noise ratio
over all previously-available methods [16] when the scattered sample signal is weak
compared to the background contribution, e.g. when dealing with spinon scattering
continua in quantum spin liquids. As inelastic neutron scattering is a method limited
by the statistical noise due to the relatively low numbers of neutrons coming from
neutron sources, our method can be used to observe signals that previously could
not be resolved due to strong background contributions to the observed neutron
intensity, a common situation in inelastic neutron scattering.
One example of a real-world application of our method are the inelastic neutron
scattering results we obtained on Zn-brochantite in Ref. [16], which had a signal too
weak to resolve by conventional methods. Compared to the method used in that
study, which corresponded to the rst (Proto-Free-GaMeS) method in a series of
four sequentially improved methods developed in chapter 7, the nal (PinS) method
presents a further substantial improvement in the signal-to-noise ratio. We thus
expect the new methods for extracting the signal from inelastic neutron scattering
data to substantially expand the number of experiments that can be successfully
performed using inelastic neutron scattering. Even in experiments that are possible with standard background subtraction methods, the new methods we developed
can, especially in weak-signal cases, substantially shorten the time it takes perform a
measurement to a desired signal-to-noise ratio in the nal result. This method thus
has the potential to increase the total number of inelastic neutron scattering experiments per year that can be successfully performed at a neutron source, expanding
the availability of inelastic neutron scattering, a powerful method of studying excitations in a variety of materials.
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Appendix A
Zero-eld dipolar muon relaxation
functions
A.1 Tables
Using the notation we established in subsection 7.1.6 we give tables of zero-eld
muon polarization tensor coecients for a muon coupled to a single spin S2 up to
S2 = 5. For this we use the closed-form solution Eq. (7.16) with zero-eld denitions
(k)
(k)
from Eq. (7.14). Note that we give the spectral parameters Ω(k), p̂(k)
xx = p̂yy , and p̂zz
multiplied by 2(S2 + 1/2), while p̂(k) powd are given multiplied by 3(S2 + 1/2), to
cancel out trivial numerical prefactors in the tables below. All the tables are given
sorted by the angular frequency spectral parameters Ω(k) in ascending order.

Table A.1: S2 = 1/2 zero-eld muon polarization tensor coecients in Eq. (7.24)
(k)
(k)
and Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.1). Zero components p̂ii = 0 are omitted.
S2 = 1/2
2 · Ω(k)
0
1
2
3

(k)

2 · p̂xx

(k)

2 · p̂zz

1
1
1
1
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3 · p̂(k)

powd

1/2
1
1/2
1
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Table A.2: S2 = 1 zero-eld muon polarization tensor coecients in Eq. (7.24) and
(k)
(k)
Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.1). Zero components p̂ii = 0 are omitted.
S2 = 1
(k)

(k)

3 · Ω(k)

3 · p̂xx

3 · p̂zz

0
√
3− 3
√
2 3
√
3+ 3

2/3
√
1 − 1/ 3
1/3
√
1 + 1/ 3

5/3

(9/2) · p̂(k)

powd

3/2
√
1 − 1/ 3
1
√
1 + 1/ 3

4/3

Table A.3: S2 = 3/2 zero-eld muon polarization tensor coecients in Eq. (7.24)
(k)
(k)
and Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.2). Zero components p̂ii = 0 are omitted.
S2 = 3/2
4 · Ω(k)
0
7−2
√
4− 7
4
√
7+2
√
2 7
√
4+ 7

√

(k)

4 · p̂xx

(k)

4 · p̂zz

15/7
1
1 − 2/ 7
√

1
1
6/7

√

1 + 2/ 7
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6 · p̂(k)

powd

15/14
1
√
1 − 2/ 7
1/2
1
3/7
√
1 + 2/ 7

A.1. Tables
Table A.4: S2 = 2 zero-eld muon polarization tensor coecients in Eq. (7.24) and
(k)
(k)
Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.2). Zero components p̂ii = 0 are omitted.
S2 = 2
(k)

(k)

5 · Ω(k)

5 · p̂xx

5 · p̂zz

0
√
13 − 7
√
5 − 13
√
2 7
√
√
13 + 7
√
2 13
√
5 + 13

4/7
√
1 − 3/ 91
√
1 − 3/ 13
3/7
√
1 + 3/ 91

243/91

√

(15/2) · p̂(k)

347/182
√
1 − 3/ 91
√
1 − 3/ 13
9/7
√
1 + 3/ 91
4/13
√
1 + 3/ 13

12/7
8/13

√

powd

1 + 3/ 13

Table A.5: S2 = 5/2 zero-eld muon polarization tensor coecients in Eq. (7.24)
(k)
(k)
and Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.3). Zero components p̂ii = 0 are omitted.
S2 = 5/2
6 · Ω(k)
0
√
2 3−3
√ √
3( 7 − 2)
√
6 − 21
6
√
2 3+3
√
4 3
√ √
3( 7 + 2)
√
2 21
√
6 + 21

(k)

6 · p̂xx

(k)

6 · p̂zz

9 · p̂(k)

67/21

67/42
1
√
1 − 4/(3 7)
√
1 − 4/ 21
1/2
1
2/3
√
1 + 4/(3 7)
5/21
√
1 + 4/ 21

1
√
1 − 4/(3 7)
√
1 − 4/ 21
1
1
√

4/3

√

10/21

1 + 4/(3 7)
1 + 4/ 21
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powd
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Table A.6: S2 = 3 zero-eld muon polarization tensor coecients in Eq. (7.24) and
(k)
(k)
Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.3). Zero components p̂ii = 0 are omitted.
S2 = 3
(k)

(k)

7 · Ω(k)

7 · p̂xx

7 · p̂zz

0
√
√
19 − 13
√
√
31 − 19
√
7 − 31
√
2 13
√
√
19 + 13
√
2 19
√
√
31 + 19
√
2 31
√
7 + 31

7/13
√
1 − 3/ 247
√
1 − 15/ 589
√
1 − 5/ 31
6/13
√
1 + 3/ 247

28439/7657

(21/2) · p̂(k)

