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Izvleček
Lastnosti hadronov v okviru Standardnega modela izhajajo iz kvantne kromodinamike (QCD), katerih pa perturbativne metode teorije polja ne opišejo, saj je
kvantna kromodinamika neperturbativna teorija pri tipičnih energijah hadronov. V
tem doktoratu uporabimo edino zanesljivo metodo za študij neperturbativnih fenomenov kvantne kromodinamike: kvantno kromodinamiko na mreži. Le-ta zavisi
le na parametrih Lagrangiana in ne potrebuje drugih parametrov. Uporabimo dva
nabora dinamamičnih gluonskih konfiguracij s pionsko maso mπ = 266 MeV oz.
mπ = 156 MeV. Preiskujemo tako hadrone, ki se nahajajo pod pragom za sipanje
(t.i. vezana stanja) ter hadronske resonance. Vpliv praga je še posebej izrazit v
hadronih s težkim kvarkom; ti pojavi so bili v tipičnih simulacijah zanemarjeni. V
okviru doktorata simuliramo več hadronov, ki se nahajajo pod pragom tako, da upoštevamo vpliv praga neposredno v simulaciji. Sipalna analiza po Lüscherju razkrije
obliko sipalne matrike blizu nad in pod pragom za sipanje. Maso vezanega stanja v
neskončnem volumnu določimo iz lege pola v sipalni matriki.
∗
Odličen primer hadronov pod pragom so Ds mezoni s pozitivno parnostjo Ds0
(2317)
in Ds1 (2460) ter čarmoniju podobno stanje X(3872). Mezoni Ds s pozitivno parnostjo so bili dolgo časa vir neujemanja med teorijo in eksperimentom. Medtem
ko so jih eksperimenti našli pod pragom za sipanje, jih je teorija napovedovala nad
pragom. V okviru naše študije, se je upoštevanje sipanja mezonov D(∗) K izkazalo
za ključno sestavino, da so mase padle pod energijo praga in tako postale skladne z
eksperimentom. V primeru čarmoniju podobnega mezona X(3872) je eksperimentalno še vedno nejasno ali se nahaja pod ali nad pragom za sipanje mezonov DD̄∗ .
V doktoratu smo upoštevali vpliv praga sipanja mezonov DD̄∗ ter izločili parametre sipalne matrike blizu pod in nad pragom za sipanje. V sipaln matriki se pol,
ki ustreza X(3872), nahaja pod pragom za sipanje mezonov DD̄∗ . Ta rezultat je
prvi neizpodbitni dokaz za obstoj eksotičnega mezona X(3872) v kromodinamiki na
mreži.
Pretekle simulacije hadronskih resonanc v kromodinamiki na mreži doslej so v
vseh primerih, razen ρ resonance, zanemarjale njihove močne razpade. Da smo
lahko določili sipalno matriko močnega razpada resonance je bilo potrebno dvoje.
Prvo, v korelacijsko matriko smo neposredno vključili sipanje dveh hadronov in
drugo, študirali smo korelacijske matrike pri neničelni celotni gibalni količini. Za
obravnavo slednjega, smo posplošili Lüscherjevo metodo, tako da drži tudi za primer
sipanja dveh mezonov z različno maso pri neničelni celotni gibalni količini. To
metodo smo preizkusili na resonanci K ∗ (892), ki razpade v pion in kaon v p-valu.
Določili smo ji maso in razpadno širino, ki se zelo dobro ujemata z eksperimentalno
merjenima vrednostima. Študirali smo tudi sipanje piona in kaona v s-valu, kjer
nastopa sporna resonanca K0∗ (800). V študiji smo opazili kvalitativno ujemanje
sipalnih parametrov z eksperimentom. V primeru lahkih mezonov, smo študirali
psevdovektorski resonanci a1 (1260) in b1 (1235), ki razpadeta v ρπ in ωπ. Pri sipanju
mezonov ρπ smo našli eno široko resonanco, ki jo primerjamo z eksperimentalno
opaženo resonanco a1 (1260). Resonanci b1 (1235),ki razpada v ωπ, pa smo določili
le maso, saj podatki iz simulacije ne dopuščajo izračuna razpadne širine.
Ključne besede:hadroni, resonance, vezana stanja, razpadne širine, kvantna kromodinamika na mreži, prag za sipanje, sipanje, eksotični mezoni
PACS: 11.15.Ha, 12.38.Gc, 14.40.Pq, 13.25.Gv

Abstract
According to the Standard Model the properties of hadrons arise from Quantum
ChromoDynamics (QCD). Perturbative methods cannot describe their properties
since QCD is a non-perturbative theory at the energies where they arise. In this
thesis we use lattice QCD, the only known reliable ab initio method to study the
non-perturbative phenomena of QCD. We use two ensembles of dynamical gauge
configurations, one with mπ ≈ 266 MeV and the other with mπ ≈ 156 MeV, to
investigate both below threshold hadrons (i.e. bound states) as well as hadronic
resonances.
Heavy flavor hadron states are particularly susceptible to nearby thresholds,
however, so far these effects were not included explicitly in lattice QCD simulations.
We simulate several below threshold hadrons, where for the first time threshold
effects are taken into account in the correlation matrix explicitly. Analysis of scattering with Lüscher’s method renders the scattering matrix near below and above
the threshold. Determining the pole position of the scattering yields the infinite
volume bound state mass. Excellent examples of such states are the positive parity
∗
Ds mesons Ds0
(2317), Ds1 (2460) and the exotic charmonium(like) state X(3872).
In the charmed strange sector the positive parity Ds mesons masses have been a
long standing discrepancy between experimental data and theoretical calculations.
While experiments find them to be below D(∗) K thresholds, this was difficult to
accommodate in theoretical studies. We find that including D(∗) K scattering explicitly is crucial for the simulated meson masses to drop below their respective
thresholds bringing them closer to their experimental values. For the case of the
exotic charmonium(like) X(3872) it is still unclear experimentally whether it lies
above or below the DD̄∗ threshold. We simulate this channel taking into account
the DD̄∗ threshold effects and find the pole position of the X(3872) below the DD̄∗
threshold. This result is the first evidence for the existence of the exotic meson
X(3872) from lattice QCD.
Lattice simulations of hadronic resonances so far (except of the ρ) ignored their
strong decay channels. Including resonance decay channels in a non-perturbative
study of hadronic resonances requires the scattering matrix to be sampled in detail.
We achieve this by including two hadron scattering in the correlation matrix as well
as considering correlation matrices at non-zero total momentum. For the latter we
derive a generalized Lüscher method which holds also for scattering of two unequal
mass hadrons at non-zero total momentum. We apply this generalization to Kπ
scattering in p-wave, where the vanilla resonance K ∗ (892) is present. The determined resonance mass and decay width compare well with experimental data. Low
energy Kπ scattering in s-wave is dominated by a very broad resonance K0∗ (800).
Extracting its scattering parameters from the simulation reveals qualitative agreement with experiment. In the light sector we study the axial resonances a1 (1260)
and b1 (1235), which decay into ρπ and ωπ respectively. In the ρπ channel we find
one broad resonance which we compare with the experimentally observed a1 (1260).
The data does not allow for a determination of the b1 (1235) decay width, however,
assuming the physical coupling we still calculate its mass.
Keywords: hadron, resonance, bound state, decay width, lattice QCD,
threshold, scattering, exotic mesons
PACS: 11.15.Ha, 12.38.Gc, 14.40.Pq, 13.25.Gv
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Chapter 1
Introduction
The Standard Model of particle physics describes the interactions between building
blocks of matter. According to the Standard model the matter we see around us
consists of two types of fermions – quarks and leptons. Each of these two types of
fermions consists of six particles which are ordered in pairs we call families. The
lightest pair of quarks, up and down together with the lightest pair of leptons, the
electron and the electron neutrino form the first family. The second family consists
of the the charm and strange quarks and muon and muon neutrino in the lepton
part. The top and bottom quarks together with the tau and tau neutrino leptons
make up the third family. These three families are all the known fermions in our
Universe. The interactions between the fermionic particles are mediated by a different type of particles – the gauge bosons. All the quarks and leptons interact via
the weak interaction, which is so named because it is has the weakest coupling. It
is mediated by the W ± and Z bosons. The photon γ interacts with all particles
but the neutrinos. Its interactions are often referred to as quantum electrodynamics
(QED) and they dominate our everyday world. The remaining interaction mediator is the gluon, which interacts solely with quarks. This interaction is also the
strongest interaction we know of. In the Standard Model there is also an additional
particle called a Higgs boson, which was discovered only recently [1, 2]. Its role is
to give mass to the elementary particles of the Standard Model via what is called
the Higgs mechanism [3, 4, 5]. Note however that even though the Higgs boson
gives mass to the elementary particles, most of the observed mass in the Universe
comes from the strong interactions of quarks and gluons. That is, most of matter
around us are protons and neutrons. The majority of the proton mass comes from
the strong interaction and only a small fraction comes from the interactions with
the Higgs field. In order to understand our Universe we must therefore understand
the phenomena that arise from the strong interactions. The interactions we focus on
in this thesis are those of quarks and gluons. To contribute to their understanding
we focus solely on the strong interactions and neglect the weak and electrodynamic
sectors of the Standard Model. This is a good approximation as the electromagnetic
and weak forces are much weaker than the strong force at the energies of interest.
Theoretically quarks were proposed by Gell-Mann [6] and Zweig [7, 8] in 1964
and were first observed in deep inelastic scattering at SLAC in 1968 [9]. They
found that protons were not as simple as was thought – rather then being point
particles, protons are made up of three separate elementary particles recognized
17
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as quarks in the Standard Model1 . In 1973 Fritzsch, Gell-Mann and Leutwyler
modified the original idea of quarks as a quantum field theory [10] and called it
Quantum ChromoDynamics (QCD). It is an SU (3) gauge theory, where quarks
have fractional electric charge, color charge, mass and spin. The color interactions
are mediated by eight gluons that correspond to the eight generators of the SU (3)
gauge symmetry of QCD. One particularly important feature of QCD is that the
coupling between gluons and quarks becomes very large at low energies. The large
strength of interaction gives rise to composite particles called hadrons – composite
particles made up from quarks, gluons and quark-antiquark pairs arising from the
vacuum. Three quarks combine to make a baryon and the typical example is a
proton. A quark can also combine with an anti-quark which gives us a meson – e.g.
the commonly known pion.
Historically the interactions between quarks were described by (the) quark model,
where the potential between the quarks takes the form V (r) ∝ ar + br. Even though
the quark model is not derived from QCD it had some success. Gell-Mann’s eightfold way [11] did describe the low lying light mesons quite well, however when
some heavier mesons mostly in the charmed sector were found experimentally but
not allowed by the quark model it had become clear that the quark model cannot
replace QCD [12, 13]. Mesons that do not fit in the quark model picture are now
called exotics. So even though the quark model had some success in the past it turns
out that it does not describe QCD nor all of its phenomena. A better method with
more diverse features was needed.
The logical continuation was to apply quantum field theory to QCD, however this
raised new issues. Quantum field theory as reviewed by Peskin [14] is often studied
as a perturbative expansion of the interaction in powers of the coupling constant.
This only works, when the expansion converges, that is when the coupling is small
enough that higher orders can be safely neglected. One of many features of QCD is
that the coupling between gluons and quarks is large at small energies rendering the
perturbative expansion useless, as higher order terms need to be taken into account.
In 1974 K.G. Wilson introduced lattice gauge theory [15], a field theoretical
method where no expansion is necessary. It is a non-perturbative method which
can be used to study a strongly interacting Lagrangian using advanced numerical
techniques. The only needed parameters are those of the Lagrangian, such as the
fermion masses and their coupling to the gauge bosons. The method is based on
discretizing space time and putting the particles in a finite volume. This allows us
to sample the Feynman path integral using Monte Carlo techniques and calculate
physically interesting observables such as hadrons masses and decay widths. Such
results are then model independent quantities that arise solely from QCD. By simulating various quantum channels, we can then probe the Standard Model to see
what are the properties of hadrons that theory (pre)postdicts and whether these
properties match with experimentally measured quantities.
The aim of this thesis is to study the phenomenology of hadrons using lattice
QCD, the only reliable ab initio method to study QCD at low energies. First we will
focus on the effects of thresholds on certain hadrons. A two-meson threshold appears
in a given channel at an energy equal to the sum of the two mesons masses, m1 +m2 ,
if the two-meson state P1 P2 has the quantum numbers of the channel in question.
1

Historically it was thought that the proton is made up of partons, however these were later
identified with quarks and gluons.
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It turns out that a threshold can affect other hadrons that appear near below these
thresholds. We refer to such hadrons as bound states. The second type of hadrons
we are interested in are hadronic resonances, these are hadrons, that appear above
thresholds m1 + m2 and are heavier excitations of lighter hadrons. Typically they
are unstable and decay strongly into a pair of mesons P1 P2 and possibly also other
final states.
Results obtained in this thesis will allow us to compare hadronic masses and
decay widths with experimental measurements thus both confirming that the methods used are good and that the experimentally observed hadrons indeed arise from
QCD.
The thesis is organized as follows. In Chapter 2 we briefly review the technical
details regarding lattice QCD. We begin with discretizing the continuum QCD action
in a finite volume to see how gauge interactions are treated on the lattice. Building
correlation functions from quark propagators and analyzing them renders the naive
spectrum of a specific channel. However the spectrum contains plenty of additional
data we can extract using an analytic relation between the infinite volume scattering
matrix and the discrete simulated spectrum. Part of Chapter 2 is dedicated to our
extension of the relation, which allows us to study the scattering of particles with
non-degenerate mass at non-zero total momentum. Using these methods we are
able to extract information on the scattering amplitude of various hadrons. The
quantities we use to extract the physically interesting observables from the scattering
matrix conclude Chapter 2.
Chapter 3 deals with bound states, that is mesons that appear near below a
threshold. In the first part we focus on positive parity Ds mesons, which consist of a
valence s̄ and c quarks within the quark model. They have been a source of tension
between theory and experiment for quite some time. Using a lattice QCD simulation
where scattering of D(∗) K mesons is taken into account we are able to amend this
discrepancy. The rest of the Chapter is dedicated to the exotic charmonium(like)
meson X(3872). Within the quark model it would be made up from a valence
c quark and its antiquark c̄, however the quark model predicts it at significantly
higher masses. From the experimental point of view, it is still unclear whether it is
located below the DD̄∗ threshold or above it. In our X(3872) simulation we include
DD̄∗ scattering explicitly and find a candidate for the exotic meson. Analysis of the
scattering amplitude gives us additional information, which reveals the X(3872) as
a below threshold bound state at our simulation parameters.
Chapter 4 focuses on hadronic resonances. These are hadrons appearing above
thresholds of lighter hadrons. First we study Kπ scattering in both s-wave and
p-wave. In the p-wave we employ our extension to the relation between the infinite
volume scattering matrix and the discrete simulated spectrum. Analysis of the
scattering matrix reveals the K ∗ (892) resonance mass and decay width. In the swave a broad resonance called K0∗ (800) (or κ) is present. For a long time its nature
has been a matter of debate. Within this thesis we simulate Kπ scattering in s-wave
and extract the elastic scattering matrix. In Chapter 4 we also study the light axial
resonances a1 and b1 . For the case of the a1 , which decays into ρ and π we are able
to determine the resonance mass and decay width from scattering amplitude. In
contrast to the recent COMPASS result we only observe a single a1 resonance. Our
results agree with the commonly accepted results of a single broad resonance. For
the b1 which decays into ω and π our data lacks the required precision to extract
19
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the decay width. By assuming the physical coupling of b1 to ωπ scattering channel
we are able to extract a resonance mass which is compatible with the experimental
data.
Throughout the thesis the unit convention we will follow is ~ = c = 1. In
specific places where explicitly remarked, results are also presented in fm.

20

Chapter 2
Methods
In this chapter we introduce and briefly review the methods used to determine
the properties of hadrons. Section 2.1 focuses on the method used to calculate
non-perturbative correlation functions from a priori knowledge of their symmetries,
Lattice Quantum ChromoDynamics (LQCD). Section 2.2 is dedicated to calculating
correlation functions and the methods we use to calculate them. Section 2.3 explains
how we get the spectrum from the correlation functions. However, the spectrum
itself gives limited knowledge on hadrons; this is remedied by the Lüscher method,
which is reviewed in and expanded in Section 2.4. The expansion is based upon the
published paper:
• L. Leskovec and S. Prelovsek, ”Scattering phase shifts for two particles of
different mass and nonzero total momentum in lattice QCD”, Phys. Rev. D
85, 114507 (2012)
In Section 2.5 the additional information extracted from the spectrum with the
Lüscher method is related to physically interesting quantities.

2.1

Lattice QCD

Lattice QCD is a field theoretical method, used to study the non-perturbative phenomena of QCD and other strongly interactive theories from first principles using
advanced numerical methods and large computers. Within LQCD space-time is
Wick rotated and discretized, so that real time becomes purely imaginary t → it.
This moves the space-time from the physical Minkowski space-time to Euclidean
space-time, where the metric becomes gµν = δµν . In Euclidean space-time the action
becomes real, which is advantageous because it allows for a Monte Carlo sampling
of the relevant path integral required to calculate the physical observables. This
Euclidean space-time is then discretized, thus defining a minimum distance between
two points in space and time as a, which acts as a cutoff. Furthermore the fields of
QCD are put into a finite volume box as infinite dimensions are not something easily
implemented numerically. This finite volume and the discretization then breaks the
SO(4) symmetry of Euclidean space-time into its discrete subgroups.
21
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2.1.1

Euclidean space-time

The continuum action for QCD in Minkowski space-time reads as:
M
SQCD
= ei

R

d4 xM LQCD

,

(2.1)

1
LQCD = ψ̄(iγµ (∂ µ + igAaµ Ta ) − mψ )ψ − Gaµν Gµν
a
4
where ψ(ψ̄) are the quark fields with three color and four "spin" degrees of freedom.
They come in six known flavors: up, down, strange, charm or top and mψ is their
(bare) quark mass. The 4 × 4 matrices γµ are known as Dirac matrices which
satisfy the anti-commutation relations {γµ , γν } = 2gµν . In Minkowski space-time
the metric tensor is gµν = diag(−1, 1, 1, 1). Aaµ are the 8 gluonic (gauge) fields that
couple to quarks with the coupling constant g and Gaµν is the gluon field strength
tensor defined as:
Gaµν = ∂µ Aaν − ∂ν Aaµ − gf abc Abµ Acν .

(2.2)

f abc denotes the SU (3) structure constant, where the following holds for the generators Ta of the SU (3) Lie algebra:
[T a , T b ] = f abc T c .

(2.3)

The generators of the SU (3) algebra are also known as the Gell-Mann matrices and
are listed in Appendix A together with the structure constant fabc .
The first part to transform when going from continuum QCD to lattice QCD is
to Wick rotate Minkowski (real) time to Euclidean (imaginary) time t → it. The
QCD action then becomes real, as d4 xM = dtd3 x → d4 xE = idtd3 x:
E
SQCD
= e−

R

d4 xE LQCD

.

(2.4)

Consider now a general observable F (ψ, ψ̄, Aaµ ) within the path integral method:
R
h0|F (ψ, ψ̄, Aaµ )|0i

=

E

DψDψ̄DAµ F (ψ, ψ̄, Aµ )e−SQCD
,
R
E
DψDψ̄DAµ e−SQCD

(2.5)

where Aµ = Aaµ Ta . In contrast to perturbation theory, where the integral over Aµ is
expanded in powers of the coupling constant g, the integral over Aµ in lattice QCD
is sampled with Monte Carlo methods. Thus a ensemble of Aµ is generated and
used to calculate the Euclidean action. At least conceptually this means that the
integral over the gauge fields can be evaluated to arbitrary precision1 . However, as
Monte Carlo methods are by definition numerical methods, the integral will need
E
to be calculated numerically – the Euclidean action SQCD
needs to be discretized.
This consists of two parts: first discretizing the free fermion action (where there is
no gauge fields) and second adding gauge fields on the lattice. Together this gives
the lattice gauge action of QCD.
1

Given sufficient computing resources.
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2.1.2

Discretization of QCD

Suppose we have a set of points Λ in a hyper-cubic box of 4 dimensions, in which
the points can be accessed with a vector x = (x0 , x1 , x2 , x3 ), where x0 goes from
1, ...Nt and x1 , x2 , x3 from 1, ...NL each. Thus the discrete mesh of points is NL3 × Nt
in size and defines the space-time within which our simulation is performed; often
it is referred to as the lattice. The distance between two nearest neighboring points
in this mesh is given by the lattice spacing a. The fermionic fields will exist only on
these space-time points. Furthermore as the box is of finite volume, the fermionic
field will also obey some boundary conditions. In space the boundary conditions for
the fermionic field are most commonly periodic boundary conditions:
ψ(x + NL ei ) = ψ(x),

(2.6)

where ei is a direction vector along the spatial coordinate i = x, y, z. Periodic
boundary conditions in space are the only kind used within this thesis. In the time
direction, the fermionic field requires anti-periodic boundary conditions to satisfy
the spin-statistics theorem [16].
The free fermion action
Z
Sf ree =

d4 xψ̄(x)(γµ ∂ µ + m)ψ(x)

(2.7)

requires only the derivative ∂ µ to be discretized. Here there are two options, to use
an asymmetric discretization or a symmetric discretization. Typically the symmetric
discretization is chosen, as the derivative is less affected by the finite lattice spacing
[16]:
∂µ ψ(x) →

ψ(x + µ̂) − ψ(x − µ̂)
,
2a

(2.8)

where µ̂ is the unit direction vector in space-time. The naively discretized free
fermion action is then:
Sf ree = a4

X
x∈Λ

ψ̄(x)

4
X
µ=1

γµ


ψ(x + µ̂) − ψ(x − µ̂)
+ mψ(x) ,
2a

(2.9)

where due to the discretization, the integral over space time was replaced by the sum
over the mesh of points on the lattice Λ. Note that the above fermion discretization
is great to demonstrate how the action gets discretized and will be helpful also in
introducing gauge fields on the lattice, however, it is not the fermionic discretization
used.
The gauge fields Aµ , which are introduced by keeping the local symmetry of the
lagrangian in continuum, reveal more the nature of gauge field interactions on a
discrete lattice than in the continuum. On the lattice the gauge fields Aµ (x) are
replaced by link variables Uµ (x). They can be expressed in terms of the continuous
gauge fields as parallel transporters Pµ (x):
Uµ (x) = P (x, µ̂) = eig
23
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x

Aµ (x)dxµ

.

(2.10)
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The parallel transporter P (x, µ̂) on a lattice is a path ordered integral of the gauge
field Aµ along a line, that connects the points x and x + aµ̂. Thus the name link
variable: it links two lattice points. The intuitive image of gauge interactions on
the lattice is then rather simple. Our fermionic fields, which represent the particles such as quarks, live on the discrete points of the lattice and are connected by
link variables. From this point of view, the gauge fields are the mediators of the
(strong) interaction between the fermionic fields. This intuitive picture bears some
resemblance to the Feynman diagram picture, where the gauge particles mediate the
interaction between the matter particles, especially if we imagine that our lattice
points are interaction vertices2 .
With both the fermion and the gauge fields introduced on the lattice, the (naive)
lattice gauge action can be written down and part by part related to the continuum
action. First we take a look at the fermionic part. The derivative from the free
fermions is changed to the covariant derivative using a simple principle: wherever
the the field ψ does not lie on the same point as ψ̄ the two points are connected
with a link variable that starts at the point of ψ̄ and points to the point where ψ is,
e.g.:
ψ̄(x)

4
X
µ=1

ψ(x + µ̂) → ψ̄(x)

4
X

Uµ (x)ψ(x + µ̂).

(2.11)

µ=1

By applying this to the free fermion action Sf ree we get the interacting fermion
action SF :
SF = a

4

X
x∈Λ

ψ̄(x)

4
X

γµ

µ=1


Uµ (x)δx,x+µ̂ − U−µ (x)δx,x−µ̂
+ m ψ(x),
2a

(2.12)

where U−µ (x) = Uµ (x − µ̂)† . This however, is still not the full QCD action as the
purely gluonic part, Gaµν Gµν
a , is missing. To add such a term to the action, we
introduce the Wilson plaquette Uµν , which is the simplest closed loop on the lattice:
Uµν (x) = Uµ (x)Uν (x + µ̂)U−µ (x + µ̂ + ν̂)U−ν (x + ν̂).

(2.13)

The plaquette is the simplest gauge invariant object that can be created from link
variables. It can be related to the continuum form by using the Baker-Hausdorff
lemma3 to show that:
2

a

3

Uµν (x) = eia Gµν Ta +O(a ) =
5
= 1 + ia2 Gaµν Ta − a4 Gaµν Gµν
a + O(a ).

(2.14)
(2.15)

The gluon action can then be expressed with the Wilson plaquette as:
SG =

2 XX
ReTr[1 − Uµν (x)].
g 2 x∈Λ µ<ν

2

(2.16)

Note that this image is not quite correct, as on the lattice we are talking about fields and
Feynman diagrams represent the particle propagators of the fields. It, however, provides some
intuitive insight into what is going on on the lattice.
3
For details see Chapter 2.3.2 in [16].
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We find that:
a4 Gaµν Gµν
a =

X
µ<ν

ReTr[1 − Uµν (x)].

(2.17)

The full lattice action can then be written as the sum of the interacting fermion
action and the purely gluonic action:
SQCD = SF + SG .

(2.18)

SQCD keeps all the symmetries of the continuum action up to discretization errors,
the most important amongst them is the gauge invariance:
ψ(x) → Ω(x)ψ(x),

(2.19)

†

ψ̄(x) → ψ̄(x)Ω (x),

Uµ (x) → Ω(x)Uµ (x)Ω† (x + aµ̂),
where Ω(x) are arbitrary 3 × 3 unitary matrices with the det(Ω(x)) = 1 and are in
the SU (3) group.
Even though so far we considered only the naive action(s), it is sufficient to
continue the intuitive understanding of the basic concepts used within this work.
Independent of the specific fermion action used it will have a general form corresponding to:
X
SF = a4
ψ̄(x)Mψ(x) = ψ̄Mψ,
(2.20)
x∈Λ

where M is the discrete form of Dirac operator used and depends on the derivative
type and link variables Uµ . For example M for the action we considered reads:
M=

4
X
µ=1

γµ

Uµ (x)δx,x+µ̂ − U−µ (x)δx,x−µ̂
+ m.
2a

(2.21)

However, as the integral in the partition function is over the link variables we think
of M as depending on the link variables explicitly, M = M[Uµ ]. Then the generating
functional will for any gauge action SG be of the form:
Z
Z = DψDψ̄DUµ e−SF [ψ̄,ψ,Uµ ]−SG [Uµ ] .
(2.22)
While naively we would think to do a Monte Carlo sampling over all three path
integrals this would ignore an important part of our knowledge of fermions. The
integral can be partially integrated over Dψ̄ and Dψ by using the rules of Grassmannian integration [17] so that it takes the form:
Z
Z
Z = DUµ DψDψ̄eψ̄(x)M[Uµ ]ψ(x) e−SG [Uµ ]
(2.23)
Z = DUµ det(M[Uµ ])e−SG [Aµ ] .
Understanding this integral is not completely trivial however, can be done by keeping in mind two things. The matrix M is essentially the lattice discretized covariant
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derivative with a mass term, so it has a gauge field dependency. This same gauge
field is present also in the gluon action and in the determinant of the matrix M over
which we integrate.
The generating functional written in this way can now be evaluated numerically
by using Monte Carlo techniques. Conceptually this means that we choose a finite
set Gµ of link variables, which sample the space gauge field space sufficiently and
do not "repeat" themselves4 and replace the integral by a sum over the ensemble of
gauge fields we have chosen:
X
Z=
det(M(Uµ ))e−SG [Uµ ] .
(2.24)
Uµ ∈Gµ

So if we generate an ensemble of gauge configurations, where each configuration Aµ
is weighted by the fermion determinant det(M(Aµ )) and gluon action factor e−SG
we can calculate any given observable by averaging over the ensemble:
X
hF (ψ, ψ̄, Uµ )i =
F (ψ, ψ̄, Uµ ),
(2.25)
Uµ ∈Gµ

where the hi denote the expectation value of the observable. The expectation value
gets nearer its physical value by increasing the number of gauge configuration in
the ensemble, similar to how Monte Carlo calculated integral over some function
becomes more precise with taking more points in the integral.
These are the basic concepts used in lattice QCD simulations, which allow us to
determine the properties of complicated composite particles such as hadrons.

2.1.3

A little bit about what is used in practice

Note that while the naive action explained above is correct it is also pestered with
discretization effects, which decrease the numerical precision obtained from a simulation. This kind of action is not used in modern simulations any more. A recent
review of modern fermion types and gauge actions is given in Ref. [18]. Let us now
briefly take a look at the issues of the naive discretization and how it is improved
in modern day simulations.
There are two main issues the naive discretization posses:
• Fermion doublers: these are fermions that arise from the discretization of the
Dirac operator and do not correspond to the same fermion from the continuum
case. We can see where they come from by taking the Dirac operator from the
free fermion action:
X
Sf ree = a4
ψ̄(x)M(x, x0 )ψ(x0 ),
(2.26)
x,x0 ∈Λ

M=

4
X

γµ

µ=1
4

δx,x+µ̂ − δx,x−µ̂
+m
2a

In analogy to a periodic function like sin x, we choose gauge fields from only a single period,
that is x ∈ (0, 2π).
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and taking a Fourier transform of free Dirac operator M:
M̃(p, p0 ) =

1 X −ipxa
0 0
e
M(x, x0 ) eip x a
|Λ| x,x0 ∈Λ

(2.27)

0
0
4
1 X iax(p−p0 ) X eipµ a − e−ipµ a
=
e
(
γµ
+ m) =
|Λ| x,x0 ∈Λ
2a
µ=1

= δ(p − p0 )M̃(p),
where:

4

M̃(p) = m +

iX
γµ sin pµ a
a µ=1

(2.28)

By inverting M̃ we get the free fermion propagator, which looks like [16]:
P
m − i a1 µ γµ sin pµ a
−1
P
M̃(p) = 2
.
(2.29)
m + a12 µ sin pµ a2
To see the nature of the particles propagated by M̃−1 we inspect its poles. By
setting m → 0 we find that the free propagator does not only have one pole
as we would naively expect from the continuum, but rather it has several:
P
1
i
µ γµ sin pµ a
,
(2.30)
lim M̃(p)−1 = a1 P
2
m→0
µ sin pµ a
a2
situated at the zeros of sin pµ a2 ; there are 16 poles altogether, however, only
1, pµ = 0, corresponds to the continuum fermion. The remaining 15 poles also
represent particles, however, these do not have a partner in the continuum
theory. Thus they are lattice artifacts and can be fixed by adding another
term to free fermion action. This additional term must be such that the
unwanted (doubler) poles become infinitely heavy (at least in the continuum
limit):
4

−1

M̃(p)


i
iX
γµ sin pµ a + (1 − cos pµ a) .
=m+
a µ=1
a

(2.31)

This extra term is called the Wilson term and defines what is known as a
Wilson fermion. Primarily it has two nice features: when pµ = 0 keeping
the mass of the correct fermion as set in the action as well as modifying the
masses of the doublers so that they are proportional to a1 . The Wilson term
then reads:
SW ilson = −a

4
X
µ=1

ψ̄(x)

Uµ (x)δx+µ̂,x0 − 2δx,x0 + U−µ (x)δx−µ̂,x0
ψ(x0 )
2a2

(2.32)

and is also known as the Laplacian operator with a pre-factor proportional to
a, which will vanish in the continuum limit.
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• leading order discretization effects (O(a)): The naive fermions have very large
discretization effects, which can be removed by introducing the so called
Sheikholeslami-Wohlert term to the interacting fermion actions. It reduces
O(a) discretization effects to O(a2 ), which may negligible for typical spacings
of a ≈ 0.12 fm. Often it is also referred to as the clover term, due to its
diagrammatic representation in Fig 2.1. The clover term is of the form:
SSW = cSW a5

1
ψ̄(x) σµν F̂ µν (x)ψ(x),
2
x∈Λ µ<ν

XX

(2.33)

where F̂ µν (x) is a discretized form of the gluon field strength tensor. A possible
formulation is [16]:
F̂ µν (x) =

−i
(Qµν (x) − Qνµ (x)),
8a2

(2.34)

where Qµν (x) is:
Qµν (x) = Uµν (x) + Uµ−ν (x) + U−µ−µ (x) + U−νµ (x).

(2.35)

x+ν

x

x+µ

Figure 2.1: Diagrammatic representation of the Sheikholeslami-Wohlert term also
known as the clover term, due to its resemblance to the clover leaf.
cSW is known as the clover coefficient and if it is taken to be 1.0 then the
fermion action is said to be tree level improved. In such a case the fermion action still has some O(a) discretization errors, however, following the Symanzik
improvement procedure [16] cSW can be calculated so that all O(a) discretization errors are removed; in such a case the action is said to be improved, i.e.
we have non-perturbatively improved Wilson clover fermions.
Charm quark treatment
The charm quark is treated only as a valence quark, as it cannot be treated as
the light quarks u/d and s due to the large charm quark mass. Typical discretization
error due massive quarks are of order (amq )n [19], for some n ≥ 1. This is quite
large for typical lattice spacings of a ≈ 0.1 fm. There are several ways to treat
heavy quarks on the lattice, two most used of them being NRQCD (see for example
[20]) and the so called Fermilab method. Within this thesis we employ the Fermilab
method as it is matches continuum QCD directly to lattice gauge theory via the
Heavy Quark Effective Theory (HQET). In contrast, NRQCD first matches continuum QCD to nonrelativistic QCD and only then to lattice gauge theory. Note, that
both methods, however, require tuning of the lattice parameters and in principle
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give similar results.
The Fermilab method [21, 22] is a prescription that tunes the lattice gauge action
parameters (in our case only the Sheikholeslami-Wohlert term cSW and the quark
mass) to minimize the discretization errors. In our case we tune the lattice action, so
that when energies are compared to the spin averaged mass msa of the charmonium
1S states, the errors are minimal:
m = msa = (mηc + 3mJ/ψ )/4.

(2.36)

In the simplified form we use, only the charm mass is tuned non-perturbatively, while
the Sheikholeslami-Wohlert coefficient is set to the tadpole improved value cSW =
1/u30 , where u0 is the value of the average link. The charm hopping parameter5 is
varied until the kinetic mass parameter, M2 in a heavy quark dispersion relation:
p2
(p2 )2
E(p) = M1 +
−
,
2M2
8M43

(2.37)

reaches its physical value6 . Eq. (2.37) is the dispersion relation that relates the
energy E of a meson, that consists of a charmed quark, with its momentum p. Note
that the parameters M1 , M2 and M4 differ for charmonium states, D and D∗ mesons.

2.1.4

Details on gauge ensembles

Two gauge ensembles were utilized within this work. Ensemble (1) was generously
provided by Anna Hasenfratz and her colleagues. The gauge configurations were generated for the study of reweighting techniques in [23, 24]. Ensemble (2) was made
publicly available via the International Lattice Data Grid (ILDG) by the PACS-CS
collaboration [25].
Ensemble (1)
The action used to generate the gauge configurations containing nf = 2 flavors of
mass-degenerate light quarks is a tree level improved Wilson-Clover action, where
cSW = 1.0, with gauge links smeared using one level of normalized hyper-cubic
smearing (nHYP smearing). Lattice details, such as the lattice spacing, lattice
volume, and relevant particle masses are listed in Table 2.1.
The s quark is included only as a valence quark in the hadron propagators; the
gauge configurations do not have an s sea quark. To determine the strange quark
hopping parameter κs , we calculated the connected part of the φ meson which is
expected to be almost exclusively s̄s.
The sea and valence quarks obey periodic boundary conditions in space. The gauge
field obeys periodic boundary conditions, while the sea quarks satisfy anti-periodic
boundary conditions in time.
The pion and the kaon obey the relativistic dispersion relation:
q
(2.38)
Eπ|K (p) = m2π|K + p2 .
5

Quark masses on the lattice are given by hopping parameter κ, which enters the the hopping
expansion. For details see [16].
6
Note that the light and strange quarks obey the usual relativistic dispersion relation.
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quantity
NL3 × NT
Nf
a[fm]
L[fm]
Lmπ
#configs
amπ
amK
mπ [MeV]
mK [MeV]
mφ [MeV]
mJ/Ψ − mηc [MeV]
mDs∗ − mDs [MeV]
mD∗ − mD [MeV]
2mD − mc̄c [MeV]
2mDs − mc̄c [MeV]
mDs − mD [MeV]
κu (dyn)
κu (val)
csw
κs (val)
csw
κc (val)
csw

lattice value
163 × 32
2
0.1239(13)
1.98(2)
2.68(3)
279
0.1673(16)
0.3467(8)
266(3)
552(1)
1015.8(1.8)
107.9(0.3)
120.4(0.6)
129.4(1.8)
890.9(3.3)
1065.5(1.4)
96.6(0.9)
0.12830
0.12830
1.00000
0.12610
1.00000
0.12300
1.75218

experimental value

139.57018(35)
493.677(16)
1019.461(19)
113.2(0.7)
143.8(0.4)
140.66(10)
882.4(0.3)
1084.8(0.6)
98.87(29)

Table 2.1: Details of the gauge configurations and some relevant particle masses
(or mass splittings) of Ensemble (1). In the table NL and NT denote the number of
lattice points in spatial and time directions, Nf the number of dynamical flavors and
a the lattice spacing. The resulting stable particle masses do not include infinite
volume or continuum extrapolations and are therefore not precision results, but
demonstrate a qualitative agreement with experiment. mD denotes the D meson,
mDs the Ds meson and mc̄c the charmonium spin averaged mass. The latter has an
experimental value of mc̄c = 3068.59(72)M eV . Noted errors are statistical errors.

For the mesons involving a heavy charm quark, the dispersion are not relativistic,
but rather obey the general form of the heavy quark dispersion relation as given in
Eq. (2.37). The different values of M1 , M2 and M4 for various mesons are listed in
Table 2.2.
Ensemble (2)
Ensemble (2) has nf = 2 + 1 sea quarks which are non-perturbatively improved
Wilson fermions. The lattice parameters are listed in Table 2.3.
For Ensemble (2) the dynamic strange quark mass used in [25] is larger than the
physical value by about 20%. We therefore use a partially quenched strange quark
sea
mval
and determine the hopping parameter κval
s 6= ms
s by minimizing the difference
of the φ meson mass from the experimental mass and the difference of the unphysical
ηs meson from the value expected from a high-precision lattice determination [27]
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aM1
D meson
0.9801(10)
D∗ meson
1.0629(13)
Ds meson
1.09704(57)
c̄c spin average 1.52499(42)

aM2
1.107(12)
1.267(21)
1.2917(62)
1.9581(59)

aM4
1.107(27)
1.325(68)
1.2397(144)
1.5063(216)

Table 2.2: The parameters for the dispersion relation (2.37) for D, D∗ , Ds and
charmonium spin averaged mass mc̄c = (mηc + 3mJ/ψ )/4 on Ensemble (1). For
details on the fit-ranges see [26].

quantity
NL3 × NT
Nf
a[fm]
L[fm]
Lmπ
#configs
amπ
amK
mπ [MeV]
mK [MeV]
mφ [MeV]
mJ/Ψ − mηc [MeV]
mDs∗ − mDs [MeV]
mD∗ − mD [MeV]
2mD − mc̄c [MeV]
2mDs − mc̄c [MeV]
mDs − mD [MeV]
κu (dyn)
κu (val)
csw
κs (dyn)
κs (val)
csw
κc (val)
csw

lattice value
323 × 64
2+1
0.0907(13)
2.90(4)
2.29(10)
196
0.0717(32)
0.2317(6)
156(7)
504(1)
1018.4(2.8)
107.1(0.2)
142.1(0.7)
148.4(5.2)
882.0(6.5)
1060.7(1.1)
94.0(4.6)
0.13781
0.13781
1.71500
0.13640
0.13666
1.71500
0.12686
1.64978

experimental value

139.57018(35)
493.677(16)
1019.461(19)
113.2(0.7)
143.8(0.4)
140.66(10)
882.4(0.3)
1084.8(0.6)
98.87(29)

Table 2.3: Details of the gauge configurations and some relevant particle masses
(or mass splittings) of Ensemble (2). In the table NL and NT denote the number of
lattice points in spatial and time directions, Nf the number of dynamical flavors and
a the lattice spacing. The resulting stable particle masses do not include infinite
volume or continuum extrapolations and are therefore not precision results, but
demonstrate a qualitative agreement with experiment. mD denotes the D meson,
mDs the Ds meson and mc̄c the charmonium spin averaged mass.

mηs = 688.5(2.2). The determinations agree excellently.
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The pion and the kaon obey the relativistic dispersion relation:
q
Eπ|K (p) = m2π|K + p2 .

(2.39)

For the mesons involving a heavy charm quark, the dispersion are not relativistic,
but rather obey the heavy quark dispersion relation given in Eq. (2.37). The values
of M1 , M2 and M4 for various mesons are listed in Table 2.4.

D meson
D∗ meson
Ds meson
c̄c spin average

aM1
0.7534(12)
0.8217(16)
0.84606(28)
1.20438(15)

aM2
0.828(39)
0.905(66)
0.9336(105)
1.4073(59)

aM4
0.89(23)
0.98(51)
0.959(71)
1.270(63)

Table 2.4: The parameters for the dispersion relation (2.37) for D, D∗ , Ds and
charmonium spin averaged mass mc̄c = (mηc + 3mJ/ψ )/4 on Ensemble (2). For
details on the procedures used to obtain these numbers see [28].

Suppressing the effects of finite temporal extent of the lattice
Ensemble (1) has a relatively small temporal extent. In such a case the forward
(in time) propagating particles can be affected by backward (in time) propagating
anti-particles. This then pollutes the spectrum with unwanted particles. While it is
possible to take these effects into account relatively high precision is required to do
so. To remove the pollution with the limited precision we have on Ensemble (1) we
use the so called "P+A" trick: we compute and combine valence quark propagators
with both anti-periodic and periodic boundary conditions in time. This effectively
extends the time direction to 2Nt by combining the periodic propagator M−1
P and
−1
anti-periodic propagator MA (for details see [29, 30]):
(
1
[GP (t, t0 ) + GA (t, t0 )] t ≥ t0 ,
(2.40)
GP +A (t, t0 ) = 21
0
0 0
0
[G
(t,
t
)
−
G
(t
,
t
)]
t
<
t
,
P
A
2
where GA are the non-perturbative quark propagators with antiperiodic boundary
conditions, GP with periodic boundary conditions and t (t0 ) denotes the sink (source)
timeslice.
To understand why this trick works we take a look at simple propagator F (t)7 ,
which has the following form in infinite space:
(
e−mt t ≥ 0,
F (t) =
(2.41)
emt
t < 0.
A similar propagator FP (t) in a box with finite temporal extent and periodic boundary conditions (P) then must satisfy:
X
FP (t) =
F (t + n NT ).
(2.42)
n∈Z
7

Not a quark propagator, but for example the pion propagator.
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For the case of the antiperiodic boundary conditions (A) FA (t) is very similar but
still different:
X
FA (t) =
(−1)n F (t + n NT ).
(2.43)
n∈Z

Notice that in contrast to the periodic propagators FP that have the same sign for
all n the antiperiodic propagators FA have a positive sign for even n and a negative
sign for odd n. If such propagators are joined, then for n = 0 nothing will happen,
but for n = 1 the two propagators will subtract:
X
FP +A (t) = FP (t) + FA (t) =
( F (t + nNT ) + (−1)n F (t + nNT ) )
(2.44)
n∈Z

=2

X
n...−2,0,2,...

F (t + nNT ) = FP −A (t + NT ).

(2.45)

The terms at n = 0, 2, ... add, the terms in n = 1, 3, ... subtract. What remains
are the forward (backward) propagating (anti)particles from n = 0, 2, 4, ... thus
effectively extending the temporal extent of the box to 2NT . For the reasoning
above we used the pion propagator, or rather the pion correlation function, but if
a similar thing is done on the valence quark propagators, then (at least to some
degree) this property is translated into the meson correlation functions.
While this holds exactly in the limit without dynamical (sea) quarks, it does not hold
precisely for gauge configurations with dynamical quarks, because the sea quarks in
both cases obey the same type of temporal boundary conditions. Within this work
we use the P + A trick, but limit the all the fit ranges up to NT /2 = 16 on Ensemble
(1). Ensemble (2) has a larger temporal extent and the P + A trick is not needed.

2.2

Correlation functions

The quantities such as the action, the generating function(al) and the fields introduced previously are not physically observable. However, physical observables can
be created from them; an intermediary object in this process is the correlation functions and although it is not directly observable, can be used to determine physically
interesting quantities. In the continuum case correlation functions represent the
scattering amplitudes that are related to the scattering cross sections. In lattice
field theory, however, we cannot relate the correlation functions to the amplitudes
directly. We can still extract physically interesting quantities from them though:
particles masses, decay widths etc. Details follow in later Sections; in this Section
we focus on how to build the correlation functions from quark propagators, how
to calculate them and how and which information we can extract information from
them.

2.2.1

Quark propagator

First consider the quark propagator which in contrast to perturbation theory is quite
complicated when considered non-perturbatively in lattice QCD. While we do not
know its specific form we can evaluate it numerically by solving the set of equations
M(x, t; x0 t0 )ψ(x0 , t0 ) = η(x, t),
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where M is the Dirac operator and is known for a given fermion action and η(x, t)
is the source field, often a point with specific spin and color on the lattice, η(x, t) =
δ(x, t). The field ψ(x0 , t0 ) is not known and is calculated from Eq. 2.46. Each such
ψ(x0 , t0 ) will represent the propagation from the source η(x, t) to all points on the
lattice. The inverted matrix M−1 – the quark propagator, can then be assembled
from ψ(x0 , t0 ) column by column. Constructing the full M−1 is prohibitively expensive so often only a specific point is chosen and the propagator obtained is known
as a one-to-all propagator8 . The inverted matrix M−1 is sometimes also denoted as
G can be written explicitly with all its indices:
0

0

0 0
M−1,αα
(x, t; x0 , t0 ) = Gαα
a a0 (x, t; x , t ),
a a0

(2.47)

where a0 denotes the color index of the source point/field on the lattice, a the color
index of the sink point/field. α, α0 denote the sink and source Dirac indices respectively and x, t(x0 , t0 ) denote the location from (to) where the field is propagated.
Note that the source indices always appear on the right side and sink indices appear
on the left side; this is a convention we will follow.

2.2.2

Meson correlation functions

Within this work we will be interested in mesons – composite particles made from a
pair of quark and anti-quark held together by gluons, and their scattering. Following
the well known property of field theory [17], that any given n-point correlation
function can be calculated from the non-perturbative quark propagator. A n-point
correlation function C(t, t0 ) is in general defined as the vacuum expectation value
†
(t0 ), which annihilate/create
of the product of two operators Osink (t) and Osource
a composite field (or particle) with well defined quantum numbers at sink/source
respectively:
†
C(t, t0 ) = h0|Osink (t)Osource
(t0 )|0i.

(2.48)

†
(t0 ) creates a state with the proper quantum numbers
0 is the vacuum and Osource
from the vacuum as it acts upon it. This state is then propagated from time t0
to time t, where Osink (t) annihilates the state back into the vacuum. For a good
interpolating field the quantum numbers of Osink need to be the same as Osource .
Note that a two-point meson correlation function will actually be a four point quark
correlation function, where the two points at sink/source are degenerate. As we are
studying mesons, the n in n-point will refer to mesons and not quarks.
It is instructive to take a look at the simplest meson correlation function, the two
point meson correlation function. For clarity we will work with a specific meson, a
pion which consists of the u and d quarks. To create the correlation function we
must first create the pion at the source (x0 , t0 ), that is the creation operator will
0 0
0
0
look like π † (x0 , t0 ) = ūαa0 (x0 , t0 )γ5α β dβa0 (x0 , t0 ). We added the γ5 matrix in between
the two quarks, so that the pion will have correct quantum numbers (pseudoscalar).
Notice that both the u and d quarks are on the same point on the lattice; this need
not always be true, however, it serves us well for explanation. Now that we have
8

For some quantities we need all-to-all propagators, going from each point to each point. This
is discussed later on.
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created the pion at the source we must also destroy it at the sink (x, t), so that
the annihilation operator will look like π(x, t) = d¯αa (x, t)γ5αβ uβa (x, t). Putting them
together in the expectation value gives us the two point pion correlation function:
0 0
0
0
h0|π(x, t) π † (x0 , t0 )|0i = h0|d¯αa (x, t)γ5αβ uβa (x, t) ūαa0 (x0 , t0 )γ5α β dβa0 (x0 , t0 )|0i.