36685/15314
√
1 − 3/ 247
√
1 − 15/ 589
√
1 − 5/ 31
18/13
√
1 + 3/ 247
10/19
√
1 + 15/ 589
6/31
√
1 + 5/ 31

24/13
20/19

√

1 + 15/ 589
12/31

√

powd

1 + 5/ 31

Table A.7: S2 = 7/2 zero-eld muon polarization tensor coecients in Eq. (7.24)
(k)
(k)
and Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.4). Zero components p̂ii = 0 are omitted.
S2 = 7/2
8 · Ω(k)
0
19 − 4
√
√
2 7 − 19
√
√
43 − 2 7
√
8 − 43
8
√
19 + 4
√
2 19
√
√
2 7 + 19
√
4 7
√
√
43 + 2 7
√
2 43
√
8 + 43
√

(k)

(k)

8 · p̂xx

8 · p̂zz

24239/5719
1
√
1 − 4/ 133
√
1 − 12/ 301
√
1 − 6/ 43
1
1
√

30/19

√

6/7

1 + 4/ 133
1 + 12/ 301
14/43

√

1 + 6/ 43
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12 · p̂(k)

powd

24239/11438
1
√
1 − 4/ 133
√
1 − 12/ 301
√
1 − 6/ 43
1/2
1
15/19
√
1 + 4/ 133
3/7
√
1 + 12/ 301
7/43
√
1 + 6/ 43

A.1. Tables
Table A.8: S2 = 4 zero-eld muon polarization tensor coecients in Eq. (7.24) and
(k)
(k)
Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.4). Zero components p̂ii = 0 are omitted.
S2 = 4
(k)

(k)

9 · Ω(k)

9 · p̂xx

9 · p̂zz

0
√
√
3(3 − 7)
√ √
3( 13 − 3)
√
√
57 − 39
√
9 − 57
√
2 21
√
√
3(3 + 7)
√
6 3
√ √
3( 13 + 3)
√
2 39
√
√
57 + 39
√
2 57
√
9 + 57

11/21
√
1 − 1/(3 7)
√
1 − 5/(3 13)
√
1 − 35/(3 247)
√
1 − 7/ 57
10/21
√
1 + 1/(3 7)

24707/5187

40/21
4/3

√

1 + 5/(3 13)
28/39

√

1 + 35/(3 247)
16/57

√

1 + 7/ 57
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(27/2) · p̂(k)

powd

10047/3458
√
1 − 1/(3 7)
√
1 − 5/(3 13)
√
1 − 35/(3 247)
√
1 − 7/ 57
10/7
√
1 + 1/(3 7)
2/3
√
1 + 5/(3 13)
14/39
√
1 + 35/(3 247)
8/57
√
1 + 7/ 57

Appendix A. Zero-eld dipolar muon relaxation functions
Table A.9: S2 = 9/2 zero-eld muon polarization tensor coecients in Eq. (7.24)
(k)
(k)
and Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.5). Zero components p̂ii = 0 are omitted.
S2 = 9/2
10 · Ω(k)
0
2 7−5
√
√
37 − 2 7
√
√
2 13 − 37
√
√
73 − 2 13
√
10 − 73
10
√
2 7+5
√
4 7
√
√
37 + 2 7
√
2 37
√
√
2 13 + 37
√
4 13
√
√
73 + 2 13
√
2 73
√
10 + 73
√

(k)

(k)

10 · p̂xx

10 · p̂zz

1299895/245791
1
√
1 − 4/ 259
√
1 − 12/ 481
√
1 − 24/ 949
√
1 − 8/ 73
1
1
√

12/7

√

42/37

√

8/13

1 + 4/ 259
1 + 12/ 481
1 + 24/ 949
18/73

√

1 + 8/ 73
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15 · p̂(k)

powd

1299895/491582
1
√
1 − 4/ 259
√
1 − 12/ 481
√
1 − 24/ 949
√
1 − 8/ 73
1/2
1
6/7
√
1 + 4/ 259
21/37
√
1 + 12/ 481
4/13
√
1 + 24/ 949
9/73
√
1 + 8/ 73

A.2. Figures
Table A.10: S2 = 5 zero-eld muon polarization tensor coecients in Eq. (7.24) and
(k)
(k)
Eq. (7.25) where p̂(k)
xx = p̂yy (Fig. A.5). Zero components p̂ii = 0 are omitted.
S2 = 5
(k)

(k)

11 · Ω(k)

11 · p̂xx

11 · p̂zz

0
√
37 − 31
√
7 − 37
√
67 − 7
√
√
91 − 67
√
11 − 91
√
2 31
√
√
37 + 31
√
2 37
√
7 + 37
14
√
67 + 7
√
2 67
√
√
91 + 67
√
2 91
√
11 + 91

16/31
√
1 − 3/ 1147
√
1 − 15/(7 37)
√
1 − 5/ 67
&
1 − 9 7/871
√
1 − 9/ 91
15/31
√
1 + 3/ 1147

284627179/48952813

√

60/31
56/37

√

1 + 15/(7 37)
48/49

√

1 + 5/ 67
1+9

&

36/67
7/871
20/91

√

1 + 9/ 91

(33/2) · p̂(k)

powd

335159115/97905626
√
1 − 3/ 1147
√
1 − 15/(7 37)
√
1 − 5/ 67
&
1 − 9 7/871
√
1 − 9/ 91
45/31
√
1 + 3/ 1147
28/37
√
1 + 15/(7 37)
24/49
√
1 + 5/ 67
18/67
&
1 + 9 7/871
10/91
√
1 + 9/ 91

A.2 Figures
Below we give plots of the muon polarization tensor, its powder average, and the
corresponding spectra up to spin S2 = 5. This plots correspond to tables of spectral
coecients given above. We see that the muon polarization tensor approaches a
seemingly well-dened half-classical limit as the value of the spin S2 increases. This
limit is rigorously established and described in detail in subsection 7.1.7.

259

(a)

S2 =

1/2

 () = P
 ())·4(S +1/2)
(P
xx
yy
2

Pxx(t) = Pyy(t)

0.0

-0.5

5

1/2

20

1

0.5

0.5

1.5

0.0

0
 = /(0·(S2+1/2))
S2 =

2.0

1/2

1

2

1

2

1

2

1

1.0

0.5

5

10
15
 = (S2+1/2)·0t
S2 =

1/2

20

0.0
-2

25

1

(f)


P
powd ()·6(S2 +1/2)

1.0

0.0

-0.5

-1.0
0

-1

(d)

0.5
Ppowd(t)

1.0

1.0

-0.5

(e)

1

1.5

0.0
-2

25

 ()·4(S +1/2)
P
zz
2

Pzz(t)

10
15
 = (S2+1/2)·0t
S2 =

(c)

-1.0
0

1/2

2.0

0.5

-1.0
0

S2 =

(b)

1

1.0

5

10
15
 = (S2+1/2)·0t

20

25

-1

0
 = /(0·(S2+1/2))
S2 =

1/2

1

2.0

1.5

1.0

0.5

0.0
-2

-1

0
 = /(0·(S2+1/2))

S2 = 1/2
S2 = 1
Ω=0

Ω

(a)

S2 =

3/2

 () = P
 ())·4(S +1/2)
(P
xx
yy
2

Pxx(t) = Pyy(t)

0.0

-0.5

5

3/2

20

2

0.5

0.5

1.5

0.0

0
 = /(0·(S2+1/2))
S2 =

2.0

3/2

1

2

1

2

1

2

2

1.0

0.5

5

10
15
 = (S2+1/2)·0t
S2 =

3/2

20

0.0
-2

25

2

(f)


P
powd ()·6(S2 +1/2)

1.0

0.0

-0.5

-1.0
0

-1

(d)

0.5
Ppowd(t)

1.0

1.0

-0.5

(e)

2

1.5

0.0
-2

25

 ()·4(S +1/2)
P
zz
2

Pzz(t)

10
15
 = (S2+1/2)·0t
S2 =

(c)

-1.0
0

3/2

2.0

0.5

-1.0
0

S2 =

(b)

2

1.0

5

10
15
 = (S2+1/2)·0t

20

25

-1

0
 = /(0·(S2+1/2))
S2 =

3/2

2

2.0

1.5

1.0

0.5

0.0
-2

-1

0
 = /(0·(S2+1/2))

S2 = 3/2
S2 = 2

(a)

S2 =

3/2

 () = P
 ())·4(S +0/2)
(P
xx
yy
2

Pxx(t) = Pyy(t)

5.5

-5.3

3

3/2

25

0

. 53

-0

5.3

053

5.5

.
 = /(. ·(S2+0/2))
S2 =

25.

3/2

0

2

0

2

0

2

1

05.

. 53

3

15
13
 = (S2+1/2)·5t
S2 =

3/2

25

. 5.

23

0

(f)


P
powd ()·6(S2 +0/2)

1.5

5.5

-5.3

-1.5
5

-2

(d)

5.3
Ppowd(t)

05.

1.5

-5.3

(e)

1

053

. 5.

23

 ()·4(S +0/2)
P
zz
2

Pzz(t)

15
13
 = (S2+1/2)·5t
S2 =

(c)

-1.5
5

3/2

25.

5.3

-1.5
5

S2 =

(b)

0

1.5

3

15
13
 = (S2+1/2)·5t

25

23

-2

-0

.
 = /(. ·(S2+0/2))
S2 =

3/2

1

25.

053

05.

. 53

. 5.

-2

-0

.
 = /(. ·(S2+0/2))

S2 = 5/2
S2 = 3

(a)

S2 =

7/2

 () = P
 ())·4(S +1/2)
(P
xx
yy
2

Pxx(t) = Pyy(t)

0.0

-0.5

5

7/2

20

4

0.5

0.5

1.5

0.0

0
 = /(0·(S2+1/2))
S2 =

2.0

7/2

1

2

1

2

1

2

4

1.0

0.5

5

10
15
 = (S2+1/2)·0t
S2 =

7/2

20

0.0
-2

25

4

(f)


P
powd ()·6(S2 +1/2)

1.0

0.0

-0.5

-1.0
0

-1

(d)

0.5
Ppowd(t)

1.0

1.0

-0.5

(e)

4

1.5

0.0
-2

25

 ()·4(S +1/2)
P
zz
2

Pzz(t)

10
15
 = (S2+1/2)·0t
S2 =

(c)

-1.0
0

7/2

2.0

0.5

-1.0
0

S2 =

(b)

4

1.0

5

10
15
 = (S2+1/2)·0t

20

25

-1

0
 = /(0·(S2+1/2))
S2 =

7/2

4

2.0

1.5

1.0

0.5

0.0
-2

-1

0
 = /(0·(S2+1/2))

S2 = 7/2
S2 = 4

(a)

S2 =

9/2

 () = P
 ())·4(S +1/2)
(P
xx
yy
2

Pxx(t) = Pyy(t)

0.0

-0.5

5

9/2

20

5

0.5

0.5

1.5

0.0

0
 = /(0·(S2+1/2))
S2 =

2.0

9/2

1

2

1

2

1

2

5

1.0

0.5

5

10
15
 = (S2+1/2)·0t
S2 =

9/2

20

0.0
-2

25

5

(f)


P
powd ()·6(S2 +1/2)

1.0

0.0

-0.5

-1.0
0

-1

(d)

0.5
Ppowd(t)

1.0

1.0

-0.5

(e)

5

1.5

0.0
-2

25

 ()·4(S +1/2)
P
zz
2

Pzz(t)

10
15
 = (S2+1/2)·0t
S2 =

(c)

-1.0
0

9/2

2.0

0.5

-1.0
0

S2 =

(b)

5

1.0

5

10
15
 = (S2+1/2)·0t

20

25

-1

0
 = /(0·(S2+1/2))
S2 =

9/2

5

2.0

1.5

1.0

0.5

0.0
-2

-1

0
 = /(0·(S2+1/2))

S2 = 9/2
S2 = 5

Raz²irjeni povzetek v slovenskem
jeziku
Upo²tevati je namre£ treba narod in celotno korist narodovo.
Za narodov blagor, Ivan Cankar (1901)