(2.49)

To express this expectation value with quark propagators we use Wick’s theorem,
which can be viewed from two points of view, from the Feynman path integral point
of view, where it is defined as a functional derivative of the generating function(al)
or from the "second quantization" point of view. Both cases give the same results,
however, we will employ the equality of both principles and use the "second quantization" procedure, as it is slightly more intuitive. Within this, the expectation
value is interpreted as a time ordered product (denote as T (...)) of fields (as in our
correlation function) on one side of the equation and as the sum of normal ordered
products (denoted as N (...)) and contractions. For example, suppose we have just
two fields φ1 and φ2 , then Wicks theorem reads:
T (φ(x1 )φ(x2 )) = N (φ(x1 )φ(x2 )) + G(x1 , x2 ),

(2.50)

where G(x1 ; x2 ) is the propagator for the hypothetic fields φ. In practice only the
propagators come into account as the vacuum expectation value of the normal ordered parts is 0.
We express the pion correlation function with quark propagators, taking into
consideration that the u quark propagator is related to the u quark fields by:
(u),αβ

Gab

(x, t; x0 , t0 ) = uαa (x, t)ūβb (x0 , t0 )

(2.51)

(x, t; x0 , t0 ) = dαa (x, t)d¯βb (x0 , t0 ).

(2.52)

and the d quark propagator
(d),αβ

Gab

Expressing the pion correlation matrix with the propagators gives:
0 0
0
0
h0|π(x, t)π † (x0 , t0 )|0i = uβa (x, t)ūαa0 (x0 , t0 ) γ5α β dβa0 (x0 , t0 )d¯αa (x, t) γ5αβ

(u),βα0

h0|π(x, t)π † (x0 , t0 )|0i = Gaa0

α0 β 0

(x, t; x0 , t0 )γ5

(d),β 0 α

Ga0 a

(2.53)

(x0 , t0 ; x, t)γ5αβ

= Tr[G(u) (x, t; x0 , t0 )γ5 G(d) (x0 , t0 ; x, t)γ5 ].

We have calculated the pion two point function with the u/d quark propagators
and written it down once with all indices and once with the color and Dirac indices
suppressed – the Tr goes over all color and Dirac indices. In the same way we can
construct multiparticle n-point correlation functions, e.g. operators that do not create a single π but rather Kπ, however, in such a case the Wick contractions become
much more complicated and lengthy.

2.2.3

Single meson interpolators

The pion operators in the example were introduced without any explanation. While
it is true that they are operators, they are a special kind of operators – interpolating
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operators. As the quark (and meson) fields are interacting, they do not represent
asymptotic states. Interpolating fields, however, can describe asymptotic states;
that is such fields interpolate between asymptotic particle states [31].
When choosing meson interpolating operators (short interpolators) we need to give
special attention to their construction. Mesons are characterized by their total
angular momentum J = L + S, where L is the orbital angular momentum and S
the total spin, parity P and charge conjugation number C. Parity tells us how the
meson behaves upon inverting space x → −x and charge conjugation turns particles
(or particles fields) into anti-particles (anti-particle fields):
ψ(x) → C −1 ψ̄ T (x), ψ̄(x) → −ψ T (x)C, Uµ (x) → Uµ∗ (x)

(2.54)

where T means transposition and ∗ conjugation. The parity and the angular momentum of the meson are connected via P = (−1)L+1 .
A general form for a single hadron interpolator O(p, t) with well defined momentum is:
X
eip(x−y) q̄fα1 a (x, t)Γαβ Fab (p, x, y)qfβ2 b (y, t),
(2.55)
OM (p, t) =
x,y

where f1 and f2 denote different flavors, that obey any additional symmetries imposed by flavor. a, b and α, β are color and Dirac indices respectively. Γ is a product
of Dirac matrices and Fab (p, x, y) takes care of projection of the interpolator to the
specific momentum p. It also holds any additional link variables, which are used to
displace quarks. Such an interpolator needs to have the proper symmetries, i.e. the
quantum numbers of the meson need to reflect in the symmetries of the operator.
As mesons are classified according to flavor structure and J P C this needs show in
the interpolator. For example, if the meson is a vector meson with a negative charge
conjugation symmetry, J P C = 1−− , then the interpolator for this meson also needs a
negative parity eigenvalue of the parity operator, a negative eigenvalue of the charge
conjugation operator and the correct degrees of freedom to be a spin 1 particle.

2.2.4

Two-meson interpolators

We had mentioned previously that we will include strong decays of mesons within
this work. A prerequisite for this is to include scattering of two mesons explicitly
in the correlation matrix. This is done by adding two meson interpolators to the
correlation matrix basis.
A two meson interpolator is built from two single meson interpolators by joining
two operators as in Eq. (2.55):
OP1

P2 (p1 , p2 , t)

= OP1 (p1 , t)OP2 (p2 , t),

(2.56)

where P1 denotes one and P2 the other scattering particles. An illustrative example
is the DK interpolator where both mesons are projected to zero momentum pD =
pK = 0 also listed as D(0)K(0):
ih
i
Xh
αβ β
γ
γδ δ
α
s̄a (x, t)γ5 ua (x, t) ūb (y, t)γ5 cb (y, t)
. (2.57)
ODK (p1 = 0, p2 = 0, t) =
p=0

x,y
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One specific Wick contractions for such an operator is diagrammatically shown in
Figure 2.2. There are two types of propagators needed to evaluate this diagram.
The first kind goes from source to sink (or sink to source9 ). The other kind needs
to go from source to source, which is a particular element of the source to sink
propagator, and from sink to sink.

(x′ , t′ )

(x, t)

(y ′, t′ )

(y, t)

Figure 2.2: The box diagram contributing to DK scattering. There are two type
of quark propagators needed to evaluate such a diagram. The first type goes from
source (x0 , t0 ) to sink (x, t) and is typical propagator. The second kind needs to go
from sink (x, t) (or source (x0 , t0 )) to sink (x, t) (or source (x0 , t0 ) ).

2.2.5

Calculating correlation functions: Distillation and
stochastic distillation

Often when studying scattering of mesons the quark propagators from all points on
the lattice to all points on the lattice (all-to-all) are needed, as motivated in the
previous section and Figure 2.2. A particularly nice all-to-all method is distillation
[32] and its extension the stochastic distillation [33], which are used in this work to
evaluate all correlation functions. For the stochastic methods see also Ref. [34].
Distillation
The distillation method uses for the quark source the eigenvectors of the spatial
lattice Laplacian on each time slice instead of point quark sources. We denote an
eigenvector in the time slice t by vi (x, c) = vi (x, c; t), where i denotes the index of
the Laplacian eigenvector, t denotes the time slice 0 . . . Nt − 1, x denotes the spatial
lattice position, while c denotes the color index 1 . . . nc = 3.
All eigenvectors are arranged in a matrix V (t) with the eigenvectors as nc NL3
columns. The unit operator may be written in terms of its spectral decomposition
through the eigenvectors,
VV† =1
(2.58)
or, explicitly
vi (x, c; t) vi∗ (x0 , c0 ; t) = δxx0 δcc0 ,

(2.59)

where we sum over paired indices. The sum over all eigenvectors is truncated to
a subset nv  nc NL3 so that instead of the delta function δx,x0 one obtains a
Gaussian-like shape [32].
9

Propagators from sink to source are related to propagators from source to sink via the γ5
hermiticity. For details see [16].
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We define the standard perambulators as:
τijαβ (t0 , t) = vi∗ (x0 , c0 ; t0 ) Gαβ (x0 , c0 , t0 ; x, c, t) vj (x, c; t)
= vi∗ (x0 , c0 , α; t0 )uαα0 ×
0 0

Gα β (x0 , c0 , t0 ; x, c, t) vj (x, c, β; t)uββ 0 ,

(2.60)

where G is the usual quark propagator as before. In the second step we have
introduced unit length spinors u(1) = (1, 0, 0, 0), u(2) = (0, 1, 0, 0) etc. which makes
the role of the spin indices explicit and which facilitates the later discussion of
stochastic distillation. In this expression and also further down the notation α
indicates that in this case the index is considered fixed and not summed over. The
extra index in the vector is trivial, vj (x, c, β; t) ≡ vj (x, c; t). The perambulators are
thus propagators between quark sources vj (x, c; t) and vi∗ (x0 , c0 ; t0 ).
Once one has determined the perambulators τ , the hadron propagator can be
evaluated with high flexibility in the interpolators. Projection to spatial momenta,
different Dirac and color structure and derivatives all can be defined independent of
the perambulators.
Consider, e.g., a pion interpolator of the form
β
O(p, t) = uα (x, a, t) Γαβ
ab (x, y; p, t) d (y, b, t),

(2.61)

where summation over x, y and pairs of colors (a, b) and Dirac indices (α, β) is
implied. The meson kernel includes projection to spatial momentum p as well as
possible derivatives, color and Dirac structures. We omit all indices for short-hand
notation, writing
(2.62)
O(p, t) = u Γ d.
Distillation introduces the (due to truncation approximate) unit operator (quasi
smearing operator) (2.58) in the form
O(p, t) =u V V † Γ V V † d.

(2.63)

Propagators for such interpolators may then be written
hO(p, t0 ) O† (p, t)i

= hu V V † Γ V V † dd V V † Γ† V V † ui

= −h(V † ΓV ) (V † dd V ) (V † Γ† V ) (V † uu V )i


= − tr (V † Γ V )(V † Gd V )(V † Γ† V )(V † Gu V )
= − tr [φ(t0 )τ (t0 , t)φ(t)τ (t, t0 )] .

(2.64)

The brackets h. . .i denote the integration over the Grassmann variables u, u, d, d and
the extra minus sign is due to anti-commuting u from left to right. The time slice
positions have been indicated for convenience. We have introduced the meson kernel
φ for a given time slice denoted by
φ = V † ΓV or
φαβ
ij

=

(2.65)

vi∗ (x, c)Γαβ (x, c;

where V and Γ also live on that time slice.
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Using γ5 -hermiticity, we can flip the sink and source of the perambulator10 , so
that the sink becomes the source and vice versa:
τ (t, t0 ) = γ5 τ (t0 , t)† γ5 or, short τij = γ5 τji∗ γ5 .

(2.66)

Stochastic distillation
In distillation the number of Laplacian eigenvectors nv grows with the physical
volume in order to keep the source profile constant in physical size.11 This leads
to technical problems for large volumes. As a remedy to this a stochastic version
of distillation was suggested in Ref. [33]. The number of sources nv is reduced
by using stochastic combinations instead of the eigenvectors. We discuss here our
implementation of that formalism.
For the notation we now define (for each quark species) on each time slice vectors
[r]
ρ of 4nv random numbers,
i
h
h
i
α[r] β[r]∗
α[r]
α[r]
= δij δαβ ,
(2.67)
= 0,
ρi ρj
ρi ≡ with
ρi
r

r

(the Greek indices are Dirac indices). We have introduced the average [. . .]r over
the space S of random numbers ρ[r] . In practice one has nr  nv . For S we use the
space of uniformly distributed unimodular complex numbers. The products v · ρ[r]
provide stochastic sources for each r.
It is advantageous to partition the source vectors into disjoint parts (indexed by
b). For the projectors P (b) (with P = P 2 ) we use nb diagonal nv × nv matrices with
diagonal elements assuming values 1 or 0, and


P

(b)


b

≡

nb
X
b=1

P (b) = 1nv ×nv .

(2.68)

With their help we introduce the rectangular nv × nb matrices η α[r] with the matrix
elements
X (b) α[r]
(2.69)
(η α[r] )ib =
Pij ρj .
j

Obviously
[η α[r] η β[r]† ]r = 1nv ×nv δαβ .

(2.70)

We can write the 4nb stochastic sources as scalar product
α[r]

Sb (x, c; t)uαβ =

X

α[r]

vi (x, c; t) ηib uαβ ,

(2.71)

i
α[r]

and replace vi (x, c, α; t) by Sb (x, c; t) in (2.60). In this expression and also further
down the notation α indicates that in this case the index is considered fixed and not
summed over. It will be shown below that Wick contractions expressed in terms of
10

The same holds for propagators.
As a rule of thumb one needs more than O(64) vectors for a box with spatial size 2 fm. For
higher momenta even more vectors are needed and eventually the approach may become inefficient.
11
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sources S will reduce to the expressions in full distillation after averaging over noises
r. We now introduce stochastic perambulators12
αβ[r]

Tib

(t, t0 ) = vi∗ (x, c, α; t)uαα0 ×
0 0

(2.72)
β[r]

Gα β (x, c, t; x0 , c0 , t0 )Sb (x0 , c0 ; t0 )uββ 0 ,

where the noise vectors live in the corresponding time slices. We could recover the
standard perambulators through
i
X h αβ[r]
∗γ[r]
Tib (t, t0 )ηjb
= τijαγ (t, t0 ).
(2.73)
r

b

The stochastic perambulators are propagators from the (nr nb ) stochastic source
[r]
vectors Sb to the sink vectors vi . We will express all hadron propagators in terms
of T .
In our approach we use two types of stochastic sources. The first type (A) locates
the sources on just one time slice. For the partitioning projectors (eigenvector
interlacing) in a given time slice we choose
(b)
Pnm
(t)

= δnm

n
i −1
X

δb+knb ,m ,

(2.74)

k=0

where b runs from 1 to nb = nv /ni and ni is the number of non-vanishing entries
in each P (b) . For each configuration we calculate Nt /nti perambulators for the time
slices with distance nti located at t = 0, nti , 2nti , etc.
The second set of sources (B) are time-interlaced sources and have support simultaneously on several time slices with distance nti . There are k = 0 . . . (nti − 1)
such sources where the k-th of those has support on t = k, k + nti , k + 2nti , . . ..
The perambulators of type (B) are used for the backtracking quark lines on the sink
time slices. For the time-interlacing partitioning projectors P (b) we thus have
(k)
Pnm

=

Nt /nti −1

X

(b)
Pnm
(k + δ nti ).

(2.75)

δ=0

Consider the correlation matrix from Eq. (2.64), replacing τ by the stochastic
perambulator T via (2.73)


tr φ(t0 )τ (t0 , t)φ(t)γ5 τ (t0 , t)† γ5
(2.76)


h
i
†


0
0
= tr φ(t0 ) T [r] (t0 , t)η [r]† r φ(t)γ5 T [r ] (t0 , t)η [r ]† γ5 .
r0

For each r, r0 this may be rearranged
h


i
0
[r] 0
[r]†
[r0 ]
[r0 ]† 0
tr φ(t )T (t , t) η φ(t)η
γ5 T (t , t)γ5
r,r0
h
i
0
0
= tr φ(t0 )T [r] (t0 , t)φb[r,r ] (t)γ5 T [r ]† (t0 , t)γ5
,
r,r0

12

(2.77)

The so defined perambulators are “half”-stochastic; we could have also defined them symmetrically.
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where we have introduced a modified meson kernel operator
0 0
αβ[r,r0 ]
α[r]∗
φbbb0
(t) = Sb (x, c; t)uαα0 Γα β (x, c; x0 , c0 )×

β[r0 ]

Sb0

(x0 , c0 ; t)uββ 0

(2.78)

at the source time slice (α, β are external indices not summed).
An alternative prescription to arrive at this form is to insert (2.70) into the meson
interpolator (2.63) at the source, giving
0

0

M (p, t) = [u V η [r] η [r]† V † Γ V η [r ] η [r ]† V † d]r,r0 .

(2.79)

This then together with (2.64) gives (2.77). This way the “smeared” quark V V † q
has been replaced by V ηη † V † q at the source.
Since it is important for the practical implementation, let us summarize the
range of indices of the terms.
αα0 [r]

• Tjb (t0 , t) for each b and r has a “left” index, j, running over 1 . . . nv and a
“right” index , b, running over 1 . . . nb ; it also has left and right Dirac indices
α and α0 (inherited from τ ),
0

• For φαα
ij (t) both indices i, j run over 1 . . . nv and the Dirac indices over 1 . . . 4.
αα0 [r,r0 ]
• For φbbb0
(t) the indices b, b0 run over 1 . . . nb and the Dirac indices over
1 . . . 4.

• For diagrams with backtracking quark lines we also need another (rectangular)
αα0 [r]
version of the meson kernel: φbi (t),where b run over 1 . . . nb , the other over
1 . . . nv and the Dirac indices over 1 . . . 4.
As an example for a diagram involving backtracking quark lines we consider the
triangle diagram Ds+ → D0 K + which is calculated in Chapter 3. The diagram in
Fig. 2.3 should be read clockwise to be translated to the following expression (Dirac
indices are omitted):
h
[r r ]
[r ]
tr (φbDs )b11b22 (t)(Ts )b22i1 (t, t0 )(φK )i1 i2 (t0 )
i
[r ]
[r ]
[r ]
(Tu )i23b3 (t0 , t0 )(φD )b33i3 (t0 )(Tc )i31b1 (t0 , t)
h
[r r ]
[r ]∗
= tr (φbDs )b11b22 (t)γ5 (Ts )i12b2 (t0 , t)γ5 (φK )i1 i2 (t0 )
i
[r3 ] 0 0
[r3 ] 0
[r1 ] 0
(2.80)
(Tu )i2 b3 (t , t )(φD )b3 i3 (t )(Tc )i3 b1 (t , t)
In this example the perambulator for the backtracking quark line (at the sink) is of
the time-interlaced type (B), the others are of type (A). After the average [..]r1 ,r2 ,r3
over a large number of random numbers, the expression (2.80) formally renders the
expression in full distillation
tr [(φDs )i5 i6 (t)(τs )i6 i1 (t, t0 )(φK )i1 i2 (t0 )
(τu )i2 i3 (t0 , t0 )(φD )i3 i4 (t0 )(τc )i4 i5 (t0 , t) ] .
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i3
ΦD
r3 b3

c
r1 b1

sink

ΦD s
r2 b2

u

source

i2
ΦK
i1

s

Figure 2.3: Diagrammatic representation of the flow of quarks in the triangle contribution Eq. (2.80) for Ds+ → D0 K + . (Figure from Ref. [28].)

2.3

Extracting the spectrum from the correlation
functions

Now that we know how to calculate correlation functions we can use this knowledge
to determine hadron masses, i.e. we are studying hadron spectroscopy. Instead of
working with a single correlation function, we will be building correlation matrices,
where different interpolators will be used for different entries in this correlation
matrix. The basic idea is to choose a large set of interpolators Oi , Oj with the
quantum numbers (and flavor structure) of the hadronic channel we are interested
in and build a correlation matrix from them:
Cij (t − t0 ) = hOj (t)Oj (t0 )† i.

(2.81)

As we can see this matrix depends only on the time slice separation of the two
interpolators t − t0 : this is due to the time-translation invariance.
An important property of Hilbert (Fock) spaces, which we are exploring with
the correlation matrix Cij , is that the basis vectors of the Hilbert space are both
one particle states (such as a pion) as well as multiparticle states (such as scattering
state of pion and kaon). While most physical states have a dominant overlap with a
single basis vector, this does not always hold as we will see in Chapter 3. In general
the correlation matrix Cij (t − t0 ) will be populated by both single hadron states as
well as multi hadron states. The single hadron states, which typically represent the
resonances and bound states will form a discrete spectrum. The multi hadron states,
which we would naively expect to form a continuous spectrum will in a lattice simulation give rise to discrete levels due to finite volume box with periodical boundary
conditions in space. So the spectrum in a lattice QCD simulation is not divided
into the discrete spectrum of resonances (and/or bound states) and the continuous
scattering spectrum but rather into just one set of discrete states – the states with
predominant coupling to single hadron interpolators, states with a large coupling to
multi hadron interpolators and states which couple both to single and multi hadron
interpolators. Note that in an actual simulation it is impossible to have a complete
set of interpolators, but rather we strive to have as many possible and preferably
linearly independent, so that the Hilbert (Fock) space is represented sufficiently.
Nevertheless we are limited to a finite reasonable set of interpolators.
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2.3.1

The variational method

The information we can extract from the correlation matrix is the discrete spectrum
En and the overlaps hOi (0)|ni. This follows from the decomposition of the correlation
matrix:
Cij (t − t0 ) = hOj (t)Oj (t0 )† i =

X
0
hOi (0)|nie−En (t−t ) hn|Oj (0)† i,

(2.82)

n

where En is the finite volume energy of the n-th state and hOi (0)|ni the overlaps of
the n-th state to the interpolator Oi . Naively one would expect to determine the
eigenvalues of the matrix C(t − t0 ), however, the state-of-the-art method is called
the variational method or solving the Generalized Eigenvalue Problem (GEVP) [35,
36, 37, 38]:
C(t)un (t) = λn (t)C(t0 )un (t),

(2.83)

where we redefined t to mean t − t0 . The great advantage of this method is that it
disentangles the spectrum structure and allows us to obtain the energy levels from
the exponential decay of the eigenvalues λn (t) ∝ e−En (t−t0 ) . However, the eigenvalues
will rarely contain a single eigenstate En as the eigenvalues do not correspond to
an eigenstate of the ideal full system. That is why in practice we often use a two
0
exponential fit to the eigenvalue: λn (t) = Ae−En (t−t0 ) + Be−En (t−t0 ) . En is then
the energy of the eigenvalue we are extracting and En0 > En is called excited state
pollution and is not used. As it is difficult to gain any insight into the quality of data
n
from an exponentially decaying function we introduce the effective energy Eef
f:
n
Eef
f (t) = ln

λn (t)
∝ En .
λn (t + 1)

(2.84)

The exponentially decaying function describes the eigenvalue λn (t) in the region
n
where the effective mass Eef
f has a plateau. This plateau defines the region tmin and
tmax between which we fit the eigenvalue to get the energy En . The set of energies
En we extract from a given correlation matrix is the spectrum. Mostly it is not the
entire spectrum, but only some lowest lying levels, which have good quality of data.
For example when calculating the correlation matrix with pseudoscalar interpolators
with light quarks at zero total momentum, the lowest lying state will correspond
with the pion mass E1 = mπ at P = 0.
The overlaps hOi (0)|ni can be extracted from the eigenvectors un (t) by [39]:
hOi (0)|ni =

Zin

=

j
En t/2 |Cij (t)un (t)|
,
e
1
j
2
|Cij (t)un (t)|

(2.85)

however, as in actual simulation they depend on the energy En , this relation only
holds in the plateau region, that is where the second exponential in the eigenvalue
no longer contributes.
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2.3.2

Fitting the energies

An inherent property of every Monte Carlo algorithm is at least some correlation
between the gauge configurations. This means, that the "usual" statistical methods
do not give the correct measure of the distribution of the physically interesting
quantities. That is why we use advanced techniques within this thesis, namely
the single elimination jackknife procedure, which will be reviewed here briefly. For
greater details the reader is referred to [16] and references within.
As already mentioned in Section 2.1.2 and explicitly written in Eq. (2.24) quantities in lattice QCD are calculated via a sum over a finite number of gauge configurations. These configurations are correlated between each other to a certain degree.
This means that within the lattice QCD simulation we will have the same amount
of correlation matrices as there are gauge field configurations (cf. Tables 2.1, 2.3) in
a
this sum. Denote them Ci,j
, where a is index of the gauge configuration. By only
calculating the average and the standard deviation of this set, our errors do not take
into account the correlation between gauge configurations. To get the true measure
of the autocorrelation we use the single elimination jackknife procedure (or in short
just jackknife statistics) to determine the average and deviation.
The procedure goes as follows: we have a set of correlation matrices from a =
1, ...Nconf ig . First we calculate the so called central value Ccv :
Ccv =

Nconf ig

1

X

Nconf ig

C a,

(2.86)

a=1

which is calculated on the original set of correlation matrices. Next we do a jackknife
resampling procedure defined as:
J

C =

Nconf ig

1

X

Nconf ig − 1

a=1

C a (1 − δa,J ).

(2.87)

a

So the point is to resample the set C into an equally large set C J , where each
C J is similar to the central value, but is missing one correlation matrix in the
sum. Suppose then, that we wish to calculate some observable f (C), which can be
expressed from the correlation matrix, for example the energy En .
The central value of any given observable f will be:
f (C)cv = f (Ccv ).

(2.88)

For each jackknife resampled correlation matrix C J we calculate the observable
f (C J ). The average of the observable on the jackknife resampled set is given by:
f (C)ave =

1
Nconf ig

Nconf ig

X

f (C J ).

(2.89)

J=1

From f (C)cv and f (C)ave we can construct the unbiased mean as:
f¯(C) = f (C)cv − (Nconf ig − 1)(f (C)ave − f (C)cv ).

(2.90)

The unbiased deviation is calculated from the jackknife resampled set by:
σf2(C)

Nconf ig
Nconf ig − 1 X
=
(f (C J ) − f (C)cv )2 .
Nconf ig
J=1
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The value of the observable will be f¯(C) with a statistical error of σf (C) , which arises
from the Monte Carlo sampling method. Often this is also referred to as gauge noise.
We perform the above procedure outlined with a general observable f for any
quantity derived from the correlation matrix, such as the GEVP eigenvalues, the
energies extracted from them or any other observable. Most energies within this
work are fitted using the correlated fit procedure, however, in certain cases the uncorrelated fit procedure is used (for details see for example [40]). For the covariance
matrix, we use a jackknife estimate which is calculated on the ensemble average
only. This procedure has been referred to as jackknife reuse in [41].

2.3.3

Understanding the spectrum

The spectrum is a set of energies with the quantum numbers of the correlation
matrix, which we obtain from the fits. However, the spectrum by itself does not
tell us much until we understand the origin of the states present. Typically the set
of energies will consist both of energies corresponding to levels with predominant
overlap to single hadron operators as well as energy levels with dominant overlap
to multi hadron operators. However, not all energy levels can be clearly separated
into these two categories, thus labeling the levels as a single hadron state or a multi
hadron state is not unique. Sometimes there are energy levels that couple both to
single hadron operators and multi hadron operators equally.
Naively the energy levels of a correlation matrix at zero total momentum represent the masses of a composite particle if the operator they dominantly couple to is
a single hadron. If the dominant contribution to the level comes from multi hadron
operators then they are attributed to a "scattering" level or two (multi) particle
level.
The addition of multi meson interpolators in the correlation matrix changes our
interpretation of states. What was called a meson in the single hadron approach,
i.e. when only single meson interpolators are included in the correlation matrix,
now has more degrees of freedom. These are much more similar to the physical case.
Suppose we have a scattering of two mesons P1 and P2 , then we can define their
threshold energy as the sum of their masses:
Ethreshold = mP1 + mP2 .

(2.92)

If we now have some meson X appearing in this scattering channel it can be one of
three possible things:
• A deeply bound state below threshold has a mass much smaller than the
threshold energy, mX  Ethreshold . Deeply bound states are characterized by
their bound state masses mX , which are up to exponentially suppressed terms
equal to the energy En determined from the lattice simulation (cf. [42])
• a resonance appears above the threshold. That is, its mass mX is larger
than the threshold energy Ethreshold . Resonances are characterized by their
resonance mass mX and decay width Γ.
• A shallow bound state is a state whose mass is near below the threshold energy,
mX . Ethreshold . Shallow bound states are characterized by their bound state
masses mX or energy distance to threshold Ethreshold − mX .
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Due to the nature of the system studied, i.e. simulating QCD in a finite volume,
the energy levels of all types of mesons will be shifted with respect to either their
infinite volume counterparts or naively expected multi particle energies. It turns
out these shifts can provide valuable information about physical parameters in the
infinite volume. The theory behind this is explained in the next Section.

2.4

Elastic scattering of two mesons

As we already mentioned, the energies in the spectrum can naively be interpreted
as meson masses, however, they are effected by finite volume effects and cannot be
directly compared to physical quantities unless an infinite volume limit is performed.
To be able to determine the masses (and if applicable decay widths) of hadrons without performing an infinite volume limit we need to study their scattering in the finite
volume and find the position of the poles and zeros in the scattering amplitude. Due
to the Maiani-Testa no-go theorem [43] scattering amplitudes cannot be determined
directly from the amplitudes of correlation functions (or from the GEVP), however,
Lüscher developed a method that connects the infinite volume scattering amplitudes
with the finite volume spectrum. In the following work this method is referred to as
the Lüscher method. First we will quickly review the original method by Lüscher
[44], then we will extend it to scattering of particles of unequal mass at non-zero
momentum. Note that the derivations can be done in multiple ways [44, 45, 46].
Here we follow Lüscher’s way.
The Lüscher method relies on the phase shift δl that is the phase between the
out-going and the in-going hadrons in l-wave, which is directly related to the elastic
scattering amplitude. The basic knowledge on the strong interaction between two
hadrons, which is non-perturbative in its nature, is encoded in the phase shifts. From
it the masses and widths of resonances or energies of bound states that appear in the
l-wave can be determined. For a resonance δl = π/2 at the resonance peak, while
the sharpness of the rise allows the determination of the resonance width according
to a Breit-Wigner type parameterization. For a bound state we can determine the
position of the bound state pole in the scattering matrix and thus also the mass of
the bound state.
Lüscher’s original work described the method how to determine the phase shifts
for elastic scattering of two hadrons from the energies determined in a lattice simulation [44]. He derived the phase shift relation, that connects the two-particle energy
E on a lattice of size L with the infinite volume scattering phase shift δl (s), where
s = E 2 − P2 and P is the total three-momentum of the two hadrons. If one determines the energies E of an l-wave scattering from a lattice simulation with a given
momentum P, one can extract the phase shift δl (s) at particular s = E 2 − P2 using
this relation. Lüscher considered only the case P = 013 .
In order to proceed with the derivation we must first show that both in the
zero total momentum as well as in the non-zero total momentum the Klein-Gordon
13

The explicit phase shift relations for higher l at P = 0 were written down in [47].
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equation can be reduced to the Helmholtz equation. This means, we will treat
the two mesons within relativistic quantum mechanics, i.e. no pair creation from
the vacuum is allowed. Once we show that for both frames the same equation
holds, we will then proceed with the derivation in each specific frame. In the zero
total momentum case, a short outline of Lüscher’s derivation is performed, so that
the non-zero momentum derivation is easier to follow. In both cases we consider
a square lattice box of volume L3 with periodic boundary conditions in all three
spatial directions, while the time extent will be infinite. Space-time is continuous
and discretization errors due to the finite lattice spacing a in an actual simulations
are not considered. The two mesons are described by a two particle wave function
Φ(x1 , x2 ) [48]:
(p̂µ1 p̂µ1 − m21 )Φ(x1 , x2 ) = 0,
(p̂µ2 p̂µ2 − m22 )Φ(x1 , x2 ) = 0,

(2.93)

where pµ is the four momentum operator. The field Φ(x1 , x2 ) can be separated with
the transformation:
m1 x1 + m2 x2
,
m1 + m2
x = x1 − x2 ,

X=

(2.94)
(2.95)

where X denotes the position of the Center-of-Mass Frame (CMF) and x the relative
coordinates of the two bosons. The transformation in the coordinate representation
is accompanied with a similar one in the momentum representation:
m2 pˆ1 − m1 pˆ2
,
m1 + m2
P̂ = pˆ1 + pˆ2 ,
M = m1 + m2 .
p̂ =

(2.96)

Applying these transformations to equations (2.93) gives:
m1 µ
m21 µ
µ
P̂
P̂
+
p̂
p̂
−
2
p̂ P̂µ + m21 )Φ(x, X) = 0,
µ
µ
M2
M
m2
m2
( 22 P̂ µ P̂µ + p̂µ p̂µ + 2 p̂µ P̂µ + m22 )Φ(x, X) = 0.
M
M
(

(2.97)

With the appropriate linear combinations equations (2.97) become:
M2 µ
(
p̂ p̂µ − M 2 + P̂ µ P̂µ )Φ(x, X) = 0,
m1 m2
m2 − m22
m1 − m2 µ
(p̂µ P̂µ −
P̂ P̂µ − 1
)Φ(x, X) = 0.
2M
2

(2.98)

In the absence of external potentials the total momentum of the system, P , is
conserved and Φ(x, X) can be separated as:
µ

Φ(x, X) = e−iPµ X φ(x).
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Inserting the ansatz to the set of equations (2.98) gives:
M2 µ
p̂ p̂µ − M 2 + P µ Pµ )φ(x) = 0,
m1 m2
m2 − m22
m1 − m2 µ
P Pµ − 1
)φ(x) = 0.
(p̂µ Pµ −
2M
2
(

(2.100)

Zero total momentum
When in the Center-of-Momentum frame (CMF) the total momentum becomes
Pµ = (ECM F , 0) and the equations (2.100) simplify to:
2
ECM
F m1 m2
(p̂ p̂µ +
− m1 m2 )φ(x) = 0,
(m1 + m2 )2
ECM F (m1 − m2 ) m21 − m22
(p̂0 −
−
)φ(x) = 0.
2(m1 + m2 )
2ECM F
µ

(2.101)
(2.102)

From equation (2.102) the field φ(x) can be furthermore separated into a time-like
part and a space-like part:
φ(x) = e

i(

m2 −m2
ECM F (m1 −m2 )
2
+ 2E1
2(m1 +m2 )
CM F

)t

φ(x).

(2.103)

By inserting the ansatz (2.103) into equation (2.101) the Helmholtz equation that
will be the focus from here on is obtained:
(∇2 + p2 )φ(x) = 0,

(2.104)

where p2 = p2 is the relativistic scattering momentum between the bosons and is
connected to their masses and the CMF energy ECM F via:
2
(m21 − m22 )2 m21 + m22
ECM
F
+
−
.
p =
2
4
4ECM
2
F
2

(2.105)

We have shown, that in the zero total momentum frame the scattering is governed
by the Helmholtz equation, which we will need in the following sections.
Non-zero total momentum
When in nonzero total momentum frame Pµ = (ELF , P) the situation is a bit
different. Again the separation
µ

ΦLF (x, X) = e−iPµ X φLF (x)

(2.106)

holds. We can relate the spatial solution in the lattice frame (LF) with the CMF
frame:
φLF (x) = φCM F (γ̂(x + vT )),
P
1
v=
and γ = √
.
ELF
1 − v2
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The Lorentz transformation between two systems is performed by γ̂, which acts on
a general vector u as
γ̂u = γuk + u⊥ ,

γ̂ −1 u = γ −1 uk + u⊥ ,

uk =

u·v
|v2 |

v,

u⊥ = u − uk . (2.108)

T is the time separation between the time coordinates of the two particles, however,
we are interested in the case, where both particles have the same time coordinate
T = 0. Thus the lattice frame field is related to the center-of-momentum one via:
φLF (0, x) = φCM F (γ̂x).

(2.109)
(2.110)

The full field Φ(0, x, t, X) can be expressed with the lattice spatial field with the
ansatz:
Φ(0, x, t, X) = e−iELF t+iPX φL (0, γ̂x) = e−iELF t+iPX φCM F (γ̂x).

(2.111)

Inserting this ansatz into the equations 2.100 gives the Helmholtz equation for the
CMF field:
(∇2 + p∗2 )φCM F (x∗ ) = 0,

(2.112)

where p∗ is the scattering momentum in the lattice frame defined as:
p∗2 =

2
m21 + m22
− P2 1 m21 − m22
ELF
+
−
.
2
4
4 ELF
− P2
2

(2.113)

The result in Eq. (2.112) will be important in order to derive the non-zero total
momentum relations between the infinite volume scattering matrix and the finite
volume spectrum.

2.4.1

Elastic scattering in zero total momentum frame

This section reviews Lüscher’s derivation as found in [44]. Some details are left out,
but the main ideas are explained. Its main purpose is to ease the derivation of the
non-zero total momentum case for the reader, which we performed for the first time
in [49].
Two non-interacting bosons in a finite volume cubic box of size L3 with periodic
boundary conditions and total momentum P = 0 are allowed the following momenta:
P = 0 = p1 + p2 ,

p1 = −p2 =

2π
n,
L

n ∈ Z3 .

(2.114)

The combined energy of the two bosons that already provides the two-particle discrete energy spectrum in absence of interactions is then given by:
q
q
E = p21 + m21 + p22 + m22 .
(2.115)
The energies of the interacting scattering states will be slightly shifted with respect to the non-interacting case (2.115). However, the non-interacting case already
gives us a rough estimate of the expected spectrum of scattering states and the corresponding values of the energies E in a simulation with zero total momentum. The
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approximate knowledge on the allowed values of E is very valuable, since it provides
values of phase shifts δ(E) at those values of E.
To study the interactions of the two bosons the two-particle energies E in the finite
box in the presence of the potential V (x∗ ), which depends on their relative distance
x = x1 − x2 , we begin with separating the finite box into two regions. The first
region where the unknown potential V (x∗ ) is present and the second region where
it is not:
(
V (x) if |x| ≤ R,
V (x) =
(2.116)
0
if |x| > R.
In general nothing can be said about the solutions in the interior region (|x| ≤ R)
due to the unknown potential V (x). Thus the focus shifts to the two-particle field
in the exterior region, where the potential drops to zero. An assumption was made
that the interaction is of finite range, however, this assumption can be (at least to
some extent) remedied by the quantum field theory derivation done in Ref. [46]. In
the exterior region, the two-particle field will satisfy equations (2.93) with the same
eigen-energy E as in the interior region due to the continuity of the field (and its
spatial derivative). The equation describing the spatial part of the field was derived
above and is in the form of the well known Helmholtz equation (2.104):
(∇2 + p2 )φ(x) = 0
E=

q

p2

+

m21

x>R

q
+ p2 + m22

(2.117)

(2.118)

and the energy E is just a sum of both individual energies in this region and p is
the scattering momentum. The only effect of the interior region |x| < R on the free
solutions in the exterior region is that φ(x) will depend on the phase shifts δl (p),
which are related to the phase between the out-going and in-going l-wave and parameterize the ignorance of the exact form of the potential V (x). A solution in the
exterior region with momentum p, which is shifted by phase shift δl (p), will satisfy
the periodic boundary condition only for some specific values of p, which fulfill a
specific relation between p, δl (p) and L. This relation is often called the Lüscher
formula and it connects the infinite volume phase shift δl (p) with the momentum of
the scattering particles, p. To determine p the two particle energies E in the finite
box are required. They depend on the strong potential between two hadrons, which
is not known ab-initio in QCD, so we cannot analytically calculate the eigen-energies
E which satisfy Ĥψ(x1 , x2 ) = Eψ(x1 , x2 ), but rather determines eigen-energies E
from a lattice QCD simulation.
Before imposing the boundary conditions in the finite volume, the familiar solutions of the Helmholtz equation for given k in the infinite volume are reviewed. A
general field can be expanded in spherical harmonics Ylm (θ, ϕ), Bessel functions jl
and Neumann functions nl . The solution to the Helmholtz equation in the exterior
region reads:
X
φ(x) =
clm Ylm (θ, ϕ) [al (p)jl (px) + bl (p)nl (px)] , x > R,
(2.119)
l,m
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where p is the momentum of the in/out going partial waves and θ and ϕ are polar
angles of x. The phase shift δl (p) in the infinite volume is commonly defined through
the ratio of the out-going14 l-wave jl − inl and the in-going wave jl + inl with
momentum k
al (p) + ibl (p)
e2iδl (p) ≡
.
(2.120)
al (p) − ibl (p)

The same definition of the phase shift is used in the finite volume, but there the
field is not as simply expressed in terms of jl and nl due to the boundary conditions,
which prohibit certain partial waves due to the breakdown of spherical symmetry.
The solutions φ(x) in the exterior region satisfy both the Helmholtz equation
and the periodic boundary condition at finite L15 :
φ(x) = φ(x + nL)

(2.121)

A simple example, that satisfies the Helmholtz equation and the periodic boundary
conditions, is the Green function in the finite volume:
G(x, p2 ) = L−3

X
r=

2π
n
L

eir·x
, n ∈ Z3 .
r2 − p2

(2.122)

Further solutions that satisfy the Helmholtz equation and the periodic boundary
conditions can be found utilizing the spherical polynomial defined in coordinate
space as
Ylm (x) = |x|l Ylm (θ, ϕ).

(2.123)

In its current representation it gives polynomials that provide solutions to the
Helmholtz equation, however, it can also be used to generate additional solutions
based on an already existing solution, by replacing x with the gradient operator
∇ obtaining: Ylm (∇) [44]. Applying this operator to the already known solution
(2.122) gives:
Glm (x, p∗2 ) = Ylm (∇) G(x, p∗2 ).
(2.124)
The solutions Glm form a complete basis, as was shown by Lüscher [44], and the
general solution φ(x) can be expanded in terms of them
φ(x) =

X

vlm Glm (x, k 2 ),

x > R.

(2.125)

l,m

However, to be able to relate the solutions (2.125) in the external region from the
Green’s function to the spherical Bessel and Neumann functions, that appear in
the phase shift definition (2.120) we need to express Glm as a series in Bessel and
Neumann functions.
x→∞

14

The spherical Neumann function is used as nl (x) −→ cos(x − lπ/2)/x which agrees with [50]
and [44], but differs in sign with [51].
15
Note that periodic boundary conditions are a subset of what is often called twisted boundary
conditions.
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The expansion of the Green function in spherical Bessel and Neumann functions
would naively be:
2

G(x, k ) =

l
X X
l

Ylm (θ, ϕ)(flm (k)nl (kr) + glm jl (kr)),

(2.126)

m=−l

however, this expansion is too general and does not take into account that we are
expanding the Green function of the Helmholtz equation. By noting the following
properties of this expansion [44] we can simplify the ansatz 2.126:
• the singularity of the Green function at r → 0 is described by the Neumann
functions nl ,
• the singularity is constrained by the elliptical differential operator ∇2 + k 2 ,
which bounds the Green function from below as 1/r. This matches the naive
expectation, as the green function for the Helmholtz equation in coordinate
space is proportional to eikr /r,
δ(r).
• (∇2 + k 2 )n0 (kr) = − 4π
k
The expansion of the Green function simplifies to:
l
X X
k
G(x, k ) =
n0 (kr) +
glm Ylm (θ, ϕ)jl (kr).
4π
l m=−l
2

(2.127)

gl m can be related to the zeta function [44] by:
glm =

il
Zlm (1; q 2 ),
πLq l

q=

pL
.
2π

(2.128)

The zeta function Zlm (1; q 2 ) is rather complicated and cannot be expressed via commonly used functions, however, it can be evaluated numerically to desired precision
[44]. It depends on l, m and q 2 = (Lp/2π)2 :
Zlm (q 2 ) =

X Ylm (r)
.
(r2 − q 2 )s
3

(2.129)

r∈Z

The Z00 is finite only for s > 3/2, but the divergence is not physical as it cancels
in the difference between the finite and infinite volume result [44].
By inserting the equation (2.127) into equation (2.124) the ansatz for the solution
of the Helmholtz equation can be obtained:


∞
l0
X
X
(−1)l (p)l+1
2
2
Glm (x, p ) =
nl (pr) Ylm (θ, ϕ) +
Mlm,l0 m0 (q ) jl0 (pr) Yl0 m0 (θ, ϕ) ,
4π
0
0
0
l =0 m =−l
(2.130)
where the relation Ylm (∇)n0 (pr) = (−p) Ylm (θ, ϕ)nl (pr) was taken into account.
The matrix Mlm,l0 m0 (q 2 ) has the form:
l

0

|l+l |
j
(−1)l X X ij
Mlm,l0 m0 (q ) =
Z (1; q 2 )Clm,js,l0 m0
3
j+1 js
q
π2
0 s=−j
2

j=|l−l |
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and Clm,js,l0 m0 is related to the Wigner 3j symbol16 via:



p
l j l0
l j
l0
m0 l−j+l0
0
Clm,js,l0 m0 = (−1) i
(2l + 1)(2j + 1)(2l + 1) ×
.
0 0 0
m s −m0
(2.132)
The general solution in the exterior region for φ(x) can now be expressed in
terms of Mlm,l0 m0 :
X
φ(x) =
vlm Glm (x, p2 ) =
(2.133)
l,m



∞
l0
X
X
(−1)l (p)l+1
2
nl (pr) Ylm (θ, ϕ) +
Mlm,l0 m0 (q ) jl0 (pr) Yl0 m0 (θ, ϕ)
= vlm
4π
0
0
0
l =0 m =−l
and compared with (2.119). By equating the terms appearing in front of Ylm nl and
Ylm jl the following relations are obtained:
(−1)l pl+1
= clm bl (p),
vlm
4π

0

X
l0 ,m0

v

l 0 m0

0

(−1)l pl +1
Ml0 m0 ,lm (q 2 ) = clm al (p).
4π

(2.134)

If vlm is expressed from the first relation and inserted into the second the following
equation is obtained:
X


0=
cl0 m0 bl0 (p)Ml0 m0 ,lm (q 2 ) − al0 (p)δll0 δmm0 .
(2.135)
l 0 m0

This linear system has non-trivial solutions for cl0 m0 only if
det(BM − A) = 0,

(2.136)

where A and B are related to al0 and bl0 via:
Alm,l0 m0 ≡ al (p)δll0 δmm0 ,

Blm,l0 m0 ≡ bl (p)δll0 δmm0

(2.137)

and M is the matrix representation of the Mlm,l0 m0 :
Mlm,l0 m0 ≡Mlm,l0 m0 (q 2 ).