9.3 Uvod
Kvantne spinske teko£ine so neurejena, vendar mo£no kvantno-prepletena stanja spinov magnetih ionov v kristalih, ki se izognejo obi£ajni vzpostavitvi magnetnega reda
dolgega dosega do poljubno nizkih temperatur [1]. Pojavijo se v nekaterih kvantnih
spinskih sistemih kot rezultat mo£ne frustracije, torej nezmoºnosti sistema, da bi v
osnovnem stanju hkrati zadostil vsem (obi£ajno parskim) interakcijam med spini, ki
nastopajo v njegovem hamiltonianu. Mo£na frustracija skupaj s kvantnimi uktuacijami stali red v kvantni spinski teko£ini tudi pri idealizirani temperaturi T = 0
in naredi kvantno spinsko teko£ino dinami£no, brez znakov divergirajo£ih korelacij
med spini, ko se temperatura niºa proti absolutni ni£li (Slika 9.6). Rezultat je makroskopsko ²tevilo energetsko skoraj ali povsem ekvivalentnih kvantnih konguracij
spinov, kar je skupna lastnost tako kvantnih spinskih teko£in kot obi£ajnih teko£in,
pri £emer pa ostanejo kvantne spinske teko£ine dinami£ne vse do absolutne ni£le.
V nasprotju s klasi£nimi teko£inami pa imajo kvantne spinske teko£ine ²e dodatno lastnost mo£ne kvantne prepletenosti. So naravni primeri makroskopske kvantne
prepletenosti, saj spini iz vseh delov kristala sestavljajo skupno kvantno-prepleteno
stanje. Posledica tega je pojav frakcionalnih kvazidel£nih vzbuditev kvantnih spinskih teko£in, imenovanih spinoni, ki nosijo spin 1/2 (podobno kot elektroni), vendar so brez elektri£nega naboja (saj so povsem magnetne vzbuditve spinov). V
nizko-energijskem opisu spinoni interagirajo med sabo z efektivnimi umerivenimi
interakcijami (podobno kot delci v Standardnem Modelu osnovnih delcev) razli£nih
umeritvenih simetrij, na primer: SU(2), U(1) ali Z2, ter se lahko pojavijo v razli£nih
okusih in z razli£nimi statisti£nimi lastnostmi (Diracovi fermioni, Majorana fermioni, anyoni, ...) [27]. V tem smislu lahko na kvantne spinske teko£ine gledamo
kot na naravne kvantne simulatorje razli£nih vesolij z druga£nimi osnovnimi delci,
drugimi interakcijami med njimi ter potencialno tudi z drugim ²tevilom dimenzij,
kot jih ima na²e vesolje [3]. Njihove vzbuditve lahko imajo tudi netrivialne topolo²ke lastnosti, kar jih naredi potencialno uporabne kot osnovne gradnike topolo²kega
kvantnega ra£unalnika, ki bi bil intrinzi£no za²£iten pred u£inki dekoherence [47].
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J ∼ 180(10) K
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J