(2.138)

The condition in (2.136) only determines when there are solutions, however, its
usefulness is limited as it involves the amplitudes al and bl , which can in principle
be obtained from a simulation, however, are not needed as all the information is
already contained in the momentum transfer p. The al and bl dependence in (2.136)
can be remedied using the relation:
i
A − BM = [(A + iB)(M − i) − (A − iB)(M + i)].
2

(2.139)

Inserting (2.139) into equation (2.136) and dividing this by det(A − iB), which is
non-zero [44], gives the following expression:

16

I
A + iB
0 = det(BM − A) = det(
(M − i) − (M + i)).
2
A − iB
Wigner 3j symbols are the equivalent to Clebsch-Gordan coefficients
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However, the following relation can be applied
e2iδ =

A + iB
A − iB

(2.141)

to give the determinant condition its final form:
det(e2iδ (M − i) − (M + i)) = 0, l, l0 < lmax ,

Mlm,l0 m0 = Mlm,l0 m0 (q 2 ), [e2iδ ]lm,l0 m0 ≡ e2iδl

(p2 )

(2.142)
)δll0 δmm0 ,

(2.143)

where lmax is a partial wave cutoff greatly simplifying the derivation. This condition is the heart of the phase shift relation and connects the energy E (or p2 ) from
a lattice simulation in a finite volume to the unknown phases δl (p) in the infinite
volume via the calculable matrix elements Mlm,l0 m0 (q 2 ), which are known functions
of q 2 , l, l0 , m and m0 .
If δl = 0 for l > lmax , the relation (2.182) needs to be satisfied for the truncated
square matrices with l, l0 ≤ lmax , as shown in [46]. The determinant of the blockdiagonal matrix is a product of determinants for separate blocks. So the determinant
condition will get simplified when M will be written in such basis that leads to a
block-diagonal form of M and therefore block-diagonal form of e2iδ (M−i) − (M+i).
To further proceed with the Lüscher equation derivation the matrix Mlm,l0 m0 is
written down explicitly with a cutoff lmax = 1:
00
00
w00
√
10 
−i
 √ 3w10
=
11  i √3w1−1
1 − 1 i 3w11


M = Mlm,l0 m0

10
√
i 3w10
w00√+ 2w20
− √3w2−1
− 3w21

11
√
i√ 3w11
3w21
w00√− w20
− 6w22

1−1
√

i√ 3w1−1

√3w2−1  ,
− 6w2−2 
w00 − w20
(2.144)

where wlm is defined as:
wlm ≡

π 3/2

√

1
Zlm (1; q 2 ) .
2l + 1 γ q l+1

(2.145)

Some of the matrix elements Mlm,l0 m0 are zero, which becomes apparent after
explicit numerical evaluation of the wlm ∝ Zlm (1; q 2 ). This is a consequence of the
discrete symmetries of allowed momenta r2 (cf. Eq.(2.129)) in a finite box 2π
n, ∈ Z3 .
L
It is helpful to first study these symmetries and determine the texture of the matrix
M (2.185) for zero total momentum before inserting M to the master determinant
condition (2.142).
The texture of the matrix M can be determined by studying the symmetries of
the solutions in the finite volume box. The group G of the symmetry elements R̂
that leaves the allowed momenta invariant is in the case zero total momentum the
octahedral point group Oh . Some of the consequences of this symmetry are:
• It indicates which Zlm are zero, purely real or purely imaginary.
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• The Green function of the Helmholtz equation G(x, p2 ) (2.122) is invariant
under the transformations R̂ ∈ G due to the sum over n ∈ Z 3 . The other
solutions Glm are generated by applying Ylm (∇), so they transform like Ylm
[44, 52]
l
X

2

Glm (R̂x, p ) =

(l)

Dmm0 (R̂) Glm0 (x, p2 ) ,

(2.146)

m0 =−l
(l)

where Dmm0 (R̂) is defined as a representation of the given rotation in the basis
of Ylm
Ylm (R̂x) =

l
X

(l)

Dmm0 (R̂)Ylm0 (x)

(2.147)

m0 =−l

and is in general reducible. So the solutions Glm form a representation of
group G, which is in general reducible. The solutions can then be projected
(l)
to the irreducible representations (irreps) where Dmm0 (R̂) is block diagonal.
• The same linear combinations of Ylm also lead to the block-diagonal form of
M , as shown by Lüscher (see section 5.3 of [44]).
• The determinant condition (2.142) is greatly simplified in the bases where
M is block-diagonal since the determinant of the block-diagonal matrix is a
product of determinants for separate blocks. In this case the determinant condition is simplified to analogous conditions for separate blocks (i.e. irreducible
representations).
• The lattice interpolators used in simulations have to transform according to
the irreducible representation of the group G.
As already indicated the symmetry group for the case of zero total momentum
is the octahedral point group Oh . The spherical harmonics Ylm form a basis for the
continuous SO(3) group. Its irreducible representations are 2l + 1 dimension, where
l marks the irrep. They decompose into irreps of the octahedral point group Oh ,
whose multiplicity is given by N irrep [53]:
N irrep =

1 X irrep
χ
(R̂)∗ χ(l) (R̂) ,
g

(2.148)

R̂

where g is the order of the group, χirrep (R̂) is the character of a given irrep of the
transformation R̂ (which is in the group) and χ(l) (R̂) is the character of the SO(3)
irrep being decomposed in the Oh group. Note that from the point of view of the
Oh group, the l irrep is in general a reducible representation. The decomposition of
SO(3) irreps into the octahedral point group is a mapping of infinite irreps of SO(3)
into the 10 irreps of Oh , thus it is not surprising to see that an Oh irrep contains
many l representations. Part of the decomposition of SO(3) irreps, lmax ≤ 4, into
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Oh irreps is:
A+
1
−
A2
E+
T1−
T2−

= 0 ⊕ 4 ⊕ ...,
= 3 ⊕ ...,
= 2 ⊕ 4 ⊕ ...,
= 1 ⊕ 3 ⊕ ...,
= 3 ⊕ ...,

(2.149)

(2.150)

The transformations R̂ ∈ Oh leave the mesh of allowed momenta invariant, so
the sum over r in Zlm can be replaced by the sum over r0 = R̂r
Zlm (q 2 ) =

X Ylm (r)
X |r0 |l Ylm (r0 ) X rl Ylm (Rr)
=
=
,
2 − q 2 )s
02 − q 2 )s
2 − q 2 )s
(r
(r
(r
r
r
0
r =R̂r

0

since |r | = |R̂r| = |r|

(2.151)

which will have important consequences for some R̂. Some of the properties of Zlm
for zero total momentum are:
• Zl −m = (−1)m (Zlm )∗ which is the consequence of the analogous relation for
Ylm .
• Zlm = (−1)l Zlm )∗ which comes from the inversion symmetry. From this follows
that Zlm will be purely real for even l and purely imaginary for odd l.
• Zlm = 0 if m is not a multiple of 4.
• Zlm = 0 if l − m is odd, which comes from the reflection symmetry over x or
y axis. Combining this with the above item gives that Zlm = 0 for odd l.
• Z20 = 0, which comes from π/2 rotation round the x axis combined with the
condition for m being a multiple of 4.
The above relations [44] can be easily verified also by explicit numerical evaluation
of Zlm . Applying these relations to the general matrix M (2.144) gives:
00
00
w00
10 
 0
=
11  0
1−1
0


M = Mdlm,l0 m0

10
0
w00
0
0

11
0
0
w00
0

1−1

0
0 

0 
w00

(2.152)

The phase shift relations are obtained from the determinant condition (2.142), which
gets simplified when the Oh point group symmetries from above are applied to the
matrix M , (2.152).

0 = det

e2iδ0 (w00 − i) − (w00 + i)
0
2iδ1
0
e (w00 − i) − (w00 + i)13×3
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Expressing the determinant condition gives the same Lüscher equation for both the
−
A+
1 and T1 irrep:
A+
1 :

tan δ0 (p2 ) =

T1− :

tan δ1 (p2 ) =

π 3/2 Lp
2π
Z00 (1; ( Lp
)2 )
2π
π 3/2 Lp
2π
Z00 (1; ( Lp
)2 )
2π

,

l = 0,

,

l = 1.

(2.154)

(2.155)
This is the final relation that allows the determination of phase shifts δ0 and δ1 from
the energy E of two particles with zero total momentum. Note that in the zero total
momentum the Lüscher equations do not differ for particles with equal or different
mass.

2.4.2

Elastic scattering in non-zero total momentum frame

Often when we want to determine the decay widths of particles it is not sufficient
to only simulate meson scattering at zero total momentum. To get an energy dependence of the phase shift, which allows to determine a resonance decay width,
we simulate meson scattering also at nonzero momentum where the invariant mass
s = E 2 − P2 and P 6= 0. This then gives us access to δ(s) at more values of s. The
phase shift relations for this case were derived in [45, 46, 52, 54], but these consider
the scattering of two particles with equal mass (m1 = m2 ) 17 . In this section we
present our original derivation for the equations connecting the infinite volume phase
shifts with the finite volume spectrum in the case of scattering of two particles with
unequal mass at non-zero total momentum.
Consider the same square lattice box of volume L3 with periodic boundary conditions in all three spatial directions and infinite time extent, but now the particles
in the box will have non-zero total three-momentum P. Again has to satisfy the
periodic boundary condition
2π
d,
d ∈ Z3 .
(2.156)
L
Following the ideas from above we wish to derive how the total energy E measured
by the observer at rest with respect to the lattice frame (LF), i.e. lattice square
box, is connected to the infinite volume scattering phase shift δ. To understand this
we first consider the case of non-interacting particles. In the interacting case, where
the energy E depends on the scattering phase shifts δl , we will eventually find the
relations between the phase shift δ and the energies E determined in simulation.
The scattering in partial wave l refers to the center-of-momentum frame (CMF),
which moves with the velocity
P = p1 + p2 ≡

v=

P
E

,

γ=√

1
1 − v2

(2.157)

with respect to the lattice frame. Therefore the system of interest is the physical
system in the center-of-momentum frame (CMF), where the quantities will be denoted by ∗. The Lorentz transformation between two systems is performed by γ̂,
17

The determinant condition (50) is derived for general m1,2 in [46], while the function F that
enters in it is provided for m1 = m2
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which acts on a general vector u as in Eq. (2.108). In short:
γ̂u = γuk + u⊥ ,

γ̂ −1 u = γ −1 uk + u⊥

(2.158)

it preserves the component perpendicular to v and modifies the component parallel
to v. The lattice square box is deformed to some general parallelepiped, and its
shape depends on the direction of P. The two-particle wave functions in CMF will
“see” the lattice box in the shape of this parallelepiped and the technical difficulty is
that the periodic boundary condition on the CMF wave functions has to be enforced
with respect to this parallelepiped.
In the non-interacting case there are two major simplifications: the momenta of
the individual particles also satisfy the periodic boundary condition and the energy
is the sum of the individual energies
q
q
p1 + p2 = P ,
(2.159)
E = p21 + m21 + p22 + m22 ,
p1 =

2π
n,
L

p2 =

2π 0
n ,
L

n, n0 ∈ Z 3 .

This already provides the two-particle discrete energy spectrum in absence of interactions. The energies of the interacting scattering states will be slightly shifted with
respect to the non-interacting case (2.159) as in the case of the zero total momentum.
However, lattice QCD simulations withqP = 0 will provide
q only the values of s-wave
√
and p-wave phase shifts δ(s) at s ' m21 + n( 2π
)2 + m22 + n( 2π
)2 , n = 1, 2, 3...
L
L
as shown by circles in Fig. 2.4; note that the lowest scattering state P1 (0)P2 (0) is
e and P = 2π
(ex + ey )√will provide the
not present in p-wave. Simulations at P = 2π
L z
L
18
values of s-wave and p-wave phase shifts at additional values√of s√given by the
stars and triangles in Fig. 2.4, respectively. Those values of s = E 2 − P2 are
obtained simply by using the energies E (2.159) for certain values of p1 ∈ 2π
n and
L
0
p2 ∈ 2π
n
.
The
allowed
combinations
of
p
and
p
will
be
understood
only
after
the
1
2
L
symmetries of the two-particle system in CMF are employed. For each irreducible
representation they can be read off from the P1 P2 interpolators given in (2.206) and
(2.207).
Since symmetries in CMF frame will be important, also the values of the allowed
momenta p∗ in the CMF frame for non-interacting case are needed
p∗ = p∗1 = −p∗2

p∗ = |p∗ |

to study the scattering. p∗ is extracted from p1 =

2π
n
L

(2.160)

using

p1 = γ̂(p∗ + vE1∗ ) ,

p2 = γ̂(−p∗ + vE2∗ )
so


2πd E ∗ 
m21 − m22 
∗
−1
∗
−1
∗
−1
p = γ̂ p1 − vE1 = γ̂ [p1 − γvE1 ] = γ̂
p1 − γ
1+
LE 2
E ∗2
p∗ = γ̂ −1 (p1 − 12 A P) ,
(2.161)
18

It will be shown later on that the s-wave appears only in the irreducible representation A1 for
P ∝ ez and P ∝ ex + ey . p-wave will also appear in this irrep, so extracting s-wave phase shift is
challenging, as discussed in section 2.4.3.
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total
momenta

irrep
S-wave and P-wave

P=ex+ey

P = ez

A1
A1

S-wave

+

A1

P=0
P-wave

P=ex+ey

B3

P=ex+ey

B2

P = ez

E
_
T1

P=0
0.6

0.7

0.8

0.9

1

1.1

1.2

1.3

1.4

1.5

1.6

sqrt(s) [GeV]

√
√
Figure 2.4: Values of the allowed s = E 2 − P 2 for non-interacting scattering
states of two particles with mass m1 = 200 MeV, m2 = 500 MeV and total momentum
the values
√ P in the lattice box of L = 3 fm. Simulations at P = 02πprovide only 2π
the simulations with P = L ez and P = L (ex + ey )
of s given by the circles, while
√
provide also the values of s given by the stars and triangles, respectively. Each
line
√ corresponds to a definite irreducible representation in CMF, and corresponding
s are obtained from E (2.159) and choices of p1,2 in (2.206) and (2.207).
where in the second step E1 = (E ∗ /2)[1 + (m21 − m22 )/E ∗2 ] is expressed in terms of
energy in CMF
q
q
∗
2
∗2
(2.162)
E = p + m1 + p∗2 + m22 = γ −1 E
and the coefficient A is defined as
A≡1+

m21 − m22
E ∗2

(2.163)

which is different from 1 only when m1 6= m2 . The values of p∗ are expressed in
terms of the dimensionless CMF momentum q
p∗ ≡

2π
q
L

(2.164)

and the allowed values of q in the non-interacting case are
q=r

r ∈ Pd

(for non − interacting case)

(2.165)

where the r ∈ Pd is set of vectors given by the mesh obtained combining (2.161,2.164,2.165)
and p1 = 2π
n
L
Pd = { r | r = γ̂ −1 (n −

1
2

A d) } ,

n ∈ Z3

(2.166)

which agrees with [48, 55]19 . The symmetries under which this set of points is invariant will play a major role later on. The equality q = r (2.165) will be modified
19

The sign in Pd is different than [48], but both signs lead to the same (infinite) mesh of points.
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by the two-particle interactions in the finite volume.
Now the interactions between particles are turned on and the elastic scattering
of two interacting particles with unequal mass and integer spin in a finite box using
relativistic quantum mechanics is considered for the first time, along the lines of
Rummukainen-Gottlieb, where m1 = m2 [54], and Fu that presented the analogous
derivation for m1 6= m2 [48].
For the case m1 = m2 , the quantum mechanics result of [54] was subsequently
reproduced using the Bethe-Salpeter equation [45] and using the quantum field theory [46]. The phase shift relations from all approaches agree when one neglects
the terms, that are exponentially suppressed with the box size L in the quantum
field theory. The phase shift relations derived here can therefore be applied if L in
the simulation is large enough that the terms of the order of e−mπ L can be neglected.
The potential between the two mesons now has to be taken in the CMF frame,
where the two particle wave functions can be considered analytically in the exterior
region. There the potential drops to zero
V (x∗ ) = 0

for

|x∗ | > R.

(2.167)

Following the same assumptions as in the zero total momentum case we can again
solve the Helmholtz equation which we have shown holds for φCM F (x∗ ) in the beginning of the Section:
(∇2 + p∗2 )φCM F (x∗ ) = 0

x∗ > R

(2.168)

q
q
2
∗2
E = p + m1 + p∗2 + m22 = γ −1 E
∗

(2.169)

where total energy E ∗ is determined from a lattice QCD simulation.
The familiar solutions in the exterior of the Helmholtz equation now hold in the
CMF frame:
φCM F (x∗ ) =

X

clm Ylm (θ, ϕ) [al (p∗ )jl (p∗ x∗ )+bl (p∗ )nl (p∗ x∗ )] ,

x∗ > R . (2.170)

l,m

The phase shift δl (p∗ ) in the continuum is defined through the ratio of the out-going
l-wave jl − inl and the in-going wave jl + inl with momentum p∗ as in Eq. (2.120).
Consider now the solutions φCM F (x∗ ) in the exterior region, that satisfy the
Helmholtz equation and also the boundary condition at finite L. Periodic boundary
conditions in the lattice frame read
Φ(x1 , x2 ) = Φ(x1 + n1 L , x2 + n2 L)

(2.171)

and are most commonly used in actual simulations. These boundary conditions
impose that φCM F (x∗ ) need to satisfy the so-called d-periodic boundary condition,
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which was derived by Fu [48] for P 6= 0 and m1 6= m2 using the Lorentz transformation between the two frames20 :
φCM F (x∗ ) = (−1)An·d φCM F (x∗ + γ̂nL)

n ∈ Z3 .

(2.172)

A simple example, that satisfies the Helmholtz equation and the d-periodic
boundary condition, is the Green function
∗

d

∗

∗2

G (x , p ) = γ

−1

L

−3

X
2π
k= r, r∈Pd
L

eik·x
k2 − p∗2

(2.173)

where Pd is a mesh of points Pd (2.166). Other solutions that satisfy the Helmholtz
equation and the boundary conditions (2.172) are [44, 48, 54]
Gdlm (x∗ , p∗2 ) = Ylm (∇) Gd (x∗ , p∗2 ) ,

Ylm (x) ≡ xl Ylm (θ, ϕ) .

(2.174)

The solutions Gdlm form a complete basis, as in the zero total momentum case, and
the general solution φCM F (x∗ ) can be expanded in terms of them
X
vlm Gdlm (x∗ , p∗2 ) ,
x∗ > R .
(2.175)
φCM F (x∗ ) =
l,m

The technical difficulty arises from the fact that the solutions (2.175) satisfy
boundary conditions (2.172) related to the parallelepiped in CMF, while the phase
shifts δl are related to the coefficients in front of the out-going jl − inl and in-going
jl + inl spherical waves as in the infinite volume (2.120). So we need to express
the d-periodic solutions (2.174) in terms of the spherical Bessel functions jl and nl .
That can be done in analogous way as performed for P = 0.
Gdlm (x∗ , p∗2 ) =
(2.176)
0


∞
l
X
X
(−1)l (p∗ )l+1
d
∗ ∗
2
∗ ∗
Mlm,l0 m0 (q ) jl0 (p x ) Yl0 m0 (θ, ϕ)
nl (p x ) Ylm (θ, ϕ) +
4π
0
0
0
l =0 m =−l
where Mdlm,l0 m0 (q 2 ) are calculable matrices for given l, m, l0 , m0 , d, q = Lp∗ /(2π)
and A (2.163) and the explicit expression will be given in the next section. The θ
and ϕ are polar angles of x∗ .
The general solution in the exterior region φCM F (x∗ ) (2.175) is obtained by
inserting (2.176), and one needs to relate this to the form (2.170) in order to extract
the phase shifts defined by (2.120)
φCM F (x∗ ) =
(2.177)


X
X
(−1)l (p∗ )l+1
∗ ∗
d
2
∗ ∗
=
vlm
nl (p x ) Ylm (θ, ϕ) +
Mlm,l0 m0 (q ) jl0 (p x ) Yl0 m0 (θ, ϕ)
4π
lm
l0 ,m0
X
=
clm Ylm (θ, ϕ) [al (p∗ )jl (p∗ x∗ ) + bl (p∗ )nl (p∗ x∗ )] ,
x∗ > R .
l,m
20

Fu [48] has a different sign here, but this represents exactly the same boundary condition since
m2 −m2
(−1)An·d = exp(±iπn · d) exp(±iπ 1E ∗2 2 n · d) where each of two signs can be + or −. A different
sign is chosen compared to Fu as it is more in line with the definition of Pd (2.166).

61

Chapter 2. Methods
By equating the terms in from of Ylm nl and Ylm jl the following two relations are
obtained
(−1)l (p∗ )l+1
vlm
= clm bl (p∗ ) ,
4π
and vlm

0

0

(−1)l (p∗ )l +1 d
vl0 m0
Ml0 m0 ,lm (q 2 ) = clm al (p∗ )
4π
l0 ,m0
X

(2.178)
can be expressed from the first relation and inserted into the second
X


cl0 m0 bl0 (p∗ ) Ml0 m0 ,lm (q 2 ) − al0 (p∗ )δll0 δmm0 = 0 .
(2.179)
l0 ,m0

This linear system has nontrivial solution for cl0 m0 only if
det(BM − A) = 0

Alm,l0 m0 ≡ al (p∗ )δll0 δmm0 ,

Blm,l0 m0 ≡ bl (p∗ )δll0 δmm0 (2.180)

where A and B are defined as diagonal matrices related to coefficients al and bl [44]
and they finally provide the information on the phase δl defined by (2.120)
e2iδ =

A + iB
.
A − iB

(2.181)

Similarly to zero total momentum case we get the the final relation between the
diagonal matrix e2iδ and (in general) non-diagonal matrix M :
l, l0 ≤ lmax

det[e2iδ (M − i) − (M + i)] = 0 ,
Mlm,l0 m0 ≡Mdlm,l0 m0 (q 2 ) ,

(2.182)

∗

[e2iδ ]lm,l0 m0 ≡ e2iδl (p ) δll0 δmm0 .

This condition is the heart of the phase shift relation and relates the energy E (or p∗
or q) measured on the lattice to the unknown phases δl (p∗ ) via the calculable matrix
elements Mdlm,l0 m0 (q 2 ), that will be given shortly. The energy level E will provide
the information on the phase shift δl (p∗ ) at CMF momentum p∗ , that is related to
E via (2.169).
If δl = 0 for l > lmax , the relation (2.182) needs to be satisfied for the truncated
square matrices with l, l0 ≤ lmax , as shown in [46]. The determinant of the blockdiagonal matrix is a product of determinants for separate blocks. So the determinant
condition will get simplified when M will be written in such basis that leads to a
block-diagonal form of M and therefore block-diagonal form of e2iδ (M−i) − (M+i).
d
Definitions of Mdlm,l0 m0 and Zlm
for m1 6= m2
d
We can now explicitly define Mdlm,l0 m0 and Zlm
for m1 6= m2 . The explicit
2
d
expression for Mlm,l0 m0 (q ), that were introduced while expanding Gdlm in terms of
jl and nl (2.176) [44, 48, 54] is:
0

Mdlm,l0 m0 (q 2 )
Clm,js,l0 m0

j
l+l
(−1)l X X ij d
Z (1; q 2 ) Clm,js,l0 m0 ,
(2.183)
≡
j+1 js
γπ 3/2
q
0
j=|l−l | s=−j



p
l j l0
l j l0
m0 l−j+l0
0
≡ (−1) i
(2l + 1)(2j + 1)(2l + 1)
,
m s −m0
000
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where Clm,js,l0 m0 is expressed in terms of the 3j-Wigner symbols related to the
d
Clebsch-Gordan coefficients.. The modified zeta function Zlm
is defined as in [48, 55]
d
Zlm
(s; q 2 ) ≡

X
r∈Pd

Ylm (r)
,
(r2 − q 2 )s

(2.184)

where Pd is the mesh of points defined in (2.166), and Ylm is defined in (2.174). In the
special case d = 0, the definition of the zeta function (2.184) agrees with the original
definition by Lüscher [44]. The zeta function depends on l, m, q 2 = (Lp∗ /2π)2 , d
and A (2.163). The Z00 is finite only for s > 3/2, but the divergence is not physical
as it cancels in the difference between the finite and infinite volume result, as exd
is obtained by analytical continuation from
plained in the Appendix B, where Z00
2
d
s > 3/2 to s = 1. The Zlm (1; q ) is finite for l 6= 0, but the sum (2.184) converges to
slowly for practical evaluation. A derivation of a suitable expression for numerical
evaluation is given in Appendix B. It reproduces the known result in the special case
m1 = m2 [54].
General form of M for lmax = 1
The main interest is in extracting the S and P -wave phase shifts δl=0,1 (p∗ ) for
the scattering of two particles with different mass. This problem is significantly
simplified if the scattering phases for the partial waves with l > lmax = 1 are small
and can be neglected, i.e. assume that δl>1 = 0. This is generally true for small
p∗ , where higher partial waves are generally suppressed by δ(p∗ ) ∝ (p∗ )2l+1 and is
often true also for a range of p∗ if there is no D-wave resonance in the vicinity. The
phases for the higher partial waves were explicitly found to be small for p∗ ≥ 1 GeV
in the simulation [56] of the non-resonant channel ππ with I = 2.
Assuming δl>1 = 0, the general form for the 4 × 4 matrix M in the basis lm =
00, 10, 11, 1 − 1 and the expression Mdlm,l0 m0 (2.183) is:
1−1
√

i√ 3w1−1

√3w2−1  ,
M = Mdlm,l0 m0
− 6w2−2 
w00 − w20
(2.185)
where wlm is defined in a similar way as for the case P = 0, however, now with
d
Zlm
(1; q 2 ) (cf. Eq. (2.184)) instead of Zlm (1; q 2 ):
00
00
w00
√
10 
−i
 √ 3w10
=
11  i √3w1−1
1 − 1 i 3w11


wlm ≡

π 3/2

√

10
√
i 3w10
w00√+ 2w20
− √3w2−1
− 3w21

11
√
i√ 3w11
3w21
w00√− w20
− 6w22

1
d
Zlm
(1; q 2 ) .
2l + 1 γ q l+1

(2.186)

Consequences of the discrete symmetries of mesh Pd
Some of the matrix elements Mdlm,l0 m0 (2.185) are zero for particular choices of d,
d
which becomes apparent after explicit numerical evaluation of the wlm ∝ Zlm
(1; q 2 ).
This is a consequence of the discrete symmetries of the mesh Pd (2.166) in CMF. It
is helpful to first study these symmetries and determine the texture of the matrix
M (2.185) for particular d before inserting M to the master determinant condition
(2.182).
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a)

y

b)

y

c)

y
ex + ey

x

x

x
ex − ey

Figure 2.5: The mesh Pd (2.166) for d = ex + ey and m1 6= m2 (A 6= 1) is plotted in
(c), while (a) and (b) show the steps how to get it.
So the solutions Gdlm form a representation of group G as in the case of zero
total momentum, which is in general reducible. The energy eigenstates in (2.175)
are certain linear combinations of Gdlm that transform according to the irreducible
(l)
representation of the G; the representation Dmm0 (R̂) of transformation R̂ is in an
irreducible block-diagonal form in this basis.
• The same linear combinations of Ylm will also lead to the block-diagonal form of
M , as shown by Lüscher (see Section 5.3 of [44]). The block-diagonal form can
be obtained in two ways, either by finding the basis from the group properties
or by finding the correct transformation of the matrix M directly.
• The determinant condition (2.182) is greatly simplified in the bases where M is
block-diagonal since the determinant of the block-diagonal matrix is a product
of determinants for separate blocks21 . In this case the determinant condition
is simplified to analogous conditions for separate blocks (i.e. irreducible representations).
• The lattice interpolators, that are written down in the lattice frame, have
to transform according to the irreducible representation of the group G after
transformed to the CMF frame or in other words, the interpolators need to
reflect the symmetry of the system. Useful examples of quark-anti-quark and
meson-meson interpolators, that satisfy this property and be used in the actual
simulations to extract the phase shifts are provided in Section 2.4.5.
For these reasons the symmetries of the mesh Pd (2.166) for separate cases of d are
considered.

2.4.3

P = (2π/L)(ex + ey ) and consequences of C2v symmetries

First the case of the momentum d = ex + ey is inspected in detail, since it is
general enough to illustrate the procedure and since the corresponding group has
few elements. All the results can be easily generalized to the case d = N (ex + ey )
or any permutation in the direction.
In order to block-diagonalize the matrix M the symmetry transformations R̂
that leave Pd invariant need to be found. The mesh Pd (2.166) can be visualized in
Fig. 2.5c and is obtained in two steps:
Note that e2iδ (M−i)−(M+i) is block diagonal when M is block diagonal, since e2iδ is diagonal
by construction (2.182).
21
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represent. dim Id C2 (ex + ey ) σ(ex − ey ) σ(ez ) polynom. vector u
irrep. A1 1 1
1
1
1
1 , x + y 0, ex + ey
irrep. A2 1 1
1
-1
-1
(l > 1)
(l > 1)
irrep. B3 1 1
-1
1
-1
z
ez
irrep. B2 1 1
-1
-1
1
x−y
ex − ey
l=0
Γ
1 1
1
1
1
Y00
l=1
Γ
3 3
-1
1
1 Y10 , Y11 , Y1−1
P
Table 2.5: Characters χ(R̂) = dim
i=1 D(R̂)ii of representations D for transformations R̂ ∈ C2v (with principal axis ex + ey ), that leave the mesh Pd in Fig. 2.5 for
d = ex + ey invariant. Representations A1,2 and B2,3 are irreducible while the representation Γl=1 is reducible. Example of polynomials and vectors u that transform
according to these representations are given on the right.

1. First the cubic mesh r = n ∈ Z 3 in Fig. 2.5a is shifted by − 21 Ad ∝ ex + ey and
since A 6= 1 for m1 6= m2 (2.163), the origin is not in the center of the unit cell
in xy plane (Fig. 2.5b). The inversion I with respect to the origin is lost as
a symmetry at this stage, so the corresponding group G will not contain the
element I; this is a major difference with respect to degenerate case m1 = m2
or zero total-momentum case, when the origin is at the center of the unit cell
in xy plane and inversion I is a symmetry of the mesh. This has important
consequences, for example that sectors with even and odd l do not decouple.
This by itself presents major challenges in certain cases.
2. In the second step γ̂ −1 contracts the distances in the direction v ∝ ex + ey
and keeps the distances perpendicular to that, so the mesh is not modified in
z direction.
The resulting unit cell in Fig. 2.5c has the form of rhombic prism and the mesh Pd
is invariant only under four transformations R̂ listed in Table 2.5. There Id denotes
the identity, Cn (V) denotes a rotation by 2π/n around V, while σ(V) denotes the
reflection with respect to the plane perpendicular to V. These four transformations
form the group C2v , which has only one-dimensional irreducible representations. For
the one-dimensional irreducible representation the transformation R̂ on a vector u
is given by the character χirrep (R̂)
R̂ u = χirrep (R̂) u ,

χirrep (R̂) = ±1 ,

for 1D irrep .

(2.187)

The characters of the irreducible (A1,2 , B2,3 ) and reducible (lm) representations are
given in Table 2.5 along with an example of polynomials and vectors u that transform
according to these representations22 .
The functions Ylm and also the solutions Gdlm form a representation Γ(l) for transformations R̂ ∈ C2v , but the 2l + 1 dimensional representation Γ(l) with m = −l, .., l
With the change of coordinates e0z = √12 (ex + ey ), e0y = √12 (ex − ey ) and e0x = ez the notation
for C2v coincides with the more conventional one, but the used notation is more appropriate for
d = ex + ey . Note that the naming for B2,3 agrees with [52, 57] in m1 = m2 limit, while B1 does
not have an analog for m1 6= m2 . B3 in [48] is denoted by B1 . This nomenclature only serves as
an easier comparison to the case of m1 = m2 .
22
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is in general reducible. The number of times (N irrep ) that irreducible representation
enters in Γ(l) is given by (2.148) [53]. The characters of irreducible representations
χirrep (R̂) and reducible representations χ(l) (R̂) are given in Table 2.5. The resulting
decomposition is23
Γ(0) = A1

(2.188)

Γ(1) = A1 ⊕ B3 ⊕ B2

Γ(2) = 2A1 ⊕ A2 ⊕ B3 ⊕ B2

This indicates that the solutions (and also interpolators) that transform according
to the listed irreps will contain the following partial waves
B3 : l = 1, 2, ..

B2 : l = 1, 2, ..

A1 : l = 0, 1, 2, ..

A2 : l = 2, ..
(2.189)
so B3 or B2 in CMF will couple to l = 1, but not to l = 0. These two representations
therefore provide a rather clean possibility to extract l = 1 phase shift if partial
waves with l > 1 can be neglected. The interpolators that transform according to
irrep A1 in CMF will couple to both l = 0 and l = 1, and there is unfortunately
no irreducible representation which would couple only to l = 0. This will present
a serious challenge for a reliable extraction of l = 0 phase shift in simulations with
non-zero total momentum, as will be discussed in more detail later on.
The mixing between the even and odd l occurs since inversion is not an element of
the group C2v (see Table 2.5). Note that this mixing is not present for the scattering
of particles with m1 = m2 and total momentum d = ex + ey since inversion is an
−
element of D2h ; A+ contains only the waves l = 0, 2 and l ≥ 4, while B1,2,3
contains
only l = 1 and l ≥ 3 [52]. This mixing is also not present for the scattering of
particles with m1 6= m2 and total momentum P = 0, where A+
1 contains only
−
l = 0, 4, .. and T1 contains only l = 1, 3, .. [44].
d
as consequences of the symmetries for d = ex + ey
Values of Zlm

The transformations R̂ ∈ C2v leave the mesh Pd invariant, so the sum over r ∈ Pd
in Zlm (2.184) can be replaced by the sum over r0 = R̂r
d
Zlm
(q 2 ) =

X |r0 |l Ylm (r0 ) X rl Ylm (Rr)
X Ylm (r)
=
=
2 − q 2 )s
02 − q 2 )s
(r
(r
(r2 − q 2 )s
r
r
0
r =R̂r

(2.190)
0

since |r | = |R̂r| = |r|
which will have important consequences for some R̂. Now we can list the properties
d
of Zlm
for d = ex + ey :
d ∗
• Zld−m = (−1)m (Zlm
) which is the consequence of the analogous relation for
Ylm .
d
d ∗
• Zlm
= im (Zlm
) since R̂ = σ(ex − ey ) ∈ C2v :
23

The decomposition agrees with [48], but there B3 is denoted by B1 .
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The reflection R̂ = σ(ex −ey ) with respect to the plane perpendicular to ex −ey
transforms x → y, y → x, z → z or equivalently θ → θ, eiϕ ∝ x + iy → y +
ix = i(x − iy) ∝ ie−iϕ . This transforms Ylm ≡ f (θ) (eiϕ )m → f (θ)(ie−iϕ )m =
d ∗
d
).
= im (Zlm
f (θ)im e−imϕ = im (Ylm )∗ and then (2.190) leads to Zlm
d
d
d
d
) = 0 for m =
) this leads to Im(Zlm
) + i Im(Zlm
= Re(Zlm
Rewriting Zlm
d
d
d
) = 0 for m = 2, 6, .. and
) for m = 1, 5, .., Re(Zlm
) = Im(Zlm
0, 4, .., Re(Zlm
d
d
) for l = 3, 7, .., independent of the value of l.
) = −Im(Zlm
Re(Zlm

d
holds for any case where the mesh Pd is symmetric under
This property of Zlm
R̂ = σ(ex − ey ), which is true for all d = 0, ex + ey , ez in case of degenerate
or non-degenerate masses.

d
• Zlm
= 0 for l − m = odd since σ(ez ) ∈ C2v :

The reflection R̂ = σ(ez ) with respect xy plane transforms θ → π − θ and
d
ϕ → ϕ, while Ylm (π − θ, ϕ) = (−1)l−m Ylm (θ, ϕ) so (2.190) leads to Zlm
=
l−m d
(−1) Zlm .

d
d
d
• Note that if inversion I would be in G then Zlm
= (−1)l Zlm
or Zlm
= 0 for
odd l. This would decouple parts of M for even and odd l. In the present case
d
m1 6= m2 and d 6= 0, so I is not element of G and Zlm
is not zero in general
for odd l.

The above relations were verified to be true also with the explicit numerical evald
d
uation of Zlm
. For example Z11
(m1 6= m2 ) 6= 0 and has equal real and imaginary
d
part, while Z11 (m1 = m2 ) = 0 as required by the symmetries of D2h for the massdegenerate case [52].
The matrix Mdlm,l0 m0 for d = ex + ey
d
or equivalently wlm (2.186) simplify the general matrix
The above relations for Zlm
M (2.185) to

00
00
w00
10 
 √0
=
11  −√ 3w11
1 − 1 i 3w11


M = Mdlm,l0 m0

10
0
w00 + 2w20
0
0

11
√
i 3w11
0
w00√− w20
− 6w22

1−1
√

− 3w11

 (2.191)
√0
6w22 
w00 − w20

∗
∗
since iw1−1 = −iw11
= −w11 due to Re(w11 ) = Im(w11 ), and w2−2 = w22
= −w22
due to Re(w22 ) = 0, while w00 and w20 are real.

Phase shift relations for d = ex + ey
The phase shift relations are obtained from the determinant condition (2.182), which
gets simplified when M (2.191) is written in the basis that renders it block-diagonal.
Extracting P -wave phase shift from irreps B3 or B2
The part Y10 ∝ z already presents a separate block, which transforms according
to B3 : z gets multiplied by −1 for reflection with respect to xy plane and rotation
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around ex +ey and stays invariant for other two transformations (see Table 2.5). The
determinant condition for this 1 × 1 block requires det[e2iδ1 (M B3 −i) − (M B3 +i)] = 0
or equivalently tan(δ1 ) = 1/M B3 with M B3 = w00 + 2w20 , so
d = ex + ey , B3 of C2v :
tan δ1 (p∗ ) =

(2.192)

π 3/2 γ q
.
d
d
(1; q 2 ) + √25 q −2 Z20
(1; q 2 )
Z00

This is the relation that allows the determination of P -wave phase shift δ1 (p∗ ) from
the energy E of two particles with total momentum P = 2π
(ex + ey ) when one uses
L
the interpolators that transform according to B3 .
The eigenvectors of the remaining 3 × 3 matrix M (2.191) reveal that one simple
eigenvector is uB2 = √12 (−iY11 + Y1−1 ) ∝ x − y which transforms according to B2
√
(see Table 2.5). The corresponding eigenvalue is M B2 = w00 − w20 − 6Im(w22 )
and the determinant condition (2.182) for this 1 × 1 block gives tan(δ1 ) = 1/M B3 ,
or
d = ex + ey , B2 of C2v :
tan δ1 (p∗ ) =

(2.193)
π 3/2 γ q

d
Z00
(1; q 2 ) −

√1
5

d
q −2 Z20
(1; q 2 ) −

√
√6
5

d
q −2 Im[Z22
(1; q 2 )]

.

This is another relation that allows determination of δ1 (p∗ ) when using interpolators
in irrep B2 .
The phase shift relations for irreps B3 (2.192) and B2 (2.193) agree24 with the
expressions in [52, 57] for the case m1 = m2 . The remaining representations, discussed bellow, have different role in the m1 = m2 and m1 6= m2 cases.
Extracting S-wave phase shift from irrep A1
The remaining 2 × 2 matrix M can not be reduced further and spans the space
A1
1
√1
in the basis of vectors uA
1 = 2 (Y11 − iY1−1 ) ∝ x + y and u2 = Y00 ∝ 1, which are
perpendicular to the vectors uB3 = Y10 and vB2 above. The vectors x + y and 1 both
remain invariant under all four R̂ ∈ C2v and belong to A1 irreducible representation
1
(see Table 2.5). The remaining 2 × 2 block in the basis uA
1,2 is contained in
Y00

Y00

B
Mab
=

Y11 −iY1−1
√
2
Y10
−iY11 +Y1−1
√
2

w00
 √
 −i 6w∗

11

0

0

Y11 −iY1−1
√
2

Y10

√
i 6w11
√
w00 − w20 + 6Im(w22 )
0
0

0
0
w00 + 2w20
0

−iY11 +Y1−1
√
2


0


0


0

√
w00 − w20 − 6Im(w22 )

(2.194)

with a, b = 0, .., 3. The other two 1 × 1 block is shown for completeness, so M B
B3
B2
1
represents the desired block-diagonal form of M in the basis uA
and the
1,2 , u , u
superscript “B” refers to block-diagonal. The determinant condition (2.182) is equivalent to determinant conditions for three separate blocks and two of those were already written in (2.192,2.193). The determinant condition for 2 × 2 block leads to
24

d
d
(2.184) used in this work.
Note that Zlm
in [52, 57] is complex conjugate of Zlm
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the relation
d = ex + ey , A1 of C2v :
2iδ0 (p∗ )

[e

B
(M00
− i)
2 2iδ0 (p∗ )

= |M10 | (e

−

(2.195)

∗
B
B
(M00
+ i)][e2iδ1 (p ) (M11
2iδ1 (p∗ )

− 1)(e

− 1).

− i) −

B
(M11

+ i)] =

(2.196)

Among the three phase shift relations (2.192,2.193,2.195), the S-wave phase shift
δ0 enters only in (2.195), so let us discuss the problems and possible strategy for
extracting δ0 from (2.195). Suppose we determine the energy level E using interpolators that transform according to representation A1 . The values of E, A, d provide
B
(q 2 ) in (2.195) at corresponding q = p∗ L/2π (2.169), so the
the values of M00,11,10
relation (2.195) presents one equation with two unknowns: δ0 (p∗ ) and δ1 (p∗ ). In
order to determine δ0 (p∗ ) from (2.195)
d = ex + ey , A1 of C2v :
tan δ0 (p∗ ) =

√

(2.197)

1 − tan δ1 (p∗ ) [w00 − w20 + 6 Im(w22 )]
√
2
− w00 w20 + 6w00 Im(w22 ) − 12(Re w11 )2 ]
w00 − tan δ1 (p∗ ) [w00

one would need to know the value of δ1 (p∗ ) at given p∗ (2.169). The representations
B3 or B2 allow the determination of δ1 (p̃∗ ), but the problem is that they will in
general fix δ1 at some other value of p̃∗ , which is related to the energy Ẽ measured
for the case of representations B3 or B2 . Since δ1 (p∗ ) in (2.195) is needed at p∗ ,
δ1 (p̃∗ ) can not be simply used if p̃∗ 6= p∗ .
This indicates that the reliable extraction of S-wave phase shift will be challenging, since there is no irreducible representation that would contain only δ0 but not
δ1 . We envisage several possible strategies to estimate the value of δ0 , which might
be used in the pioneering simulations along these directions, but it is clear that some
of these strategies are not rigorous:
1. If there exists a region of p∗ where δ1 (p∗ ) is known to be negligible, the condition (2.195,2.197) recovers the standard form [48, 55] tan(δ0 ) = 1/w00 or
d = ex + ey , A1 of C2v :

tan δ0 (p∗ ) =

π 3/2 γ q
d
Z00
(1; q 2 )

if δ1 (p∗ )  δ0 (p∗ )

(2.198)
and allows for the determination of δ0 for that p [48]. That may be for example
possible at small p∗ , where higher partial waves are generally suppressed, but
p∗ has to be away from any nearby P -wave resonance where δ1 (p∗ ) ' π/2 is
not small.
∗

2. If δ1 (p∗ ) is not negligible, and its p∗ dependence is expected to be mild, then one
can estimate δ1 (p∗ ) needed in (2.195) from δ1 (p̃∗ ) using interpolation between
p̃∗ and p∗ . In this case δ1 (p̃∗ ) has to be determined for several p̃∗ using several
representations and several total momenta P (for example B3,2 at d = ex +ey ).
3. In the continuum limit, one expects that the energy levels E determined using
different irreducible representations will agree for a physical state with a given
total momentum P and given l. In the past this (near) degeneracy across
different representations served to determine l (or J) of the resulting states.
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b)

z

c)

z
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Figure 2.6: The mesh Pd (2.166) for d = ez and m1 6= m2 (A 6= 1) is plotted in (c),
while (a) and (b) show the steps how to get it.
B2
B3
A1
for d = ex + ey in the
= El=1
= El=1
In our case of interest, we expect El=1
∗
continuum limit, so the resulting p for l = 1 state will be the same for all
three irreps. This allows the determination of δ1 (p∗ ) at the desired p∗ from
B2,3 ; inserting that into the phase shift relation for A1 (2.195) will finally
allow the extraction of δ0 (p∗ ). In practice, the equality between E or p∗ from
different representations will be slightly spoiled by the discretization errors.
This procedure would still give a relatively reliable estimate of δ0 (p∗ ) if δ1
modestly depends on p∗ , i.e. if there is no close by narrow P -wave resonance.

We expect that more a reliable extraction for S-wave phase shift of two particles
with m1 6= m2 needs to be performed using a simulation with P = 0. There
representation A1 mixes δ0 only with δ4 and even higher partial waves, which can
be safely neglected. The drawback of sticking to a single total momentum P = 0 is
that one needs to perform simulations at several lattice sizes L in order to determine
δ0 (p∗ ) as several values of p∗ .

2.4.4

P = (2π/L)ez and consequences of C4v symmetries

A similar procedure that was done with momentum d = ex + ey can be done also
with d = ez , however, changing the symmetry from C2v to C4v
The mesh Pd (2.166) in Fig. 2.6c is obtained from n ∈ Z 3 by the shift − 12 Aez .
In this state the inversion symmetry is lost.Then the lengths in ez direction are
contracted due to γ̂ −1 .
The transformations R̂ that leave this mesh invariant are given in Table 2.6 and
they form the group C4v . It has four 1D-irreps A1,2 , B1,2 and one 2D-irrep E, where
only A1 and E appear for l = 0, 1 according to (2.148) [48]
Γ(0) = A1

(2.199)

Γ(1) = A1 ⊕ E

Γ(2) = A1 ⊕ B1 ⊕ B2 ⊕ E .
So the interpolators that transform according to the listed irreps contain the following partial waves:
E : l = 1, 2, ..

A1 : l = 0, 1, 2, ..

B1 : l = 2, ..

B2 : l = 2, .. (2.200)

Note that the mixing between even and odd l is not present for the scattering of
particles with m1 = m2 and total momentum d = ez since inversion is an element of
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represent. dim Id C4 (ez ) C2 (ez ) σ(ex ) σ(ex + ey )
polynom.
vector u
−1
C4 (ez )
σ(ey ) σ(ex − ey )
irrep. A1 1 1
1
1
1
1
1,z
0, ez
irrep. E 2 2
0
-2
0
0
x, y or Y11 , Y1−1 ex , ey
l=0
Γ
1 1
1
1
1
1
Y00
l=1
Γ
3 3
1
-1
1
1
Y10 , Y11 , Y1−1
Table 2.6: Characters for transformations R ∈ C2v (with principal axis ez ), that
leave the mesh Pd for d = ez in Fig. 2.6 invariant. In addition to irreps A1 and
E, C4v has also A2 and B1,2 but they do not appear for l = 0, 1 so we omit them.
Example of simple objects that transform according to these representations are
given on the right.

−
−
D4h : A+
1 contains only the waves l = 0, 2 and l ≥ 4, while E and A2 contain only
l = 1 and l ≥ 3 [54]. This mixing is also not present for the scattering of particles
with m1 6= m2 and total momentum P = 0.

d
as consequences of the symmetries for d = ez
Values of Zlm

By comparing to the case of d = ex + ey , it is easy to see that some relations still
hold, some are not valid and there are some additional ones due to the additional
elements R̂ ∈ C4v :
d ∗
∗
• Zld−m = (−1)m (Zlm
) since Yl−m = (−1)m Ylm
.
d
d ∗
• Zlm
= im (Zlm
) since σ(ex − ey ) ∈ C4v . The consequences regarding specific
values of m are listed in the corresponding section for d = ex + ey .

d
• Zlm
= 0 if m 6= 0, 4, 8, ... since C4 (ez ) ∈ C4v :
1

d
≡ f (θ) eimϕ → f (θ) eim(ϕ+ 2 π) =
C4 (ez ) transforms θ → θ, ϕ → ϕ+ 12 π, so Ylm
d
d
f (θ)(eiπ/2 )m eimϕ , so Zlm
= (i)m Zlm
.

d
• Zlm
is not zero for l − m = odd in general since σ(ez ) 6∈ C4v (see Fig. 2.6).
d
• Zlm
is not zero for l = odd in general, since I 6∈ C4v :

Therefore the matrix M will not be decomposed into sectors with even and
odd l, so δ0 and δ1 will again mix in some phase-shift relations [48].
We verified all the above relations also with the explicit numerical evaluation
d
d
d
of Zlm
: in particular Z10
(m1 6= m2 ) 6= 0 as already found in [48], while Z10
(m1 =
m2 ) = 0 as required by the symmetries of D4h for mass-degenerate case.
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The matrix Mdlm,l0 m0 for d = ez
d
The above relations for Zlm
or wlm (2.186) simplify the general M (2.185) for d = ez
25
to

00
00
w00
√
10 
−i
3w10

=

11
0
1−1
0

10
√
i 3w10
w00 + 2w20
0
0



M = Mdlm,l0 m0

11
0
0
w00 − w20
0

1−1

0

0


0
w00 − w20
(2.201)

where all wl0 are real as indicated in the previous subsection.
Phase shift relations for d = ez
The phase shift relation are obtained from the determinant condition (2.182) using
the matrix M (2.201). This matrix is already in the block-diagonal form, and cannot
be reduced further. The determinant condition requires that determinant for each
of the block is equal to zero.
Extracting P -wave phase shift from irrep E
The determinant condition for each of two 1 × 1 blocks leads to tan(δ1 ) = 1/M E
with M E = w00 − w20
d = ez , E of C4v :

tan δ1 (p∗ ) =

π 3/2 γ q
d
d
Z00
(1; q 2 ) − √15 q −2 Z20
(1; q 2 )

(2.202)

Basis vectors Y11 and Y1−1 form the two-dimensional irreducible representation E
(Table 2.6) and interpolators that transform according to one of those two will naturally obey the same phase shift relation. Note that the more conventional basis
vectors x ∝ Y11 −Y1−1 and y ∝ Y11 +Y1−1 will lead to the same matrix M (2.201) and
therefore the same phase shift relation (2.202) applies for them. Our interpolators
in E representation will transform like x or y. The phase shift relation for irrep E
(2.202) agree with the expression in [58] in the limit m1 = m2 .
Extracting S-wave phase shift from irrep A1
The 2 × 2 block of M (2.201) spans the basis Y00 ∝ 1 and Y10 ∝ z, which are
both invariant under all R̂ ∈ C2v and therefore belong to irrep A1 (Table 2.6). The
determinant condition (2.182) for this 2 × 2 block requires
d = ez , A1 of C4v :
[e2iδ0

(p∗ )

(2.203)

(w00 − i) − (w00 + i)][e2iδ1

= 3|w10 |2 (e2iδ0

(p∗ )

− 1)(e2iδ1

(p∗ )

(p∗ )

− 1)

(w00 + 2w20 − i) − (w00 + 2w20 + i)]

d
where wij (2.186) depend on Zlm
(1; q 2 ) and d = ez .
25

An additional factor of

√

3 appears in front of w10 with respect to [48].
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If we know the energy E of two particles in irrep A1 on the lattice, the relation
(2.203) presents one relation with two unknowns δ0 (p∗ ) and δ1 (p∗ ), which was already
noticed in [48]. A reliable extracting of δ0 (p∗ ) from (2.203)
d = ez , A1 of C4v :

tan δ0 (p∗ ) =

1 − tan δ1 (p∗ ) [w00 + 2w20 ]
2
2
]
+ 2w00 w20 − 3w10
w00 − tan δ1 (p∗ ) [w00

is challenging since one needs the value of δ1 (p∗ ) at the same p∗ . We proposed several strategies for estimating this in the corresponding section on d = ex + ey and
the same strategies should be applied also for d = ez . The only difference is that
the 1D irreps B2,3 are replaced by the 2D irrep E.

2.4.5

Two-particle interpolators in non-zero total momentum

The relations that allow the lattice QCD extraction of the scattering phase shift
δl (s) from two-particle energy E in a finite box at zero total momentum were reviewed and additional relations that hold for non-zero total momentum derived. We
consider the scattering of two particles with m1 6= m2 with total momentum P 6= 0.
The simulation of the system with P 6= 0 will be important in practice as it will
allow the extraction of δl (s) at several values of s = E 2 − P2 .
In order to extract the phase shifts, we need to simulate the two-particle system on a finite lattice and determine its energy E in the lattice frame. To create
the two-particle state, we may use the corresponding two-particle interpolator or
the quark-anti-quark interpolator, that couples well to the two-particle state or the
resonance that appears in this channel. The interpolators are written down in the
lattice frame, but they have to transform according to the desired irreducible representation after the transformation to the CMF. Examples of such interpolators
follow.

Quark-anti-quark and meson-meson interpolators for d = ex + ey
For concreteness, our two-particle interpolators refer to two pseudoscalar mesons
P1 P2 with masses m1 and m2 , since pseudoscalar mesons are often stable against the
strong decay and therefore their scattering is most interesting phenomenologically26 .
In the continuum, the scattering state therefore carries J P = 0+ for l = 0 and
J P = 1− for l = 1 in our examples. We write down examples of interpolators for
this case, but this can be generalized to the scattering of other types of particles.
All interpolators will be expressed in terms of the currents (i = x, y, z)
X
Vi (p) ≡
eipx q̄(x)γi q 0 (x)
(2.204)
x

P (p) ≡

X

S(p) ≡
26

eipx q̄(x)γ5 q 0 (x)

x

X

eipx q̄(x)q 0 (x) ,

x

Also their transformations are simple and illustrative.
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where one can replace the choices of the γ matrix in the current with any combination
of γ matrices and covariant derivatives that gives the same transformation property
of the current. In this subsection we write all the momenta in units of 2π/L.
Examples of the quark-anti-quark interpolators in lattice frame that transform
according to B2 , B3 and A1 in CMF are
q̄q
OB
= Vx (ex + ey ) − Vy (ex + ey )
2
q̄q
OB
= Vz (ex + ey )
3

q̄q I
(OA
) = Vx (ex + ey ) + Vy (ex + ey )
1
q̄q II
(OA
) = S(ex + ey ) .
1

More general quark-anti-quark interpolators with non-zero momentum are constructed in [59, 60].
q̄q
Let us consider Oq̄q transformations on the example of OB
, which becomes
3
q̄q
(OB3 )CM F = Vz (0) after the boost to CMF. The boost along d = ex + ey does not
modify its polarization (2.108). Interpolator Vz (0) in CMF transforms like ez , so
according to B3 representation in Table 2.5.
The two-particle interpolators are linear combinations with momentum choices
p1j and p2j
X
P1 P2
Oirrep
=
P1 (p1j ) P2 (p2j )
(2.205)
j=a,b,..

=

X

P1 P2
R̂(Oirrep
)CM F R̂−1 =

X

P1 P2
(Oirrep
)CM F

P1 (p∗j ) P2 (−p∗j ) ,

j

P1 (R̂p∗j ) P2 (−R̂p∗j )

p∗j = p∗1j = −p∗2j = γ̂ −1 [p1 − 12 AP]
1D irrep

=

P1 P2
χirrep (R̂) (Oirrep
)CM F

j

such that they transform according to given irrep in CMF, where momenta p∗1j =
−p∗2j = p∗j are given by (2.161). Examples of interpolators with this property are
P1 P2 I
(OB
) = P1 (ex )P2 (ey ) − P1 (ey )P2 (ex )
2

(2.206)

P1 P2 II
(OB
) = P1 (ex + ez )P2 (ey − ez ) − P1 (ey + ez )P2 (ex − ez ) + {ez ↔ −ez }
2
P1 P2 I
(OB
) = P1 (ex + ey + ez )P2 (−ez ) − P1 (ex + ey − ez )P2 (ez )
3

P1 P2 II
(OB
) = P1 (ex + ez )P2 (ey − ez ) + P1 (ey + ez )P2 (ex − ez ) − {ez ↔ −ez }
3
P1 P2 I
(OA
) = P1 (ex + ey )P2 (0)
1
P1 P2 II
(OA
) = P1 (ex )P2 (ey ) + P1 (ey )P2 (ex )
1
P1 P2 III
(OA
) = P1 (ex + ez )P2 (ey − ez ) + P1 (ey + ez )P2 (ex − ez ) + {ez ↔ −ez }
1
P1 P2 IV
(OA
) = P1 (ex + ey + ez )P2 (−ez ) + P1 (ex + ey − ez )P2 (ez )
1

and the analogous interpolators where flavors of P1 and P2 are P
interchanged. The
irrep
interpolators were obtained using the projection operator dimg
χirrep (R̂) T (R̂)
√ 2π
√R̂ 2π
and we list all P1 P2 interpolators that have p1 ≤ 3 L and p2 ≤ 3 L . More general hadron-hadron interpolators are considered in [61].
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Quark-anti-quark and meson-meson interpolators for d = ez
We list examples of the quark-anti-quark and two-pseudoscalar interpolators in the
lattice frame (that transform according to E or A1 in CMF)
(OEq̄q )k = Vk (ez ) ,
q̄q I
(OA
)
1
q̄q II
(OA1 )

k = x, y

= Vz (ez )
= S(ez )

(OEP1 P2 )Ik = P1 (ez + ek )P2 (−ek ) − P1 (ez − ek )P2 (ek ) ,

(OEP1 P2 )II
k

(2.207)

= P1 (ez + uk )P2 (−uk ) − P1 (ez − uk )P2 (uk ) ,

k = x, y
uk = ex + ey , ex − ey

P1 P2 I
(OA
) = P1 (ez )P2 (0)
1
P1 P2 II
(OA
) = P1 (ez + ex )P2 (−ex ) + P1 (ez − ex )P2 (ex )
1
P1 P2 III
)
(OA
1

+ P1 (ez + ey )P2 (−ey ) + P1 (ez − ey )P2 (ey )

= P1 (ez + ex + ey )P2 (−ex − ey ) + P1 (ez + ex − ey )P2 (−ex + ey )

+ P1 (ez − ex + ey )P2 (ex − ey ) + P1 (ez − ex − ey )P2 (ex + ey )

and the analogous interpolators where the flavors P1 and P2 are interchanged. The
representation E is two-dimensional, so index k in (OE )k carries two values. The
interpolators (2.207) are expressed in terms of the currents (2.204) and are constructed in √
analogous way as
√ for2πd = ex + ey . We list all the P1 P2 interpolators
2π
where p1 ≤ 3 L and p2 ≤ 3 L .

2.5

Hadronic masses and decay widths

By now we know how to build a correlation matrix, evaluate it with the distillation
method, extract the scattering momentum p(∗) of the scattering particles and determine the infinite volume scattering phase shift. These are be the building blocks we
will use to determine the the properties of hadrons.
The basics of elastic scattering and phase shifts are well understood, however,
a brief reminder of the quantities derived from the phase shift provides us with a
deeper insight into the dynamics of the scattering [62, 63, 64, 65]. A non-relativistic
overview is also present in Ref. [12]. In contrast to the previous Sections, where we
used the analytical solutions to determine the S-matrix, we will now see what kind
of physical observables can be determined from the S and T matrices. We will thus
formulate the quantities used to determine the physical observables which will (at
least up to small exponentially suppressed terms) be independent of finite volume
effects.
The kinematics of elastic scattering of two particles P1 + P2 → X → P10 + P20
and the properties of X are described by the S-matrix, which relates to the partial
wave phase shift as:
Sl = e2iδl
75
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and δl is the partial wave phase shift. Sl is the l partial wave submatrix (number)
of the scattering matrix. The Tl matrix is related to Sl via
Sl = 1 + 2iTl ,

(2.209)

where the Tl is sometimes called the transfer matrix or the amplitude. It parametrizes
the kinematics of the interaction between the scattering particles A and B and carries the properties of the intermediary state X, such as its mass and if applicable
the decay width. These arise from the invariant mass s (or momentum transfer p∗ )
dependence of the Tl matrix, where s is:
q
q
s = (p1 + p2 )2 = ( p∗2 + m21 + p∗2 + m22 )2
(2.210)
and p1 , p1 the momenta of the scattering particles P1 and P2 respectively. m1 , m2
are their masses and p∗ is the scattering momentum. Tl is connected to the phase
shift via:
Tl = eiδl sin δl =

1
.
cot δl − i

(2.211)

We can also relate the Tl to the partial wave amplitude, fl :
Tl = ρfl

(2.212)

∗

√ is the phase space factor. The partial wave amplitude is related to
where ρ = 2p
s
the (full) scattering amplitude f as:
X
(2l + 1)Pl (cos θ)fl (s).
(2.213)
f=
l

Pl (cos θ) is as usually the Legendre polynomial depending on the z axis. f and f l
can be connected directly to the total scattering cross section: either a sum over all
(tot)
partial waves σ (tot) or just in a give partial wave σl 27 :
(tot)

σl

σ (tot)

4π
sin2 δl ,
p∗2
4π X
(2l + 1) sin2 δl .
= ∗2
p
l
=

(2.214)

We can learn about the properties of X from the scattering amplitude or more
practically with quantities connected to the amplitude. In order to be able to read
those properties we must first describe how physics appears within the scattering
amplitude. Think of the scattering amplitude as a general complexed variable function which can have poles, zeros and cuts. The function we will be thinking of is
the partial wave amplitude fl (s), which is a real function for real s except for cuts
and (bound state) poles. This is due to hermitian analyticity of the partial wave
amplitude:
fl∗ (s) = fl (s∗ ),
27

(2.215)

The optical theorem is equally correct, but as we are thinking in terms of phase shifts these
forms are more appropriate.
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which causes a discontinuity in the scattering amplitude above threshold sthr . To
remove this unphysical property of the partial wave amplitude a right-handed or
physical cut is placed on the real axes at sthr . In practice this means, that for s
above sthr we cannot look at the values of fl (s) but rather at fl (s + i), where  is
small. The partial wave amplitude has a similar cut on the left hand side (also knows
as the unphysical cut), which originates from exchange processes. It is located at
sL = −µ2 + sthr , where µ is the mass of the lightest particle exchanged [62].
To understand the pole structure we first note, that the partial wave amplitude has
a specific topology – for elastic scattering of two particles it exists on a two sheet
plane, which is connected via the real axis. Resonances and bound states exist as
poles on these sheets, their location determining their properties. If X is a resonance
then it shows up as a pole on the second (unphysical) sheet, that is at s > sthr . We
refer to such poles as resonance poles. On the other hand, if X is a bound state then
it has a pole somewhere on the first sheet, i.e. on the physical sheet with s < sthr
and we call them bound state poles.

2.5.1

Scattering near threshold

While the general structure of the scattering amplitude is an interesting topic by
itself we are interested in extracting the properties of shallow bound states and
resonances from the elastic scattering amplitude. To facilitate this we introduce a
new quantity called ρl (s)28 , which is connected to our basic building blocks s, δl and
p∗ by:
(p∗ )2l+1
cot δl (p∗ ).
(2.216)
ρl (s) ≡ √
s
√
It is accompanied by sρl (s) = (p∗ )2l+1 cot δl (p∗ ), which is just a reordered form of
the Eq. (2.216). Note that p∗ can be expressed from the invariant mass s (2.210)
and thus ρl (s) really depends only on s.
The scattering amplitude Tl can be expressed only via the phase shift:
1
.
(2.217)
cot δl − i
√
However, we can also express it in terms of sρl (s), as the near threshold behavior
is easier to understand and analyze. There is a cusp at threshold for the real part of
the partial wave scattering amplitude Tl . Above threshold the scattering amplitude
is given by:
Tl−1 ∝ (p∗ )2l+1 cot δl (p∗ ) − i (p∗ )2l+1 .
(2.218)
Tl =

Below threshold the phase space term −i (p∗ )2l+1 becomes
real |p∗ |2l+1 , which is the
√
origin of the cusp. The analytic extrapolation of sρl (s) which is real above and
below threshold is given by (see also Refs. [36, 44, 66, 67, 68]):
√
sρl (s) − i(p∗ )2l+1
√
∝ sρl (s) + |p∗ |2l+1

Tl−1 ∝
Tl−1
28

above threshold
below threshold.

Not to be confused with ρ the phase space parameter.
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So we know how to describe the partial wave scattering amplitude Tl above and
below the threshold.
√
The main idea to study the properties of hadrons is to determine ρl (s) or sρl (s)
at discrete values of s from lattice QCD simulation and then extract the relevant physical√ quantities from the partial wave scattering amplitude. Note that
the variable sρl (s) also provides a convenient parameterization of the elastic partial wave scattering amplitude near threshold, namely the effective range expansion
(ERE)[69, 70]:
√
1
s ρl (s) = + 12 rl p∗2 + O(p∗4 ),
(2.220)
al
where al is the scattering length and rl the effective range. The scattering length
can give a first estimate of the scattering cross-section. In attractive channels, i.e.
when an additional level associated with the resonance or bound state is present, it
is useful to determine the nature of the state [71]. If the scattering length in such
a channel is positive then the state X is resonance and if the scattering length is
negative then X is a below threshold state which can also be interpreted as a bound
state of the two scattering particles.

2.5.2

Resonances

To study resonances we express the elastic partial wave amplitude Tl in the BreitWigner parameterization [72]:
√
s Γ(s)
√
.
(2.221)
Tl =
s − sR + i s Γ(s)

where sR = m2R denotes the resonance position and Γ is the decay width. Such a
parameterization will hold only in the vicinity of the resonance pole above threshold. Note that this is only one of many Breit-Wigner parameterizations available,
however, within this thesis we use this one explicitly. In our case it is good for two
reasons. First, because it has only two parameters: sR and Γ(s), and second as we
can take phase space into account in the Γ. To see how the phase space comes into
play in the decay width we take a look at a simple interaction Lagrangian of two
scattering particles P1 and P2 and the resonance X [73]:
Lint ∝ g P1 P2 X.

(2.222)

The tree level decay amplitude of X → P1 P2 is then proportional to g and the decay
width Γ in the l partial wave is:
Γ = Γ(sres ) =

(p∗res )2l+1 2
g ,
ssres

(2.223)

where p∗res denotes the scattering momentum at the resonance position and sres the
invariant mass at the resonance position. The benefit of such a parameterization
is that the non-physical phase space we often deal with in lattice QCD simulations
plays little role and comparison to experimental data is simplified. We can also use
the expression in Eq. (2.223)) to simplify Eq. (2.221):
√
s Γ(s) cot δ(q) = ρl (s) g 2 = sR − s.
(2.224)
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If we now express ρl (s) near the threshold from Eq. (2.224) we see that the invariant
mass dependence of ρl is then greatly simplified:
ρl (s) =

1
(sR − s).
g2

(2.225)

sR denotes the invariant resonance mass, and g the is the coupling in the interaction
Lagrangian. Note that this only holds near the resonance pole position, as otherwise
the Breit-Wigner parameterization breaks down.
Technically when studying resonances, we extract the phase shifts in zero total momentum frames using the rigorous Lüscher relation [44] or Eq. (2.154) and
in non-zero total momentum (when studying l = 1 resonances) via the extended
Lüscher equations [49] or Eqs. (2.193), (2.192), (2.202). Each determined point
ρl (s) is then mapped at as many possible values of s and a Breit-Wigner model is
fitted to the data (2.225). From the fitted model we can then extract the resonance
√
mass mR = sR and the decay width Γ (2.223) or preferably the coupling between
the resonance and the scattering particles g (2.222).

2.5.3

Bound states

As mentioned in the beginning of this Section, bound states appear as poles below
threshold in the Tl matrix. However, to determine the position of the infinite volume
bound state we need to find the pole of the Tl matrix, which is located at cot δl = i
In order to find the pole, we must therefore determine the near threshold
behavior
√
√
of sρl (s). This is done by fitting the effective range formula to sρl (s) of states
above and below threshold:
√

s ρl (s) =

1
1
+ rl p∗2 ,
al 2

(2.226)

thus determining the l-wave scattering length al and effective range rl . From the sign
of the scattering length we can already determine if X in P1 +P2 → X scattering is a
bound state; in this case a negative
√ scattering length denotes a bound state [71]. We
can use this parameterization of sρl (s) in the analytical continuation (2.219). This
way we have all the parameters required to determine the infinite volume scattering
amplitude pole position, which is located at p2BS < 0 where cot δ(pBS ) = i. In the
language of the observables we extract from the lattice simulation the bound state
condition is then:
1
1
− rl p2BS = i(i|pBS |)(2l+1) ,
al 2

(2.227)

where the left hand side is the effective range expansion formula (or any other
model of the amplitude near threshold we might want to consider). This binding
momentum then renders the position of the bound state X via:
q
q
mBS = m21 − |pBS |2 + m22 − |pBS |2 .
(2.228)
The procedure outlined above was first proposed by NPLQCD for extracting an
N N bound state in future lattice simulations on a single volume [74]. At finite L,
79

Chapter 2. Methods
the lowest energy level corresponds to
cot δ(p) = i +

X
n

1
e−|n||p|L with n ∈ NL3 ,
i|n||p|L

(2.229)

which reproduces the limit when L → ∞. The above relation contains all finite
volume corrections e−|n||p|L . Thus the bound state masses/binding momenta determined in this way are equivalent to performing the infinite volume limit (for more
details see for example [71, 75]).
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Bound states
From the point of view of Nature all hadrons (apart from maybe one?) are unstable
particles and decay rather rapidly; amongst all of their decays those mediated by
the strong interaction are the fastest. To study hadrons within the Standard Model
we ignore the (slow) weak and QED decays so that we are left with QCD only. In
light of this several decay channels close and only those where hadrons decay into
other hadrons remain – i.e. radiative and weak decays are not included. Looking
at hadrons and especially mesons from this point of view we can classify them in
two ways: stable hadrons such as π, K, D, Ds ... and unstable hadrons, such as
∗
ρ, K ∗ (892), Ds0
(2317) ... The unstable hadrons can furthermore be divided into
resonances, which are the subject of Chapter 4 and bound states that are discussed
within this chapter.
Often we will refer to some mesons as bound states, however, this does not relate to
its quark degrees of freedom. Rather it means that the specific meson in question
appears below threshold of a scattering of two other mesons. Such a meson is then
not purely a pair of quark and anti-quark but also picks up multi quark components
from the Fock space. The three such particles discussed in this chapter are the
∗
(2317) and Ds1 (2460) respectively.
X(3872) and J P = 0+ , 1+ Ds mesons called Ds0
They all share a common feature – they appear near (below) a threshold of two
scattering mesons. Our goal is to study these states using lattice QCD and see if
the picture obtained matches with that of the experiment.
The chapter is organized as follows. Section 3.1 covers the interesting phenomena
that appear in D(∗) K scattering where the positive parity Ds mesons emerge. This
work was published previously in the following papers:
• D. Mohler, C. B. Lang, L. Leskovec, S. Prelovsek and R. M. Woloshyn,
∗
"Ds0
(2317) Meson and D-Meson-Kaon Scattering from Lattice QCD", Phys.
Rev. Lett. 111, 222001 (2013).
• C. B. Lang, L. Leskovec, D. Mohler, S. Prelovsek and R.M. Woloshyn, "Ds
mesons with DK and D∗ K scattering near threshold", Phys. Rev. D90 034510
(2014).
Section 3.2 is dedicated to the X(3872), which was previously presented in:
• S. Prelovsek and L. Leskovec, "Evidence for X(3872) from DD∗ scattering on
the lattice", Phys. Rev. Lett. 111 (2013) 192001 (2013).
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3.1

Positive parity Ds mesons

The experimentally observed meson spectrum contains several states close to an swave threshold. These structures do not fit well with expectations based on a simple
quark-anti-quark picture – they are frequently interpreted as either shallow bound
molecules, tightly-bound tetraquarks or mesons containing gluonic excitations and
are sometimes referred to collectively as “exotics”.
In the charm-strange meson sector such states are the positive parity Ds mesons.
In the heavy charm quark limit [76] these states can be grouped into two multiplets
characterized by j = 1/2 and j = 3/2 where j is the sum of the strange quark spin
∗
and the (p-wave) orbital angular momentum. Prior to their discovery the Ds0
and
Ds1 states associated with the j = 1/2 multiplet were expected to lie above the
DK and D∗ K thresholds respectively and to be very broad since they could then
∗
and Ds1
break apart into s-wave D( ∗)K pairs.1 Instead, experiments found Ds0
∗
mesons which lie close to, but below, the DK and D K thresholds, respectively.
∗
These results, combined with the surprisingly similar mass of Ds0
(2317) to its nonstrange partner D0 (2400) led to many ideas such as tetraquarks, molecular states,
etc.. Particularly relevant was the suggestion [78] that the coupling of c̄s to the DK
threshold plays an important dynamical role in lowering the mass of the physical
state. Several other possibilities have been discussed in [79].
Within this work we use lattice QCD as a nonperturbative framework to calculate
hadron properties a priori from QCD without any additional model assumptions.
Lattice QCD has been previously applied to Ds spectroscopy extensively, however,
using only quark-anti-quark interpolators [80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90,
91, 92, 93, 94]. Early quenched lattice QCD calculations [80, 81, 82, 83, 84, 85, 86]
∗
as a pair of a quark and anti-quark found energy levels in
which considered Ds0
line with quark model expectations [95], that is, substantially above the physical
DK threshold. Later dynamical lattice QCD simulations with quark-anti-quark
∗
interpolators obtained somewhat smaller Ds0
masses but still generally larger than
the experimental value [87, 88, 89, 90, 91, 92, 93].
Separate from the comparison of the calculated mass to the experimental value
is the related question of the mass relative to the two meson scattering threshold.
∗
and Ds1 had masses above the DK and D∗ K thresholds
If the j = 1/2 mesons Ds0
they would likely have large widths analogous to what is found for the j = 1/2
∗
mesons in the D-meson sector. Physically Ds0
and Ds1 have masses below the
physical thresholds. However, the outcome from lattice simulations seems to depend
somewhat delicately on up and down quark (also referred to as pion) mass and
choice of operators. The quark (pion) mass dependence is delicate because the Dmeson and kaon have valence up and down quark content and would naturally be
expected to be more sensitive to the pion mass than the Ds interpolated as a c̄s
state. Present simulations [88, 91, 94] indicate that for pion masses substantially
∗
larger than physical and using only a c̄s basis the Ds0
will appear below the DK
∗
threshold. However, in a near to physical light quark mass simulation [94] the Ds0
was again above threshold using only a c̄s basis.
When scattering states are included in the simulation one can, in addition to
This is what is observed in the D meson sector [77]. Two very broad states 0+ and 1+ decaying
into s-wave D(∗) π pairs and two higher-lying states 1+ and 2+ which are more narrow, presumably
decaying into d-wave pairs.
1
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extracting masses, also calculate scattering lengths. Although these are presently
not amenable to experimental determination for heavy-light mesons, comparisons of
results between different calculational approaches can be made. Lattice QCD results
for the DK system can be found in this thesis as well as in Ref. [96]. Effective field
theory approaches have been considered in [96, 97, 98, 99]. The dependence on mπ
of the mass differences between the scalar and pseudoscalar heavy-light mesons was
investigated in [100]. Unitarized chiral expansions of the scattering amplitude have
also been used. This allows then to vary the parameters and trace the reaction
of bound states and/or resonances. Replacing the continuum space integrals by
discrete sums leads to discrete energy levels which then can be compared2 with
the results of the (ab initio) lattice calculations. A chiral unitary coupled channel
∗
study claims that Ds0
develops dynamically from DK and Ds η [101, 102]. For a
dynamical coupled-channel approach for different meson-meson channels in s-wave
see also [103]. The results of the simulation performed within this thesis were also
reanalyzed with the chiral unitary approach in [104].
In many lattice QCD calculations it has been observed that expected scattering
levels are often absent [33, 105, 106, 107] when simulating mesons with quark-antiquark interpolating fields or baryons with three-quark interpolators, although there
might be hints of these states in the case of close-by s-wave thresholds [108, 109, 110].
To ameliorate this problem better overlap with multi-particle states is needed which
may be obtained by including the scattering interpolators explicitly in the basis of
lattice interpolators.
Details of D(∗) K scattering simulation
Most lattice studies of mesons so far have relied exclusively on q̄q interpolators. On
the other hand we know that the mesons couple to meson-meson channels and the
energy spectrum in the quantum channel will be affected at least in the resonance
region and in principle everywhere. If a resonance has a small width in the mesonmeson channel (i.e., it couples weakly) then the effect will be small and the energy
levels will be close to non-interacting ones. This is the case for many heavy quark
mesons with small hadronic width and explains the success of the single hadron
interpolator approach.
However, in quantum field theory the identification of energy levels with interpolators can sometimes be misleading. It is a combination of interpolating operators
used in the simulation that actually defines an eigenstate and its energy level. A
∗
concrete example where this is relevant is the Ds0
(2317), where without the mesonmeson scattering operators the mass obtained from the single hadron approach is
too high. Only a detailed analysis, like in Section 2.5.3 can reveal the true position
of the physical state.
Depending on the set of interpolators some contributing states may be underrepresented in their weight. Although one expects, that in simulations with fully
dynamical quarks the meson-meson intermediate states show up even in q̄q correlators (of the single hadron approach) most often there is no such signal observed. The
addition of meson-meson interpolators for relevant hadronic channels results in a reliable spectrum. Furthermore, the inclusion of scattering operators allows effective
study of meson-meson scattering and the emergence of resonances or bound states.
2

Note that such approaches require either experimental or lattice input.
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This motivates our choice of interpolators. Our results confirm the importance of
scattering channels in a lattice QCD simulation.
When two-meson scattering operators are included the lattice simulation becomes quite challenging. The two point correlation functions contain Wick contractions with what we term backtracking loops (see, for example, Fig. 2.3)3 . The
calculation of these terms requires quark propagators which connect different spatial
points on the same lattice time slice. Since the correlation functions are needed for
all lattice time distances a method that can calculate quark propagators between
any pair of lattice sites – an all-to-all method, is required.
The all-to-all method used within this work is the distillation method [32] for
the smaller lattice (Ensemble (1)). As the lattice volume is increased the number
of required eigenvectors to keep the source profile roughly the same physical size
becomes eventually prohibitively large. To remedy this issue for the larger ensemble of gauge field configurations (Ensemble (2)) we used the stochastic distillation
variant [33]. Stochastic distillation was also used in Refs. [94, 111, 112]. A general
discussion on stochastic methods can be found in [34, 113]. Details of the quark
masses, and dispersion relations can be found in Section 2.1.4.
Ensemble (1) has Nf = 2 dynamical quarks whose mass matches the valence u/d
quark mass and corresponds to a pion mass of 266(3) MeV. The s quark is included
only as a valence quark in the hadron propagators. The kaon mass corresponds
to mK = 552(2) MeV and further details can be found in Section 2.1.4. For the
quark perambulators we employ the so-called “P+A” trick, which effectively extends
the lattice volume in the time direction to 2NT = 64 as described in Section 2.1.4.
Ensemble (2) has nf = 2 + 1 dynamical Clover-Wilson fermions. The u/d dynamical
quarks have the same mass as the valence u/d quarks that correspond with a pion
mass of 156 MeV. The dynamical s quark is a bit to heavy, so we use a partially
quenched simulation, where the dynamical s quarks is a bit heavier than the valence
s quark. The kaon mass corresponds to 504(1) MeV and further details can be found
in 2.1.4.
We study the Ds channel for the quantum numbers J P = 0+ , 1+ and 2+ , the
first two near the DK or D∗ K thresholds, respectively. For this we use up to eight
quark-anti-quark interpolating fields and up to three meson-meson interpolators, all
projected to total momentum zero. The interpolating operators, which enter the
meson kernels in Eqs. (2.65) and (2.78), are in irreducible representations of the
octahedral group Oh .
The quark-anti-quark interpolating fields of the type Ois̄c = s̄Ai c as well as
meson-meson interpolators are used. The quark-anti-quark interpolator kernels are
P
= T+
given in Table 3.1 for the three cases with J P = 0+ (irrep A+
1 ), with J
+
+
(irrep T1 ), and with J P = 2+ (irrep T2 ). The irrep in the brackets denotes within
which irreducible representation of the Oh point group the meson with given J P is
+
P
+
present. For the cases J P = 0+ (irrep A+
1 ) and J = 1 (irrep T1 ) we also included
meson-meson interpolators in s-wave. The mesons are projected to p individually,
the total momentum is zero.
∗
For the J P = 0+ channel, where the Ds0
is present, we use four interpolators of
type q̄q listed in Table 3.1 and three interpolators of type DK in s-wave listed in
3

Even though Fig. 2.3 appears as a three point function, we view it as a two point function,
where the sink/source can have a two meson component
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Lattice Quantum numbers Interpolator
irrep
J P in irrep
label
+
+
+
A1
0 , 4 , ...
1
2
3
4
+
+
+
+
T1
1 , 3 , 4 , ...
1
2
3
4
5
6
7
8
+
+
+
+
T2
2 , 3 , 4 , ...
1
2

Operator
q̄q 0
→
−
q̄γi ∇ i q 0
→
−
q̄γt γi ∇ i q 0
←
−→
−
q̄ ∇ i ∇ i q 0
q̄γi γ5 q 0
→
−
q̄ijk γj ∇ k q 0
→
−
q̄ijk γt γj ∇ k q 0
q̄γt γi γ5 q 0
→
−
q̄γ5 ∇ i q 0
→
−
q̄γt γ5 ∇ i q 0
←
−
→
−
q̄ ∇ i γj γ5 ∇ i q 0
←
−
→
−
q̄ ∇ i γt γj γ5 ∇ i q 0
→
−
q̄|ijk |γj ∇ k q 0
→
−
q̄|ijk |γt γj ∇ k q 0

Table 3.1: Table of s̄c interpolators used for Ds mesons; in addition we use DK and
+
D∗ K interpolators for irreps A+
1 and T1 . Interpolators are sorted by irreducible representation of the octahedral group Oh and by the parity quantum number P . The
operators ∇k indicate covariant lattice derivatives. The reduced lattice symmetry
implies an infinite number of continuum spins in each irreducible representation of
Oh . The Dirac matrix for the time direction is denoted by γt .

Eqs. (3.1):
O1DK = [s̄γ5 u] (p = 0) [ūγ5 c] (p = 0) + {u → d} ,

O2DK = [s̄γt γ5 u] (p = 0) [ūγt γ5 c] (p = 0) + {u → d} ,
X
O3DK =
[s̄γ5 u] (p) [ūγ5 c] (−p) + {u → d} .
p=±ex,y,z 2π/L

(3.1)

In the J P = 1+ channel, where both the Ds1 (2460) and Ds1 (2536) are present,
we use eight q̄q interpolators listed under the T1+ irrep of Table 3.1 and three D∗ K
s-wave interpolators listed in Eqs. (3.2):
∗

D K
O1,k
= [s̄γ5 u] (p = 0) [ūγk c] (p = 0) + {u → d} ,
∗

D K
O2,k
= [s̄γt γ5 u] (p = 0) [ūγt γk c] (p = 0) + {u → d} ,
X
D∗ K
O3,k
=
[s̄γ5 u] (p) [ūγk c] (−p) + {u → d} ,
p=±ex,y,z 2π/L

(3.2)

where the index k denotes the polarization.
∗
The J P = 2+ channel, where the Ds2
(2573) resides, is simulated using only two
+
q̄q operators in the T2 irrep. Interpolators are listed in Table 3.1.
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For each spin and parity channel the correlation matrix is of the form
q̄q-type
DK-type



q̄q-type DK-type

−A1
−2B1
,
−2C1 2 D1 − 4 D2

(3.3)

which is evaluated using Wick contractions shown symbolically in Fig. 3.1.
t f qq

cs

D

c

tf

s

K

s

c

D

qq ti B1

D

c

t f qq

qq ti A1

ti C1
K
D

tf

ti D1
K

s
c

D

K
D

tf

ti D2
K

s

K

Figure 3.1: Diagrammatic representation of the necessary Wick contractions. Source
and sink are indicated by ti and tf .
The discrete energy levels were extracted from correlations between sets of interpolating operators (discussed later) using the variational method [35, 36, 37, 38],
which is discussed in further detail in Section 2.3. In order to obtain the lowest
energy eigenstates and energy levels reliably one needs a sufficiently large set of
interpolators with the chosen quantum numbers.
Formally one expects reliable results for t in a range between t0 and 2t0 [38],
however, in practice large values of t0 lead to larger fluctuations and the correlation
matrix may not be positive definite any more. We use values up to t0 = 3 (the first
time slice is at t = 0) and fit over a larger range t0 < ta ≤ t ≤ tb to extract the
asymptotic value. In general a 2-exponential fit (one of the exponentials deals with
the admixture at small t) works over an extended range of t values. We check the
reliability of the result by comparing with a 1-exponential fit over a smaller t range
(i.e., starting at larger ta ). For the details see also Section 2.3.1.
For both ensembles t0 = 2 was sufficient for quantum numbers 0+ and 2+ , while
we had to choose t0 = 3 for 1+ . We performed correlated fits for all energy levels
using either a one or two exponential shape, to make sure our results are not affected by excited state contaminations. The fit ranges and final fit shape chosen are
indicated in the tables of results. We present our results as the effective energies
(n)

aEeff (t + 12 ) = log

λ(n) (t)
.
λ(n) (t + 1)

(3.4)

The fits, however, are directly to λ(n) (t). All error values come from a singleelimination jack-knife analysis (see also Section 2.3.2), where the error analysis for
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p cot δ(p) includes also the input from the dispersion relation.
∗
Results for Ds0

aE

1.1

1

0.9

0.8
1

2

3

4

Figure 3.2: A+
1 : Effective energies as obtained for various subsets of operators for
Ensemble (2). The horizontal broken lines indicate the positions of D(0)K(0) and
D(1)K(−1) in the non-interacting case. The boxes indicate the operators considered
in each case (blue: q̄q , red: D(0)K(0), green: D(1)K(−1)).
We analyzed the contribution of the various interpolators to the energy eigenstates by (a) the overlap factors hn|Oi i and the eigenvectors and (b) by determining
the eigenstates considering subsets of the complete set. Fig. 3.2 shows the impact
of the DK operators on the determination of lowest eigenstates. In this plot all
time fit ranges for the 2-exponential fits are 3-10 and the results are compatible
with 1-exponential fits in the range 7-10. We only show the lowest energy levels
where a clear plateau behavior of the effective energies is observed. Our final results
have used different fit ranges chosen optimally for the basis used. Table 3.2 gives
the energy values for the eigenstates using the complete operator basis for both
ensembles.
n t0 basis
Ensemble (1)
1 2 O1−7
2 2 O1−7
3 2 O1−7
Ensemble (2)
1 2 O1−7
2 2 O1−7
3 2 O1−7

fit
range

fit
type

χ2
d.o.f

4-15
4-15
4-10

2ec
2ec
2ec

0.07 1.2566(28) 254.1(4.3) -0.0347(14) -0.1560(59) -0.0881(35) -0.2484(94)
0.15 1.3922(27) 470.0(4.0) 0.0364(14) -0.1722(74) 0.0924(36) -0.274(12)
0.17 1.6124(69) 821(11)
0.1846(52) -0.526(126) 0.4682(133) -0.84(20)

3-12
3-11
3-11

2ec
2ec
2ec

0.44 0.9589(70) 245(15)
1.71 1.0195(40) 377(9)
0.66 1.1118(45) 578(10)

Ea

(ap)2

E − m̄
[MeV]

-0.0092(24)
0.0130(16)
0.0531(22)

ap cot(δ)

-0.082(19)
-0.049(15)
-0.053(49)

p2
[GeV2 ]

p cot(δ)
[GeV]

-0.0433(111) -0.178(41)
0.0616(76) -0.107(32)
0.2515(104) -0.114(106)

Table 3.2: Energy levels for irrep A+
1 . The superscript c indicates a correlated fit
1
and m̄ = 4 (mDs + 3mDs∗ ).
Taking a look at the lowest two energy levels on each ensemble there are two
possible interpretations (see Fig 3.2):
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1. A sub-threshold state which is stable under the strong interaction (in the
isospin limit). We will refer to such a state as a “bound state” but stress that
this choice of words makes no statement about a possible q̄q or meson-meson
nature of the state. In this case a negative scattering length is expected and the
up-shifted second level would be related to the interacting scattering threshold
on the lattice. Such a scenario was discussed in the context of a simple model
in [71] and was confirmed for a deuteron bound state pn [114, 115]. The
expected behavior of the energy levels in various scenarios was discussed in
model studies in Ref. [101].
2. A QCD resonance (above threshold). In this case the attraction is not strong
enough to form a bound state and the level associated with the finite volume
scattering state will be found below threshold. A positive scattering length is
expected and the additional level above threshold occurs due to the presence of
a resonance in this channel. This is the situation encountered for Dπ scattering
in the J P = 0+ channel with resonance D0∗ (2400) [26] or in N π scattering in
the negative parity sector [116].
Scattering amplitude and phase shift above threshold
∗
(2317) we express the real number p cot δ from
To determine the nature of Ds0
energy levels using Lüscher’s formula [36, 44, 66, 67] as outlined in Section 2.5.3.
The phase shift in the infinite volume is related to the dimensionless product of the
momentum p and the spatial lattice size in the finite volume:

q=p

L
2π

(3.5)

via
tan δ(q) =

π 3/2 q
,
Z00 (1; q 2 )

(3.6)

where the generalized zeta function Zlm is the same as in Section 2.4, Eq. (2.129).
The value of the momentum p = |p| is obtained from the energy value E determined
in the simulation:
√
E = s = EM (p) + EK (−p),
(3.7)
where the dispersion relation for M = D, D∗ and the kaon are given in Eqs. (2.37)
and listen in Section 2.1.4. We extract the momentum by inverting the dispersion
relation. The relation between the infinite volume phase shift and p in Eq. (3.6)
may be written as
2Z00 (1; ( pL
)2 )
√ 2π ,
p cot δ(p) =
(3.8)
L π
which is the real part of the inverse elastic scattering amplitude T0 above threshold.
We use the procedure outlined in Section 2.5.3 and approximate p cot δ(p) as a
linear function in p2 :
p cot δ(p) ≈ 1/a0 + r0 p2 /2.
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aDK
r0DK
(apB )2
amB
mK + mD − mB mB − 14 (mDs + 3mDs∗ )
0
[fm]
[fm]
[MeV]
[MeV]
Ensemble (1)
-0.756(25) -0.056(31) -0.0250(17) 1.2772(32) 78.9(5.4)(0.8)
287(5)(3)
Ensemble (2)
-1.33(20) 0.27(17) -0.0060(26) 0.9683(76) 36.6(16.6)(0.5)
266(17)(4)
Experiment
45.1
241.5
set

Table 3.3: A+
1 : Scattering length and effective range computed from the linear
∗
(2317)
interpolation between levels 1 and 2, and parameters for the position of the Ds0
bound state mB derived from the requirement cot δ(pB ) = i. The second uncertainty
given for values in MeV corresponds to the uncertainty in the lattice scale a. The
experimental value of mK + mD − mB is averaged over D+ K 0 and D0 K + thresholds.
The lowest two energy levels listed in Table 3.2. The scattering length a0 and
effective range r0 for Ensemble (1) and (2) are listed in Table 3.34 .
In both cases the extracted scattering length is negative with a reasonably small
statistical and systematic uncertainty, and the effective range is small. This is
compatible with scenario (1) above, where the lower energy level is associated with
a bound state up to corrections related to the finite volume of the simulation.

Scattering length [fm]

0

-0.5

-1

-1.5

-2
0

Ensemble (1)
Ensemble (2)

100

200

300

400

Mπ[MeV]

Figure 3.3: Scattering length a0 for s-wave DK scattering with I = 0. Our result
is compared to the expectation from the indirect calculation in [96]. The vertical
line corresponds to the physical pion mass. For an explanation of the curves please
refer to the main text.

Figure 3.3 compares our results for the scattering length to the indirect prediction
from [96] where the authors performed a lattice calculation in a variety of other
channels with several pion masses and extracted the relevant low-energy constants
of the chiral effective field theory. These low energy constants were then used to
predict the DK I = 0 scattering length. Two distinct determinations of low energy
4

The effective range value for Ensemble (2) has sizeable systematic uncertainty allowing even
small negative values but has little influence on the final value of the binding energy.
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constants were performed. For the first set of results only the lattice data was used as
input (larger error band in the figure, central value thick dashed curve) while for the
∗
(2317) mass from experiment was used as further input leading to
second set the Ds0
much smaller uncertainties (narrower error band in Fig. 3.3, central value thick solid
curve). As can be seen, our results from the direct simulation agree qualitatively,
although the uncertainty close to physical pion and kaon mass is large.
To determine the infinite volume bound state position, we note, that the effective
range expansion in Eq. (3.9) is valid near above threshold and can be analytically
continued to below threshold. The procedure we employ to obtain the bound state
position was proposed by NPLQCD for extracting an N N bound state on a single
volume [74]. Below threshold −i p becomes |p| or, equivalently, p → i|p|. In the limit
of infinite volume, the T0 -matrix has a pole for real s below threshold when
cot δ(i|pB |) = i.