Slika 9.7: Frustrirana 2D kagome mreºa antiferomagnetno sklopljenih spinov. Prikazan je primer klasi£ne nizko-energijske spinske konguracije. V primeru kvantnih
spinov 1/2 pa je osnovno staje zelo druga£no: kvantno-prepleteno kvantno spinsko
teko£insko stanje. Vzeto iz Ref. [1].
gome ravninami, ter potencialno lokalno deformirajo tudi same kagome mreºe [13],
kar predstavlja pogosto neºelen odklon od idealnega Heisenbergovega kvantnega kagome antiferromagneta. Teh defektov je vselej med 5 in 8 % tudi v najbolj²ih vzorcih
herbertsmithita [13, 113116].
Kljub temu, da se pri£akuje, da je vpliv defektov na samo kvantno spinsko teko£ino v herbertsmithitu majhen [66], kar sicer ni dokazano in je stvar teko£ih raziskav
[14, 54, 97], pa ºal ti defekti predstavljajo dominanten doprinos k termodinamskim
opazljivkam, kot sta na primer magnetna susceptibilnost in speci£na toplota, prav
pri najbolj zanimivih nizkih temperaturah. Razumevanje eksperimentalnega odziva defektov in njihovega vpliva na kvantno spinsko teko£ino v herbertsmithitu
tako predstavlja klju£en predpogoj za celovito razumevanje precej ²ibkej²ega odziva
same kvantne spinske teko£ine. Eksperimentalen odziv defektov lahko namre£ skoraj povsem zamaskira odziv kvantne spinske teko£ine, zato moramo odziv defektov
bodisi previdno modelirati in ga poskusiti odstraniti (od²teti) iz na²ih meritev [14],
ali pa namesto tega uporabiti lokalne eksperimentalne tehnike z moºnostjo izbire
merjenega kristalografskega mesta, da zmanj²amo prispevek defektov k merjenim
koli£inam in se tako £im bolj osredoto£imo zgolj na odziv kagome spinov [52, 66].
Obi£ajno se predpostavlja, da so defekti v herbertsmithitu kvazi-prosti spini
z majhno Weissovo temperaturo pribliºno 1.2 K [52], ki bi naj bili skoraj povsem
neodvisni od kagome spinov in potencialno znatno sklopljeni le med seboj [14]. V
nasprotju s to sliko defektov s pomo£jo meritev elektronske spinske resonance (ESR)
na nedavno sintetiziranih kristalih herbertsmithita ugotovimo, da v herbertsmithitu
pravzaprav soobstajata dve vrsti defektov, defekti tipa dI in defekti tipa dII , z
dI
dII
= 5.2 K in θCW
≈0
razli£nima susceptibilnostima in Weissovo temperaturama θCW
(Slika 9.8) [13], ne pa zgolj ena vrsta defektov, kot se ponavadi predpostavlja.
Ugotovimo, da so dominantni defekti tipa dI pravzaprav mo£no skopljeni s kagome spini, saj tvorijo ²iroko izmenjalno-zoºano ESR resonanco s kagome spini
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Slika 9.8: Susceptibilnost defektov tipa dI (zgornje to£ke) in tipa dII (spodnje to£ke)
v herbertsmithitu, dobljene iz razmerij ESR intenzitet (vstavljena slika). Polni £rti
sta ta susceptibilnost obeh vrst defektov defektov s CurieWeissovim modelom z
dI
dII
in θCW
za defekte tipa dI in dII . rtkana £rta
Weissovima temperaturama θCW
predstavlja t s poten£no odvisnostjo. Vstavljena slika kaºe razmerje intenzitet
²iroke in ozkih ESR £rt (Slika 9.9), iz katerega dobimo susceptibilnost defektov v
glavnem delu slike. Spremenjena razli£ica te slike se je pojavila v Ref. [13].
(Slika 9.9), medtem ko so subdominantni defekti tipa dII skoraj povsem neodvisni tako od defektov tipa dI kot od kagome spinov in tvorijo samostojno ozko ESR
resonanco (Slika 9.9). Defekte tipa dI pripi²emo dodatnim Cu 2+ ionom s spinom
1/2 na mestu nemagnetnega Zn 2+ med kagome ravninami. Ker so mo£no sklopljeni
s kagome spini kvantne spinske teko£ine, predlagamo, da bi lahko defekti tipa dI
kazali netrivialno obna²anje pri nizkih temperaturah, v analogiji s kvantno-spinskoteko£inskim Kondovim pojavom, ki smo ga opazili v Zn-brochantitu [15], kjer so
defekti prav tako mo£no sklopljeni s kagome spini.
Narava novo odkritih intrinzi£nih defektov tipa dII in njihova navidezna nesklopljenost s kagome ravninami je bolj skrivnostna in predstavlja eno klju£nih vpra²anj
za prihodnje raziskave. Predlagamo, da bi lahko defekte tipa dII razloºili kot spinone, frakcionalne ekscitacije v kvantni spinski teko£ini v herbertsmithitu, pripete
in lokalizirane okrog lokalnih nehomogenosti kagome mreºe (pradefektov) [13, 141].
Kot pradefekte predlagamo bodisi manjkajo£e Cu 2+ spine v kagome ravninah, zamenjane z nemagnetnimi Zn 2+, £e bi tak²en tip pradefekta res obstajal v herbertsmithitu (meritve sipanja ºarkov X sicer nakazujejo, da verjetno ne [116]), bodisi lokalne
JahnTellerjeve distorzije okrog odve£nega Cu 2+ na medravninskem Zn 2+ mestu. V
slednjem primeru bi torej nemagneten pradefekt, na katerega se bi pripel (vezal) spinon s spinom 1/2 in tako ustvaril lokalen magnetni moment, ki mu pravimo defekt
tipa dII , pojavil kot senca medravninskega defekta tipa dI na sosednjih kagome
ravninah s kvantno spinsko teko£ino [13].
Potencialno eksperimentalno preverljiva posledica te hipoteze je, da bi moral
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Slika 9.9: Temperaturna ESR spektra herbertsmithita za magnetno polje vzporedno
s kagome ravninami (a) in pravokotno na kagome ravnine (b). Spektri so vertikalno
zamaknjeni da se manj prekrivajo, ter tani z ve£komponentnim Lorentzovim modelom (polne £rne £rte), ki vsebuje: ²iroko komponento B pri vseh temperaturah, ter
ozko komponento N (slika a) oziroma komponente N1 , N2 , N3 (slika b) pri nizkih
temperaturah. Poloºaji ozkih komponent so ozna£eni s £rtkanimi £rtami.
magnetni moment defektov tipa dII povsem izginiti bodisi nad temperaturo, pri
kateri bi termi£ne uktuacije premagale efektiven vezavni potencial spinonov na
nemagnetno pradefektno deformacijo, bodisi pri visokih temperaturah T  J , kjer
bi herbertsmithite prenehal biti kvantna spinska teko£ina in bi tudi spinoni prenehali
biti dober opis obna²anja herbertsmithita. Po drugi strani pa bi morali defekti tipa
dI svoj (CurieWeissov) magnetni moment ohraniti do poljubno visokih temperatur,
saj bi naj bili ti defekti zgolj odve£ni Cu 2+ ioni. V vsakem primeru bi morala
biti razlaga narave in identitete novo odkritih defektov tipa dII eno glavnih smeri
prihodnjih raziskav herbertsmithita.