(3.10)

√
With the quantities we will use, sρ0 (s) (cf. Eq. (2.216)), the pole condition has
the form:
i|pB | cot δ(i|pB |) + |pB | = 0,
(3.11)
where pB is the binding momentum, which is determined as a solution of
1
1
− r0 |pB |2 = −|pB |.
a0 2

(3.12)

In infinite volume a bound state would correspond to a pole of the S-matrix which
translates to the pole condition cot δ(pb ) = i as in Section 2.5, where pb = i|pb |
denotes the binding momentum of the bound state5 . Taking the values for a0 and
r0 extracted within the effective range approximation, we determine the binding
momentum, which translates to our estimate of the bound state energy ML→∞ =
ED (pb ) + EK (pb ) using the dispersion relations EK (p) = (MK2 + p2 )1/2 and ED (p)
given by Eq. (3) of [26] with W4 = 0. It is this bound state energy and its value
with respect to the DK threshold that are then compared to experiment in Table
3.3. Analogous extraction of the deuteron binding energy from two lowest levels on
a single volume was proposed for future simulations in [74].
The systematic uncertainties come from fitting the dispersion relation for the
D-meson [26] and from determining the kaon mass. For both, the scattering length
and the binding energy, we estimate those to be 30% of the statistical errors.
∗
Our result is given alongside the experimental Ds0
(2317) mass in Table 3.3 and
Figure 3.4, together with DK thresholds on the lattice and in experiment. Notice
that with a pion mass of 156 MeV and at finite lattice spacing we neither expect the
thresholds to agree perfectly, nor do we expect the position of the sub-threshold state
∗
to agree exactly with the Ds0
(2317). In particular heavy quark discretization effects
of an order of a few percent of the mass splittings are expected and their influence
should be addressed in future simulations. The results for the masses considered
within this thesis are compatible with the analysis in Ref. [96] where the authors
performed a lattice calculation in a variety of other channels and extracted the
relevant low-energy constants of the chiral effective field theory. These low-energy
constants were then used to predict the DK (I = 0) scattering length and pole
5

See also the analysis performed in [117].
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M - M1S [MeV]

Ensemble (1)

Ensemble (2)

Experiment

600

600

500

500
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400

300

300

200

200

100

100

0

0

qq + DK

L→∞

qq + DK

L→∞

∗
Figure 3.4: The final result for Ds0
(2317) mass is given by the crosses in the left and
middle panels, while the experimental value is given in the right panel. Instead of
D0∗ (2317)
exp
the mass itself, we compare the values of ML→∞
− M1S , where M1S
= 41 (mDs +
3mDs∗ ) ' 2076 MeV. The value of the bound state position in the infinite volume
D0∗ (2317)
limit, ML→∞
is obtained from the pole condition cot δ = i. The two lowest energy
levels from our simulation in the finite volume are given by the circles in the left
and middle panels. Dashed lines represent the threshold for DK in our simulation
(mu = md ), and dotted lines the thresholds for D0 K + , K 0 D+ in experiment.

location indirectly. The value based on effective field theory given in [97] disagrees
with the scattering length in [96] and this work in sign and magnitude.
The highest energy level lies comparatively close to the Ds η s-wave threshold;
we did not include such an operator in our calculations. The effect of this channel
on our highest 3rd level should be mild (for mπ L ≈ 2.3 for Ensemble (2)) in our
situation [101] and we do not use that level for the effective range fit.
Results for Ds1
In the Ds1 channel we analyzed the contribution of various interpolators to the
energy eigenstates. Figures 3.5 and 3.6 demonstrate the typical behavior of the
effective energies for the two ensembles. For Ensemble (1) the highest level (actually
the third for that set of operators) has a plateau-like signal only when including the
D∗ K interpolators. In Fig. 3.6 we also plot the results of the 2- and 1-exponential
fits (the errors of the asymptotic values are given in Table 3.4).
In Fig. 3.7 we give an overview on the energy levels resulting from different
subsets of interpolators in the variational analysis. One clearly sees that including
the D∗ (0)K(0) interpolators 9 and 10 introduces new levels. In Ensemble (1) the
signal for the 4th level is too noisy, when considering all 11 interpolators, but is
clearly seen for the subset 1, 4, 7 − 11.
We had to rely on slightly different fit ranges for the two ensembles. For Ensemble
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1.7
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Figure 3.5: Ensemble (1), T1+ with t0 = 3: Effective energies of the lowest four
energy levels. We compare the results obtained including the D∗ K operators (circles,
O1−11 ) with the results obtained without those (stars, O1−8 ).The horizontal broken
lines in the upper plot indicate the positions of D∗ (0)K(0) and D∗ (1)K(−1) in the
non-interacting case. Note the “missing state” in the second case.
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Figure 3.6: Ensemble (2), T1+ (O1,2,4,5,9,11 ): Effective energies of the lowest four energy
levels; the fits are to the eigenvalues but here we show the result in the effective
energy plots: 2-exponential fits (red) and 1-exponential fits (broken blue line) are
consistent.
(1) we used 1-exponential fits, for Ensemble (2) we used 2-exponential fits (and
checked consistency by comparing with 1-exponential fits over a smaller fit range).
The final results are summarized in Table 3.4. For Ensemble (2) we show the fit
result for two sets of interpolators to point out the possible systematic error due to
that choice.
From Ensemble (2) the effect is even more apparent: Allowing for only the
∗
D K interpolators one finds energies very close to the non-interacting case. When
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n t0

basis

fit
range

Ensemble (1)
1 3 O1,4,7−11 10-15
2 3 O1,4,7−11 10-15
3 3 O1,4,7−11 10-15
4 3 O1,4,7−11
4-11
Ensemble (2)
1 3 O1,4,7−11
4-14
2 3 O1,4,7−11
4-11
3 3 O1,4,7−11
4-11
4 3 O1,4,7−11
4-11
1 3 O1,2,4,5,9,11 4-20
2 3 O1,2,4,5,9,11 4-12
3 3 O1,2,4,5,9,11 4-12
4 3 O1,2,4,5,9,11 4-12

fit
type

χ2
d.o.f

Ea

E − m̄
[MeV]

1ec
1ec
1ec
2ec

0.12
1.45
0.50
0.54

1.3340(28)
1.3761(75)
1.4645(38)
1.6681(80)

377.4(4.2) -0.0382(11) -0.1701(44) -0.0970(29) -0.2709(69)
444(12)
585.3(5.9) 0.0314(17) -0.1998(101) 0.0796(44) -0.318(16)
909(13)
0.1707(52)
-1.09(38)
0.4330(132) -1.73(60)

2ec
2ec
2ec
2ec
2ec
2ec
2ec
2ec

1.58
1.00
0.71
0.45
0.27
0.89
1.80
1.27

1.0260(52)
1.0791(47)
1.0811(64)
1.1723(93)
1.0259(35)
1.0765(34)
1.0799(24)
1.162(18)

392(11)
507(10)
511(14)
710(20)
391.3(7.6)
501.3(7.4)
508.7(5.2)
688(40)

(ap)2

ap cot(δ)

p2
[GeV2 ]

p cot(δ)
[GeV]

-0.0097(19)

-0.086(14)

-0.0460(88)

-0.188(30)

0.0106(26)
0.0506(45)
-0.0098(13)

-0.071(25)
-0.113(116)
-0.0867(99)

0.050(12)
0.239(21)
-0.0463(63)

-0.155(54)
-0.24(25)
-0.189(22)

0.0101(11) -0.0762(103)
0.0458(85)
-0.28(55)

0.0478(50)
0.217(40)

-0.166(22)
-0.6(1.2)

Table 3.4: Energy levels for irrep T1+ for both ensembles and s-wave phase shifts
extracted from them (time-slices start from t=0 such that t0 = 3 corresponds to the
fourth time-slice). The superscript c indicates a correlated fit and m̄ = 41 (mDs +
3mDs∗ ). For Ensemble (2) we show the fit result for two sets of interpolators to point
out the possible systematic error due to the choice. The second level is identified with
Ds1 (2536) coupling weakly to s-wave (see the discussion in the text); we therefore
do not include it in the phase shift analysis.
coupling all interpolators we find level shifts due to interaction. For this ensemble
the 2nd and 3rd level are very close when considering all types of interpolators,
whereas in Ensemble (1) these are well separated. This supports the observation
that only one of the levels is dominated by D∗ K.
The lowest level is identified with the experimental state Ds1 (2460), below D∗ K
threshold. It couples to D∗ K in s-wave even in the heavy quark (mc → ∞) limit [76].
The level is seen already for q̄q interpolators alone but it is down-shifted by about
20 MeV (Ensemble (1)) or 33 MeV (Ensemble (2)) if the D∗ (0)K(0) interpolators
are included.
The second state in both ensembles is identified with Ds1 (2536). In Ensemble
(1) with the heavier pion the state lies below m∗D + mK , but in the Ensemble (2) we
find it above this threshold. The mass of Ds1 (2536) is given “naively” from the 2nd
energy level in Table 3.4 and compared with experiment in Table 3.5.
In the heavy quark limit, according to Ref. [76] Ds1 (2536) does not couple to
∗
D K in s-wave. We find that the composition of the states with regard to the
q̄q operators is fairly independent of whether the D∗ K operators are included or
not. This can be seen by the eigenvector components as well as the overlap factors
hn = 2|O1−8 i obtained with or without including the D∗ K interpolators. The level
is not observed if only D∗ K interpolator are used.
As an example we show in Fig. 3.8 (upper plot) the overlap factors hn|Oi i
for the lowest four eigenstates (Ensemble (2), first choice, see Table 3.4). There
is no absolute normalization for the lattice interpolators, thus one cannot directly
compare the factors for the q̄q interpolators (1 ≤ n ≤ 8) with those of the mesonmeson interpolators (9 ≤ n ≤ 11). Within the group of meson-meson interpolators
D∗ (0)K(0) contributes most to level 3 and D∗ (1)K(−1) is maximal for level 4.
The lower plot of Fig. 3.8 shows ratios of overlap factors hn|Oi i/maxm hm|Oi i for
the same four eigenstates. In this case normalization factors cancel and one sees for
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Figure 3.7: T1+ : Effective energies as obtained for various subsets of operators for
Ensemble (1) (lhs) and (2) (rhs). The fit type and fit range is shown in Table 3.4.
The horizontal broken lines indicate the positions of D∗ (0)K(0) and D∗ (1)K(−1) in
the non-interacting case. The boxes indicate the operators considered in each case
(blue: q̄q , red: D∗ (0)K(0), green: D∗ (1)K(−1).
mDs1 (2536) − 14 (mDs +3mDs∗ ) mDs1 (2536) −mK −mD∗
[MeV]
[MeV]
Ensemble (1)
444(12)
-53(12)
Ensemble (2)
set 1
507(10)
56(11)
set 2
501(8)
50(8)
Experiment
459
31
set

Table 3.5: Comparison of the mass of Ds1 (2536) with experiment.
each interpolator the relative amount of coupling to each level, confirming the above
observations.
Experimentally Ds1 (2536) is above D∗ K threshold but has - in spite of this - the
very small decay width Γ ' 0.92 MeV; coupling in s- and in d-wave is observed. The
experiment gives g ' 0.2 GeV (for a total width Γ ≡ g 2 p/s) which indeed seems
mc suppressed in comparison to g[D1 (2430) → D∗ π] ' 2 GeV. So it is reasonable
to assume that the coupling Ds1 (2536) → D∗ K in s-wave is indeed small. Due to
the small coupling we may treat this state as decoupled from the D∗ K scattering
channel. Lüscher’s equation for δ0 then does not affect this energy level. For this
reason the corresponding value of p cot δ0 is not provided in Table 3.4. Studies for
different volumes would be important to support this result.
∗
As discussed before for the case of the Ds0
(2317) we can use the values of
p cot δ(p) from Lüscher’s relation (3.6) to determine the effective range parame-
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Figure 3.8: T1+ : The upper figure shows the overlap factors hn|Oi ifor the lowest
four eigenstates (Ensemble (2), first choice, see Table 3.4). The abscissa gives the
operator number i according to the order in Tables 3.1 (1-8) and 3.2 (9-11) . Below
the ratios hn|Oi i/maxm hm|Oi i for the same four eigenstates are shown.
terization near threshold. From levels 1 and 3 we find the values in Table 3.6. The
pole condition δ(pB ) = i renders the pole for the Ds1 (2460) bound state (B) with
parameters given in Table 3.6 as well. The resulting mass is shown together with
other channels in Fig. 3.9.
∗

∗

K
aD
r0D K
(apB )2
amB
mK + mD∗ − mB mB − 14 (mDs + 3mDs∗ )
0
[fm]
[fm]
[MeV]
[MeV]
Ensemble (1)
-0.665(25) -0.106(37) -0.0301(15) 1.3511(35) 93.2(4.7)(1.0)
404.6(4.5)(4.2)
Ensemble (2)
set 1 -1.15(19) 0.13(22) -0.0071(22) 1.0336(60) 43.2(13.8)(0.6)
408(13)(5.8)
set 2 -1.11(11) 0.10(10) -0.0073(16) 1.0331(41) 44.2(9.9)(0.6)
407.0(8.8)(5.8)
Experiment
44.7
383

set

Table 3.6: T1+ Scattering length and effective range computed from the linear interpolation between levels 1 and 3, and parameters for the position of the Ds1 (2460)
bound state mB derived from the requirement cot δ(pB ) = i. The second uncertainty given for values in MeV corresponds to the uncertainty in the lattice scale a.
The experimental value of mK + mD∗ − mB is averaged over D∗+ K 0 and D∗0 K +
thresholds.
∗
Results for Ds2
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∗
Experiments observe the decay of Ds2
(2573) → DK (with a width of 17(4) MeV).
The nearest meson-meson energy level would be due to DK which have to be in
d-wave thus carrying extra momentum. Unlike the 0+ and 1+ states, this meson was
predicted well in potential models and is commonly expected to be described well as
a c̄s state. Our volume and number of configurations are unsuitable to study d-wave
scattering in this channel, where we would expect very small shifts for a relatively
∗
narrow resonance like the Ds2
(2573). Due to these reasons we therefore use only
quark-anti-quark operators and expect qualitative but not quantitative agreement
with experiment. We find the energy levels shown in Table 3.7. Identifying this
∗
(2573) gives mass differences also shown in the table
level “naively” with the Ds2
compared to the experimental value.

n t0

basis

fit
range

fit
type

χ2
d.o.f

Ea

E − m̄
[MeV]

Ensemble (1)
1 2 O1,2 11-17 1expc 0.28 1.3939(64) 473(10)(5)
Ensemble (2)
1 2 O1,2
3-14 2expc 1.06 1.0852(35) 520(8)(7)
Experiment
∗
Ds2
(2573)
496

Table 3.7: Ground state energy for T2+ . The superscript c indicates a correlated
fit and m̄ = 41 (mDs + 3mDs∗ ) is the spin-averaged Ds meson mass. The second
uncertainty given for values in MeV corresponds to the uncertainty in the lattice
scale a.
Comparison with experiment
∗
Positive parity charmed strange mesons Ds0
(2317), Ds1 (2460), Ds1 (2536) and
∗
Ds2 (2573) are interesting from a physics point of view for two main reasons. First,
the masses of the scalar and axial vector mesons are close to their charm light partners even though the strange quark is much heavier than the light. Second, contrary
∗
to the expectation from quark models, the Ds0
(2317) and Ds1 (2460) are both narrow below-threshold states. Many models and lattice QCD studies attempted to
understand this. In lattice calculations, a combination of unphysical thresholds
and treatment within the single hadron approach rendered the masses too high.
In particular, the effects of DK and D∗ K thresholds were not taken into account
explicitly. By including DK and D∗ K scattering operators in the simulation we determined the scattering amplitude from the low lying spectrum via Lüscher’s finite
volume method. In our simulation the lowest energy levels correspond to values cot δ
equal to 0.84(2)i/0.86(9)i (for Ensemble (1) and (2) in the J P = 0+ channel) and
0.87(1)i/0.88(4)i (for the 1+ channel). One way to determine the shift of the bound
state position due to finite volume is to simulate several volumes and extrapolate.
The second possibility available on a single volume is to apply the effective range
approximation near threshold. We followed the latter approach within this thesis,
which allowed us to get an estimate of the binding momenta pB at which the infinite
volume pole condition (3.10) is satisfied; this is preferable compared to simply using
the finite volume value of the lower state energy directly. Of course, simulations
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for several volumes would be desirable to confirm this result. In [101, 102, 117]
synthetic data from coupled channel effective field theory calculations are used to
attack the inverse problem of reconstructing bound state and scattering data from
the lowest energy levels obtained in finite volumes. Solutions to inverse problems are
not unique in general but such comparisons with modeled data offer a practicable
approach to the problem.
Comparing the two ensembles, the overall agreement with the observed Ds spectrum in Fig. 3.9 improves for the ensemble with almost physical pion mass. Unlike in
∗
(2317) and Ds1 (2460) as strong
previous studies, an unambiguous signal for the Ds0
∗
interaction bound states below the DK and D K thresholds is obtained. To achieve
this, close to physical quark masses and the inclusion of DK and D∗ K operators in
the basis of lattice interpolating fields are crucial ingredients.
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Figure 3.9: Resulting Ds spectrum for all channels. The masses are presented with
respect to spin-averaged mass 14 (mDs + 3mDs∗ ). The diamonds and crosses display
our lattice results, while black full lines correspond to experiment. The magenta
diamonds show masses extracted via phase shift analysis and correspond to the pole
position in the T −matrix. Masses extracted as energy levels in a finite box are
displayed as blue crosses. The dotted lines correspond to DK and D∗ K lattice
thresholds, while dashed lines on the left of each pane are thresholds in experiment.

3.2

X(3872)

The narrow charmonium(like) state X(3872) with mexp
X = 3871.68 ± 0.17 MeV [12]
has been confirmed by many experiments since its discovery [118], but its quantum numbers have been unambiguously determined to be J P C = 1++ only recently
[119]. Experimentally it is found within 1 MeV of the D0 D̄0∗ threshold and has an
interesting feature that it decays to J/ψ ω (I = 0) as well as J/ψ ρ (I = 1) states.
Theoretically it has been addressed within a great number of phenomenological
models (for review see e.g. [120, 121]). The J P C = 1++ charmonium channel with
I = 0 has been simulated previously also in lattice QCD using only c̄c interpolating
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fields, where impressive J P C identification was made in [122], the continuum and
chiral extrapolations were considered in [89, 90, 123], while a review on charmonium
results from lattice is given in [124]. However, X(3872) has never been unambiguously identified from a lattice simulation yet. Several simulations [26, 89, 90, 122] in
fact found one state near E ' mexp
X , but it was impossible to unambiguously decide
whether this state is X(3872) or the scattering state DD̄∗ , which should in principle
also appear as an energy level at very similar energy in a dynamical lattice QCD
simulation.
There was also one previous simulation that employed c̄c as well as DD̄∗ interpolating fields, but the results could not support or disfavor the existence of X(3872),
since only the lowest two energy levels in 1++ channel were extracted [125]. The
same holds for [126], where only one level near the DD̄∗ threshold was extracted
using various four-quark interpolators.
There were some recent simulations performed after the one discussed within
this thesis. The study performed in Ref. [127] used Clover-Wilson fermions and
included several additional scattering as well as tetraquark-like interpolators and
their conclusions remain compatible with ours. The authors of Ref. [128] have
also performed a study of the X(3872), where they used staggered fermions. They
included both c̄c and DD̄∗ scattering interpolators and found results qualitatively
compatible with ours.
Within this simulation we wish to identify the low-lying χc1 (1P ) and X(3872)
as well as all the nearby discrete scattering levels DD̄∗ and J/ψ ω for I = 0. The
number of energy levels near DD̄∗ threshold will indicate whether we observe a
candidate for X(3872) or not. For completeness we also search for X(3872) in the
I = 1 channel.
Details of the J P C = 1++ charmonium channel simulation
In lattice QCD simulations we identify the physical states from discrete energylevels En and in principle all physical eigenstates with the given quantum number
appear. We employ J P C = 1++ , I = 0 or I = 1 with total momentum zero. So the
eigenstates are also the s-wave scattering states D(p)D̄∗ (−p) and J/ψ(p)V (−p)
with discrete momenta p due to periodic boundary conditions in space, where V = ω
for I = 0 and V = ρ for I = 1.
This simulation is based on Ensemble (1), which has parameters described in
detail in Section 2.1.4. The u, d quarks are dynamical Clover-Wilson fermions with
mu = md and mval = mdyn . They render the pion mass at mπ = 266(4) MeV. The
spatial size of the lattice is L ' 2 fm and is the main drawback of our simulation
considering that X(3872) is probably large in size. These results might therefore
have sizable finite-volume corrections, however, as we are mainly interested in the
existence of an additional energy level near DD̄∗ this is not a major concern. The c
quarks are included only as valence quarks and interpreted according to the Fermilab
method. The details on the implementation can be found in Section 2.1.3.
The energy levels En and overlaps Zin ≡ hOi |ni of eigenstates n are extracted
from the correlation matrix using the GEVP (see also Section 2.3):
X
Cij (t) = hOi† (t + tsrc )|Oj (tsrc )i =
Zin Zjn∗ e−En t .
(3.13)
n

The correlation matrices Cij(t) are averaged over every second tsrc . We choose
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interpolating fields Oi that couple well to c̄c as well as the scattering states to study
the system with J P C = 1++ (6 ), total momentum zero and I = 0 or I = 1
c̄c
= c̄M̂i c(0)
O1−8
∗
O1DD̄ =
∗
O2DD̄ =

D̄D∗

O3

(only I = 0)

(3.14)

[c̄γ5 u(0) ūγi c(0) − c̄γi u(0) ūγ5 c(0)] + fI {u → d}

[c̄γ5 γt u(0) ūγi γt c(0) − c̄γi γt u(0) ūγ5 γt c(0)] + fI {u → d}
X
=
[c̄γ5 u(ek ) ūγi c(−ek ) − c̄γi u(ek ) ūγ5 c(−ek )] + fI {u → d}

ek =±ex,y,z
J/ψV

O1

J/ψV

O2

¯ k d(0)]
= ijk c̄γj c(0) [ūγk u(0) + fI dγ
¯ k γt d(0)] ,
= ijk c̄γj γt c(0) [ūγk γt u(0) + fI dγ

where fI =1 and V =ω for I=0, while fI =−1 and V =ρ for I=1.
Lattice Quantum numbers Interpolator
irrep
J P C in irrep
label
++
++
++
++
T1
1 , 3 , 4 , ...
1
2
3
4
5
6
7
8

Operator
q̄γi γ5 q
−
→
q̄ijk γj ∇k q
−
→
q̄ijk γt γj ∇k q
−
→
←
−
q̄ ∇i γi γ5 ∇i q
←
−
→
−
q̄ ∆γi γ5 ∆q
−
→
←
−
q̄ ∆ijk γj ∇k q
←
−
−
→
q̄ ∆ijk γt γj ∇k q
−
→
q̄|ijk |γ5 γj Dk q

Table 3.8: cc̄ interpolators for the T1++ irreducible representation of the Oh point
group. J P C decomposition is included in the Table.
Eight Oc̄c denoted as Mi in Eq. (3.14) are listed in Table 3.8 and polarization
iP= x is used. Momenta are projected separately for each meson current: q̄1 Γq2 (n) ≡
i2πnx/L
q1 (x, t)Γq2 (x, t) For the evaluation of the correlation matrix we use the
xe
∗
J/ψV
distillation method as described in 2.2 [26, 32]. For Oc̄c , O1DD̄ , O1
, we use
nv = 96 Laplacian eigenvectors and nv = 64 for the remaining three interpolators.
We expect J/ψ(1)V (−1) to be at least 200 MeV above the region of interest, so the
corresponding interpolator is not implemented.
We calculate all Wick contractions (see Figs. 3.2a, 3.2b) to the correlation matrix
Cij (t) (13 × 13 for I = 0 and 5 × 5 for I = 1). Charm annihilation contractions
shown in Fig. 3.2b are found to be very noisy like in previous simulations. Their
effect on I = 0 charmonium states is suppressed due to the Okubo-Zweig-Iizuka
rule, it was explicitly verified to be very small in [129] and we postpone the study of
their effects to a later time. The obtained results contain all contractions except for
those where c quark does not propagate from source to sink, i.e. we use contractions
from Fig 3.2a, but not Fig 3.2b.
We employ the irreducible representation T1++ of the lattice symmetry group Oh , which contains J P C = 1++ and in general also J P C ≥ 3++ states, but those are at least 200 MeV above the
region of interest [26].
6
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The energies En and overlaps hOi |ni are extracted from the time-dependence of
the correlation matrix Cij (t) using the generalized eigenvalue method C(t)un (t) =
λn (t)C(t0 )un (t) [35, 38]. Results are consistent for range 2 ≤ t0 ≤ 6 and are presented for t0 = 2, when the highest level is least noisy. The eigenvalues λn (t) →
e−En (t−t0 ) give the effective energies Enef f (t) ≡ log[λn (t)/λn (t + 1)] → En plotted in
Fig. 3.10, which equal the energies En in the plateau region. Ratios of overlaps for
state n to two different interpolators [38]
P
Cik (t)unk (t)
hOi |ni
=Pk
(3.15)
n
hOj |ni
k0 Cjk0 (t)uk0 (t)
evaluated at t = 8 are also shown (they are obtained from the full interpolator basis
but only few representative Oi are shown). The ratios are almost independent of
time for 6 ≤ t ≤ 10, indicating that the eigenstates n in Fig. 3.10 do not change
composition in time.
The main result of this simulation is the discrete spectrum for J P C = 1++ and
I = 0, 1 in Fig. 3.10. According to the Fermilab method for treating charm
quark, the difference of E and the spin-average 14 (mηc + 3mJ/ψ ) [26], both evaluated
from simulation,is presented. The horizontal lines represent energies of the noninteracting scattering states E n.i. on the lattice we used.

Analysis of s-wave DD̄∗ scattering
Results for I = 1
The channel with I = 1 cannot contain pure c̄c, as c is a singlet in the isospin.
The lowest three levels are D(0)D̄∗ (0), J/ψ(0)ρ(0) and D(1)D̄∗ (−1) and we verify
∗
J/ψρ
DD̄∗
, O1,2 and O3DD̄ , respectively.
that their overlaps are indeed largest with O1,2
Their energies are almost equal to non-interacting energies E n.i. represented by the
horizontal lines, which indicates that the interaction in I = 1 channel is small. No
extra energy level in addition to the scattering states in the I = 1 channel is found,
thus no candidate state for X(3872).
The sizable decay X(3872) → J/ψ ρ in experiment makes this state particularly
interesting and gives rise to two popular interpretations. Both are based on the
isospin breaking with the dominant effect coming from the 8 MeV isospin splitting
of the D0 D̄0∗ and D+ D̄−∗ [130, 131]. The first interpretation is based on X(3872)
with I = 0 and the isospin is broken in the decay. The second possibility is that
X(3872) is a linear combination |X(3872)i = aI=0 |DD̄∗ iI=0 + aI=1 |DD̄∗ iI=1 with
aI=1  aI=0 and aI=1 (mu = md ) = 0 [130, 131]. Our non-observation of X(3872)
with I = 1 is in agreement with both interpretation due to exact isospin symmetry
(mu = md ) in the simulation. Another possibility is that five I = 1 scattering interpolators (3.14) are not diverse enough to render X(3872).
Results for I = 0
The lowest energy state in Fig. 3.10 is the conventional χc1 (1P ). The energy
J/ψω
state represented by the triangles is J/ψ(0)ω(0); it disappears if O1,2 is not used
in the basis of Cij (t), leaving the remaining energies and overlaps almost unmodified
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Figure 3.10: Upper figure: symbols represent En − 14 (mηc + 3mJ/ψ ) in the plateau
region, where En are energies of the eigenstates n in the J P C = 1++ channel
(n = 1, 2, .. starting from the lowest state). The choice of the interpolator basis
(3.14) is indicated above each plot. Dashed lines represent energies E n.i. of the noninteracting scattering states. Lower figure: overlaps hOi |ni of eigenstates n (from
the upper figure) with interpolators Oi , all normalized to hO1c̄c |ni. Note that all
DD∗,J/ψω
hOi
|ni/hO1c̄c |ni depend on one (arbitrary) choice for the normalization of
the current q̄1 Γq2 (n) with a given quark smearing. The plotted ratios correspond to
choice presented in Eq (3.15).
(Fig. 3.10b), which indicates that J/ψ ω is not significantly coupled to the rest of
the system. The diamonds correspond to D(1)D̄∗ (−1) and have largest overlap to
∗
O3DD̄ .
There are two remaining levels (circles and stars) in Figs. 3.10a and 3.10b and
one of them has to be D(0)D̄∗ (0). The other level is the evidence for the presence
of a physical state in the energy region near DD̄∗ threshold and it is likely related
to experimental X(3872).
One expects two possible interpretations of the energy levels with circles and
∗
stars in Figs. 3.10a,b, similarly to the case of the Ds0
(2317).
1. Stars correspond to a weakly bound state X(3872) slightly below DD̄∗ threshold and circles correspond to the scattering state D(0)D̄∗ (0), which is sigD̄∗
nificantly shifted up due to a large negative DD̄∗ scattering length aD
≡
0
limp→0 tan δ0 (p)/p.
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Figure 3.11: Wick contractions that enter the correlation matrix Cij (t) 3.13 for
the interpolators listed in Eq. (3.14) and Table 3.8. The red solid line represents c
quark, while black dashed line represents u or d quark.
This is the expected scenario for one shallow bound state on the lattice [71]
and confirmed for deuteron in [114, 115]. Levinson’s theorem requires the
DD̄∗ phase shift to start at δ(p=0)=π and fall down to δ(p → ∞)= 0 for one
D̄∗
near-threshold bound state. This implies a negative scattering length aD
0
and positive energy shift of D(0)D̄∗ (0) [44].
2. The circles are identified with a resonance above DD̄∗ threshold and stars with
the down-shifted D(0)D̄∗ (0) scattering level arising from the attractive interD̄∗
action with positive aD
. This interpretation leads to positive a scattering
0
length.
From the scattering length determined in Eq. (3.18) we will conclude that
X(3872) is related to the energy level indicated by stars in Fig. 3.10a,b and is
thus interpreted as a shallow bound state (of DD̄∗ ) slightly below DD̄∗ threshold.
An interesting question is whether X(3872) has an accompanied slightly heavier
state, sometimes called χc1 (2P ), with the same quantum numbers. Fig. 3.10a shows
that we do not find a candidate for such a state for E < 4100 MeV, in agreement
with experiment which also fails to find another 1++ state nearby. Our results
102

3.2. X(3872)
therefore allow the possibility for interpreting X(3872) as χc1 (2P ) = c̄c, which is
(accidentally) aligned with DD̄∗ threshold.
A careful consideration of Figs. 3.10b-d reveals that the energy level we identified
with X(3872) is present only when both c̄c and DD̄∗ scattering interpolators are
included. When only the c̄c interpolators are present we find a single state, which
appears to be the "average" of the X(3872) and the scattering levels similar to the
case observed in positive parity Ds mesons. When only the scattering interpolators
are included again no candidate for X(3872) is found. Perhaps this could be understood if X(3872) is interpreted as a consequence of accidental alignment of the cc̄
∗
state with DD̄∗ threshold, which is suppressed in practice if Oc̄c and ODD̄ are not
explicitly incorporated.
Scattering analysis
The fitted energies and the corresponding phase shifts are presented in Table
3.9, where the phase shifts δ(p) for the s-wave DD̄∗ scattering are extracted using
the well-established and rigorous Lüscher relation [44] (see also Eq. (2.154)):
 2
L
2 Z00 (1; q 2 )
2
√
,
q ≡
p2 ,
(3.16)
p · cot δ(p) =
2π
πL
which applies for elastic scattering below and above threshold. The D and D̄∗
momentum p is extracted from En = ED (p) + ED∗ (p) using dispersion relations
ED,D∗ (p) [26] and En=2,3 from Fig. 3.10b and Table 3.9. These energies result from
∗
correlation matrix with Oc̄c , ODD̄ but without OJ/ψω . Comparing Figs. 3.10a and
3.10b reveals that the effect of the J/ψω is negligible.
level
n
1
2
3
4

fit En − 41 (mηc +3mJ/ψ )
p2
p · cot δ(p)
2
t
[MeV ]
[GeV ]
[GeV]
6-11
429(3)
/
/
8-11
785(8)
−0.075(15) −0.21(5)
6-9
946(11)
0.231(22)
0.17(9)
7-10
1028(18)
/
/

Table 3.9: The energies extracted from the one-exponential correlated fit of the 6×6
c̄c
DD̄∗
Cij (t) based on O1,3,5
, O1,2,3
and t0 = 2. The p denotes D and D̄∗ momentum and
δ(p) denotes their scattering phase shift.
The resulting p cot δ in Table 3.9 for p2 slightly below and above threshold can
be described by the effective range approximation for DD̄∗ scattering in s-wave
p cot δ(p) =

1
D̄∗
aD
0

1
+ r0DD̄∗ p2 .
2

(3.17)

Inserting p cot δ(p) and p2 for levels n = 2, 3 to (3.17), we get two relations which
render the (DD̄∗ )I=0 scattering length and the effective range at our mπ ' 266 MeV
∗

D̄
aD
= −1.7 ± 0.4 fm ,
0

∗

r0DD̄ = 0.5 ± 0.1 fm .

(3.18)

The infinite volume DD̄∗ bound state (BS) appears where the S-matrix, S ∝
(cot δ(p) − i)−1 , has a pole, so for the value of p2BS < 0 where cot δ(pBS ) = i. The
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DD̄∗ bound state X(3872) appears near threshold, so we determine the binding
momentum p2BS = −0.020(13) GeV2 which corresponds to cot δ(pBS ) = i from the
effective range approximation (3.17) and the parameters (3.18). This binding momentum then renders the position of the bound state X(3872) in the infinite volume
7
via mlat
and the resulting mass in Table 3.10 is
X (L→∞) = ED (pBS ) + ED∗ (pBS )
rather close to the experimental value.
X(3872) mX − 14 (mηc +3mJ/ψ ) mX −(mD0 +mD0∗ )
latL→∞
815 ± 7 MeV
−11 ± 7 MeV
804 ± 1 MeV
−0.14 ± 0.22 MeV
exp

Table 3.10: mX(3872) from lattice and experiment [12, 132].

The errors correspond to statistical errors based on single-elimination jack-knife
as described in Section 2.3.2. The largest systematic uncertainty is expected from
the finite volume corrections and we estimate that mX on the DD̄∗ threshold is also
allowed within our systematic errors, while mX above threshold is not supported
due to a0DD∗ < 0 (3.18). Concerning the composition of our candidate for X(3872),
Fig. 3.10 shows its representative overlaps hOi |n = 2i. It has particularly sizable
overlaps with c̄c and D(0)D̄∗ (0) interpolators, and has non-vanishing overlaps with
the remaining ones.
While the aim of this simulation was not to choose between most popular interpretations (c̄c state accidentally aligned with DD̄∗ threshold or DD̄∗ molecule,
etc. ), we have still learned an important lesson: the X(3872) is not a pure c̄c state
and this needs to be taken into account when studying it. Within this thesis we
presented the first reliable theoretical evidence for the existence of the exotic meson
X(3872) within QCD.

D(∗) masses and dispersion relations ED(∗) (p) were obtained from [26], where they are extracted
for employed configurations.
7
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Chapter 4
Resonances
Lattice QCD provides an ab initio approach to study strong interactions between
hadrons and strong decays of hadronic resonances. Within this Chapter we focus
on some interesting light resonances such as the κ, K ∗ (892), a1 and b1 . These
states appear above threshold of their decay products so they are unstable. To
describe them we will need both their masses and their decay widths. However, as
the parameters of the lattice are not exactly that of the physical world, we choose
to present the coupling of the resonance to the scattering particles rather than the
decay width. In contrast to the decay width the coupling is independent of the size
of the phase space and is thus more suitable when compared with experimental data.
Results presented in this Chapter are based on the published works:
• C. B. Lang, L. Leskovec, D. Mohler and S. Prelovsek, "K π scattering for
isospin 1/2 and 3/2 in lattice QCD", Phys. Rev. D86, 054508 (2012),
• S. Prelovsek, L. Leskovec, C. B. Lang and D. Mohler, "K π scattering and the
K ∗ decay width from lattice QCD", Phys.Rev. D88 054508 (2013),
• C. B. Lang, L. Leskovec, D. Mohler and S. Prelovsek, "Axial resonances
a1 (1260), b1 (1235) and their decays from the lattice", JHEP 1404 162 (2014),
• L. Leskovec and S. Prelovsek, "Scattering phase shifts for two particles of
different mass and nonzero total momentum in lattice QCD", Phys. Rev. D
85, 114507 (2012).
The Chapter is organized as follows. First we review the extraction of decay
widths of unstable hadronic resonances. Then we briefly discuss Kπ scattering
which is followed by the Kπ scattering in p-wave. We present the extraction of the
K ∗ decay width and the difficulties related with it. After that our focus shifts to the
Kπ scattering in s-wave, where the broad resonance K0∗ (800) is present. We present
our simulation in the case of zero total momentum, as non-zero momentum lattice
frames have the unpleasant property of mixing s and p-wave scattering. Due to the
nature of the broad resonance K0∗ (800) it cannot be parameterized with a BreitWigner resonance. For this reason we are unable to determine the resonance width
or pole position. The rest of the chapter is dedicated to the light axial resonances
a1 and b1 . We are able to determine the decay width of the a1 into ρπ. However, in
the b1 channel we are only able to determine the resonance mass due to large gauge
noise present in the ωπ channel.
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4.1

Kπ scattering

Historically the unstable resonance that was studied the most with lattice QCD
was the ρ resonance in ππ scattering [52, 57, 58, 133, 134, 135, 136]. There are
many reasons for this choice among them being that ρ is an elastic resonance with
well known behavior. Due to the finite spatial volume in a lattice QCD simulation,
the spectral density of scattering processes is intrinsically discrete, and thus one
has to infer scattering information from the observed energy levels. In current
simulations these levels are scarce, and with available methods, phase √
shifts δ can
only be determined at a limited number of values of the invariant mass s. To add
additional data points to the phase shift dependence on the invariant mass non-zero
total momentum frames are used [54].
Continuing along that path, we study the Kπ system in s-wave and p-wave, for
both, I = 1/2 and the exotic I = 3/2 channels. Whereas the I = 1/2 p-wave is
dominated by the well established and narrow resonance K ∗ (892), the experimental
I = 1/2 s-wave phase shows a very broad structure without clear resonance signal
below 1 GeV. The discussion whether this should be interpreted as a wide resonance
K0∗ (800) (also called κ) with a width almost as large as its mass is still not settled. It
would however fit into the 0+ multiplet of scalar mesons (together with the partner
states f0 , also called σ, and a0 ). A review on kinematics of Kπ scattering and the
analytical structure of the partial wave amplitudes is done in [137].
The experimental data provides the magnitude and phase of √
the scattering am1
I
I iφI`
plitude T` = |T` |e as a function of the Kπ invariant mass s. In the elastic
region where our focus will be, both |T`I | and φI` = δ`I are related to the elastic
scattering phase δl by the known relation
I

I

T`I = sin δ`I eiδ` =

e2iδ` − 1
.
2i

(4.1)

In early experiments, Kπ scattering amplitudes were derived from analysis of
Kp → Kπn and Kp → Kπ∆ [138, 139, 140, 141, 142, 143]. Even today, the most
accurate data on scattering amplitudes is based on Estabrooks [138] and Aston
[139], and we use these two for comparison with our lattice results. Estabrooks [138]
measured both processes and was the only experiment that was able to disentangle
I = 1/2 and I = 3/2 channels. Aston [139] considered only Kp → Kπn, so they
1/2
3/2
3/2
were able to provide only the sum T` = T` + 12 T` = |T` |eiφ` . The phases φ`≥1 are
believed to be small (which was explicitly confirmed by Estabrooks), so we compare
I=1/2
I=1/2
to their δ`=1 ' φ`=1 . We also compare to their δ`=0 which is obtained taking
I=3/2
their T0 [139] and subtracting 2 T0
[138].
There are also newer results on Kπ scattering that were derived from D → Kππ
[144, 145, 146] and B → D∗ K and sequential D∗ decays [147, 148, 149, 150], but
none of these studies performs the isospin decomposition of the amplitudes. We
thus do not compare our results to these experiments.
√
Our T` is denoted by a` / 2` + 1 in experiments [138, 139].
3/2
2
Instead of subtracting the measured T0 [138] we subtract the effective-range formula fit
through this data.
1
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4.1.1

p-wave Kπ scattering

The elastic region is dominated by a vanilla-style resonance: the K ∗ (892) with a
width of ≈ 50 MeV from experiments. Experiments indicate further resonances
K ∗ (1410) and K ∗ (1680), where the first one is not established in all experiments.
The K ∗ (892) meson was addressed in numerous lattice simulations ranging from
spectroscopy to weak matrix elements, where K ∗ appears in the final state. Yet
all previous simulations assumed the so-called narrow width approximation, where
K ∗ is assumed to be stable against strong
decay and the lattice energy level E is
p
∗
2
simply identified with the K energy p + m2K∗ . In nature, however, the K ∗ (892)
strongly decays exclusively to Kπ with a rather narrow decay width Γ ' 50 MeV
due to the small phase space related to the near-by threshold. So the asymptotic
state in a lattice simulation is not K ∗ (892) but rather a scattering state K(pK )π(pπ ).
The lowest scattering level with total momentum Pq= 0 allowed byqangular conservation K(1)π(−1)3 has relatively high energy Esc '

m2π + ( 2π
)2 +
L

m2K + ( 2π
)2
L

and L < 3 fm used in
and has a rather insignificant effect for typical mπ > mphy
π
most of previous simulations. As state-of-the-art simulations aim at physical mπ
and consequently large L, the K ∗ → Kπ strong decay is even more influential and
is limiting the precision for extraction of phenomenologically important quantities
at present (for example B → K ∗ and D → K ∗ form factors [151, 152, 153]).
Within this simulation we address the unstable nature of the ground state resonance K ∗ (892) as well as the excited resonance K ∗ (1410) in their Kπ decay mode.
We study the strong decay K ∗ → Kπ by employing a non-zero total momentum P
as well as zero total momentum P , where the K ∗ (892) decay is kinematically facilitated on the lattice. For this purpose we simulate Kπ scattering in p-wave with
e , 2π
(ex + ey ), P = 0 and extract energy levels En . Each of the En leads
P = 2π
L z
L
to the value of δl=1 (s) at s = En2 − P 2 via the generalized Lüscher relations derived
for the scattering of non-degenerate particles with nonzero P in [49]. The resulting
phases are combined with those obtained from our previous simulation at P = 0
[154]. Finally we determine the resonance mass and width of K ∗ (892), as well as
the resonance mass of K ∗ (1410) using a Breit-Wigner type formula.
A challenging technical problem for simulating scattering of non-degenerate particles (mK 6= mπ ) at P 6= 0 is that even and odd partial waves can in principle mix
within one irreducible representation of the discrete lattice group [48, 49, 155, 156]
(cf. also 2.4.2). In the present simulation we the irreducible representations (T1 ,
E, B2 and B3 ) where the p-wave does not mix with the s-wave as explained in
Section 2.4.2 and in Ref. [49]; this is extremely important for a reliable extraction
of the p-wave since the s-wave is non-negligible in the whole energy region. In fact
the p-wave can mix with the d-wave for the irreducible representations we consider
[48, 49], which is an artifact of the reduced discrete symmetry group on the lattice
and does not appear in infinite continuum space-time. The d-wave phase shift is experimentally known to be negligible up to the d-wave resonance K2∗ (1430) [138, 139],
where the phase has a rapid increase by π, as is expected from a narrow resonance.
We indeed observe p-wave resonances K ∗ as well as the d-wave resonance K2∗ (1430)
in the same irreducible representations. This forces us to attempt a preliminary
analysis of the energy region around K ∗ (1410) and K2∗ (1430) using the generalized
Lüscher-type relation we derived in Chapter 2 that takes into account the mixing of
3

The momenta in parenthesis will be sometimes given in units of 2π/L.
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both waves [49].
Other lattice and non-lattice studies
The resonant I = 1/2 channel with K ∗ resonances is expected to have a behavior
significantly different to the non-resonant I = 3/2 channel, and we will verify this
by simulating explicitly both isospin channels.
The simulation for P = 0 leads only to one phase shift point near the K ∗
resonance, which does not allow a determination of the K ∗ width. There was another
recent simulation aimed at K ∗ [157], but it extracted the p-wave phase shift at
P = 2π/L from the irreducible representation A1 , which mixes s and p waves. Since
the s-wave phase shift is sizable in the region of the K ∗ (892) resonance, we believe
the extracted p-wave phase shift in [157] to be affected by sizable and unknown
systematic uncertainties.
The K ∗ (892) → Kπ coupling was already extracted once on the lattice before us
using the amplitude method, which is based on the hKπ|K ∗ i correlator [158]. This
method assumes that the K ∗ and Kπ energies are equal, which is difficult to achieve
in practice.
A recent study was performed by the Hadron Spectrum Collaboration [159, 160],
however, it was performed later than ours. They studied p-wave Kπ scattering with
heavy pions and also took into account the inelastic effects of the Kη channel.
Within their study it was demonstrated for the first time, that inelastic effects can
be taken into account when multiple volumes with the same parameters are available.
In phenomenological studies the K ∗ resonance-pole emerged for example within
the Roy-equation approach [161, 162] and a unitarized version of the Chiral Perturbation Theory [163, 164, 165, 166, 167]. The latter approach has also been used
to study the mπ,K dependence [168] and the finite-volume effects [155, 169, 170] in
lattice simulations.
Strategy of the simulation in p-wave
Our simulation is based on one ensemble of gauge configurations with nf = 2 clover
Wilson dynamical u, d quarks and u, d, s valence quarks (ms > mu = md ) described
in detail in Section 2.1.4. The corresponding pion mass is mπ = 266(4) MeV. The
strange quark mass corresponds to rendering mK = 552(6) MeV. There is a practical
advantage in nf = 2 flavor simulation for Kπ scattering: that there is no Kη
scattering state, so the inelastic threshold is higher.
In order to facilitate the K ∗ → Kπ decay kinematically and to access further
values of s = En2 − P 2 , we implement interpolators (4.10) with non-zero total momenta P (we considered also all permutations of P and all possible directions of
polarizations at given P as described in Section 2.4):
e :
P = 2π
L z
2π
P = L (ex +ey ) :
P =0 :

C4v , irreps E(ex,y ), E(ex ±ey ), l = 1, 2
C2v , irreps B2 , B3 ,
l = 1, 2
−
Oh , irrep T1 ,
l = 1.

(4.2)

The symmetry group of the mesh viewed from the center-of-momentum (CMF)
frame of the Kπ system is C4v for P = 2π
e and C2v for P = 2π
(ex + ey ). These
L z
L
groups do not contain the inversion as an element, which in turn implies that even
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and odd partial waves can in principle mix within the same irreducible representation. For extraction of δl=1 a particularly disturbing mixing is the one with δl=0 ,
since δ0 (s) is known to be non-negligible in the whole energy region of interest. Fortunately δ1 does not mix with δ0 in the irreducible representations E, B2 , B3 (see
equation (4.2)), so we can use these. In fact we employ two representations of the
two-dimensional E: E(ex,y ) with basis vectors along axis (ex , ey ) and E(ex ± ey )
with basis vectors along the diagonal (ex + ey , ex − ey ).
Each of the five representations B2 , B3 , E(ex,y ), E(ex ± ey ), and T1− will lead
to energy levels En , values of s = En2 − P 2 and scattering phases δ(s) as derived in
Section 2.4.2.

Interpolating fields
The Kπ physical system with momentum P = 0 and I = 1/2 or I = 3/2 is created
or annihilated with the interpolating fields listed in Table 4.1, Eq. (4.3) and Eq.
(4.3)).
Lattice Quantum numbers Interpolator
J P in irrep
label
irrep
−
−
−
T1
1 , 3 , ...
1
2
3
4
5

Operator
q̄γi q
q̄γt γi q
←
− →
−
q̄h∇ j γi ∇ j qi
→
−
←
−
q̄ 12 ∇ i − ∇ i q
h−
←
− i
1 →
q̄ijk γj γ5 2 ∇ k − ∇ k q

Table 4.1: Interpolators for the T1− irreducible representation of the Oh point group.
J P decomposition is included in the Table.

O6,i =

√1
3

√
K + (pi )π 0 (−pi ) + 23 K 0 (pi )π + (−pi )
−(pi ↔ −pi ).

Here, the open polarization index is i = x, y, z, and we average the resulting correlation matrices over three polarizations. The linear combinations of the derivatives in
O4,5 render good C parity in the SU (3) flavor limit. Although C is not a good quantum number due to ms 6= mu,d , such a combination is advantageous as discussed in
Ref. [171].
For the I = 3/2 p-wave channel, we use only O6 from Eq. (4.3) with appropriate
choice of flavor
O6,i = K + (pi )π + (−pi ) − K + (−pi )π + (pi ) ,

(4.3)

where i = x, y, z is the polarization index.

The interpolators in I = 1/2 and I = 3/2 channel, Oq̄q and OKπ , with total
momentum P 6= 0 for irreducible representations B2 , B3 , E(ex,y ), E(ex + ey ),
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which contain Kπ scattering with l = 1 in continuum are listed in Eqs. (4.4)), (4.5),
(4.6)), (4.7)), (4.8)) and (4.9)) .
q̄q
In each irrep we use five Oop
(op = 1, .., 5), which are all constructed from vector
op
currents Vi (P ) with polarization i:

Viop=1 =

P

Viop=2

P

Viop=3
Viop=4
Viop=5

x

s̄(x) γi eiP x u(x),

(4.4)

s̄(x) γt γi eiP x u(x),
P
←
− →
−
= x,j s̄(x) ∇ j γi ∇ j eiP x u(x),
h−
P
←
− i iP x
1 →
= x s̄(x) 2 ∇ i − ∇ i e u(x),
h→
P
−
←
− i
= x,j,k ijk s̄(x)γj γ5 21 ∇ k − ∇ k eiP x u(x).
=

x

The correspond to the same interpolators used in the P = 0 case listed in Table 4.1,
however, they are given momentum P.
The OKπ interpolators are linear combinations of K(pK )π(pπ ) where momenta
for K and π are separately projected
K + (pK ) =

X

eipK x s̄(x)γ5 u(x),

(4.5)

x

π + (pπ ) =

X

¯
eipπ x d(x)γ
5 u(x),

x

and analogously for K 0 and π 0 .
In practice the simulation includes three permutations of direction P = 2π
e,
L z
2π
and three of direction P = L (ex + ey ), but only interpolators for one choice of
polarization are presented. The other two polarizations can be easily deduced from
the representative one.
The interpolators for the case of the B2 irrep are:
q̄q
=Vxop (ex + ey ) − Vyop (ex + ey ),
Oop=1,..,5
q 
 q  
O6Kπ = 13 π 0 (ex )K + (ey ) − π 0 (ey )K + (ex ) + 23 .. ,
q 
Kπ
O7 = 13 π 0 (ex + ez )K + (ey − ez )
 q  
−π 0 (ey + ez )K + (ex − ez ) + {ez ↔ −ez } + 23 .. ,

(4.6)

where [..] indicates another term with replacement π 0 → π + and K + → K 0 . Momenta K and π in OKπ are given in units of 2π/L.
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For the B3 irrep the interpolators used are:
q̄q
Oop=1,..,5
=Vzop (ex + ey ),
q 
O6Kπ = 13 π 0 (ex + ey + ez )K + (−ez )
 q  
−π 0 (ex + ey − ez )K + (ez ) + 23 .. ,
q 
Kπ
O7 = 13 K + (ex + ey + ez )π 0 (−ez )
 q  
−K + (ex + ey − ez )π 0 (ez ) + 23 .. ,
q 
Kπ
O8 = 13 π 0 (ex + ez )K + (ey − ez )
 q  
+π 0 (ey + ez )K + (ex − ez ) − {ez ↔ −ez } + 23 .. .

(4.7)

The two-dimensional basis is for the E irrep can be (ex , ey ). We list interpolators
for ex (but simulate also ey ):
q̄q
=Vxop (ez ),
Oop=1,..,5
q 
O6Kπ = 13 π 0 (ez + ex )K + (−ex )
 q2 
0
+
−π (ez − ex )K (ex ) + 3 .. ,
q 
O7Kπ = 13 K + (ez + ex )π 0 (−ex )
 q2 
+
0
−K (ez − ex )π (ex ) + 3 .. .

(4.8)

However, for the E irrep, the two-dimensional basis can also be (ex + ey , ex − ey ).
The interpolators for ex − ey are:
q̄q
Oop=1,..,5
=Vxop (ez ) − Vyop (ez ),
q 
O6Kπ = 13 π 0 (ez + ex − ey )K + (−ex + ey )
 q2 
0
+
−π (ez − ex + ey )K (ex − ey ) + 3 .. ,
q 
O7Kπ = 13 K + (ez + ex − ey )π 0 (−ex + ey )
 q2 
+
0
−K (ez − ex + ey )π (ex − ey ) + 3 .. .

(4.9)

There are no quark-anti-quark interpolators with I = 3/2, so we incorporated
only K + π + interpolators.
We
all OKπ listed for I = 1/2 with the obvious
p
p employ
0 +
+ 0
replacement 1/3 π K + 2/3 π K −→ K + π + .
Written only conceptually this gives:
X
q̄q
OI=1/2
=
eiP x s̄(x)Γ̂u(x),
(4.10)
x

Kπ
OI=1/2

=

X

q
fj [ 13 K + (pKj )π 0 (pπj ),

j

+
Kπ
OI=3/2
=

X

q

2
K 0 (pKj )π + (pπj )],
3

fj K + (pKj )π + (pπj ), pKj + pπj = P.

j

111

Chapter 4. Resonances
where x, P and p are three-vectors. Interpolators are constructed to transform according to irreducible representations as explained in Section 2.4.

Towards the discrete energy spectrum
To calculate the correlation matrix Cij (t):
Cij (t) = hOi (t)Oj (0)† i.

(4.11)

we use the distillation method [32], which allows us to calculate all the contractions
conceptually drawn in Fig. 4.1. The qq → qq contractions depicted in Fig. 4.1c are
the usual contractions for non isosinglet quantities. The qq → M M contractions
appear only as the triangle diagram shown in Fig. 4.1d,e. The M M → M M contractions involve three different types. The first two are connected (Fig. 4.1a) and
can be handled with conventional methods, while the third one (Fig. 4.1c) involves
backtracking loops with τ (t, t) and τ (t0 , t0 ), so it needs “all-to-all” methods like for
example distillation
C direct (t, t0 ) =
T r[τs (t0 , t)Γ2 φ(t, F(p2 )) τu (t, t0 )Γ02 φ(t0 , F(−p02 ))]
× T r[τu (t0 , t)Γ1 φ(t, F(p1 )) τu (t, t0 )Γ01 φ(t0 , F(−p01 ))],

(4.12)

C crossed (t, t0 ) =
T r[τs (t0 , t)Γ2 φ(t, F(p2 )) τu (t, t0 )Γ01 φ(t0 , F(−p01 ))
× τu (t0 , t)Γ1 φ(t, F(p1 )) τu (t, t0 )Γ02 φ(t0 , F(−p02 ))],

C box (t, t0 ) =
T r[τs (t0 , t)Γ2 φ(t, F(p2 )) τu (t, t)Γ1 φ(t, F(p1 ))
× τu (t, t0 )Γ01 φ(t0 , F(−p01 )) τu (t0 , t0 )Γ02 φ(t0 , F(−p02 ))] .

The I = 1/2 correlation matrix M M → M M entry is build with the following
combination of diagrams in Eq. (4.12):
I=1/2,M M →M M

Cij

3
1
(t, t0 ) = (C direct (t, t0 ) + C crossed (t, t0 ) − C box (t, t0 )).
2
2

(4.13)

For the I = 3/2 case only M M → M M entries are needed, however, with a different
combination than for I = 1/2:
I=3/2M M →M M

Cij

(t, t0 ) = (C direct (t, t0 ) − C crossed (t, t0 )).

(4.14)

We use Nv = 96 Laplacian eigenvectors for Oq̄q and Nv = 64 for the more costly
OKπ .
To determine the low lying energy levels En from the correlation matrix Cij (t)
we use the variational method [35, 36, 37, 38] (for details see Section 2.3). The
energy levels are obtained from the exponential decay of the eigenvalues λn (t) by
using correlated fits of one or two exponentials.
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(c)

(a)

(b)

(d)

(e)

Figure 4.1: Contractions for our correlators with s̄u and Kπ interpolators (4.10).
For I = 3/2 only (a) appears, while all are needed for I = 1/2. The contractions
(c,d) need an all-to-all method like distillation.
Results for discrete spectrum in I = 1/2 and I = 3/2
A few lowest effective energies Enef f (t) for the I = 1/2, 3/2 states are shown in Fig.
4.2. The energies for the levels with reliable plateaus (marked by horizontal fits) are
provided in Tables 4.3 and 4.5. All error bars are determined by single elimination
jackknife.
The energy spectrum of Kπ scattering is discrete on a finite lattice. In absence
of interaction, the scattering levels K(nK )π(nπ ) are just sums of energies of the
individual particles with
q
p
En.i. (K(nK )π(nπ )) = m2K + p2K + m2π + p2π ,
pπ =

2π
n ,
L π

pK =

2π
n ,
L K

nπ,K ∈ N 3 ,

(4.15)

which are given
p dashed lines in Fig. 4.2. In Fig. 4.3 we show the correspond√ by the
2
ing values of s = En.i.
− P 2 . This plot demonstrates the difficulty to achieve
∗
energy values for a scattering level in the
√ region of the K (892) resonance for a typical lattice size. Note that the lowest s is reached for K(ex )π(ey ) which appears
in the B2 representation.
In the interacting case the lattice energies En get shifted with respect to En.i. . A
small shift ∆E = En − En.i. corresponds to a small phase shift δ(s) at s = En2 − P 2
(modulo multiples of π). The I = 3/2 scattering in Fig. 4.2 is a typical example:
all levels are near En.i. and a small positive ∆E is related to a small and negative δ1
in this repulsive channel. The scattering levels K(ex )π(ey ) in B2 and K(ez )π(−ez )
in T1− are also clearly visible in the I = 1/2 channel; we also observe higher I = 1/2
scattering levels but some are not included in the analysis and the plots due to less
reliable plateaus4 .
Narrow resonances lead to levels in addition to the scattering levels K(nK )π(nπ ).
Such extra levels are indeed observed in Fig. 4.2 for the resonant I = 1/2 scattering.
The K ∗ (892) is narrow in experiment and even narrower on our lattice (due to
smaller phase space at mπ = 266 MeV), and is responsible for the lowest level with
I = 1/2 in all irreps. We find that for all irreps except B2 , the lowest energy is
insensitive as to whether OKπ is included in the correlation matrix or not; this is
expected
since the scattering levels Kπ have a high energy En.i. (4.15) corresponding
√
to s  mK ∗ (892) (Fig. 4.3) in these irreps, so they influence the ground state only
4

Higher I = 1/2 scattering levels have less reliable plateaus than I = 3/2 ones due to the
contraction (c) in Fig. 4.1. They also constitute already the 4th level or higher for I = 1/2.
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Figure 4.2: Effective energies Enef f (t) a of the Kπ system with I = 1/2, 3/2 at total
momentum P 6= 0 and P = 0 (in lattice units a−1 ' 1.59 GeV). The dashed lines
indicate energy vales En.i. for the non-interacting scattering levels in the notation
K(n2K )π(n2π ) (see equation (4.15)).
√
weakly. In the case of irrep B2 , which has the Kπ scattering state at lowest s
in Fig. 4.3, the ground state is slightly (but still within the error on E ef f ) shifted
down when OKπ is included in the basis.
√
There is one additional level in irreps B2 , B3 , E near s ' 1.4 GeV which we
∗
attribute
√ to the K (1410)−resonance. It is puzzling that there is no additional level
near s ' mK ∗ (1410) in T1 .
√
Note that there is another extra level near s ' 1.4 GeV for irreps B2 ,B3 , E
with P 6= 0 and we attribute this to the resonance K2∗ (1430). As we mentioned,
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Figure 4.3: Values of s = En.i.
− P 2 for non-interacting Kπ scattering states
(4.15) on our lattice (mπ and mK are given in Table 2.1). The values correspond to
the dashed lines in Fig. 4.2, now shown in GeV units.
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Figure 4.4: Effective energy from quark-anti-quark interpolators in the T2+ irrep
of Oh . The level is related to K2∗ (1430) resonance in d-wave scattering of Kπ. We
obtain E a = 0.9515(77).

the p-wave scattering mixes with d-wave scattering in irreps B2 ,B3 , E and it is
interesting that we indeed observe this mixing [48, 49]. Our interpretation
√ of this
∗
level is supported by the fact that we find K2 (1430) for P = 0 at similar s in Fig.
4.4. In this case we employ T2+ of Oh which does not mix l = 1 with l = 0, 2. We
use a 2 × 2 correlation matrix with interpolators listed in Table 4.2.
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Lattice Quantum numbers Interpolator Operator
irrep
J P in irrep
label
−
→
+
+
+
T2
2 , 4 , ...
1
q̄|ijk |γj ∇k q
−
→
2
q̄|ijk |γt γj ∇k q
Table 4.2: Interpolators for the T2+ irreducible representation of the Oh point group.
J P decomposition is included in the Table.
L
P
2π

ex + ey
ex + ey
ex + ey
ex + ey
ex + ey
ex + ey
ex + ey
ez
ez
ez
ez
ez
ez
0
0

irrep n
B2
B2
B2
B2
B3
B3
B3
E
E
E
E
E
E
T1−
T1−

1
2
3∗
4
1
2∗
3
1
2∗
3
1
2∗
3
1
2

√

Ea
0.7887(59)
0.9743(42)
1.006(16)
1.112(11)
0.7994(16)
1.0164(81)
1.073(15)
0.6906(28)
0.9236(82)
0.975(12)
0.6937(20)
0.9268(84)
0.9977(92)
0.5749(19)
0.9558(44)

s [GeV]

0.892(13)
1.2749(83)
1.336(31)
1.533(20)
0.9158(35)
1.356(15)
1.462(28)
0.9048(53)
1.331(14)
1.422(20)
0.9107(39)
1.337(15)
1.461(16)
0.9156(30)
1.5223(70)

p∗ a
0.105(10)
0.2991(34)
0.324(13)
0.4000(74)
0.1226(24)
0.3317(61)
0.373(11)
0.1149(38)
0.3220(58)
0.3575(78)
0.1190(27)
0.3242(59)
0.3725(61)
0.1225(21)
0.3958(26)

δ 1 [◦ ]
126.7(8.6)
168.1(2.1)
149.9(4.7)[∗]

−

cot(δ)(p∗ a)3
√
sa2

0.001557(64)
0.159(25)
0.0328(14)[∗]

162.8(0.7)
149.9(4.7)[∗]

0.010337(90)
0.0328(14)[∗]

164.3(1.2)
149.9(4.7)[∗]

0.00951(14)
0.0328(14)[∗]

163.0(0.9)
149.9(4.7)[∗]

0.00966(10)
0.0328(14)[∗]

160.6(0.7)
177.0(2.6)

0.00908(11)
1.2(1.0)

t0

interp.

2 1, 3 − 7
4 1, 2, 5 − 7
4 1, 2, 5 − 7
4 1, 2, 5 − 7
2
2−8
4
2−8
4
2−8
2
1−7
4
1−7
4
1−7
2 1 − 4, 7
4
1−7
4
1−7
4 1 − 3, 6
4 1 − 3, 6

fit
1eu :

7-11
1eu : 6-11
1eu : 6-9
1eu : 6-9
2ec : 3-13
1eu : 5-8
1eu : 6-10
2ec : 4-15
1eu : 5-9
1eu : 6-9
2ec : 3-14
1eu : 5-8
1eu : 5-9
1ec :8-16
1ec :8-12

Table 4.3: Results for Kπ scattering in p-wave with I = 1/2. Total momenta
P 6= 0 in different irreducible representations (4.2) were considered in this work,
while P = 0 was simulated in [154].
in the lattice frame, inverse
√
√ Here E is energy
−1
2
mass
lattice spacing is a ' 1.592 GeV, s = mKπ = E − P 2 is the Kπ invariant
√
∗
and p are the kaon/pion momenta in CMF (4.16). The δ1 for levels near s ' mK2∗
is indicated by [∗] : it is an average of (4.18) and (4.19), where the analysis takes
into account the mixing of p-wave and d wave at P 6= 0. The phases extracted from
Lüscher-type relations are undetermined up to √
±N·180◦ and we choose N such that
absolute value of δ1 is rising with increasing s. Superscripts c and u in the fit
indicate correlated and uncorrelated fits, respectively.
Phase shifts and K ∗ resonances in I = 1/2 channel
Each energy level En from the previous section renders a specific momentum p∗ =
cmf
|pcmf
K | = |pπ | of π and K in center-of-momentum frame via
q
p
p
√
s = En2 − P 2 = m2π + p∗2 + m2K + p∗2 ,
q≡

L ∗
p,
2π

(4.16)

where q is dimensionless. Unlike in experiment, where p∗ is continuous due to
L = ∞, in our simulation we obtain only discrete values of p∗ .
Phase shift δ1 for

√

s < 1.3 GeV and the K ∗ (892) resonance

√
Kπ scattering in p-wave is known to be elastic for s < 1.3 GeV experimentally [138, 139]. In this region the elastic phase shift δl=1 (s) at s = En2 − P 2 is
reliably extracted for each value of q = p∗ L/2π (or En ). The relation δ1 (s) =
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Figure 4.5: The p-wave scattering phase shift δl=1 as a function of s for I = 1/2
and I = 3/2. Different colors/symbols indicate results from different irreducible
representations (4.2), while the δ1 point obtained √
by taking into account δ1,2 mixing
s = 1.34 GeV). Note that three
is indicated by a black dot (left panel, around
√
points (circle, triangle and diamond) near s ' 0.91 GeV are overlapping. The line
represents a fit over a pair of Breit-Wigner resonances (see equation (4.20)).
atan[π 3/2 q/Z00 (1; q 2 )] for P = 0 was originally derived by Lüscher in [44, 67]. For
the case of P 6= 0 the relevant Lüscher-type relations were derived in [49], where
they are explicitly given by the equations (41), (42) and (56) for the irreducible
representations B3 , B2 and E, respectively.
√ These three relations neglect ∗δl=2 (s):
this is a good approximation for the region s < 1.3 GeV since it is below K2 (1430)
[138, 139]. The resulting δ1 is plotted in Fig. 4.5 and listed in Table 4.3.
The main uncertainty in the resulting phases is the neglect of the exponential
finite-volume corrections, which may not be completely negligible on our small volume and will have to be addressed in future simulations with larger L.
The Lüscher-like relations provide only tan(δ1 ), so the resulting phase is determined
up to ±N·180◦ and we choose N such that the phase is rising with increasing
√
s (as expected in a elastic resonant channel where δ increases by 180◦ for each
resonance).
∗
There are four phase shift points in
√ the vicinity of K (892) and a fast rise of
the phase in a narrow region around s ' 0.89 GeV ' mK ∗ is apparent. These
four points will be used for the exploratory extraction of the√K ∗ (892). Note that
phase shift points from B3 , E and T1− , that almost overlap in s, overlap also in δ1 ;
this is a non-trivial check of the approach since Lüscher’s relations for these three
irreducible representations have a different
form [49, 154].
√
The four phase shift points with s near the narrow K ∗ (892) are expected to be
well described by the Breit-Wigner form of the amplitude 4.1, which can be written
in the form:
p∗3
6π
√ cot δ1 (s) = 2 (m2K ∗ − s)
g
s
g 2 p∗3
∗
Γ(s) = Γ[K → Kπ] =
.
6π s

(4.17)

where the K ∗ → Kπ width Γ is parameterized in terms of the phase space and
the K ∗ (892) → Kπ coupling g. The phase space is smaller for mπ = 266 MeV
than for mphy
π , while the coupling g is expected to be only mildly dependent on mπ ,
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as explicitly verified within unitarized ChPT in [168]. So our main result will not
be the width but rather the coupling g, that will be compared to the experiment.
The invariant mass dependence of ρ1 (s) is provided in Fig. 4.6 and Table 4.3. The
linear fit in s over the four phase shift points leads to g and mK ∗ in Table 4.4
and these agree well with mK ∗ and g derived from the experiment. Our results
apply for mπ,K on our lattice, but mπ dependence of g was shown to be very mild
g(mπ=266 MeV)/g(mphy
π ) ' 1.03 within unitarized ChPT, while its mK dependence
is completely negligible [168].

*3

p cot δ1/√s

0
-0.003
-0.006
-0.009
-0.012
-0.015

0.31

∗

0.32

s

0.33

0.34

3

Figure 4.6: The combination (p√saa)2 cot δ1 (s) as a function of sa2 in the vicinity of
a narrow K ∗ (892) resonance. The dependence is expected to be linear (4.17) for
a Breit-Wigner resonance and the linear fit leads to mK ∗ and the coupling g or
Γ[K ∗ → Kπ].
√
√
This result can also be compared to g = 6π ḡ = 6π 1.44 = 6.25 as obtained
in the simulation [158] using the amplitude method and assuming that the K ∗ and
Kπ lattice energies are equal.

mK ∗ (892)
gK ∗ (892)
mK ∗ (1410)
gK ∗ (1410)
[MeV]
[no unit]
[GeV]
[no unit]
lat
891 ± 14
5.7 ± 1.6
1.33 ± 0.02
input
exp 891.66 ± 0.26 5.72 ± 0.06 1.414 ± 0.0015 1.59 ± 0.03
Table 4.4: The resulting resonance masses and Ki∗ → Kπ couplings g, which
parameterize the width Γ[Ki∗ → Kπ] = (gi2 p∗3 )/(6πs). The lattice results apply
for our mπ ' 266 MeV and mK ' 552 MeV, while the experimental couplings are
derived from the observed Γ[Ki∗ → Kπ] = Br[Ki∗ → Kπ]ΓKi∗ and the values of p∗
and s in experiment.

The phase shift δ1 for 1.3 <

√

s < 1.6 GeV and K ∗ (1410), K2∗ (1430)

√
Unlike in the region s < 1.3
√ GeV extraction of the physics information from
the energy levels in the region s > 1.3 GeV will inevitably be less reliable and
based on certain approximations.
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First of all, we
√ assume that the Kπ scattering in our simulation is elastic (|1 +
2iTl | = 1) up to s < 1.6 GeV, which is a strong approximation but indispensable
for using Lüscher’s relations to extract the phase shift at present. In reality the
Kπ channel is coupled in this region to K ∗ π and Kρ channels, and experimentally
Br[K ∗ (1410) → Kπ] = 6.6 ± 1.3% and Br[K ∗ (1680) → Kπ] = 38.7 ± 2.5% are
not negligible. The treatment of such an inelastic problem was recently performed
by [159, 160] where they followed the ideas of [68, 170, 172, 173, 174]. Certain
assumptions were lifted (but not all, i.e. the coupling to Kππ channel was neglected),
however, their results were more a proof of concept rather than obtaining physically
interesting quantities. We expect that the influence of K ∗ π and Kρ channels in our
simulation is not significant, since we did not explicitly incorporate K ∗ π and Kρ
interpolators 5 .
The second complication
stems from the fact that d-wave phase shift δ2 cannot
√
be neglected around s ' mK2∗ (1430) in Lüscher’s relations. Therefore we derived
the Lüscher relations that contain δ1 as well as δ2 for irreps considered here: they
are obtained from the so-called determinant condition6 Eq. (28) in Section 2.4, [49],
by keeping non-zero δ2 . For each irrep B3 , B2 , E we get one (lengthy) phase shift
equation, which depends on q (see 4.16), δ1 (s) and δ2 (s).
For a given level En in a given irrep, we know q (4.16) and s = En2 − P 2 , but one
phase shift equation alone cannot provide the values for two unknowns δ1 (s) and
δ2 (s). Another level in another irrep unfortunately leads to two different unknowns
δ1 (s̃) and δ2 (s̃), since this level in general corresponds to a different s̃. We are
lucky enough to be able to overcome this serious difficulty by noting that the four
levels
with marked with a ∗ all have the invariant mass in a very narrow range of
√
s = 1.34 ± 0.01 GeV (see Table 4.3). By making a reasonable approximation
that s is the same for all four levels, we extract the unknown δ1 and δ2 by solving
simultaneously two phase shift equations, namely for7
level 3 in irrep B2 & level 2 in irrep E :
√
s = 1.34 ± 0.01 GeV →
δ1 = 329.9◦ ± 4.4◦ δ2 = 89.6◦ ± 7.1◦ .

(4.18)

Then we extract δ1,2 from another pair of phase shift equations, corresponding to
level 3 in irrep B2 & level 2 in irrep B3 :
√
s = 1.34 ± 0.01 GeV →
δ1 = 329.8◦ ± 4.9◦ δ2 = 91.4◦ ± 6.2◦

(4.19)

arriving at consistent results for the phases when compared to (4.18), which indicates
that our approximations are sensible. For the third pair of irreps, B3 and E, we did
not find a solution in the range of real δ1,2 . The average δ1 from (4.18) and (4.19) is
provided for the corresponding levels in Table 4.3 and by the black dot in Fig. 4.5.
5

From experience we assume that the scattering levels are not seen when they are not explicitly
incorporated, which might or might not be justified.
6
For the original derivation of determinant condition see [44, 54, 175]. √
7
The levels n = 3 in irreps E(ex,y ) and E(ex ± ey ) occur at very similar s, so they both lead
to consistent δ1,2 . The √
errors on the resulting
δ1,2 in (4.18,4.19) are determined from the minimal
√
and maximal values of s in the range s = 1.34 ± 0.01 GeV.
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Finally we attempt an exploratory extraction of K ∗ (1410) resonance parameters
by fitting the resulting δ1 using a Breit-Wigner parameterization for two resonances
in the elastic region (see equations (4.1,4.17))
−1
X 2
gKi∗
1
p∗3
√ cot δ1 (s) =
,
(4.20)
2
6π
m
s
∗ − s
∗
K
K
i
i

Ki∗ = K ∗ (892), K ∗ (1410).
This satisfies cot δ1 = 0 or δ = 90◦ ± N · 180◦ at the position of each resonance
s = m2Ki∗ , while the relation of the phase (4.20) to the amplitude Tl (4.1) ensures
the elasticity condition |1 + 2iTl (s)| = 1. We fix mK ∗ (892) and gK ∗ (892) in (4.20) to
the values in Table 4.4. The fit with two free parameters gK ∗ (1410) and mK ∗ (1410) is
unfortunately not stable since there are only two phase shift points in the vicinity of
K ∗ (1410). Therefore we perform the Breit-Wigner8 fit (4.20) over the few available
exp
points in Fig. 4.5 by fixing gK ∗ (1410) to the value gK
∗ (1410) = 1.59 ± 0.03 derived
exp
∗
from Γ [K (1410) → Kπ]. The resulting resonance mass mK ∗ (1410) in Table 4.49
is lower than in the experiment.
Let us point out again that our results for K ∗ (1410) resonance rely on (i) the
elasticity in the simulation, (ii) closeness of s for certain levels (4.18,4.19) and a
Breit-Wigner fit (4.20) over only a few values of the phase shift. Given these caveats,
the reasonable agreement with experiment is satisfactory.

Phase shifts in p-wave Kπ scattering with I = 3/2
L
P
2π

ex + ey
ex + ey
ex + ey
ex + ey
ez
ez
0

irrep n
B2
B2
B3
B3
E
E
T1−

1
2
1
2
1
2
1

Ea

√

s [GeV]

p∗ a

δ [◦ ]

0.9674(39) 1.2615(77) 0.2935(32) −8.4(2.0)
1.2484(66) 1.781(12) 0.4900(42) −22(11)
1.1959(61) 1.687(11) 0.4564(40) −11(20)
1.238(20) 1.762(35) 0.483(13)
−2(15)
1.0852(62) 1.611(11) 0.4288(39) −3.9(8.6)
1.1204(74) 1.671(13) 0.4507(46) −11.7(4.3)
0.9653(31) 1.5374(49) 0.4015(18) −8.6(1.8)

−

cot(δ)(p∗ a)3
√
sa2

t0 interp.

0.215(44)
0.26(13)
0.49(88)
3(41)
1.2(2.7)
0.42(15)
0.443(91)

4
4
4
4
4
4
/

6−7
6−7
6−8
6−8
6−7
6−7
6

fit
1expu : 6-14
1expu : 6-9
1expu : 7-9
1expu : 8-11
1expu : 7-11
1expu : 7-10
1expu :8-14

Table 4.5: Same as Table 4.3 but for the I = 3/2 channel.
√
The p-wave scattering with I = 3/2 was found to be elastic up to s < 1.8 GeV
in experiment [138], while the d-wave with I = 3/2 was found to be negligible [138].
So we extract δ1 assuming elasticity and δ2 = 0, employing the same phase shift
relations as for I = 1/2 in Section 4.1.1. The resulting δ1 in Fig.√4.2 and Table 4.5
is small and negative (or else consistent with zero10 ) up to high s, as expected in
this repulsive channel with exotic isospin.
8

The resulting fit in Fig. 4.5 indicates the weakness of the simple Breit-Wigner
√ parameterization
(see equations (4.17,4.20)), where δ1 approaches N ·180◦ to slowly at high s. An improved fit
that incorporated damping of p∗3 in Γ(s) at high energies was performed in the simulation of ρ
[176]. Since such a fit contains additional free parameters, it is beyond our present analysis with
only few phase shift points.
9
This is the only fit where the errors are not determined
√ using the single-elimination jack-knife
procedure due to the special treatment of the level near s ' 1.34 GeV. The errors on mK ∗ (1410)
exp
follow from the variation of δ(s) and gK
∗ (1410) in 1σ ranges.
10
The phase is consistent with zero if E is consistent with En.i. (4.15). This is true for some of our
higher lying levels, where it is challenging to accurately determine the energy shift ∆E = E −En.i. .

120

4.1. Kπ scattering

4.1.2

s-wave Kπ scattering

The existence and parameters of the scalar K0∗ (800) and its partner scalar nonet
states have been a continuing source of discussion. Continuum calculations have
been based on unitarized quark models [177, 178, 179, 180, 181], chiral perturbation
theory (ChPT) [182, 183] and unitarized ChPT [163, 164, 165, 166, 167, 168, 184,
185]. Unitarized ChPT expansions have also been used to study finite volume effects [155, 169, 170, 186] in order to understand what features to expect from lattice
calculations, particularly for the scalar channel. The scattering amplitudes were
parameterized in the most general way allowed by quantum field theory in Refs.
[161, 162] according to the Roy-Steiner approach; the position of the K0∗ (800) pole
in the complex plane was then√derived by using the experimental knowledge of Kπ
scattering amplitudes at high s [138, 139]. Examples of further analytical studies
related to the K0∗ (800) are given in Refs. [187, 188, 189] and references therein.
There have been some lattice simulations of Kπ scattering recently. The extraction of the s-wave phase shifts near the threshold was mainly focused on the I = 3/2
channel K + π + , since it does not require the evaluation of challenging backtracking
contractions. The scattering length was determined from the finite volume energy
shift ∆E = E − mπ − mK utilizing Lüscher’s formula [66]. The quenched simulations [190, 191] were followed by NPLQCD using 2+1 staggered sea quarks and
domain-wall valence quarks [192], by PACS-CS using 2+1 Wilson sea and valence
quarks on V = 323 × 64 [193] and by Fu using 2+1 staggered sea and valence quarks
[194]. We compare these results as a function of mπ in Fig. 4.12 by showing the
ratio a0 /µKπ with the reduced mass µKπ = mπ mK /(mπ + mK ), since the quantity
a0 /µKπ is independent of mπ,K in lowest-order ChPT. ChPT [193, 194] or mixed
ChPT [192] is used to extrapolate the results derived at higher pion masses down
to the physical point. The ChPT expansions for the Kπ system are considered in
Refs. [195, 196, 197, 198, 199, 200].
The I = 1/2, l = 0 channel involves also challenging backtracking contractions.
I=1/2
The scattering length a0
was determined in the quenched simulation [191], then
in the dynamical studies by PACS-CS [193] and Fu [194], mentioned already above.
I=1/2
The results are compiled in Fig 4.12. NPLQCD [192] extracted a0
in the chiral
limit only indirectly through the knowledge of low energy constants, without actually
simulating the I = 1/2 contractions.
1/2
The extraction of the phase shift δ0 from the first excited energy state was actually done in a simulation with dynamical staggered fermions in Ref. [201]. However,
note that the ground state in such a simulation corresponds to the staggered taste
K5 π5 , while different unphysical tastes Kb πb with b 6= 5 [202, 203, 204]11 are expected to contribute to excited states. Therefore, the phase shifts extracted from
the excited states in such a simulation may correspond merely to staggered artifacts
rather than physics of Kπ scattering. By definition such a simulation cannot be
treated as reliable.
A recent lattice QCD simulation by Dudek et. al, that was performed after our
study, focused on the inelastic effects in Kπ scattering [159, 160]. They took into
11

The Kπ interpolator can be projected to desired taste of both mesons, while the s̄u interpolators used in [201] inevitably couple to all tastes as shown in Refs. [202, 203, 204], so the variational
analysis is expected to render Kb πb as excited states.
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account both Kπ and Kη scattering and determined the pole position of the κ. Due
to the heavy pions they used, their result cannot be compared to the physical case.
They did, however, demonstrate that inelastic effects can be taken into account
successfully.
The indirect lattice determination of the Kπ s-wave phase shifts in the I = 1/2
channel was addressed through the simulations of the scalar semileptonic K → π
form factor f0 in Ref. [205].
Details of the simulation in s-wave
For this simulation we use Ensemble (1) for which the details can be found in Section
2.1.4. The practical advantage of nf = 2 flavor simulation for Kπ scattering (with
respect to nf = 2 + 1) is that there is no Kη scattering state, so the inelastic
threshold is higher (discussion follows later on). The valence u/d quarks have the
same mass as the sea u/d quarks and they correspond to a pion mass of 266(3)
MeV. The s quark is included only as a valence quark in the hadron propagators.
The kaon mass corresponds to mK = 552(2) MeV. We employ the “P+A” trick as
described in Section 2.1.4.
The information on the Kπ scattering is contained in the scattering amplitudes
T0I (s) in Eq. (4.1). Here we concentrate on projections to isospin I = 1/2, 3/2 and
l = 0 partial wave. For s-wave Kπ scattering we work in the 3-momentum P = 0
frame, meaning that the center-of-momentum frame matches the lattice frame; this
is the only useful frame to study the scalar, as s-wave mixes with p-wave in all irreps
of non-zero momentum frames where s-wave appears.
Interpolating fields
We use both s̄u and meson-meson (Kπ, ρK ∗ , K1 a1 ) interpolators with appropriate
quantum numbers. We use the following flavor combinations and Γ matrices for the
mesons:
p
¯ 5 d)
¯ 5u ,
π + = dγ
π 0 = 12 (ūγ5 u − dγ
K + = s̄γ5 u ,
K 0 = s̄γ5 d
p
¯ iu ,
¯ i d)
(ρ+ )i = dγ
(ρ0 )i = 1 (ūγi u − dγ
2

(K ∗+ )i = s̄γi u ,
(K ∗0 )i = s̄γi d
p
¯ i γ5 d)
¯
(a+
(a01 )i = 12 (ūγi γ5 u − dγ
1 )i = dγi γ5 u ,
(K1+ )i = s̄γi γ5 u , (K10 )i = s̄γi γ5 d

where i = x, y, z refers to the three spatial directions.
We combine these meson currents into the I = 1/2 combination
p
p
1
|I, I3 i = | 21 , 12 i =
K + π 0 + 23 K 0 π +
3

(4.21)

or the I = 3/2 combination
|I, I3 i = | 23 , 32 i = K + π + .

(4.22)

In I = 1/2 we use 4 quark-anti-quark interpolators and 4 meson-meson interpolators. Interpolators O1−5 are built with distillation using Nv = 64 eigenvectors,
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Lattice Quantum numbers Interpolator Operator
irrep
J P in irrep
label
+
+
+
A1
0 , 4 , ...
1
q̄q
−
→
2
q̄γi ∇i q
−
→
3
q̄γt γi ∇i q
←
−−
→
4
q̄ ∇i ∇i q
Table 4.6: Interpolators for the A+
1 irreducible representation of the Oh point group.
P
J decomposition is included in the Table.
while interpolators O6−8 with 32 eigenvectors. The quark-anti-quark interpolators
O1−4 differ in Dirac and color structure and are listed in Table 4.6.
Meson-meson interpolators are listed in Eq. (4.23). The interpolator O5 is a
Kπ interpolator where both pseudoscalars are at rest, whereas for O6 they have
oppositely oriented unit momentum, summed over all spatial directions. Finally O6
and O7 are ρK ∗ and a1 K1 at rest. These two are in the inelastic region and their
(ir)relevance is discussed in Section. 4.1.2.
p
(4.23)
O5 = K + (0)π 0 (0) + 23 K 0 (0)π + (0),
X p
p

1
O6 =
K + (pi )π 0 (−pi ) + 23 K 0 (pi )π + (−pi )
3
i

+ (pi ↔ −pi ),
X p
p

1
O7 =
Ki∗+ (0)ρ0i (0) + 23 Ki∗0 (0)ρ+
i (0) ,
3
i

O8 =

X p

1
3

0
K1 +
i (0) a1i (0) +

p

2
3


K1 0i (0) a+
1 i (0) ,

i

and the sum on i runs over i = x, y, z and pi = 2π
e . Each meson is separately
L i
projected to definite momentum, given in parentheses in units of 2π/L.
For the exotic I = 32 channel we use the corresponding interpolators O5−8 (4.23)
and the same choice of smearings, just a different isospin projection
O5 = K + (0)π + (0),
X
O6 =
K + (pi )π + (−pi ) + K + (−pi )π + (pi ),

(4.24)

i

O7 =

X

O8 =

X

Ki∗+ (0)ρ+
i (0),

i
+
K1 +
i (0) a1 i (0).

i

The naming scheme is kept analogous to Eq. (4.23).

Calculating the discrete spectrum
The Wick contractions needed to build the correlation matrices are shown in Fig.
4.7. Expressions for the I = 1/2 and I = 3/2 wick contractions, which are used to
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construct the correlation matrix utilizing the distillation method are the same as in
the p-wave case (cf Eq. (4.12)) and shown in Fig. 4.7. These contractions within
the distillation method agree with the contractions within the conventional method
derived in Ref. [191].

(a)

(b)

(c)

(d)

(e)

Figure 4.7: Contractions for our correlation functions with q̄q and meson-meson
interpolators. Only (a) appears for I = 3/2, while all these contractions appear for
I = 1/2. The “backtracking” contractions (c) and (d) require an all-to-all method.
The qq → qq contractions depicted in Fig. 4.7c are the usual contractions for
non isosinglet quantities. The qq → M M contractions appear only as the triangle
diagram shown in Fig. 4.7d,e. The M M → M M contractions involve three different
types. The first two are connected (Fig. 4.7a) and can be handled with conventional
methods, while the third one (Fig. 4.7c) involves backtracking loops with τ (t, t) and
τ (t0 , t0 ), so it needs “all-to-all” methods like for example distillation. The I = 1/2
correlation matrix is built like in the p-wave, Eq. (4.13) and the I = 3/2 like in Eq.
(4.14).
We compute correlation matrices Cjk (t, t0 ) for all initial time slices t0 and all final
times slices t; then we average over t0 at fixed t − t0 . Statistical errors are determined
with a single elimination jackknife procedure throughout. When extracting energy
levels, we properly account for correlation in Euclidean time t by estimating the full
covariance matrix in the given fit interval.
To study Kπ scattering with lattice QCD we determine Euclidean correlation
functions Cij (t) of products of two interpolators Oi,j with the quantum numbers of
the hadronic channel (I)J P = ( 12 )0+ .
Cij (t) = hOi (t)Oj (0)† i.

(4.25)

To determine the low lying energy levels En we use the variational method [35, 36,
37, 38] also known as the GEVP (see Section 2.3) C(t)un (t) = λn (t)C(t0 )un (t). The
energy levels are obtained from the exponential decay of the eigenvalues
λn (t) → e−En (t−t0 ) .

(4.26)

We plot the effective energies
Enef f (t) = log

λn (t)
,
λn (t + 1)

(4.27)

which render En (t) ' En at large t. As it is not possible to have a complete
set of interpolators allowing one to represent the physical eigenstates the practical
simulation is limited to a reasonable subset. Also, the statistical quality of Cjk (t) is
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an issue. The reliability of the obtained energy levels decreases for higher |ni, the
ground state being the most reliable one.
Effective energy plots En (t) [see Eq. (4.27)] are used only to estimate the fit range
for the exponential fits to the eigenvalues. The energy values are extracted using
correlated fits of λn (t) to one or two exponentials. When using two-exponential
fits starting at small t the extracted levels agree with results obtained from oneexponential fits starting at larger t.

Discrete spectrum for s-wave Kπ scattering in I = 1/2 and I = 3/2
The dependence of the energy levels on the interpolator choice is summarized in
Fig. 4.8. We can clearly identify the relation between particular levels and the
corresponding meson-meson interpolators, which will be detailed for each channel
below.
In order to understand our lattice spectrum in this channel, we first compare
q̄q
the effective energies resulting from different subsets of interpolators O1,..,4
and
MM
O5,..,8 (4.23) which are plotted in Fig. 4.8. The horizontal broken lines show the
energies of the noninteracting scattering states K(n)π(−n). The dotted-dashed
line corresponds to the noninteracting scattering state K ∗ (0)ρ(0) with the energy
Ea = mρ a + mK ∗ a ' 0.51 + 0.57 = 1.08 (mK ∗ can be read off from Table 4.7, while
mρ is provided in Table 4.8. The energy of the ground and the first excited states is
robust to the choice of the interpolator basis as long as meson-meson interpolators
q̄q
are included. Using just q̄q interpolators O1,..,4
gives a much noisier ground state
and higher energy for the first excited state (right plot in Fig. 4.8). If we omit O6
from the basis (4.23), the state K(1)π(−1) disappears from the spectrum in Fig. 4.8
as expected. So the relatively noisy level n = 3 (green circles at Ea ' 0.95) can
be identified with the back-to-back momentum scattering state K(1)π(−1). If we
omit O7 ' K ∗ (0)ρ(0), the corresponding state disappears from the spectrum, so
level n = 4 (blue left-facing triangles) can be identified with K ∗ (0)ρ(0). Removal of
O7 has little effect on the nearby levels (the resulting E1,2,3 agree whether O7 is the
basis or not): thus this interpolator appears to be weakly coupled to the system.
The fitted energy levels for the Kπ system are presented in terms of the effective energy Eef f (t)a in Fig. 4.9. These levels correspond to the preferred interpolator choices listed in Table 4.7. The horizontal broken lines show the energies
E = EK + Eπ√of the noninteracting states K(n)π(−n) as measured on our lattice
n. The resulting spectrum agrees with the expectations for the rewith p∗ = 2π
L
spective channels: there is a scattering state K(0)π(0) in s-wave (black circles),
which is below mK + mπ in the attractive I = 1/2 channel and above mK + mπ
in the repulsive I = 3/2 channel. The scattering state K(1)π(−1) (green circles at
Ea ' 0.95) is also observed and its signal is nicer for I = 3/2 (with l = 0), since
channels with maximal isospin I = 3/2 do not involve backtracking contractions.
In addition to the scattering states, which lie close to noninteracting levels given by
the dashed lines, there are additional states in the attractive I = 1/2 channels (red
levels). While these states are of course also shifted with regard to the resonance
position, we refer to these additional states as “related to” the respective resonance.
In this language, the additional state in the s-wave is probably related to the scalar
resonance K0∗ (1430).
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Figure 4.8: Effective energies E ef f (t) a of the lowest eigenvalues for different interpolator choices in the correlation matrix. The horizontal broken lines show the energies
E = EK + Eπ of the noninteracting
scattering states K(n)π(−n) as measured on
√
our lattice with p∗ = 2π
n.
Red
stars
and pink crosses correspond to states related
L
to resonances; other levels are related to scattering states. (a) s-wave, I=1/2: the
MM
first four choices incorporate also meson-meson interpolators O4,..,8
; the fifth choice
q̄q
incorporates just q̄q interpolators O1,..,4 [see Eq. (4.23)]. (b) s-wave, I=3/2: various
MM
choices of meson-meson interpolators O4,..,8
[see Eq. (4.24)].
Analysis of s-wave scattering
The energy E of the interacting Kπ system in finite volume is determined from the
simulation and related to the scattering momentum p∗ via
q
p
p
√
K
π
2
∗2
2
E = s = (p + p ) = p + mπ + p∗2 + m2K ,
(4.28)
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s-wave, I=1/2

s-wave, I=3/2
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Figure 4.9: Effective energies E ef f (t)a of the lowest eigenvalues for the interpolator
choices listed in Table 4.7, together with the resulting energies obtained with 1exponential or 2-exponential fits. The horizontal broken lines show the energies
E = EK + Eπ of the noninteracting scattering states K(n)π(−n) as √
measured on
∗
. Black
our lattice; K(n)π(−n) corresponds to the scattering state with p = n 2π
L
and green circles correspond to the shifted scattering states, while the red stars and
pink crosses correspond to additional states related with resonances.
interpol.
n
I=1/2 1 1, 4 − 8
s=wave 2 1, 4 − 8
3 1, 2, 5, 6, 8
I=3/2 1
5−8
5−8
s-wave 2

t0
4
2
4
4
4

fit
range
11-16
3-13
6-11
10-16
8-13

fit
type
1 exp.
2 exp.
1 exp.
1 exp
1 exp.

√
E= s
[GeV]
0.4768(28) 0.7593(45)
0.777(13) 1.237(21)
0.980(45) 1.561(72)
0.5323(29) 0.8478(46)
0.9979(74) 1.589(12)
aEn

χ2
d.o.f.

a p∗

a2l ρI` (s)

δ
[degrees]
5.8/4
i 0.0889(31) 0.409(58)
i 28.2(5.8)
9.6/7
0.2835(87) 0.051(35)
82.0(5.3)
0.42/4
0.410(26)
-1.3(3.2) [*] 162(28)
0.018/5 † 0.0653(52) -1.67(22)
-4.21(89)
9.1/4
0.4208(43) -0.76(15)
-29.1(4.9)

Table 4.7: Final results of Kπ scattering in s-wave with I = 1/2 and I = 3/2. The
total momentum of the Kπ system is p√
π + pK = 0 in our simulation. For each Kπ
eigenstate, we present the energy E = s, the momentum p∗ = |pπ | = |pK | (4.29),
the resulting scattering phase shift δ0I (4.30) and the quantity ρI0 defined in Section
2.5. The “interpol” column indicates which interpolators for the s-wave [see Eqs.
(4.23, 4.24)]. All fits are correlated with given χ2 (with exception of level n = 1 for
I = 3/2 in s-wave, marked by †). Note that the value of ρI0 has a huge error bar
when δ is 0◦ or 180◦ within error bar, as marked by [*]. Phase shifts are determined
up to multiples of 180◦ from Eq. (4.30).
where pK and pπ denote 4-momenta. The dimensionless q is related to p∗ by
[s − (mK + mπ )2 ][s − (mK − mπ )2 ]
L
p =
, q ≡ p∗ .
(4.29)
4s
2π
The resulting momenta p∗ or q can be related to the scattering phase shift in the
elastic region via the Lüscher method [36, 44, 66, 67]:
∗2

tan δ(q) =

π 3/2 q
Z00 (1; q 2 )

for P = 0 ,

(4.30)

where the zeta function is the same as used previously in zero total momentum cases
(cf. Section 2.4).
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For the zero total momentum case, P = pπ + pK = 0, the original phase shift
relation (4.30) applies [44]. We consider the A+
1 irreducible representation of Oh to
+
extract the s-wave. A1 will also contain the admixture of l = 4 and higher partial
waves, but those are expected to be small, and we neglect the effect of such mixing.
In contrast to that, the simulations of Kπ scattering with P 6= 0 would involve an
additional complication since the partial waves for even and odd ` can mix in the
same irreducible representation [48, 49, 155, 156] and multiple volumes would be
required to disentangle the correct phase shifts [159, 160].
The results for phase shifts δ0I (s), which are based on the energy levels of Fig. 4.9,
are presented in Table 4.7. They are compared
to the experimental phase shifts in
√
1/2,3/2
Fig. 4.5. The phase shifts δ0
for s ' mπ + mK near threshold are omitted
from Fig. 4.10 and are expressed in terms of the scattering length
below. The
√
lattice values of the phase shifts presented in Fig. 4.10 apply to s quite far away
from the threshold and we expect that they are not significantly influenced by the
exact position of the threshold, which is at ' 140 + 500 MeV in experiment and at
' 266 + 552 MeV in our lattice simulation.
s-wave, I=1/2
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0
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Figure 4.10: The extracted K π scattering phase shifts δ0I for s-wave scattering in
I = 1/2, 3/2. p
The phase shifts are shown as a function of the Kπ invariant mass
√
s = MKπ = (pπ + pK )2 . Our results (red circles) apply for mπ ' 266 MeV and
mK ' 552 MeV in our lattice simulation. In addition to the√phases provided in
1/2, 3/2
four plots, we also extract the values of δ0
near threshold s = mπ + mK , but
these are provided in the form of the scattering length in the main text (as they are
particularly sensitive to mπ,K ). Our lattice results are compared to the experimental
elastic phase shifts from Estabrooks (black pluses) [138] and Aston (blue stars) [139].
Dark green crosses represent measured phase shifts by Aston [139] which correspond
to an almost elastic amplitude T0I , i.e., 0.85 < |2T0I − i| < 1.15. Lattice phase shifts
are determined up to multiples of 180◦ from Eq. (4.30).

Discussion on results for Kπ scattering in s-wave and I = 1/2
Before presenting
√ the values of the resulting phase shifts, we need to discuss up
to which E = s the Kπ scattering is elastic on our lattice, since relation (4.30)
rigorously applies only for elastic scattering. Kπ in s-wave has I(J P ) = 12 (0+ ), which
allows the low-lying scattering states K ∗ (0)ρ(0), K(0)η(0) and K(0)η 0 (0). Since our
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simulation has only dynamical u/d quarks, only the heavier12 η2 can occur as an
intermediate state in our simulation, and we are safe from inelasticity related to
K(0)η(0). The state K(0)η2 (0) is expected to be heavier and we do not incorporate
the corresponding interpolator, so we expect that our levels n < 4 are not affected by
that. Our level n = 4 corresponds to the state K ∗ (0)ρ(0), so the inelastic threshold
definitely opens at E4 a ' 1.08, while our levels n < 4 are believed to be in the
elastic regime.
The experimental phase in Fig. 4.10 is positive and rather slowly rising in this
attractive channel. The scalar resonance K0∗ (800) or κ is controversial as it does not
render a typical Breit-Wigner shape with δ = 90◦ at the position
of the resonance.
√
The experimental phase shift does not reach δ ' 90◦ before s ' 1.3 GeV which is
in the vicinity of the K0∗ (1430).
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Figure 4.11: The analytic phase δ = atan[π 3/2 q/Z00 (q 2 )] (see Eq. (4.30)) as a
I=1/2
function of q 2 . The experimental phase δ0
[138, 139] is also given as a function of
2
∗
2
q = (p L/2π) , where L = 16a is our lattice size and p∗ is the center-of-momentum
frame of π or K in the experiment. The energy levels in a lattice simulation arise
for the values of q 2 where the analytic and the “experimental” phases cross. Since
the simulation is not performed at physical mK,π the crossings are slightly shifted
in the actual simulation.
The broad resonance K ∗ (800) (or κ) does not lead to an additional energy state in
our lattice spectrum. This is in agreement
√ with expectation since the experimental
phase shift never reaches δ ' 90◦ near s ' mκ . Similar to the ππ s-wave various
analyses assume, that there is a broad K ∗ (800) (or κ) resonance hidden behind the
slowly rising phase shift below 1 GeV; it is associated with a resonance pole (in the
second sheet) quite distant from the real axis. In order to understand that we cannot
expect an additional level due to κ; we plot the analytic δ = atan(qπ 3/2 /Z00 ) [see
1/2
Eq. (4.30)] and the experimental phase δ0 as a function of q 2 = (p∗ L/2π)2 with
our L = 16a in Fig. 4.11. The energy states on the lattice are expected at those q 2
where analytic and experimental phases cross if mπ,K is physical. Since our mπ,K
are not physical, the crossings and energy levels are slightly shifted in the actual
simulation. The two crossings in Fig. 4.11 correspond to the levels n = 2, 3 in Table
4.7, while there is an additional crossing for n = 1 below threshold at imaginary
12

The one that is not the Goldstone boson in SU (2), but is lifted by the chiral anomaly.
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√
δ which is not plotted. Obviously, there is no crossing√near s ' mκ , since the
lowest crossing in the plot13 at q 2 ' 0.7 corresponds to
√ s well above 1 GeV. This
indicates that no energy level is to be expected near s ' mκ , which is confirmed
by
√ our simulation. We emphasize that the absence of an additional energy level near
s ' mκ in our simulation does not contradict the possible presence of the κ pole in
the second sheet; note that several analytical studies (for example Ref. [161, 162])
recover the experimental phase shift and do find the pole. The lattice simulation is
restricted to real s and does not have direct access to look for poles as a function
complex s (just like experiment). So our conclusion is that we qualitatively agree
with the experimental phase shift in this channel, but we cannot conclude whether
the κ pole exists or not.
s-wave, I=1/2
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Figure 4.12: The s-wave scattering lengths aI0 for I = 1/2 and 3/2 expressed as
aI0 /µKπ which does not depend on mπ at LOChPT. The result from the present
simulation at a single mπ ' 266 MeV is compared with results from other dynamical
simulations [192, 193, 194] and with LOChPT, ChPT at O(p4 ) [197] and a RoySteiner approach [161].
Finally, we turn our attention to the lowest level slightly below threshold, which
has small and imaginary p∗ and δ. It allows the extraction of the scattering length
1/2
from ρ0 (n = 1) in Table 4.7 according to Section 2.5.114 :
1/2

a0

=√

1
1/2
sρ0 (n

= 1)

.