9.4.2 Zlom tri²tevne simetrije
Preko magnetnih odzivov obeh vrst defektov pa nepri£akovano ugotovimo, da je
tri²tevna rotacijska simetrija kristalne strukture herbertsmithita, ki bi jo zahtevala
idealno simetri£na kagome mreºa v herbertsmithitu, v resnici globalno zlomljena.
Za dominantne defekte tipa dI to vidimo preko meritev magnetnega navora, ki pokaºejo spremembo faze |Δθ0 | = 83° v kotnem odzivu pri niºanju temperature, ki je
 povsem izven merske napake  nekompatibilna s povpre£no tri²tevno simetrijo
kristala, za katero je fazna sprememba lahko le to£no 90° [13]. Globalen zlom simetrije vidimo tudi v kotnem odzivu defektov tipa dII na zunanje magnetno polje,
orientirano vzporedno s kagome ravninami, v katerem se jasno vidi, da odziv sistema
ni periodi£en pod efektivno rotacijo kagome ravnine za 120° (Slika 9.10) [13]. V kagome ravninah herbertsmithita je tako ena smer posebna, torej je tri²tevna simetrija
idealne kagome mreºe je zlomljena.
To je v o£itnem nasprotju s prej predpostavljeno idealno kagome mreºo v herbertsmithitu in tako predstavlja kvalitativen napredek v razumevanju te paradigmati£ne kvantne spinske teko£ine. Opaºen zlom tri²tevne simetrije prav tako razloºi
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prej nerazumljene anomalije v rezultatih meritev: spinskomreºne relaksacije z jedrsko spinsko resonanco (NMR) jedra 35Cl [52, 146], spremembe kvadrupolne NMR
frekvence 17O mesta v bliºini defektov [52] in anomalne raz²iritve nizko-frekven£nih
fononov v herbertsmithitu, opaºene z meritvami infrarde£e odbojnosti [147]. Ker
edina ²tudija sipanja ºarkov X na herbertsmithitu pri nizkih temperaturah ni opazila o£itnega strukturnega prehoda [137], mora biti deformacija relativno blaga, kar
je konsistentno tudi z majhno anizotropijo g -faktorjev v kagome ravnini za obe vrsti defektov. Iz meritev ESR in magnetnega navora namre£ dobimo anizotropiji
Δg dabI = 0.02 in Δg dabII = 0.003(1) [13].
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Slika 9.10: Kotna odvisnost g -faktorjev posameznih ESR komponent pri magnetnem
polju vzporednem kagome ravninam. g -faktor ²iroke komponente (B) je neodvisen
od kota (modra vodoravna £rta), medtem ko pa je kotna odvisnost g -faktorjev ozkih
komponent (Nj ) uspe²no modelirana z modelom linearnega odziva. Povpre£en g faktor ozkih komponent prikazuje £rtkana rta in dokazuje zlom tri²tevne simetrije
v herbertsmithitu. Ta je sicer viden ºe takoj po opazno druga£ni kotni odvisnosti
g -faktorja ESR komponente N2 glede na komponenti N1 in N3 . Meritve v Slika 9.9
ustrezajo kotu φ = 30°. Spremenjena razli£ica te slike se je pojavila v Ref. [13].
Odprto vpra²anje pa je izvor globalne distorzije kagome mreºe v herbertsmithitu.
Prva moºnost je, da so defekti tisti, ki najprej lokalno zlomijo tri²tevno simetrijo,
ter da nato stanje kvantne spinske teko£ine v herbertsmithitu te distorzije sklopijo
med sabo, tako da postane zlom simetrije globalen [13]. V tem scenariju zloma
tri²tevne simetrije ne bi bilo v £istem vzorcu brez defektov. Alternativna moºnost
pa je, da izvira zlom simetrije v samem stanju kvantne spinske teko£ine herbertsmithita tudi v idealnem £istem vzorcu brez defektov. V tem primeru bi morala biti
kvantna spinska teko£ina v herbertsmithitu tako imenovana nesimetri£na kvantna
spinska teko£ina, torej kvantna spinska teko£ina, ki spontano zlomi simetrije mreºe
v spinskem prostoru. Tak zlom tri²tevne simetrije bi se lahko poznal v strukturni
deformaciji kagome mreºe preko magnetnoelasti£ne sklopitve, kar bi razloºilo o£itno
nesimetri£en odziv defektov obeh tipov, dI in dII [13]. Dolo£itev dejanskega izvora
zloma tri²tevne simetrije je pomembno vpra²anje za nadaljnje raziskave.
Ne glede na vir zloma simetrije pa je ºe dejstvo, da se kvantna spinska teko£ina
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v herbertsmithitu pri nizkih temperaturah nahaja na strukturno-deformirani mreºi
kagome brez tri²tevne simetrije, pomeni, da bi bilo treba resneje prou£iti razli£ne
scenarije nesimetri£nih kvantnih spinskih teko£in na deformiranih mreºah kagome.
Prvi korak v to smer je bil predlog kiralne kvantne spinske teko£ine v herbertsmithitu, torej tak²ne ki zlomi zrcalno simetrijo, v Ref. [42]. V naslednjem koraku bi
bilo potrebno prou£iti kvantne spinske teko£ine, ki namesto zrcalne zlomijo tri²tevno
rotacijsko simetrijo, ter dolo£iti, ali so energetsko ugodnej²e od kvantnih spinskih
teko£in, ki te simetrije ne zlomijo. Pri£akujemo torej, da bodo na²i rezultati vzpodbudili tako nadaljnje eksperimentalne kot tudi teoreti£ne raziskave.

9.5 Zn-brochantite
9.5.1 Prej²nje meritve
V tem delu prou£ujemo tudi nedavno sintetiziran kvantni kagome antiferromagnet
Zn-brochantite, ZnCu 3(OH)6SO4 [17]. Ta je v mnogih pogledih podoben herbertsmithitu, saj vsebuje magnetne ione Cu 2+ v  sicer deformirani  kagome mreºi,
ter nemagnetne ione Zn 2+ s pribliºno enako koncentracijo defektov ( 69 %) z nizko
Weissovo temperaturo. Bistvena razlika in prednost Zn-brochantite glede na herbertsmithite pa je, da se nemagnetni Zn 2+ ioni v Zn-brochantite nahajajo znotraj
kagome ravnin, ne pa med njimi, kar pomeni, da zamenjave mest Cu 2+ in Zn2+ ionov tokrat ne vplivajo na 2D naravo kagome mreº, saj so te vselej dobro magnetno
lo£ene z nemagnetnim SO 42 [17]. Povpre£na Heisenbergova izmenjalna interakcija
Zn-brochantita je malce manj²a ( J = 65 K) kot pri herbertsmithitu, vendar ²e zmeraj znatna.
Prej²nje meritve termodinamskih koli£in, posebej speci£ne toplote in magnetne susceptibilnosti, so pokazale, da je pri nizkih temperaturah v Zn-brochantitu
speci£na toplota linearna s temperaturo, magnetna susceptibilnost pa temperaturno neodvisna (Slika 9.11) [17]. To namiguje na prisotnost fermionskih magnetnih
vzbuditev brez energijske reºe z razseºno Fermijevo povr²ino. Te bi pri£akovali v
elektri£nem (Mottovem) izolatorju, kot je Zn-brochantite, £e se bi v njem na primer pojavila posebna kvantna spinska teko£ina, imenovana spinonska kovina, kjer
bi bili spinoni ti fermioni s Fermijevo povr²ino. Zanimivo je, da se v Zn-brochantitu
pojavi tak²no obna²anje kar v dveh temperaturnih obmo£jih, v nizkotemperaturnem obmo£ju pod 0.6 K, ter v srednjetemperaturnem obmo£ju med 5 K in 15 K, z
razli£no efektivno gostoto stanj v vsakem od obmo£ij, ter z raz²irjenimi prehodom
(crossoverjem) med obema obmo£jema, torej med 0.6 K in 5 K.