(4.31)

This gives the scattering length:
1/2

a0

1/2
a0

µKπ

= 5.13 ± 0.73 a = 0.636 ± 0.090 fm
= 17.9 ± 2.5 GeV−2

(4.32)

at mπ ' 266 MeV,

where mK,π from the simulation were inserted to the reduced mass µKπ . In Fig. 4.12
I=1/2
we compare the values of the ratio a0
/µKπ with other dynamical lattice simulaThe crossing due to level n = 2 takes place at q 2 = 0.52(3) in the actual simulation.
1/2
14
Only the first term on the right-hand side of Eq. (2.220) is used to determine a0 as the
∗
second term is much smaller due to small p , and can safely be neglected.
13
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tions. We choose to present this ratio as it is independent of mK,π in LOChPT
1/2

3/2

a0
a
1
= −2 0 =
[1 + O(m2π )] ,
µkπ
µkπ
2πFπ2

(4.33)

with Fπ ' 0.13 GeV. This leading-order prediction is also shown in Fig. 4.12 together
with the result from ChPT at O(p4 ) [197] and the result using a Roy-Steiner analysis
I=1/2
[161]. We are not able to perform the extrapolation of our a0
to physical pion
mass as we calculated its value at only one mπ .
Within this study we find only one energy level below E = 1 GeV: this level is
related to K(0)π(0), while we find no additional energy level that could be attributed
to the κ resonance. We argue that this is due to its broad nature.
Discussion on results for Kπ scattering in s-wave and I = 3/2
This K + π + channel is repulsive, and the experimental phase shift in Fig. 4.10 is
negative and slowly rising. A negative phase shift in Table 4.7 is also observed
for the lowest two states in our lattice simulation, since they are clearly above
noninteracting K(0)π(0) and K(1)π(−1) in Fig. 4.9. The value of δ ' −30◦ at
√
s ' 1.6 GeV agrees nicely the experiment.
We do not see any additional state between these two levels, which agrees with
the fact that resonances have not been experimentally observed in this repulsive
channel.
Investigation of the spectrum with different interpolator choices in Fig. 4.8 indicates that O6 [see Eq. (4.24)] is responsible for level n = 2, and O7 ∼ K ∗ (0)ρ(0) is
responsible for the level n = 3. The Kη and Kη 0 do not contribute to the I = 3/2
channel due to isospin, so√the lattice data and the experimental data are completely
elastic up to rather high s = mK ∗ + mρ .
The lowest level slightly above threshold allows the extraction of the scattering
3/2
length from ρ0 (n = 1) in Table 4.7 according to (2.220)
I=3/2

a0

I=3/2
a0

µKπ

= −1.13 ± 0.15 a = −0.140 ± 0.018 fm
= −3.94 ± 0.52 GeV−2

(4.34)

at mπ ' 266 MeV .

This scattering length is compared with other lattice and continuum results in
Fig. 4.12.
Due to the smooth behavior of the phase shift observed in experiment [138], we
3/2
attempt to estimate also the effective range r0 by employing the effective range
√
3/2
formula (2.220). From the values of ρ0 , p∗ and s for the levels n = 1, 2 in Table
4.7, we extract
I=3/2

a0

I=3/2

r0

= −1.12 ± 0.15 a = −0.139 ± 0.018 fm

(4.35)

= 1.5 ± 2.0 a = 0.19 ± 0.25 fm

at our mπ , which indicates that the dependence of p∗ cot δ (2.220) on p∗ is small
(zero within errors) up to p∗ ' 0.67 GeV. Our I = 3/2 phase shift is therefore
dictated by the scattering length for p∗ as high as p∗ ' 0.67 GeV. The experimental
3/2
effective range at physical pion mass is r0 = −0.346(±0.060) fm [138].
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4.2

Light axial resonances a1 and b1

Simulating light mesons with lattice QCD is complicated by the fact that the majority of these states are hadronic resonances and therefore decay under the strong
interaction. An example of such states are the axial-vector resonances a1 (1260) and
b1 (1235) with I G (J P C ) = 1− (1++ ) and 1+ (1+− ), respectively. A simulation that
takes into account their strong decays a1 → ρπ and b1 → ωπ is presented in this
Section. The experimental mass and width Γb1 = 142 ± 9 MeV of the b1 (1235) are
known rather precisely. The determination of the width for the broader a1 from the
lattice is important in view of its large uncertainty Γa1 = 250 − 600 MeV assigned by
the Particle Data Group [12]. While most experiments and phenomenological extractions agree on the mass of the a1 leading to a PDG value of mPDG
= 1.230(40) GeV
a1
[12], determinations of Γa1 from diffractive processes where the extraction of the resonance parameters has considerable model dependence [206], deviate substantially
from an analysis of data obtained from τ → a1 ν [207]. As an example for data
obtained from a diffractive process, a recent COMPASS measurement published in
2010 [208] provides a much smaller error-bar Γa1 = 367 ± 9 +28
MeV.
−25
The decay b1 → ωπ was simulated on the lattice earlier only by McNeile and
Michael [209], where the Wick contractions with back-tracking loops (i.e., quark
lines running from source to source or from sink to sink) were omitted. The width
Γ[b1 → ωπ] was extracted based on the amplitude method [210] and reasonable
agreement with experiment was found (see figure 3 of [209]). The a1 has been
simulated taking into account its strong decay in the preliminary results [211].

While in quantum field theory with dynamical quarks one expects to find contributions of the intermediate meson-meson states even in correlators of q̄q, in practice
such signals were not clearly observed. The masses of a1 and b1 were previously
determined by a number of lattice collaborations within the so-called single-hadron
approach. In this approach only q̄q interpolators are used. One assumes that the
coupling to two-particle interpolators of the type V π (V = ρ, ω) is negligible and
that the mass equals the observed ground state energy level m = E (for P = 0). It
turned out to be a better strategy to include meson-meson interpolators explicitly
in the set of source and sink operators and to study the meson-meson system this
way. Indeed in this more complete, coupled system level shifts as compared to the
non-interaction case can be observed. The assumption that two-particle interpolators may be neglected is particularly questionable in our situation, since V (0)π(0)
with E ' mV + mπ < ma1 ,b1 is the ground state of the system.

The a1 and b1 mesons have√been extensively studied also by non-lattice methods.
Weinberg derived ma1 /mρ ' 2 based on spectral functions of currents [212]. More
recently, axial mesons emerged as dynamically generated resonances in the study of
scattering between pseudoscalar and vector mesons based on chiral Lagrangians [213,
214, 215]. Unitarized Chiral Perturbation Theory models render poles related to
axial mesons dynamically although these are not present in the original Lagrangian
[216]. This approach was used also to determine the dependence of their masses and
widths as a function of number of colors (Nc ). It was found that this dependence
significantly deviates from the expectation M ∝ Nc0 and Γ ∝ 1/Nc for pure q̄q
structure [217]. The chiral properties and issues related to chiral restoration were
considered for example in [218, 219].
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Details of simulating ρπ and ωπ scattering
The simulation is based on one ensemble of Nf = 2 gauge configurations with clover
Wilson u/d quarks described in detail in Section 2.1.4. The dynamical and valence
u/d quarks have the same mass corresponding to mπ = 266(4) MeV. We use the
“P + A” trick as detailed in Section 2.1.4. Errors on all values provided are obtained
from single-elimination jack-knife procedure as described in Section 2.3.2.
In this simulation we attempt to extract the s-wave scattering phase shifts for ρπ
and ωπ in the energy region covering the lowest resonance states, i.e., up to O(1.5)
GeV. We will assume the ρ and ω are stable hadrons. We assume that for E < 1.5
GeV the a1 and b1 channels are dominated by ρπ and ωπ scattering in s-wave.
Therefore we assume that the effects of other channels, higher partial waves and
ρ/ω decays do not significantly affect our conclusions. We discuss the justification
of our assumption in Section 4.2.

Masses of the ρ, ω and π mesons
The masses of the scattering particles π, ρ, ω are needed for the position of the
thresholds and we collect them in table 4.8. We use mπ as determined in [57].
The ρ mass in table 4.8 was extracted as mρ = Eρ (p = 0) in [57] and is indeed
in all simulations [57, 58, 134, 176, 220, 221]. The ω energy
found close to mres
ρ
s=n
given by Eq. (21) of [57]
is calculated using quark-anti-quark interpolators O1−5
¯
with five different Dirac/space structures, while flavor is replaced with ūu + dd.
This approach is consistent with our approximation of treating ρ(p) and ω(p) with
p  2π/L as stable; this holds well for the narrow ω and is commonly applied also
for the broader ρ. The distillation method enables straightforward calculation of
the disconnected contributions to ω and the final correlators are averaged over all
initial time-slices and three polarizations. The disconnected contribution is small
and we find mω ' mρ as expected. The value of mω follows from a 2-exponent fit
n
in range t = 3 − 12 using interpolators O1,2,3,5
and t0 = 2. This is a conservative
choice with a comparatively large uncertainty and is fully consistent with the result
of other possible choices.

mρ a
mω a
mπ a
0.1673(16) 0.5107(40) 0.514(15)
Table 4.8: The masses of scattering particles in lattice units with a−1 ' 1.59 GeV.

Interpolating fields
The interpolators for the a1 channel with J P C = 1++ , |a−
1 i = −|I = 1, I3 = −1i,
P = 0 and polarization i are given in Table 4.9 under the T1++ irrep. and Eq. 4.36.
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Lattice Quantum numbers Interpolator
Operator
P
irrep
J in irrep
label
++
++
++
T1
1 , 3 , ...
1
q̄γi γ5 q
←
−
→
−
2
q̄ ∇ j γi γ5 ∇ j q
→
−
←
−
3
q̄ijl γj 12 [ ∇ l − ∇ l ]q
T1+−
1+− , 3+− , . . .
1
q̄γi γt γ5 q
←
−
→
−
2
q̄ ∇ j γi γt γ5 ∇ j q
→
−
←
−
3
q̄γ5 12 [ ∇ i − ∇ i ]q
→
−
←
−
4
q̄γt γ5 12 [ ∇ i − ∇ i ]q
Table 4.9: Interpolators for the T1++ and T1+− irreducible representations of the Oh
point group. J P decomposition is included in the Table.

1
Oρπ = √ [π 0 (0)ρ− (0) − ρ0 (0)π − (0)]
2
X
X
1
¯ 1 )γ5 d(x1 )]
=
[ū(x1 )γ5 u(x1 ) − d(x
ū(x2 )γi d(x2 )
2 x
x2
1

X
X
¯
−
[ū(x1 )γi u(x1 ) − d(x1 )γi d(x1 )]
ū(x2 )γ5 d(x2 ) ,
x1

(4.36)

x2

where xi = (xi , t). The ρ and π mesons are separately projected to zero momentum
in Oρπ . We do not implement the interpolator ρ(1)π(−1) (the argument ±1 indicates
momenta ±2π/L) since we concentrate on the lower energy region E < Eρ(1)π(−1) '
1.7 GeV.
Similarly, for the b1 channel with J P C = 1+− and |b−
1 i = −|I = 1, I3 = −1i we
use interpolators given in Table 4.9 under the T1+− irrep and Eq. 4.37.
X
1 X
¯ 1 )γi d(x1 )]
[ū(x1 )γi u(x1 ) + d(x
ū(x2 )γ5 d(x(4.37)
Oωπ = ω(0)π − (0) = √
2 ),
2 x1
x2
where, again, ω and π are separately projected to zero momentum.
All quark fields q in Table 4.9 and Eqs. (4.36), (4.37) are smeared according to
the distillation method [32] with Nv = 96 Laplacian eigenvectors.

Wick contractions
q̄q
The correlation matrix for the a1 resonance is built from four operators O1−3
and
ρπ
O listed in Eq. (4.36). The Wick contractions are listed in figure 4.13, where
solid lines denote u/d quarks, while dashed lines denote the momentum projections
and Dirac structures at source and sink. The correlation matrix C(tf , ti ) for the a1
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channel is built from the following linear combinations of the Wick contractions
hOq̄q (tf )Oq̄q† (ti )i = −A1 ,
ρπ

hO (tf )O

q̄q†

(4.38)

(ti )i = B1 − B2 ,

hOq̄q (tf )Oρπ† (ti )i = C1 − C2 ,

hOρπ (tf )Oρπ† (ti )i = −D1 + D2 + D3 − D4 − D5 + D6 ,
where Al , Bl , Cl , Dl refer to labels in figure 4.13.

qq
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Figure 4.13: Wick contractions in the a1 channel with Oq̄q and Oρπ interpolators.
q̄q
For the b1 the correlation matrix is built from five operators O1−4
and Oωπ listed
in (4.37). In this case there is a larger number of Wick contractions, all drawn in
figure 4.14. The correlation matrix is built from these Wick contractions as follows

hOq̄q (tf )Oq̄q† (ti )i = −A1 ,
(4.39)
√
1
1
hOωπ (tf )Oq̄q† (ti )i = 2B1 − √ B2 − √ B3 ,
2
2
√
1
1
hOq̄q (tf )Oωπ† (ti )i = 2C1 − √ C2 − √ C3 ,
2
2
1
1
hOωπ (tf )Oωπ† (ti )i = +D1 − D2 − 2D3 + D4 − D5
2
2
1
1
1
1
+ D6 + D7 − D8 − D9 − D10 − D11 + D12 .
2
2
2
2
The energy spectrum En is extracted from the correlation matrix Cij (t) is using
the variational method described in Section 2.3 [35, 36, 37, 38] with correlated fits
to λn (t).
Discrete energy spectrum
The resulting spectrum En is shown in figure 4.15, where effective energies are
plotted for the cases when OV π is included or excluded from the correlation matrix.
The horizontal lines indicate the position of the threshold mV +mπ (which has sizable
uncertainty in the b1 channel), and the energy of the non-interacting V (1)π(−1)
system.
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Figure 4.14: Wick contractions in the b1 channel with Oq̄q and Oωπ interpolators.
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Figure 4.15: Effective energies Eneff a in the a1 and b1 channels, that correspond to the
energy levels En a in the plateau region. The horizontal lines indicate the mV + mπ
threshold and the energy of a non-interacting V (1)π(−1) state, where V = ρ for a1
and V = ω for b1 . We compare the results when OV π is included in or excluded from
the interpolator basis.
We concentrate on the spectrum obtained including OV π , which is shown in the
first and third pane of figure 4.15 and listed in tables 4.10 and 4.11. The lowest levels
(circles) are near the mV + mπ threshold, as expected, and its dominant component
is the V (0)π(0) two-particle interpolator. The second level (squares) arises due to
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the presence of a1 (1260) or b1 (1235) resonances in these channels. The next level
would be expected close to V (1)π(−1), but we do not expect to see it since the
corresponding interpolator is not implemented in Eqs. (4.36) and (4.37).
n t0

interp.

fit
range

χ2
d.o.f

Ea

√
E= s
[GeV]

pa

δ [◦ ]

p cot(δ)
√
s

q̄q
1 5 O1,2
, Oρπ 7-10 1.1 0.6468(73) 1.030(12) i 0.0861(95) i 23(14) 0.34(14)
q̄q
2 5 O1,2
, Oρπ 6-9 0.015 0.8977(133) 1.430(21) 0.272(10) 88.9(5.9) 0.005(31)

Table 4.10: Energies and phases in the a1 channel with I G (J P C ) = 1− (1++ ) and
P = 0, where a−1 ' 1.59 GeV. Both levels were obtained using a 1 exponential fit.
The p give the eigen-momenta of the interacting system determined from the energy
levels according to Eq. (4.40). The ground state is below ρπ threshold, so p and δ
are imaginary, while p cot δ is real.
The third levels in figure 4.15 in both channels are noisy and unreliable, so we
refrain from presenting quantitative results. Both levels correspond to masses close
to 2 GeV or above, so we see no indication for the possible existence of a1 (1420),
which was introduced to explain recent preliminary data by COMPASS in a1 → f0 π
channel [222]. The third level in b1 channel might be related to the observed b1 (1960).
n t0

interp.

fit
range

χ2
d.o.f

Ea

√
E= s
[GeV]

pa

δ [◦ ]

p cot(δ)
√
s

q̄q
1 3 O1,2,4
, Oωπ 4-11 0.12 0.694(19) 1.105(31) 0.057(45) −3.0(6.3) −1.6(2.2)
q̄q
2 2 O1,3 , Oωπ 3-10 0.049 0.890(17) 1.418(27) 0.264(13) 93.5(7.5) −0.018(38)

Table 4.11: Similar as table 4.10 but for b1 channel with I G (J P C ) = 1+ (1+− ). Both
levels were obtained using a 2 exponential fit. The second level is consistent with
threshold energy mπ +mω due to relatively large uncertainties of E2 and mω , and the
corresponding phase is consistent with δ ' 0. The uncertainty in mω has negligible
effect on δ for the second level.

ρπ scattering and the a1 (1260) resonance
The position of the 1++ ground state below mρ + mπ threshold indicates that the
energy of ρ and π is smaller if they are in the box together than if they are in the
box alone. The negative energy shift is consistent with an attractive interaction
in the resonant a1 channel. We proceed to extract the ρπ phase shifts and the
resonance parameters of a1 (1260). Outside the interaction region the mesons are
considered as free particles and the energy levels E are related to the momenta p of
the two-particle state ρ(p)π(−p) through
q
p
(4.40)
E = m2π + p2 + m2ρ + p2 ,
where we employ the continuum dispersion relation which applies well for the small
momenta p < 2π/L of interest [57]. The s-wave phase shifts δ for ρπ scattering at
these values of p are given by the well known Lüscher relation [67]
√
πpL
 ,
tan δ(p) =
(4.41)
2 Z00 1; ( pL
)2
2π
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which applies above and below threshold for elastic scattering. The d-wave to swave amplitude ratio for a1 → ρπ is −0.062 ± 0.02 experimentally [12], therefore
we safely neglect the d-wave in Eq. (4.41). The relation (4.41) also neglects the
contribution of the f0 π channel, which is known to be subdominant experimentally;
this simplifies one equation with several unknowns to the equation (4.41) with one
unknown δ for ρπ scattering. The K K̄ ∗ intermediate state can not appear in our
Nf = 2 simulation with chosen interpolators, therefore the corresponding scattering
parameters do not feature in the Lüscher’s relation.
The ground state below the mρ + mπ threshold renders imaginary p and real
p cot δ in table 4.10. The first excited level gives δ ≈ 90◦ , thus it is located close to
the a1 (1260) resonance mass and ma1 ≈ E2 holds.
0.8

(p/√s) cot δ

0.6
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0.2
0
0.3
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0.5
ρπ threshold

0.6
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2

Figure 4.16: We show √ps cot δ(s) with linear interpolation according to Eq. (4.43).
−1
At threshold the value is [(mρ + mπ )aρπ
l=0 ] , while the position of the zero gives the
resonance mass.
resonance
quantity
lat
exp

a1 (1260)
b1 (1235)
ρπ
res
ma1
ga1 ρπ
al=0
mres
gb1 ωπ
b1
[GeV]
[GeV]
[fm]
[GeV]
[GeV]
+0
+0
1.435(53)(−109 ) 1.71(39) 0.62(28) 1.414(36)(−83 ) input
1.230(40)
1.35(30)
1.2295(32)
0.787(25)

Table 4.12: The resulting Breit-Wigner masses mres together with the couplings g
for a1 → ρπ and b1 → ωπ, which are related to the Breit-Wigner width Γ ≡ g 2 p/s.
For the resonance masses the second uncertainty given stems from the systematic
uncertainty in extracting the first excited state reliably. This uncertainty has negligible effect on the extracted coupling. The experimental values for the couplings
g are derived from the measured total widths [12] since the branching ratios to V π
have not been measured, but are expected to be largely dominant. The lattice value
for the resonance mass of b1 (1235) is obtained assuming experimental gbexp
. All
1 ωπ
results are for our value of mπ ' 266 GeV.
The Breit-Wigner parameterization
√
− s Γ(s)
1
p
√
=
, Γa1 (s) ≡ ga21 ρπ ,
res
2
cot δ − i
s
s − (m ) + i s Γ(s)
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gives Γa1 (s) in terms of the phase space and the coupling ga1 ρπ . We obtain
p
1
2
√ cot δ(s) = 2 [(mres
a1 ) − s],
ga1 ρπ
s

(4.43)

which applies in the vicinity of the resonance. Assuming that (like it is the case for
the ρ) linearity (4.43) is a good approximation down to the threshold and
√ slightly
below it, we interpolate linearly in s between the two values of p cot δ/ s of table
4.10, as shown in figure 4.16. From the zero and the slope we obtain mres
a1 and ga1 ρπ .
The resulting parameters of the a1 (1260) resonance are compared to experiment
in table 4.12. The value of mres
a1 at mπ = 266 MeV is slightly higher than that of
the experimental resonance a1 (1260). This first lattice result for ga1 ρπ is valuable
since there is still considerable uncertainty on the total width Γa1 and on the a1 →
ρπ branching ratio. We provide the upper limit for gaexp
resulting from the total
1 ρπ
exp
15
width Γa1 = 250 − 600 MeV [12] , which agrees with our ga1 ρπ within the large
experimental and theoretical uncertainties. Our lattice result for ga1 ρπ is also close
≈ 0.9 GeV obtained using an Unitarized Effective Field Theory
to the value gaphen
1 ρπ
approach [216] (converted to our convention).
The scattering length aρπ
l=0 in table 4.12 is obtained using the effective range fit
p cot(δ) = a10 + 12 r0 p2 through two energy levels. Our result at mπ = 266 MeV is close
phys
to aρπ
) ≈ 0.37 fm obtained from Unitarized Effective Field Theory [223],
l=0 (mπ
while the corresponding experimental value is not known.

ωπ scattering and the b1 (1235) resonance
The robust features of the b1 spectrum in figure 4.15 and in table 4.11 go along with
the expectations: the level ω(0)π(0) near the mω +mπ threshold, the next level close
to b1 (1235) with δ ' 90◦ and the third level in vicinity of b1 (1960).
However, the exact position of the central value for the ground state E1 in
figure 4.15 with respect to the threshold mω + mπ shows a slight disagreement with
the expectation. It is expected to be slightly below threshold due to an attractive
interaction in the resonant channel. Since Γb1 < Γa1 one expects a smaller size of the
energy shift ∆E1 = E1 −mV −mπ in the b1 channel than in the a1 channel, rendering a
lattice extraction challenging. We estimate the expected energy shift a∆E1 ' −0.01
based on gbexp
, Breit-Wigner dependence (4.43), the Lüscher relation (4.41) and
1 ωπ
res
the value of mb1 (4.44) determined below; note that this shift is smaller than the
uncertainty of the ground state energy level in the b1 channel and comparable to
the uncertainty in amω . A correlated analysis reveals that our ground state E1 is
compatible with mω + mπ within the large uncertainties, although the central value
leads to E1 & mω + mπ . We stress that this discrepancy with expectations is not
statistically significant.
If upon improving the statistics the ground state level still stays above threshold,
this would be hard to understand. The three-pion state, for example, could hardly
explain such behavior since the lowest state π(0)π(1)π(−1) with J = 1 has energy
' 1.6 GeV, which is significantly above the threshold on our lattice.
15

More precisely we assume Γa1 = 425(175) MeV.

139

Chapter 4. Resonances
In the b1 (1235) → ωπ channel the d-wave to s-wave amplitude ratio observed in
experiment is 0.277 ± 0.027 [12], and the d-wave contribution, which we neglect in
Eq. (4.41), might play an important role as it for example does in the deuteron.
Due to the discussed uncertainty of the ground state energy level we determine
the resonance b1 (1235) mass using the Breit-Wigner relation (4.43),
mres
b1


=

E22

+

)2
(gbexp
1 ωπ



p cot δ
√
s

2 1/2

= 1.414(36)(+0
−83 ) GeV ,

(4.44)

√
based on E2 and (p cot δ/ s)2 for the second level in table 4.11, while we assume
= 0.787(25) GeV. It is derived from
the experimental value of the coupling gbexp
1 ωπ
exp
Γb1 assuming Br[b1 → ωπ] ' 1, which has not been measured but is expected to be
valid to a good approximation. The resulting resonance mass at our mπ is somewhat
higher than the experimental one.
Discussion of assumptions
Within the study of the light axial resonance we assume the ρ and ω as stable
hadrons and that the effects of other channels, higher partial waves and ρ/ω decays
do not significantly affect our study.
Let us first focus on the effect of ρ → 2π decay in ρπ scattering. In the absence
of a rigorous framework for the analysis of a1 → 3π we omit 3π lattice interpolators. We expect that they have little effect on the energy levels in the relevant
energy region. In order to address this, we first have to emphasize the role of our
lattice environment, in particular the unphysical high pion mass and the effect of
the lattice volume. The analysis relies on the discrete energy eigenstates of the correlators between a set of lattice operators. The relevance of an interpolator Oi for an
eigenstate n can be estimated from its overlap hOi |ni. Allowing for additional πππ
interpolators in 1++ channel in principle allows for ρ → ππ transition in ρπ scattering. This might lead to shifts of 1++ energy levels (compared to the uncoupled
ρ − ππ situation) if ππ and ρ levels are close in energy, i.e., within ' Γρ . From [57]
we know that on Ensemble (1) the ground state at rest ρ(0) has negligible overlap
with the π(1)π(−1) operator 16 . This is because this lowest two-pion interpolator allowed by the conservation of momentum and angular momentum has energy
2(m2π + (2π/L)2 )1/2 ' 1.4 GeV  mρ [57]. The ρ(1) with momentum p = 2π/L
would have been more significantly affected by the π(1)π(0) decay channel due to its
vicinity. In this study we restrict ourselves to E < 1.5 GeV and ρ(p) has momentum
p < 2π/L for both energy levels of interest in Table 4.10. Although the ρ → ππ
√
channel is formally open as soon as sππ > mρ , we expect that the ρπ → 3π decay
channel does not significantly influence the two lowest energy levels in our energy
region
E < Eρ(1)π(−1) ' (m2ρ + ( 2π
)2 )1/2 + (m2π + ( 2π
)2 )1/2 ' 1.7 GeV .
L
L

(4.45)

In order to avoid ρ(1) → π(1)π(0) we restricted our simulation to the total momentum P ≡ |P| = 0, where the possible effect of vector meson decay is least significant.
Let us point out that analytical frameworks for rigorous multi-channel treatment
on the lattice have been proposed, but their realization in practice remains a serious
16

The meson momenta given in parenthesis M (p) are in physical units or in units of 2π/L.
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challenge and so far has only been done in the case of Kπ scattering [159, 160].
Analytic approaches for the scattering of unstable particles (with some emphasis
on s-wave scattering) in the finite volume were recently formulated in [224], while
the related challenging problem of three particles in a finite box was analytically
considered in [225, 226, 227, 228]. In Ref. [224] the approach was applied to study
the effect of the ρ → ππ decay to the ρπ scattering. Its effect on the discrete
spectrum at zero momentum is found to be negligible on our lattice with L ' 2 fm
and mπ ' 266 MeV in the region of interest E < Eρ(1)π(−1) ' 1.7 GeV where a1
resides [224]. The effect of ω → 3π decay for ωπ scattering has not been studied in
' 8 MeV and
detail, but its influence is suppressed due to the narrow width Γexp
ω
since at least two pions must have non-vanishing momentum when ω decays at rest.
More generally, lattice interpolators with intrinsically higher energy have very
little overlap with lower energy eigenstates and therefore little impact on these eigenenergies. So the threshold (the sum of masses) to some channels may be formally
open but the actual eigenstate energy may be considerably higher. In that spirit
we argue that interpolators which represent such higher energy content may be
neglected when studying only low energy eigenstates.
In addition to ρπ and ωπ there are further two-meson decay channels to consider.
The a1 can also couple to f0 (500)π and f0 (980)π in p-wave, which goes to three pions.
The lowest possible interpolator with three pions combining to total spin 1 needs
pions with non-vanishing momentum units like π(0)π(1)π(−1) and thus – for the
parameters of Ensemble (1) – has an energy above the range considered here.
Another possible coupled channel for a1 and b1 is K K̄ ∗ in s-wave; its threshold
would be close to 1.4 GeV, but it cannot be produced from ūd, πρ or πω interpolators
in our simulation with only Nf = 2 dynamical quarks. The K K̄ ∗ could appear only
by explicitly incorporating the corresponding interpolator with s quarks as valence
quarks, but K K̄ ∗ → ūd transition would be Zweig suppressed and we omit such
interpolators.
The b1 channel also couples to η2 ρ, its contribution might be relevant only above
threshold for energies above O(1.5) GeV and we omit this interpolator.17 To summarize, we assume that the elastic scattering ρπ and ωπ dominates both channels
in the energy region of interest and rely on the same assumption when extracting
Γa1 →ρπ and Γb1 →ωπ from the experimental data.

17

The η2 corresponds to η for Nf = 2 dynamical quarks and has a mass between the η and the η 0
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Conclusions
In this thesis we used lattice QCD to study the properties of hadrons and determined
their masses as well as decay widths (where applicable). Two ensembles of gauge
configurations were used, where Ensemble (1) was generously provided by Anna
Hasenfratz and her colleagues [23, 24]. Ensemble (2) was made publicly available by
the PACS-CS collaboration [25]. We studied various hadronic channels, where either
shallow bound states or resonances occur. Both quark anti-quark and two hadron
operators were included to study their strong decays. In most of the Wick diagrams
involved with two hadrons operators both connected diagrams as well as Wick diagrams with backtracking quarks arise. The latter are prohibitively expensive unless
a proper method is used. We employed the (stochastic) distillation method [32, 33],
which is an all-to-all method allowing us to calculate both connected and (partly)
disconnected diagrams efficiently. The spectrum was extracted from the correlation
matrix with the variational method.
In the thesis we first focused on shallow bound states located near below their respective decay thresholds. Our study of the positive parity charmed strange mesons
∗
focused on the shallow bound states Ds0
(2317) and Ds1 (2460) [28]. They are interesting from a physics point of view for two principal reasons. First, their masses
are close to their charm light partners even though the strange quark is much heavier than the light. Second, contrary to the expectation from quark models, the
∗
Ds0
(2317) and Ds1 (2460) are both narrow below-threshold hadrons and not broad
above threshold resonances. In previous lattice calculations, a combination of unphysical thresholds and neglect of two meson threshold effects rendered the masses
too high.
In our simulation we included both DK and D∗ K scattering operators explicitly for the first time. By determining the low lying energy spectrum we obtained
the scattering amplitude near threshold via Lüscher’s finite volume method. This
enabled us to the study the threshold parameters and near threshold resonances
and bound states. We extracted the binding momenta and the masses of the below∗
threshold bound states Ds0
(2317) and Ds1 (2460) by determining the pole positions
of the scattering amplitudes.
The J P = 0+ channel benefited most from the inclusion of scattering operators;
∗
the level assigned to Ds0
(2317) in the single hadron approach was just slightly above
threshold and when DK scattering operators were included it decoupled into two
states, one attributed to the scattering channel and the other to the physical bound
state. The analytical continuation of the scattering amplitude determined with
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Lüscher’s finite volume method allowed us to establish the existence of a below
threshold state with binding energy 37(17) MeV which is for the first time compatible
∗
(2317).
with the experimental Ds0
The Ds1 (2460) with J P = 1+ appeared below threshold already in the single
hadron approach. However, the inclusion of D∗ K scattering operators significantly
improved the signal and the detailed analysis showed that Ds1 (2460) indeed has a
considerable four-quark component. Repeating a similar analysis as for the scalar
channel, we find the binding energy 44(10) MeV of Ds1 (2460) in agreement with
experiment. The narrow Ds1 (2536) is found above threshold for Ensemble (2) with
pion masses close to physical. However, we did not calculate its decay width due to
the mixing of s and d−wave contributions.
∗
(2573), as the first two
We used only quark anti-quark interpolators for the Ds2
hadron scattering operator that would be allowed on the lattice would be much
higher than the lowest energy state with J P = 2+ .
The crucial physical insight needed for the success of this study was the inclusion
of DK and D∗ K operators explicitly in the correlation matrix. This allowed us to
perform a scattering analysis and determine the infinite volume bound state pole
position consolidating a long lasting discrepancy between theory and experiment.
Our study of the exotic charmonium X(3872) is based on identifying a candidate
for the X(3872) [229]. While previous lattice studies had seen some hints of it none
have found a reliable candidate – it was unclear whether the observed state was the
X(3872) or just the two meson level D(0)D̄∗ (0), which also represents an eigenstate
in dynamical QCD.
In our simulation we included DD̄∗ and J/ψV (V = ρ, ω) scattering explicitly
and found that the single state present in the single hadron approach becomes two
distinct levels when DD̄∗ operators are included. The two meson scattering operators are crucial in identifying the X(3872) candidate, which appears in addition
to the nearby DD̄∗ and J/ψ ω discrete scattering states in the spectrum. By extracting the near threshold behavior of the DD̄∗ scattering amplitude we were able
to determine the bound state pole position from lattice QCD for the first time. A
reliable candidate for the X(3872) is found 11(7) MeV below the DD̄∗ threshold
with J P C = 1++ and I = 0. Furthermore we also extract a large and negative DD̄∗
scattering length, which is a clear indicator of a bound state. We do not find a
candidate for X(3872) in the I = 1 channel, which we attribute to the exact isospin
symmetry present in our simulation.
Simulating hadronic resonances is big challenge, as the scattering matrix needs
to be sampled in detail. The discrete energies obtained in a lattice QCD simulation
limit the determined scattering matrix to discrete values of the invariant mass.
Within this thesis we tackle this problem in two ways. First we employ both quark
anti-quark type operators as well as two hadron operators. However, this still does
not give enough additional data points in the invariant mass dependence of the
phase shift. That is why we derive a generalization of the Lüscher method [49],
which holds for two unequal mass hadrons at non-zero total momentum. Utilizing
this generalized method we are able to simulate and analyze Kπ scattering in p-wave
with I = 1/2 and I = 3/2 on Ensemble (1) [230].
The attractive I = 1/2 and repulsive I = 3/2 channels already show the expected
differences in the spectrum. All energy levels in the I = 3/2 channel are near the
expected Kπ scattering states indicating little to no interaction. This is confirmed
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in the scattering analysis, where the phase shifts show no visible structure.
In the I = 1/2 channel we find shifted Kπ scattering states as well as additional energy levels near the resonances K ∗ (892) and K ∗ (1410). Extracting the
scattering amplitude clearly reveals there are resonances present
in this channel.
√
The Breit-Wigner fit over the four phase shift points near s ' mK ∗ (892) leads to
g2

∗

3

the K ∗ (892) → Kπ coupling gK ∗ (892) = 5.7(1.6), where ΓK ∗ (892) = K 6π(892) ps , and
resonance mass mK ∗ (892) = 891(14) MeV which compares with experiment favorably:
exp
exp
gK
∗ (892) = 5.72(6) and mK ∗ (892) = 891.66(26) MeV. This is the first rigorous ab initio
determination of the K ∗ (892) resonance mass and decay width.
We also attempted to extract the K ∗ (1410) resonance mass, however, in that
energy region our determination is no longer rigorous, as we neglect the open decay
channels to K ∗ π and Kρ. An additional challenge was the mixing of p-wave and
d-wave for P 6= 0 irreducible representation, which we take into account near the
K ∗ (1410) and K2∗ (1430) resonances. After assuming the experimental coupling of
gK ∗ (14310)=1.59(3) we find the resonance mass to be mK ∗ (1410) = 1.33(2) GeV.
A much more difficult channel is s-wave Kπ scattering, where the elusive resonance K0∗ (800) (κ) resides. We simulated Kπ scattering in s wave for I = 1/2 and
I = 3/2 on Ensemble (1) only at zero total momentum since s-wave always mixes
with p-wave at non-zero total momentum (see also Ref. [154]). In the spectrum we
found the expected Kπ scattering states, which are shifted relative to the noninteracting case due to the QCD interaction. We however did not find an additional
energy level that we could attribute to the κ resonance. A detailed investigation
based on the experimental phase shift revealed that an additional energy level is
non expected on Ensemble (1) since the experimental phase shift does not pass 90◦
close to mκ . Performing the scattering analysis rendered the scattering amplitude,
which we expressed in terms of the elastic phase shifts. The (few) phase shift points
we extracted from our I = 1/2 simulation compare with experiment rather well.
I=1/2
We determined the I = 1/2 scattering length to be a0
= 0.636(90) fm at our
mπ = 266 MeV.
In the I = 3/2 channel the phase is negative and falls slowly until it reaches
√
I=3/2
I=3/2
= −0.140(18) fm
δ0
' −30◦ at s ' 1.6 GeV. The scattering length a0
is negative, which further confirms our expectations, that the I = 3/2 channel is
indeed repulsive.
We performed a simulation of light axial resonances a1 and b1 where their dominant strong decays modes ρπ and ωπ were taken into account explicitly for the first
time [231]. The interpolating fields q̄q as well as V π (V = ρ, ω) were used for this
purpose. We find an energy level near the V (0)π(0) threshold and excited levels
close to the resonance positions of a1 (1260) and b1 (1235). In the scattering analysis
we assume stable scattering particles ρ and ω, which is a reasonable approximation
for our simulation with zero momentum, L ' 2 fm and mπ ' 266 MeV. However, a
proper treatment of these two channels is considerably more challenging and is not
performed within this thesis.
In the a1 channel the s-wave phase shifts for ρπ scattering were extracted using
the Lüscher relation and fitted using the Breit-Wigner formula. The resonance mass
mres
a1 = 1.414(53) GeV at our mπ ' 266 MeV is somewhat higher than the experimental value mexp
a1 = 1.230(40) GeV. The a1 → ρπ coupling ga1 ρπ = 1.71(39), which
3
parameterizes the corresponding decay width Γa1 = ga21 ps , agrees with experiment
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within sizable error bars, gaexp
= 1.35(30).
1
In the b1 channel the data from simulation is much more noisy than in the a1
channel. Although the ground state is still consistent with mω +mπ and an attractive
interaction within the sizable uncertainty, the central value is found slightly above
mω + mπ while we would expect it to be slightly below threshold in an attractive
channel. Nevertheless we extracted the s-wave phase shifts and attempted a BreitWigner fit. As this did not converge for our data we had to assume the physical
b1 → ωπ coupling, gb1 = 0.787(25), to obtain the b1 resonance mass mres
b1 = 1.414(36)
exp
GeV. Comparing it with the experimental value mb1 = 1.230(3) GeV shows that the
simulated mres
b1 is a bit high again. This is at least in part due to the non-physical
pion mass on Ensemble (1).
Within this thesis we have demonstrated, that lattice QCD is a reliable method
to study hadrons and their properties from first principles of QCD. Using lattice
QCD we studied several hadrons, such that appear below threshold as well as above
threshold. We determined several bound state and resonance masses and decay
widths for the first time using advanced methods and an appropriate rigorous formalism. Our studies compare with experiment well and have greatly contributed to
the understanding of the hadronic spectrum.
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Appendix A
General details on SU (3) and γ
matrices
This appendix provides the Dirac γ matrices, the SU (3) generators and structure
constants used within our simulations.
The γ matrices (in Euclidean space) used within this thesis coincide with the
form used also in the DD-HMC package by Lüscher [232, 233, 234, 235]:



0
0 −1 0


0
0 −1
0
γ0 = 
,
0
0
−1 0
0 −1 0
0


0 0 −i 0


0 0 0 i 
γ3 = 
,
 i 0 0 0
0 −i 0 0


0

0
γ1 = 
0
i


1

0
γ0 = 
0
0


0 0 −i

0 −i 0 
,
i 0 0
0 0 0



0

0
γ2 = 
0
−1

0
0
1
0


0 −1

1 0

0 0
0 0
(A.1)


0 0
0

1 0
0
.
0 −1 0 
0 0 −1

The generators Ta of the Lie group SU (3) are proportional to the 8 Gell-Mann
matrices, Ta = 21 λa , which are listed in Eq. (A.2).
0
1

λ = 1
0

0
4

λ = 0
1

0
6

λ = 0
0



1 0
0 0 ,
0 0

0 1
0 0 ,
0 0

0 0
0 1 ,
1 0


0
2

λ = i
0

0
5

λ = 0
i

0
7

λ = 0
0


−i 0
0 0 ,
0 0

0 −i
0 0 ,
0 0

0 0
0 −i
i 0



1 0 0
λ3 = 0 −1 0
0 0 0


1 0 0
1
λ8 = √ 0 1 0 
3
0 0 −2

The structure constants fabc are listed in Table A.1.
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(A.2)

Appendix A. General details on SU (3) and γ matrices
fabc
1
1
2

1
−
√2
3
2

abc
123
147, 246, 257, 345
156, 367
458, 678

Table A.1: Structure constants fabc for the group SU (3).
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Appendix B
d (1; q 2) for m 6= m
Evaluation of Zlm
1
2
d
This appendix provides a form of the generalized function Zlm
(1; q 2 ) that is appropriate for numerical evaluation. We consider the most general case m1 6= m2 ,
L
P 6= 0 and general l and m, which has not been considered before. Some
d = 2π
parts of our derivation are similar to Appendix A of [236], done for l = m = 0 and
m1 = m2 , and to Appendix B of [48], done for l = 1 and m = 0.
L
d
(s; q 2 ) for the general case of m1 6= m2 and d = 2π
The Zlm
P 6= 0 is defined as in
(2.184)
X Ylm (r)
L ∗
d
Zlm
,
q
=
p , Ylm (r) ≡ rl Ylm (θ, φ) ,
(B.1)
(s; q 2 ) ≡
2 − q 2 )s
(|r|
2π
r∈P
d

d
where the relations for the phase shift depend on Zlm
(1; q 2 ) evaluated at s = 1.
2
Here q is real and can be positive or negative (2.169). The sum goes over the mesh
Pd defined in (2.166) and plotted in Fig. 2.5c for d = ex + ey and in Fig. 2.6c for
d = ez .
The sum is finite at s = 1 for every l and m except for l = m = 0, and we
will derive the expression that converges faster than (B.1), and is appropriate for
numerical evaluation. We will show that sum converges only for s > 3/2 (but not
s = 1) in case of l = m = 0. The divergence that appears for s = 1 will be exactly
equal to the divergence that appears in the infinite volume. Since the phase-shift
relations depend on the finite volume shift with respect to the infinite volume, we
will get rid of the divergence by the analytic continuation from s > 3/2 toR s = 1.
∞
First we express 1/(r2 −q 2 )s using the definition of the Gamma function 0 dt ts−1 e−ta =
Γ(s)/as and then split the integral to two parts
Z ∞
1 X
2
2
d
2
Ylm (r)
dt ts−1 e−t(r −q )
Zlm (s; q ) =
Γ(s) r∈P
0
d
Z
Z ∞
 1
1 X
2
2
s−1 −t(r2 −q 2 )
=
Ylm (r)
dt t e
+
dt ts−1 e−t(r −q ) .
Γ(s) r∈P
0
1
d

(B.2)
The integral in the second term is finite at s = 1, it is easily evaluated, and renders
faster convergence than the original sum
Z ∞
2
2
X
X
1
e−(r −q )
s−1 −t(r2 −q 2 ) s=1
second term =
Ylm (r)
dt t e
−→
Ylm (r) 2
.
2
Γ(s)
r
−
q
1
r∈P
r∈P
d

d

(B.3)
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P
The
P first term (B.2) contains the sum r∈Pd F (r), which is equivalent to the
sum n∈Z 3 F (r(n)) and we express it using the Poisson summation formula
X
XZ
f (n) =
d3 x f (x) ei2πn·x
(B.4)
n∈Z 3

n∈Z 3

leading to
1
first term =
Γ(s)

1

Z

dt t

s−1 tq 2

X

e

0

Z

fn ≡

fn ,

n∈Z 3

d3 x Ylm (r(x)) e−t|r(x)|

2

+ i2πn·x

(B.5)
with r(x) = γ̂ −1 (x − 21 Ad) (2.166). We change the integration variable from x to
r using d3 x = det(J)d3 r = γd3 r and separate terms that depend only on r using
Ylm (r) = rl Ylm (θ, φ). Applying x = γ̂r + 21 Ad (2.166) the term dependent on A
factorizes
Z ∞
Z π
Z 2π
iπAn·d
2
−tr2 l
fn ≡ γ e
r dr e
r
sin θdθ
dφ Ylm (θ, φ) e−ik·r
(B.6)
0

0

0

with k ≡ −2πγ̂ T n. We insert the well known relation for e−ik·r
0

e
The integral

−ik·r

Rπ
0

= 4π

sin θdθ

∞
l
X
X

0

(−i)l Yl0 m0 (θk , φk ) Yl0 m0 (θ, φ)∗ jl0 (kr) .

l0 =0

m0 =−l0

R 2π

dφYlm (θ, φ)Yl∗0 m0 (θ, φ) = δll0 δmm0 simplifies (B.6) to

0

l

An·d

fn = γ 4π (−i) (−1)

Z
Ylm (θk , φk )

∞

2

dr r2 e−tr rl jl (kr) .

(B.7)

(B.8)

0

The remaining integral can be evaluated with Mathematica
l

An·d

fn = γ(−i) (−1)



k
2t

l

 3/2
π
2
Ylm (θk , φk )
e−k /4t
t

(B.9)

and we apply (k/2t)l Ylm (θk , φk ) = Ylm (k/2t) = Ylm (−πγ̂n/t). Inserting this fn to
(B.5) we get
1
first term =
Γ(s)

Z

1

dt t
0

s−1 tq 2

e

X

l

γ(−i) (−1)

n∈Z 3

An·d

 3/2
πγ̂n π
2
Ylm (−
)
e−(πγ̂n) /t .
t
t

(B.10)
In the case of s = 1, this integral over t is finite for all n except for n = 0. The n = 0
divergence occurs only for l = m = R0 since Ylm (n = 0) ∝
Pδl0 δm0 . The term with
n = 0 is the infinite volume fn=0 = d3 xf (x) analog of n f (n) in the Poisson’s
formula (B.4) and is finite only for s > 3/2. In order to get rid of the divergence,
that cancels in the difference between the finite and infinite volume result anyway,
we split the n = 0 term in two parts
Z 1

Z 1
Z 1
1
1
s−5/2 tq 2
s−5/2 tq 2
s−5/2
dt t
e =
dt t
(e − 1) +
dt t
.
(B.11)
Γ(s) 0
Γ(s) 0
0
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The first integral is finite for s = 1, while the second integral

R1
0

ts−5/2 dt

s>3/2

=

s→1
1
−→
s−3/2

−2 is finite only for s > 3/2, but we analytically continue it to s = 1.
Collecting (B.3) as well as convergent and divergent piece of (B.5) to get (B.2),
we get finally
Z 1
X
πγ̂n π 3/2 −(πγ̂n)2 /t
2
2
d
dt etq
(−1)An·d (−i)l Ylm (−
)( ) e
Zlm (1; q ) = γ
t
t
0
3
n∈Z ,n6=0
 3/2
Z 1
π
1
tq 2
√ δl0 δm0 − γπδl0 δm0
dt (e − 1)
+γ
t
4π
0
−(r2 −q 2 )
X
e
+
Ylm (r) 2
(B.12)
2
r
−
q
r∈P
d

which is used for our numerical evaluation and converges rapidly for l, m, d of our
d
interest. It is applicable for q 2 > 0 and q 2 < 0. We verified numerically that this Zlm
respects all the relations listed in the main text, that follow from discrete symmetries
at d = ex + ey or d = ez .
In the special case m1 = m2 , our result agrees with the result in [52], which
d
was presented for m1 = m2 without derivation1 . We also verified that such Zlm
d
numerically agrees with Zlm obtained for m1 = m2 via clm as proposed by [46].

1

d
Note that Zlm
in [52] is defined to be complex conjugate of ours.
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Razširjeni povzetek v slovenskem
jeziku
5.1

Uvod

Standardni Model opisuje interkacije med osnovnimi gradniki snovi, ki jih delimo
na dva tipa – kvarke in leptone. V vsakega izmed njiju spada šest elementarnih
delcev, ki jih uredimo v družine. V prvo družino damo najlažji par kvarkov, u in d,
ter najlažji par leptonov poznanih tudi kot elektron e ter elektronski nevtrino νe . V
drugo družino sodita težja kvarka s in c ter pripadajoča leptona mion µ in mionski
nevtrino νµ . Par kvarkov t in b pa spada v tretjo družino skupaj s τ leptonom ter taonskim nevtrinom ντ . Med kvarki in leptoni delujejo v okviru Standardnega Modela
tri sile. Elektromagnetna, ki jo posredujejo fotoni γ, šibka, ki jo prenašajo bozoni
W ± in Z ter močna, katere prenašalcev je 8 gluonov. Masa elementarnih delcev
pa izhaja iz interakcije s Higgsovim poljem [3, 4, 5]. Kljub temu pa večina mase v
Vesolju izhaja iz močne interakcije med kvarki in gluoni, saj je glavnina snovi okrog
nas sestavljena iz protonov in nevtronov. Večina protonske mase pa izhaja iz močne
interakcije, le majhen delež iz mas elementarnih delcev.
Kvarke sta uvedla Gell-Mann [6] in Zweig [7] leta 1964. Eksperimentalno pa so
jih prvič odkrili leta 1968 na linearnem pospeševalniku na Stanfordu [9]. Analiza
globokega neelastičnega sipanja je pokazala, da protoni niso osnovni temveč sestavljeni delci. V okviru Standardnega Modela so sestavljeni iz treh valenčnih kvarkov.
Njihove interakcije z gluoni opisuje umeritvena teorija kvantne kromodinamike, ki
so jo leta 1973 zapisali Fritzsch, Gell-Mann in Leutwyler [10]. Posebnost te teorije
je, da postane pri nizkih energijah sklopitvena konstanta med kvarki in gluoni velika.
Ena izmed posledic velikosti sklopitvene konstante so sestavljeni delci – hadroni. Ko
hadron sestavljajo trije velenčni kvarki dobimo barion, če pa hadron sestavljata par
valenčnega kvarka in valenčnega anti-kvarka dobimo mezon.
Mase mezonov se je v preteklosti določalo s pomočjo kvarkovskega modela, kjer
se je privzel potencial oblike V (r) ∝ ar + br. Kljub temu, da je bil kvarkovski model
precej uspešen v lahkem sektorju, se je pri merjenju težkih mezonov hitro pokazalo,
da le-ta ne deluje [12, 13]. Razlog je v tem, da kvarkovski model ne izhaja kvantne
kromodinamike, temveč je fenomenološki model.
Pri obravnavanju hadronov običajne perturbativne metode kvantne teorije polja
ne delujejo, saj le-te temeljijo na razvoju po sklopitveni konstanti. Ta velja samo v
primeru, da je sklopitvena konstanta majhna, kar pa v primeru kvantne kromodinamike pri nizkih energijah ne drži.
Leta 1974 je K.G. Wilson predstavil teorijo polja na mreži [15], ki omogoča
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točno obravnavo neperturbativnih pojavov samo s poznavanjem osnovnih parametrov Lagrangeve funkcije. V okviru te metode se Feynmanov popotni integral oceni
numerično z Monte Carlo metodami. V tem doktoratu uporabimo kvantno kromodinamiko na mreži za študij hadronov in njegovih lastnosti, saj je le-ta edina zares
zanesljiva metoda, ki temelji na prvih principih.