9.5.2 Kvantna spinska teko£ina in kvantna kriti£nost
al pa prej²nje meritve niso zmogle dokazati, da je stanje v Zn-brochantitu dinami£no, saj so bile omejene na meritve stati£nih koli£in [17]. Na tem mestu nastopimo mi in s pomo£jo komplementarnih lokalnih tehnik mionske spinske relaksacije
(μSR) in jedrske spinske resonance (NMR) nedvoumno dokaºemo, da Zn-brochantite
dejansko gosti dinami£no stanje kvantne spinske teko£ine s Fermijevo povr²ino (spinonska kovina) brez znakov magnetnega urejanja, in to ne le pri najniºjih temperaturah (nizkotemperaturno obmo£je) vse do najniºje temperature 21 mK, temve£
tudi v lo£enem srednjetemperaturnem obmo£ju (Slika 9.12) [16]. Razlika med obema
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Slika 9.11: (a) Celotna (ang. bulk) susceptibilnost Zn-brochantita, izmerjena s
SQUID magnetometrom v polju 100 mT (£rne to£ke) in modelirana z visokotemperaturnim razvojem v vrsto (ang. high-temperature series expansion) za Heisenbergov kvantni kagome antiferromagnet s povpre£no antiferomagnetno izmenjalno
interakcijo J = 65 K med najbliºjimi sosedi (polna rde£a £rta) iz Ref. [17]. Prispevek
defektov k susceptibilnost je bil dolo£en na ve£ razli£nih na£inov (glej Ref. [17]) in
je dal CurieWeissov prispevek (£rtkana rde£a £rta) z visokotemperaturno Weissovo
temperaturo defektov pribliºno 1.2 K. Ta prispevek, od²tet od celotne susceptibilnost Zn-brochantita, da intrinzi£no susceptibilnost kagome spinov (modra) do
najniºje izmerjene temperature 0.5 K. (b) Primerjava susceptibilnosti kagome spinov (prazne to£ke) in njihove speci£ne toplote, ki je dobljena iz polne speci£ne
toplote po od²tetju prispevkov efektov in mreºnih nihanj (polne to£ke). Podatki
kaºejo dve temperaturni obmo£ji, nizkotemperaturno obmo£je (ang. low- T region)
in srednjetemperaturno obmo£je (ang. mid- T region), kjer je susceptibilnost konstantna in speci£na toplota linearna s temperaturo. Med njima je opaºen raz²irjen
prehod (ang. crossover). Prirejeno po Ref. [17].
kvantnima spinskima teko£inama je v njihovi gostoti stanj prostih spinonov, ki se
zvezno spreminja preko raz²irjenega prehoda (ang. crossover) med obema stanjema
Zn-brochantita. Med kandidati za kvantne spinske teko£ine je tak²no obna²anje
unikatno in izjemno zanimivo.
Ne le to: s pomo£jo neelasti£nega nevtronskega sipanja (INS) na Zn-brochantitu,
skupaj s komplementarnimi meritvami spinskomreºne NMR relaksacije, odkrijemo
nepri£akovano visokotemperaturno obmo£je kvantne kriti£nost v Zn-brochantitu
med ∼40 K in 200 K (Slika 9.13) [16]. To namiguje, da se Zn-brochantite nahaja v
bliºini kvantne kriti£ne to£ke. Prihodnje ²tudije, npr. pod tlakom ali z dopiranjem
vzorcev, bi lahko razjasnile naravo kvantnega faznega prehoda v tej kvantni kriti£ni
to£ki.

9.5.3 Kondov pojav v kvantni spinski teko£ini
S pomo£jo meritev μSR na Zn-brochantitu smo prvi dokazali obstoj Kondovega
pojava v 2D kvantnih spinskih teko£inah (Slika 9.14) [15]. Ta pojav je bil napovedan za kvantne spinske teko£ine ºe pred dobrim desetletjem [141, 183186], vendar
so na²i rezultati prva nedvoumna eksperimentalna potrditev obstoja tega pojava
v katerikoli 2D kvantni spinski teko£ini. Pojav nastopi kot zelo netrivialno mo£no
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Tako lahko zaklju£imo, da je v Zn-brochantitu vendarle prisotna zgolj ena kvantna spinska teko£ina (spinonska kovina), ki je le mo£no sklopljena z defekti preko
Kondovega pojava s kon£no Kondovo temperaturo. Uspeh te preproste Kondove
slike za razlago zelo nepri£akovanega raz²irjenega prehoda, preko katerega se efektivna gostota stanj prostih spinonov na Fermijevi povr²ini zvezno spreminja, namiguje, da bi morda lahko interpretirali tudi nekatere raz²irjene prehode (crossoverje)
pri niºanju temperature v drugih spojinah s kvantno spinsko teko£ino kot osnovnim
stanjem [16] kot posledice razli£nih vrst kvantno-spinsko-teko£inskega Kondovega
pojava.

9.5.5 Nestabilnost v magnetnem polju

S pomo£jo meritev NMR pri zelo nizkih temperaturah pa odkrijemo tudi nepri£akovano nestabilnost nizkotemperaturnega stanja kvantne spinske teko£ine spinonske
kovine brez energijske reºe v Zn-brochantitu, ko ga damo v kon£no polje B , in sicer
pri kriti£ni temperaturi Tc ∝
∼ B (Slika 9.15) [18]. Opaºena nestabilnost ne vodi do
magnetnega urejanja, temve£ preko tvorbe vezanih parov spinonov vodi do nove spinske teko£ine, tokrat s kon£no energijsko reºo Δ. Ta spo²tuje relacijo 2Δ/Tc = 3.9(1),
ki je relativno blizu relaciji 2Δ/Tc = 3.53, znani iz standardnih BCS superprevodnikov. Ker se pri prehodu iz navadne kovine v superprevodno stanje ustvarijo vezani
Cooperjevi pari elektronov, lahko re£emo kvantni spinski teko£ini z energijsko reºo
v Zn-brochantitu, ki je posledica nestabilnosti spinonske kovine v polju na tvorbo
vezanih parov spinonov, kar spinonski supreprevodnik.
Nestabilnost kvantne spinske teko£ine na tvorbo parov spinonov sicer ni obi£ajnega singletnega tipa, kot v ve£ini navadnih superprevodnikov, temve£ bi lahko bila
bolj eksoti£nega tripletnega tipa ali Ampèrskega tipa s prostorsko modulirano amplitudo [2023], saj kon£no polje spodbuja parjenje spinonov in ga ne zavira, kot bi
pri£akovali pri singletni tvorbi parov. Raziskava lastnosti kvantne spinske teko£ine
z energijsko reºo in natan£nega mehanizma parjenja spinonov nizkotemperaturne
spinonske kovine, iz katerega izhaja stanje z energijsko reºo, je zanimiva tema za
nadaljnje raziskave. e toliko bolj, ker tudi druge spojine s kvantno spinsko teko£ino
kaºejo podobno nestabilnost, kot na primer spojina EtMe 3Sb[Pd(dmit)2]2 s trikotno
mreºo spinov in stanjem spinonske kovine [24], kar namiguje, da je morda nestabilnost na tvorbo parov spinonov generi£no prisotna v tem razredu kvantnih spinskih
teko£in [18].
Skozi obseºno ²tudijo torej pokaºemo, da je Zn-brochantite skoraj idealen sistem
za prou£evanje ²iroke palete zanimivih zikalnih pojavov 2D kvantnih spinskih teko£in in njihovih defektov, in sicer vsebuje: kvantno spinsko teko£ino brez energijske
reºe z razseºno spinonsko Fermijevo povr²ino (spinonska kovina) [15, 16], nestabilnost spinonske kovine na tvorbo parov spinonov v magnetnem polju, ki rezultira v
kvantni spinski teko£ini z energijsko reºo [18], visokotemperaturno kvantno kriti£no
obna²anje [16] in prvi£ potrjen Kondov pojav defektov v 2D kvantni spinski teko£ini
[15]. Pri£akujemo torej, da bo Zn-brochantite ostal redna tema diskusije, kadar bo
govora 2D kvantnih spinskih teko£inah [43] ter kadar bo govora o kvantnih spinskih
teko£inah in Kondovem efektu.
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9.6. Teoreti£ni rezultati
rimo odziv kvantnih spinskih teko£in z INS, saj so spinoni frakcionalne magnetne
vzbuditve in tako tvorijo ²irok in ²ibek kontinuum neelasti£nega nevtronskega sipanja namesto ostrih in mo£nih disperzij, zna£ilnih za magnetno urejene spinske
sisteme. Bistveno izbolj²anje razmerja signal²um pri obdelavi meritev neelasti£nega nevtronskega sipanja, ki smo ga sicer preverili tudi s sinteti£nimi rigoroznimi
simulacijami Monte Carlo, ima velik potencial za to podro£je, saj je sicer izjemno
zmogljiva metoda neelasti£nega nevtronskega sipanj omejena ravno s ²umom zaradi
intrinzi£no nizkega nevtronskega uksa prakti£nih nevtronskih izvorov.
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Slika 9.17: Primerjava standardne metode prazne konzerve (ang. empty-can) za
od²tevanje ozadja (levo) in novo razvite metode od²tevanja ozadja po Poissonovem
modelu (ang.

Poisson Model Background Subtraction oziroma PinS; desno) na

na²ih meritvah neelasti£nega sipanja nevtronov na Zn-brochantitu [16].

Krivulje

so vertikalno zamaknjene, da se v tem prikazu ne prekrivajo. Opazno je bistveno
izbolj²anje razmerja signal²um v kon£no dobljeni dinami£ni susceptibilnosti vzorca,
ki je kon£ni rezultat od²tevanja ozadja.
e na²i rezultati na podlagi INS meritev na Zn-brochantitu, ki dokazujejo kvantno kriti£nost Zn-brochantita pri visokih temperaturah, ne bi bilo moºni brez nove
metode od²tevanja ozadja, saj je tudi v na²em primeru intrinzi£en signal precej
manj²i od prispevka ozadja, standardne metode od²tevanja ozadja pa vnesejo mnogo
preve£ ²uma v rezultat. Kljub na videz brezupni situaciji pa z novo razvito metodo
uspemo izlu²£iti zelo jasen signal na²ega vzorca (Slika 9.17) [16].
Pri£akujemo torej ²iroko uporabnost novo razvite metode, saj lahko ta dramati£no skraj²a potreben £as merjenja ²ibkih signalov, kot so na primer signali kvantnih
spinskih teko£in, ter omogo£i prej prakti£no neizvedljive eksperimente INS in tudi
drugih vrst neelasti£nega sipanja. Metoda namre£ ni omejena na neelasti£no sipanje
nevtronov, saj predpostavlja le veljavnost principa detajlnega ravnovesja, ki velja
mnogo bolj splo²no. Enako dobro bi morala torej delovati tudi za neelasti£no sipanje
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ºarkov X in ostale vrste neelasti£nega sipanja, dokler je signal vzorca dominiran z
enojnim sipanjem.
Tudi v primerih, kjer bi standardne metode delovale dovolj dobro, pa nova metoda ponudi alternativo, ki potrebuje precej kraj²i £as merjenja za dosego istega
razmerja signal²um kot pri uporabi standardnih metod od²tevanja ozadja. Tako
lahko znatno pohitri eksperimente, ki so na primer pri neelasti£nem nevtronskem
sipanju zelo dolgi (pogosto tudi 12 ur in ve£ nabiranja statistike za meritev pri le
eni temperaturi), ter tako omogo£i ve£je ²tevilo uspe²no izvedenih eksperimentov na
leto obratovanja nevtronskega izvira, ter s tem omogo£i ²ir²i dostop do te izjemno
zmogljive metode za prou£evanje vzbuditev mnoºice razli£nih materialov.
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