5.2
5.2.1

Metode kvantne kromodinamike na mreži
Akcija kvantne kromodinamike v diskretnem Evklidskem prostoru

V prostor-času Minkowskega ima akcija za kvantno kromodinamiko obliko [237]:
Z
M
SQCD = d4 xM LQCD ,
(5.13)
1
LQCD = ψ̄(iγµ (∂ µ + igAaµ Ta ) − mψ )ψ − Gaµν Gµν
a ,
4
kjer so ψ (ψ̄) kvarkovska polja s tremi barvnimi ter štirimi ”spinskimi” prostostnimi
stopnjami. Predstavljajo šest poznanih kvarkov iz Standardnega Modela: u, d, s,
c, b in t. mψ je njihova gola kvarkovska masa. γµ so dobro poznane Diracove
matrike, katerih antikomutacijske relacije zadoščajo {γµ , γν } = 2gµν . Metrični tenzor
gµν pa ima v prostoru Minkowskega diagonalno obliko gµν = diag(−1, 1, 1, 1). Aaµ
je 8 gluonskih polj, ki se sklapljajo na kvarke s sklopitveno konstanto g. Tenzor
kromodinamskega polja Gaµν ima obliko:
Gaµν = ∂µ Aaν − ∂ν Aaµ − gf abc Abµ Acν

(5.14)

in fabc so strukturne konstante umeritvene grupe SU (3) ter Ta njeni generatorji.
Da lahko uporabljamo akcijo kot utež pri izvrednotenju Feynmanovega popotnega integrala, moramo najprej pretvoriti prostor Minkowskega v Evklidski prostor. To storimo z Wickovo rotacijo časa t → it. Potem se integral d4 xM = dtd3 x
spremeni v idtd3 x = d4 xE . Utež v popotnem integralu neke količine F (ψ, ψ̄, Aµ ),
kjer je Aµ = Aaµ Ta ,
R
h0|F (ψ, ψ̄, Aaµ )|0i

=

M

DψDψ̄DAµ F (ψ, ψ̄, Aµ )eiSQCD
,
R
M
DψDψ̄DAµ eiSQCD

(5.15)

postane realna in pričakovana vrednost ima obliko:
R
h0|F (ψ, ψ̄, Aaµ )|0i

=

E

DψDψ̄DAµ F (ψ, ψ̄, Aµ )e−SQCD
.
R
E
DψDψ̄DAµ e−SQCD

(5.16)

Tako postane utež v celoti realna, kar omogoča vzorčenje integrala z Monte Carlo
metodami [16].
Fermionska polja, ki so prisotna v akciji, se v kvantni kromodinamiki na mreži
diskretizirajo. Tako obstajajo le na diskretnih točkah x = (x0 , x1 , x2 , x3 ), kjer x0
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teče po Nt časovnih točkah ter xi po Ns prostorskih točkah diskretizacije prostorčasa. Dve najbližji točki sta med seboj oddaljeni za mrežno razdaljo a. Da lahko
opišemo sistem, moramo izbrati še robne pogoje, kjer so tipični periodični robni
pogoji v prostoru ter (anti)periodični v času. Taki so tudi uporabljeni v okviru
tega doktorata. Interakcijo med fermionskimi polji prenašajo gluonska polja, ki
jih uvedemo podobno kot v kontinuumu – z zahtevo ohranjanja lokalne umeritvene
simetrije. Za razliko od fermionskih polj, ki obstajajo na diskretnih točkah, so
umeritvena polja prisotna kot povezave med diskretnimi točkami. Zato se tudi
imenujejo povezljivke Uµ , ki jih lahko povežemo z umeritvenim poljem Aµ preko
Uµ (x) = eig

Rx
x+aµ̂

Aµ (x)dxµ

.

(5.17)

Upoštevajoč prejšnja načela lahko zapišemo naivno diskretizacijo akcije za kvantno kromodinamiko kot:
SQCD = SF + SG ,
X
ψ̄(x)M(x, x0 )ψ(x0 ),
SF = a4

(5.18)

x∈Λ
4
X

Uµ (x)ψ(x + µ̂) − U−µ (x)ψ(x − µ̂)
+ m),
2a
µ=1
2 XX
SG = 2
ReTr[1 − Uµν (x)].
g x∈Λ µ<ν

M(x, x0 ) =

γµ

M je poznan tudi kot Diracov operator, Uµν (x) pa je definiran kot:
Uµν (x) = Uµ (x)Uν (x + µ̂)U−µ (x + µ̂ + ν̂)U−ν (x + ν̂).

(5.19)

Tako definirana diskretna akcija ima točno umeritveno simetrijo pod transformacijami:
ψ(x) → Ω(x)ψ(x),

(5.20)

ψ̄(x) → ψ̄(x)Ω† (x),

Uµ (x) → Ω(x)Uµ (x)Ω† (x + aµ̂),
kjer so Ω(x) unitarne 3 × 3 z determinanto 1.
Pri numeričnem računanju particijskega funkcionala
Z
Z
Z = DAµ DψDψ̄eψ̄(x)M[Aµ ]ψ(x) e−SG [Aµ ]

(5.21)

lahko še upoštevamo integral Gaussove oblike po fermionskih poljih, kar poenostavi
celotno particijsko funckijo v
Z
Z = DAµ det(M[Aµ ])e−SG [Aµ ] .
(5.22)
S primerno izbiro umeritvenih polj Aµ potem lahko integral zamenjamo z vsoto
X
Z=
det(M(Aµ ))e−SG [Aµ ] ,
(5.23)
Aµ

kjer se vsota približuje točni vrednosti integrala s tem večjim vzorcem gluonskih
polj Aµ .
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5.2.2

Korelacijske funkcije

Količine kot so akcija, particijski funkcional ter polja nimajo posebnega fizikalnega
pomena. Do fizikalnih relevantnih količin pa lahko pridemo s pomočjo ustreznih
kombinacij polj, iz katerih ustvarimo korelacijske funkcije. Zanimale nas bodo
predvsem korelacijske funkcije dveh tipov in sicer dvotočkovna korelacijska funkcija
kvarka, to je kvarkovski propagator, ter dvotočkovne korelacijske funckije hadronov,
ki jih bomo študirali [16]. Iz kvarkovskega propagatorja bomo sestavili hadronsko
korelacijsko funkcijo, iz katere potem izločimo fizikalne količine. S konceptualnega
stališča je kvarkovski propagator G inverz Diracovega operatorja M (glej En. 5.18):
0

0

0 0
M−1,αα
(x, t; x0 , t0 ) = Gαα
a a0 (x, t; x , t ).
a a0

(5.24)

Poljubno mezonsko korelacijsko funkcijo lahko sestavimo iz kvarkovskih propagator†
jev2 . V ta namen uvedemo kreacijske oz. anihilacijske operatorje Oizvor
in Oponor , ki
ustvarijo polje iz kvarkov na izvoru oz. ga uničijo v vakum na ponoru. Ti operatorji
morajo imeti kvantna števila mezonskega kanala, ki ga študiramo. Primer, ki to
lepo ponazori je pion. Primer pionskega kreacijskega operatorja s kvantnimi števili
J P = 0− :
0 0

0

0

π † (x0 , t0 ) = ūαa0 (x0 , t0 )γ5α β dβa0 (x0 , t0 ).

(5.25)

Če tvorimo pionsko korelacijsko funkcijo kot h0|π(x, t) π † (x0 , t0 )|0i, nam bo le-ta
ustvarila pion (in ostala vzbujena stanja z istimi kvantnimi števili) ob izvoru (x0 , t0 )
ter ga propagirala do (x, t):
0 0

0

0

h0|π(x, t) π † (x0 , t0 )|0i = h0|d¯αa (x, t)γ5αβ uβa (x, t) ūαa0 (x0 , t0 )γ5α β dβa0 (x0 , t0 )|0i.

(5.26)

Da pionsko korelacijsko funkcijo izrazimo s kvarkovskimi propagatorji sledimo Wickovemu teoremu in upoštevamo, da je propagator u kvarka:
(u),αβ

Gab

(x, t; x0 , t0 ) = uαa (x, t)ūβb (x0 , t0 )

(5.27)

ter analogno za d kvark. Potem ima korelacijska funkcija piona obliko:
(u),βα0

h0|π(x, t)π † (x0 , t0 )|0i = Gaa0

0 0

(d),β 0 α

(x, t; x0 , t0 )γ5α β Ga0 a

(x0 , t0 ; x, t)γ5αβ

(5.28)

= Tr[G(u) (x, t; x0 , t0 )γ5 G(d) (x0 , t0 ; x, t)γ5 ].

Za mezon s spinom J, parnostjo P in dano C parnostjo na splošno uporabimo
interpolator oblike:
OM (p, t) = q̄fα1 a (x)Γαβ Fab (p, x, y)qfβ2 b (y),

(5.29)

kjer sta a in b indeksa po barvi, grške črke označujejo spinske indekse, x, y pa
prostorske indekse. p je gibalna količina na katerega projiciramo naš mezon in
Fab (p, x, y) opiše splošno prostorsko obliko operatorja.
Za študij močnih razpadov hadronov je potrebno med korelacijske funkcije vključiti tudi dvomezonska sipalna stanja. Le-ta so sestavljena iz enomezonskih interpolatorjev na sledeč način:
OP1 ,P2 (p1 , p2 , t) = OP1 (p1 , t)OP2 (p2 , t).

(5.30)

Tipičen primer diagrama, ki nastopa pri dvomezonskih interpolatorjih je prikazan
na Sliki 5.1.
2

Kvarkovski propagatorji v kvantni kromodinamiki na mreži so neperturbativni in nimajo tipične oblike fermionskega propagatorja, kot je poznan iz različnih tečajev o teoriji polja.
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(x′ , t′ )

(x, t)

(y ′, t′ )

(y, t)

Slika 5.1: Škatlast diagram, ki prispeva k korelacijski funkciji dvomezonskega interpolatorja. Za izvrednotenje takega interpolatorja so potrebni propagatorji dveh
tipov. Prvi so taki, ki gredo iz izvora (x0 , t0 ) do ponora (x, t) in obratno. Drug tip
potrebnih propagatorjev pa gre iz ponora (x, t) (ali izvora (x0 , t0 )) nazaj v ponor
(x, t) (ali izvor (x0 , t0 ) ).

5.2.3

Distilacija

V okviru doktorata smo za ovrednotenje korelacijskih funkcij uporabili metodi distilacije [32] in stohastične distilacije [33], ki omogočata izračun propagatorjev iz
vseh točk mreže v vse točke mreže (ang. all-to-all). V okviru te metode kvarkov
ne obravnavamo kot točkastih delcev, temveč so razmazani po prostoru in barvi.
Na vsako kvarkovsko polje tako delujemo z operatorjem razmazanja, ki pa ga razpišemo po lastnih vektorjih Laplaceovega operatorja, kot omogoča teorem o spektralni
dekompoziciji.
V okviru distilacije, kvarkovski propagatorji postanejo perambulatorji; opisujejo
prehod iz enega lastnega vektorja v drug lastni vektor Laplacevega operatorja.

5.2.4

Spekter korelacijske funkcije

Osnovna ideja hadronske spektroskopije je izbrati ustrezen hadronski kanal ter dovolj
velik nabor operatorjev Oi z danimi kvantnimi števili. Iz teh operatorjev potem
ustvarimo korelacijsko matriko Cij (t − t0 ), katere dekompozicija izgleda kot [16]:
X
0
Cij (t − t0 ) = hOi (t)Oj (t0 )i =
hOi (0)|nie−En (t−t ) hn|Oj (0)† i,
(5.31)
n

kjer so hOi |ni prekrivalni faktorji med operatorjem Oi in stanjem n. Iz časovne odvisnosti korelacijske matrike lahko določimo energije lastnih stanj z danimi kvantnimi
števili. Najsodobnejša metoda za določanje spektra je t.i. variacijska metoda [35],
kjer se reši posplošen problem lastnih vrednosti:
C(t)un (t) = λn (t)C(t0 )un (t).

(5.32)

Iz časovne odvisnosti lastnih vrednosti λn (t) ∝ e−En t potem lahko določimo spekter
stanj korelacijske matrike. Za nazornost pogosto prikazujemo efektivno energijo, ki
pri velikih t sovpada z En :
Enef f (t) = ln

λn (t)
→ En .
λn (t + 1)

(5.33)

Ker simulacija kvantne kromodinamike poteka v končni škatli s periodičnimi robnimi pogoji, je spekter intrinzično diskreten. V njem bodo načeloma prisotna tako
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stanja, ki se dominantno sklapljajo na posamične mezone, kot tudi večdelčna sipalna
stanja. Izkaže se, da interakcija med mezoni v končni škatli lahko bistveno vpliva
na energijske nivoje. Zato ni vedno zanesljivo določati mas mezonov direktno iz
spektra, temveč se je bolje poslužit naprednejših metod. V nadaljevanju bomo o
njih spregovorili in jih predstavili.
So pa vseeno primeri energijskih nivojev, kjer je vpliv velikosti škatle popolnoma
zanemarljiv. Taka stanja se tipično nahajajo globoko pod pragom za močni razpad
(npr. π, K, D,...). Takim stanjem pravimo globoko vezana stanja in niso predmet
tega doktorata. Preostanejo nam še plitko vezana stanja, ki se nahaja blizu pod
pragom za sipanje ter resonance, ki se nahajajo nad pragom za sipanje.

5.2.5

Elastično sipanje dveh mezonov

V primeru plitko vezanih stanj (v nadaljevanju vezanih stanj) ter resonanc je potrebno upoštevati vpliv sipalnega praga oz. močnega razpadnega kanala. Kljub
temu, da lahko energije naivno interpretiramo kot mase mezonov je to le približek.
Namreč končna velikost škatle L3 nima zanemarljivega vpliva na energije teh stanj.
Da bi lahko določili prave mase in razpadne širine mezonov, moramo iz simulacije
izluščiti sipalno matriko. To lahko storimo preko Lüscherjeve metode, ki povezuje
spekter v končnem volumnu s sipalno matriko v neskončnem prostoru.
Originalna Lüscherjeva metoda [44] se osredotoči na sipanje dveh mezonov s
celokupno gibalno količino nič. V primeru, ko je interakcija med mezoni odsotna, je
zaradi periodičnih robnih pogojev dovoljena gibalna količina mezonov:
p=

2π
q,
L

q ∈ Z3 .

(5.34)

Skupna energija E obeh neinteragirajočih mezonov P1 (p) in P2 (−p) je potem diskretna in zavzame vrednosti
q
q
2
2
E = p + m1 + p2 + m22 .
(5.35)
V primeru interakcije se dovoljena gibalna količina in s tem energija spremeni. Koliko
se spremeni pa je odvisno od velikosti škatle ter moči interakcije.
Glavna ideja Lüscherjeve metode je, da razdelimo prostor znotraj škatle na del
z interakcijo V (x∗ ) in na del brez potenciala. Helmholtzeva enačba ima potem v
območju brez potenciala obliko:
(∇2 + p∗2 )φ(x∗ ) = 0,

(5.36)

kjer je p∗ gibalna količina mezonov v težiščnem zunaj potenciala sistemu ter polje
φ dvodelčno polje sipanih mezonov. Ker v principu ne poznamo interakcije med
mezoni, tudi ne poznamo potenciala V (x∗ ) in tako tudi ne konkretnih rešitev v
območju, kjer je prisotna interakcija. Vemo pa, da je valovna funkcija mezonov
zvezna v celi škatli. To pomeni, da bo energija, ki je z gibalno količino p∗ povezana
preko
q
q
E = p∗2 + m21 + p∗2 + m22 ,
(5.37)
določala rešitev tako v območju z interakcijo kot v območju brez interakcije. Njeno
splošno obliko, ki zadošča robnemu pogoju v škatli, lahko zapišemo kot:
X
φ(x∗ ) =
clm Ylm (θ, ϕ) [al (p∗ )jl (p∗ x∗ ) + bl (p∗ )nl (p∗ x∗ )].
(5.38)
l,m
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jl in nl so sferične Besslove ter Neumannove funkcije, al ter bl koeficienti v razvoju
po parcialnih valovih l, Ylm pa so sferni harmoniki. p∗ je velikost gibalne količine
p∗ .
Tako lahko izrazimo polno rešitev v območju brez interakcije na dva načina.
• Preko elastične sipalne matrike Sl oz faznega premika δl
∗

Sl = e2iδl (p ) =

al (p∗ ) + ibl (p∗ )
,
al (p∗ ) − ibl (p∗ )

(5.39)

ki se ujema z definicijo v neskončnem volumnu.
• Preko kompleksne rešitve v končni škatli, ki se jo da izpeljati iz Greenove
funkcije Helmholtzove enačbe:
φ(x) =

(5.40)
0


∞
l
X
X
(−1)l (p∗ )l+1
∗
2
∗
=
nl (p r)Ylm (θ, ϕ) +
Mlm,l0 m0 (q )jl0 (p r)Yl0 m0 (θ, ϕ) .
4π
l0 =0 m0 =−l0
(5.41)

Mlm,l0 m0 (q 2 ) je znana analitična funkcija, ki zavisi na simetriji škatle, brezdiL ∗
menzijski gibalni količini q = 2π
p [44].
Če enačimo koeficiente iz prve postavke s koeficienti iz druge postavke, pridemo do
pogoja
X


0=
cl0 m0 bl0 (p∗ )Ml0 m0 ,lm (q 2 ) − al0 (p∗ )δll0 δmm0 .
(5.42)
l0 m0

Tak sistem enačb ima rešitev samo v primeru, ko je
det(BM − A) = 0,

(5.43)

kjer smo Mlm,l0 m0 (q 2 ) zapisali kot matriko M , koeficiente al ter bl pa kot diagonalni
matriki B in A. Če A in B izrazimo s faznimi premiki δ lahko pogoj za obstoj
enačbe poenostavimo na
det(e2iδ (M − i) − (M + i)) = 0.

(5.44)

Upoštevajoč simetrije kocke v matriki M dobimo za l = 0, 1 poenstavljeno enačbo
tan δ0,1 (p∗ ) =

Lπ 1/2 p∗
,
∗
2)
2Z00 (1; ( Lp
)
2π

(5.45)

kjer je Z00 zeta funkcija [44]. Enačba 5.45 nam omogoča izračun elastičnih faznih
premikov iz energijskega spektra določenega v simulaciji kvantne kromodinamike na
mreži. Prvič je bila prikazana davnega leta 1990 ampak je trajalo skoraj 30 let, da
so računalniške kapacitete postale dovolj močne, da jo lahko uporabljamo.
Rezultat iz simulacij kvantne kromodinamike na mreži je diskreten spekter, ki
ga lahko z En. (5.45) povežemo z sipalnim faznim premikom δ(p∗ ). Vsaka diskretna
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energija da eno diskretno točko sipalnega premika pri dani gibalni količini p∗ . Nekaj
takih točk tipično ni zadosti za določanje mase in razpadne širine mezone. Ena
izmed mogočih rešitev je simuliranje pri neničelni celotni gibalni količini. Ker En.
5.45 drži le zakupno gibalno količino 0, smo v okviru tega doktorata smo izpeljali
posplošeno Lüscherjevo metodo [49], ki drži tudi za sipanje dveh delcev z različnima
masama pri neničelnih celokupnih gibalnih količinah. Na ta način lahko dodamo
točke
premika pri različnih vrednosti invariantne mase s = E 2 − P 2 =
p faznega p
( m21 + p∗2 + m22 + p∗2 )2 . Postopek izpeljave je v splošnem podoben tistemu za
celokupno gibalno količino nič. Razlika je samo v simetriji sistema. Medtem, ko
ima škatla kockasto simetrijo pri ničelni celokupni gibalni količini, se precejšen delež
simetrije izgubi, ko se prestavimo v koordinatni sistem z neničelno gibalno količino.
Delci v lastnem sistemu vidijo deformirano obliko škatle. Kockasta simetrija, ki jo
pogosto označimo z Oh , postane zaradi premikajočega se sistema kvadrna oz. C4v
e ter romboedrična oz C2v za primerP = 2π
(ex + ey ). Hkrati
za primer P = 2π
L z
L
pa zaradi različnih mas sipanih delcev pride do izgube inverzijske simetrije, kar ima
resne posledica – stanja z sodo in liho parnosto se mešajo.
Primer enačbe, ki povezuje fazni premik za l = 1 z energijami v simulaciji pri
neničelni celotni gibalni količini sta enačbi za fazni premik nerazcepne reprezentacije
E simetrijske grupe C4v oz. B2 simetrijske C2v :
P=

P=

2π
e
L z

, E of C4v :

2π
(ex
L

tan δ1 (p∗ ) =

π 1/2 γ p∗ L
,
∗
∗
P
2 − √2 q −2 Z P (1; ( Lp )2
2Z00
(1; ( Lp
)
20
2π
2π
5

(5.46)

+ ey ) , B2 of C2v :

tan δ1 (p∗ ) =

π 1/2 γLp∗
P
2Z00
(1; (

Lp∗
2π

)2 ) −

Lp∗

√2 (
5 2π

∗

P
)−2 Z20
(1; ( Lp
)2 −
2π

√
.
Lp∗ 2
2√ 6 Lp∗ −2
P
(
)
Im[Z
(1;
(
)
]
22
2π
2π
5

P
Zlm
je modificirana zeta funkcija, ki jo znamo izvrednotiti numerično [49]. Enačbi
5.46 nam na isti mreži določata več dodatnih točk faznega premika pri različnih
gibalnih količinah p∗ .

Skupaj z enačbo za fazne premike rabimo tudi kreacijske in anihilacijske operatorje za operatorje z enim ali dvema mezonoma. Pomembno je, da se ti operatorji
transformirajo po lastnostih simetrijske grupe, ki jo določa neničelna celokupna gibalna količina. Za enomezonske operatorje je dovolj, če jih projiciramo na celokupno
gibalno količino P v lastnem sistemu. Za dvomezonske operatorje pa moramo najti
ustrezno kombinacijo operatorjev. Nazoren primer za sipanje dveh mezonov P1 in
P2 z P = 2π
e je:
L z
(OEP1 P2 )k = P1 (ez + ek )P2 (−ek ) − P1 (ez − ek )P2 (ek ) ,
ter P1 in P2 s

2π
(ex
L

(5.47)

+ ey ):
P1 P2
(OB
) = P1 (ex )P2 (ey ) − P1 (ey )P2 (ex ).
2

5.2.6

k = x, y

(5.48)

Hadronske mase in razpadne širine

Pri študiju elastičnega sipanja dveh mezonov v procesu oblike P1 +P2 → X → P10 +P20
se lastnosti nestabilnega mezona X, kot je njegova masa in razpadna širina, najlažje
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5.2. Metode kvantne kromodinamike na mreži
razberejo iz lastnosti sipalne matrike Sl = e2iδl oz. iz sipalne amplitude Tl = eiδl sin δl
[62, 63]. Ta je s sipalno matriko povezana preko Sl = 1 + 2iTl . Odvisni sta od
invariantne mase s:
q
q
2
2
∗2
s = (p1 + p2 ) = ( p + m1 + p∗2 + m22 )2 ,
(5.49)
kjer je p1,2 četverec gibalnih količin posamičnega mezona, m1,2 njuni masi, p∗ pa
njuna gibalna količina.
V doktoratu se ukvarjamo z dvema tipoma mezonov. Resonance se pojavijo nad
pragom za sipanje v kanalu v katerem jih študiramo in imajo poleg (resonančne)
mase še razpadno širino. Ta pove kako hitro posamezna resonanca X razpade v mezona P1 in P2 . Drugi tip so t.i. vezana stanja, ki se pojavljajo nedaleč pod pragom
za sipanje. Naivno bi mislili, da tako stanje X ne čuti vpliva sipanja mezonov P1 in
P2 , kar pa bi bilo narobe. Namreč blizu ležeči sipalni pragi lahko bistveno vplivajo
na lastonsti mezonov. Taki mezoni niso več preprosti pari kvara in anti-kvarka temveč imajo lahko Fockovih komponent: par kvarka in anti-kvarka, dvomezonska,... V
obeh primerih, torej tako v primeru resonance kot vezanega stanja, bomo študirali
strukturo sipalne amplitude. Se pa količine, ki jih bomo uporabili za to, precej razlikujejo.
Resonance študiramo preko Breit-Wignerjevega razvoja sipalne amplitude blizu
resonance:
√
s Γ(s)
√
,
(5.50)
Tl =
s − sR + i s Γ(s)

kjer je sR = m2R , mR je resonančna masa in Γ(s) razpadna širina. Če uvedemo količino ρl , ima Breit-Wignerjeva resonanca linearno obliko nedaleč stran od resonance:
(p∗ )2l+1
1
ρl (s) = √
cot δl (p∗ ) = 2 (sR − s),
g
s

g 2 p∗2l+1
Γ=
.
s

(5.51)

Torej iz faznih premikov, izračunanih v simulaciji, tvorimo ρl pri večih različnih vrednostih invariantne mase s ter na te točke prilagajamo linearno funkcijo. Iz njenih
parametrov potem lahko določimo resonančno maso ter razpadno širino v neskončnem volumnu.
Za razliko od resonanc vezana stanja študiramo neposredno preko matrike Tl ∝
V primeru vezanega stanja zavzame cot δ vrednost i in sipalna amplituda
ima pri dani gibalni količini pol. Pogosto se matriko Tl blizu praga parametrizira
kar z razvojem po efektivnem dosegu (ERE) (ang. effective range expansion):
1
.
cot δ−i

√

s ρl (s) =

1
1
+ rl p2 .
al 2

(5.52)

Tako iz podatkov iz simulacije določimo ERE parametre, da dobimo obnašanje sipalne matrike v bližini praga. Lego pola v sipalni amplitudi, kjer se nahaja vezano
stanje, določimo z zahtevo, da cot δl zavzame vrednost i. V praksi to pomeni, da
rešujemo enačbo za p = |ipBS |:
p(2l+1) cot δl (pBS ) =

1
1
+ rl |pBS |2 = i(i|pBS |)(2l+1) ,
al 2
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(5.53)

Razširjeni povzetek v slovenskem jeziku
kjer je pBS gibalna količina pri kateri se nahaja pol v sipalni amplitudi. Maso
vezanega stanja določimo kar iz energijske relacije:
q
q
mBS = m21 − |pBS |2 + m21 − |pBS |2 .
(5.54)

5.3

Vezna stanja hadronov

Eksperimentalno opaženi spekter mezonov vsebuje mnogotera stanja, ki se nahajajo
blizu pod pragom za sipanje v s-valu. Ti mezoni ne spadajo v sliko kvarkovskega
modela. Pogosto se interpretirajo kot razne molekule, tetrakvarki ali mezoni z gluonskimi ekscitacijami. Kolektivno takim stanjem pravimo eksotična stanja.
Tipičen primer so Ds mezoni s pozitivno parnostjo, ki jih je eksperiment našel tik pod pragom za razpad v D(∗) K, medtem ko so jih kvarkovski model ter
mnoge predhodne študije v kvantni kromodinamiki na mreži predvideli nad pragom. V doktoratu smo v okviru kvantne kromodinamike na mreži študirali mezone
∗
∗
(2573). V korelacijsko matriko smo kot prvi vključili
(2317), Ds1 (2460) ter Ds2
Ds0
tako operatorje tipa c̄s, kot tudi D(∗) K. Ker so za izračun diagramov D(∗) K potrebni
propagatorji tipa "all-to-all", smo uporabili metodo (stohastične) distilacije.
V okviru doktorata smo simulirali tudi eksotični mezon X(3872). Kot prvi smo z
uporabo kvantne kromodinamike na mreži našli zanesljivega kandidata za X(3872).
Analiza sipanja mezonov D0 D̄0∗ je razkrila eksotični mezon X(3872) kot stanje, ki
se nahaja pod pragom za sipanje.

5.3.1

∗
Mezon Ds0
(2317)

Analiza lastnih stanj korelacijske matrike v skalarnem kanalu Ds mezonov s pozitivno parnostjo pokaže precejšnjo odvisnost od izbrane baze. V primeru, ko interpolatorji sipanja DK niso vključeni v bazo korelacijske matrike, se rezultati ujemajo s
prejšnimi študijami, to je osnovno stanje se pojavi nad pragom za sipanje mezonov
DK. Ko v bazo dodamo tudi operatorje DK, se prejšnje stanje razklopi na dve
stanji. Eno stanje je občutno pod pragom za sipanje, drugo pa nad njim, kot je
ponazorjeno v Sliki 5.2.
V primeru polne baze lahko najnižji dve stanji interpretiramo na dva različna
načina:
1. Vezano stanje pod pragom za sipanje ter sipalno stanje premaknjeno proti
večjim energijam; v tem primeru bi analiza sipanaja mezonov DK razkrila
negativno sipalno dolžino (ERE) a0 .
2. Resonance nad pragom za sipanje ter sipalno stanje premaknjeno proti nižjim
energijam; interakcija med mezonoma D in K ni dovolj močna, da bi tvorila
vezano stanje, ustvari pa se resonanca. Tako sipanje bi imelo pozitivno sipalno
dolžino.
Lüscherjeva analiza sipanja iz našega spektra nam poda sipalne amplitude pri
dveh različnih vrednostih p∗ . Iz teh lahko določimo razvoj po efektivnem dosegu
(ERE), v katerem nastopa sipalna dolžina, kot je navedena v Tabeli 5.1. Nega∗
tivna sipalna dolžina pokaže, da mezon Ds0
(2317) ni tipičen mezon sestavljen iz
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Slika 5.2: J P = 0+ kanal: efektivne energije (En. 5.33) za skalarni Ds kanal v
mrežnih enotah za gluonske konfiguracije Ensemble (2). Horizontalne prekinjene
črte nakazujejo energijo praga sipanja D(0)K(0) ter naslednje najnižje sipalno stanje na mreži D(1)K(−1) v primeru brez interakcije med mezoni. Obarvane škatle
nakazujejo operatorje vključene v bazi za vsak posamičen primer (modra: c̄s, rdeča:
D(0)K(0), zelena: D(1)K(−1)).
aDK
r0DK
mK + mD − mB
0
[fm]
[fm]
[MeV]
gluonske konfiguracije (1), mπ = 266 MeV
-0.756(25)
-0.056(31)
78.9(5.4)
gluonske konfiguracije (2), mπ = 156 MeV
-1.33(20)
0.27(17)
36.6(16.6)
Eksperiment
45.1

Tabela 5.1: J P = 0+ Ds kanal: sipalne dolžine in efektivni radij sipanja mezonov D
in K v s-valu na podlagi najnižjih dveh nivojev. Razlika energije praga (mD + mK )
∗
do mase vezanega stanja (mB ) Ds0
(2317) je izračunana iz pogoja cot δ(pB ) = i.
Za primerjavo je podana tudi eksperimentalna vrednost, ki je tako natančna da ne
pišemo napake.
para kvarka in anti-kvarka, temveč ima tudi dvomezonsko DK Fockovo komponento. Upoštevanje vpliva praga sipanje mezonov D in K je bilo ključnega pomena
∗
pri znižanju mase mezona Ds0
(2317). S tem smo določili maso vezanega stanja v
neskončnem volumnu, ki je primerljiva z eksperimentalno.

5.3.2

Mezon Ds1 (2460)

Primer psevdovektorskega mezona Ds1 (2460) je precej podoben skalarnemu mezonu
∗
Ds0
(2317), le da je vpliv praga manj izrazit kot prej. Dokler so v bazo vključeni
le operatorji tipa c̄s, je osnovni nivo v okviru napake združjiv z neinteragirajočim
sipalnim nivojem D∗ (0)K(0). Ko pa vključimo v bazo tudi operatorje tipa D∗ K, se
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energijski nivo razklopi na dva ločena nivoja, prvi je pod, drugi pa nad pragom za
sipanje, kot je razvidno iz Slike 5.3.

1.2
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Slika 5.3: J P = 1+ kanal: Efektivne energije (glej tudi En. (5.33)) v enotah mreže na
naboru gluonskih konfiguracij Ensemble (2). Horizontalne prekinjene črte nakazujejo
energije neinteragirajočih D∗ (0)K(0) in D∗ (1)K(−1). Obarvane škatle indicirajo
operatorje vključene v bazo (modra: q̄q , rdeča: D∗ (0)K(0), zelena: D∗ (1)K(−1)).
Drugo, skoraj degenerirano, stanje zraven sipalnega stanja je resonanca Ds1 (2536),
ki se zanemarljivo sklaplja na sipanje D∗ K v s-valu.
Podobni argumenti kot v skalarnem kanalu vodijo do zaključka, da pristop samo
z operatorji c̄s ni zadosten in je potrebno upoštevati sipanje mezonov D∗ K. Sipalna
dolžina, ki jo določimo iz analize sipanja ima negativni predznak, kot je to razvidno
∗
(2317) je tudi Ds1 (2460) vezano stanje pod pragom za
iz Tabele 5.3.2. Kot Ds0
sipanje in se ga ne da interpretirati kot izključno par kvarka in anti-kvarka, temveč
je treba upoštevati tudi več mezonske prispevke.
∗

∗

K
aD
r0D K
mK
0
[fm]
[fm]
gluonske konfiguracije (1), mπ = 266 MeV
-0.665(25)
-0.106(37)
gluonske konfiguracije (2), mπ = 156 MeV
-1.11(11)
0.10(10)
Eksperiment

+ mD∗ − mB
[MeV]
93.2(4.7)
44.2(9.9)
44.7

Tabela 5.2: J P = 1+ kanal: sipalne dolžine in efektivni radij sipanja mezonov D∗ in
K v s-valu na podlagi najnižjih dveh nivojev. Razlika energije praga (mD∗ + mK )
do mase vezanega stanja (mB ) Ds1 (2460) je izračunana iz pogoja cot δ(pB ) = i.
Za primerjavo je podana tudi eksperimentalna vrednost, ki je tako natančna da ne
pišemo napake.
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5.3.3

Ds2 (2573) mezon

Za razliko od prejšnjih dveh primerov smo mezon Ds2 (2573) obravnavali izključno
z operatorji tipa kvark anti-kvark. V obeh naborih gluonskih konfiguracij se masa
mezona Ds2 (2573) iz simulacije kvalitativno ujema z eksperimentalno.

5.3.4

X(3872)

V okviru doktorata simuliramo tudi ozko čarmoniju podobno stanje X(3872), ki se
eksperimentalno nahaja manj kot 1 MeV stran od praga za sipanje mezonov D0 D̄0∗ .
Prejšnje študije so sicer našle stanje blizu 3.9 GeV v kanalu s kvantnimi števili
J P C = 1++ , ampak nikoli ni bilo pokazano, da dotično stanje ni bilo le sipalno
stanje mezonov D0 in D̄0∗ . V okviru naše študije smo v korelacijsko matriko za dva
različna izospina I = 0 in I = 1 vključili tako operatorje tipa c̄c, kot tudi D0 D̄0∗ in
J/ψV , (V = ρ, če I = 1, in V = ω, če I = 0).
V kanalu z izospinom I = 1 nismo našli kandidatata, kar pripisujemo točni
izospinski simetriji v simulaciji.
V kanalu z izospinom I = 0 pa se izkaže, da sipanje J/ψω ne igra bistvene vloge,
kot je razvidno iz primerjave Slik 5.4a in 5.4b. Tako obravnavamo samo operatorje
tipov c̄c in D0 D̄0∗ . Analiza lastnih stanj korelacijske matrike v kanalu s kvantnimi
števili J P C = 1++ je precej odvisna od izbrane baze. V primeru, ko interpolatorji
sipanja D0 D̄0∗ niso vključeni v bazo korelacijske matrike dobimo eno stanje, ki se v
okviru napaka nahaja na neinteragirajočem sipalnem nivoju (glej Sliko 5.4c ). Od
tod ni jasno ali je to sipalno stanje ali kandidat za eksotični mezon X(3872). Ko v
bazo dodamo tudi operatorje D0 D̄0∗ , se prejšnje stanje razklopi na dve stanji. Eno
stanje je občutno pod pragom za sipanje, drugo pa nad njim, kot je ponazorjeno v
Sliki 5.4b. Podobno kot za mezon Ds1 (2460) lahko tudi pri sipanju D0 D̄0∗ analiziramo
sipalne dolžine:
1. negativna sipalna dolžina a0 < 0, bi pomenila vezano stanje, ki bi se nahajalo
pod pragom za sipanje D0 D̄0∗
2. pozitivna sipalna dolžina a0 > 0, bi pomenila resonanco, ki bi se nahajala nad
pragom za sipanje D0 D̄0∗
Lüscherjeva analiza sipanja iz našega spektra izlušči sipalne amplitude pri dveh
različnih vrednostih p∗ . Iz teh lahko določimo razvoj po efektivnem dosegu (ERE),
v katerem nastopa sipalna dolžina. Negativna sipalna dolžina pokaže, da je kandidat za X(3872) označen z vijoličnimi zvezdicami na Sliki 5.4b, medtem ko analiza
sipanja mezonov D0 in D̄0∗ v s-valu razkrije lego pola v sipalni matriki: X(3872)
se v naši simulaciji nahaja 11(7) MeV pod pragom za sipanje. Upoštevanje vpliva
praga sipanje mezonov D0 in D̄0∗ je bilo ključnega pomena pri iskanju zanesljivega
kandidata za eksotični mezone X(3872).

5.4

Hadronske Resonance

Študij mezonskih resonanc v kromodinamiki predstavlja resen izziv, saj je potrebno
dokaj podrobno določiti sipalno matriko v energijskem območju resonance. V doktoratu uporabimo kvantno kromodinamiko na mreži za študij klasične resonance
K ∗ (892), široke resonance κ ter dveh lahkih aksialnih resonanc a1 in b1 .
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E - 1/4 ( m[J/ψ] + 3 m[ηc] ) [MeV]
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Slika 5.4: Simboli predstavljajo razliko med energijskim spektrom En ter vsoto
1
(mηc + 3mJ/ψ ). Efektivna energija Eef f (t) (En. 5.33) se ujema z energijo lastnega
4
stanja v območju platoja. Prikazane so efektivne energije oz. njih platoji v kanalu
s kvantnimi števili J P C = 1++ . Izbira baze operatorjev je navedena nad vsakim
posamičnim panojem. Prekinjenje črte nakazujejo neinteragirujoče energije sipalnih
stanj.

5.4.1

Sipanje mezonov Kπ v p-valu

Elastično sipanje mezonov K in π v p-valu z I = 1/2 vsebuje klasično resonanco
K ∗ (892) ter višja vzbujena stanja K ∗ (1410) in K ∗ (1680). Kljub temu, da je bila
resonanca K ∗ (892) že študirana v preteklosti, je v okviru tega doktorata prvič obravnavana kot nestabilno stanje, ki lahko razpade v mezona K in π.
V simulaciji uporabimo operatorje tipa kvark in anti-kvark ter dvomezonske operatorje Kπ z I = 1/2 in I = 3/2. V sistemu z ničelno celokupno energijo se poslužimo
standardne Lüscherjeve metode, ki povezuje energije določene v simulaciji s faznimi
premiki v neskončnem volumnu. Ker pa to v tem primeru ne popiše zadostnega
energijskega območja, uporabimo še neničelne celotne gibalne količine sistema. Za
ta namen smo v doktoratu izpeljali enačbe, ki povezujejo energijo določeno v simulacije pri neničelni celotni energiji s sipalno matriko v neskončnem volumnu.
Uporabimo sledeče kombinacije celotnih gibalnih količin:
e :
P = 2π
L z
2π
P = L (ex +ey ) :
P =0 :

grupa C4v , nerazcepna upod. E(ex,y ), E(ex ±ey ),
grupa C2v , nerazcepna upod. B2 , B3 ,
grupa Oh , nerazcepna upod. T1.

(5.55)

Vsaka izmed petih nerazcepnih upodobitev bo tvorila eno korelacijsko matriko iz
katere določimo spekter prikazan na Sliki 5.5.
Za I = 3/2 že iz spektra vidimo, da ni prisotnih dodatnih stanj glede na pričakovana neinteragirajoča sipalna stanja, kar potrdi tudi sipalna analiza. Fazni premik
je majhen in negativen brez znaka o kakšni strukturi.
V kanalu z I = 1/2 izrazimo fazne premike δ1 (glej En. 5.45 in 5.46) iz energij∗3
δ1
skega spektra ter iz njih tvorimo ρ1 = p √cot
ter jih narišemo v odvisnosti od
s
invariantne mase na Sliki 5.6. Iz linearne odvisnosti lahko nato izrazimo resonančno maso mK ∗ (892) = 891(14) MeV ter sklopitveno konstanto med K ∗ (892) in
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Slika 5.5: Efektivne energije Eef f v enotah mreže za pet nerazcepnih upodobitev sipanja of the Kπ v p-valu z I = 1/2, 3/2. Prekinjene črte nakazujejo neinteragirajoče
energije diskretnih sipalnih stanj.
Kπ, gK ∗ (892) = 5.7(1.6). Primerjava z eksperimentom pokaže zelo dobro ujemanje:
exp
mexp
K ∗ (892) = 891.66(26) in gK ∗ (892) = 5.72(6). Razpadna širina Γ je s sklopitveno
2
∗3
konstanto gK ∗ (892) povezana preko Γ = gK
/s.
∗ (892) p

5.4.2

Sipanje mezonov Kπ v s-valu

Elastično sipanje mezonov K in π v s-valu z I = 1/2 vsebuje široko resonanco
K0∗ (800) poznano tudi kot κ, katere obstoj še vedno ni potrjen. Podobno kot v
p-valu tudi v s-valu uporabimo kvark anit-kvark operatorje ter operatorje sipa185
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Slika 5.6: Odvisnost (p√s) cot δ1 (s) od s v bližini ozke resonance K ∗ (892). Količine
so izražene v enotah mreže.
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Slika 5.7: Efektivne energije Eef f (glej En. 5.33) v enotah mreže za J P = 0+ in I =
1/2, I = 3/2 Kπ sipanje v s-valu. Eef f se ujema z energijo lastnega stanja v območju
platoja. Prekinjene horizontalne črte nakazujejo neinteragirajoče energije sipanja
Kπ v s-valu. Črni in zeleni krogi predstavljajo energijske nivoje z dominantnim
prekrivanjem na sipalne operatorje, medtem ko rdeče zvezde označujejo dodatno
stanje povezano z resonanco K0∗ (1430).
nja Kπ. Imajo pa nerazcepne upodobitve za neničelne celotne momente sipanja
Kπ to neprijetno lastnost, da mešajo sode in lihe parnosti. To pomeni, da se
(psevdo)skalarna reprezentacija (J P = 0± ) pojavlja skupaj z (psevdo)vektorsko reprezentacijo (J P = 1± ). Od tod izhaja, da take upodobitve niso primerne za študij
skalarnih količin na eni škatli, saj ne razločimo medsebojnega vpliva. Zato simuliramo sipanje Kπ v s-valu z I = 1/2 in I = 3/2 samo z ničelno celotno gibalno
količino. To bo pomenilo relativno majhno število točk na grafu za fazni premik.
Energijski spekter sipanja z I = 1/2 in I = 3/2 je prikazan na Sliki 5.7. Osnovno
stanje v I = 1/2 kanalu se najbolje prekriva z operatorjem sipanja K(0)π(0), medtem ko energija prvega vzbujenega stanja že na grobo sovpada z resonanco K0∗ (1430).
V spektru torej ne opazimo dodatnega nivoja, ki bi ga lahko povezali z resonanco
κ. Izkaže se, da ima ta resonanca tako veliko razpadno širino, to je da razpade
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Slika 5.8: Fazni premiki δ0I za Kπ sipanje v s-valu z I = 1/2, 3/2. Rezultati iz
simulacije so predstavljeni kot rdeči krogci, medtem ko so eksperimentalni rezultati
prikazani z modrimi zvezdicami, zelenimi križci ter črnimi pluski.
tako hitro, da njen fazni premik nima tipične oblike Breit-Wignerja. Tako široke
resonance ne vidimo kot dodatno stanje na naši mreži, kljub temu pa lahko sipalna
analiza razkrije nekaj o sipalni matriki. To potrjuje tudi analitična študija na podlagi eksperimentalnih faznih premikov [162].
Primerjava faznih premikov z I = 1/2 in I = 3/2 sipanja Kπ v s-valu je prikazana
na Sliki 5.8. Iz slike je razvidno, da se rezultati za fazne premike iz simulacije
ujemajo z eksperimentalnimi meritvami v okviru napake. Opazimo tudi bistveno
razliko med I = 1/2, kjer je očitno prisotna neka interakcija, in I = 3/2, kjer faza
monotono pada od nič navzdol. Fazni premiki blizu praga niso predstavljeni na sliki,
I=1/2
ampak so rezultati prikazani v obliki sipalne dolžine a0
= 0.636 ± 0.090 fm ter
I=3/2
a0
= −0.139 ± 0.018 fm pri mπ = 266 MeV.

5.4.3

Lahki resonanci a1 (1260) in b1 (1235)

V okviru doktorata simuliramo tudi lahki resonanci a1 (1260) z J P C = 1++ in
b1 (1235) J P C = 1+− , ki razpadeta v ρπ in ωπ. V okviru simulacije uporabimo
tako operatorje tipa kvark anti-kvark, kot tudi dvomezonske operatorje sipanja ρπ
in ωπ. Dvodelčen oz. trodelčen razpad mezona ρ in ω zanemarimo, saj v okviru
naše študije ne pričakujemo bistvene spremembe v rezultatih, medtem ko simulacija
postane bistveno bolj zapletena.
Iz korelacijske matrike izločimo spekter, ki je prikazan na Sliki 5.9. V kanalu
a1 opazimo jasen signal o prisotnosti resonance, to je sipalni nivo ρπ je pomaknjen
proti nižjim energijam. Nedavni eksperiment COMPASS je zaznal dve resonanci a1 .
Basdevant et. al [238] pa lahko njihove podatke razložita z eno samo resonance, ki
se ujema z našim rezultatom prikazanim na Sliki 5.9.
V b1 kanalu pa je sipalni nivo ωπ v okviru napake kompatibilen z neinteragirajočim sipalnim nivojem. Temu botruje precejšnja napaka pri določanju mase ω.
Analiza sipanja mezonov ρπ razkrije resonančno maso resonance a1 (1260) ter
njeno razpadno širino kot sta podani v Tabeli 5.3. Masa a1 je malce višja od eksperimentalne, kar pripisujemo masi kvarkov uporabljenih v simulaciji, saj so nekam
težji kot fizikalni: ustrezajo pionski masi mπ = 266 MeV.
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Razširjeni povzetek v slovenskem jeziku
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Slika 5.9: Efektivne energije v mrežnih enotah Eeff za kanala a1 in b1 . Odebeljene in
prekinenje horizontalne črte nakazujejo neinteragirajoče energije sipalnih stanj V π.
Naslovi nakazujejo kateri tipi operatorjev so vključeni v bazo korelacijske matrike.
a1 (1260)
b1 (1235)
ρπ
res
ma1
ga1 ρπ
al=0
mres
b1
[GeV]
[GeV]
[fm]
[GeV]
mreža
1.435(53) 1.71(39) 0.62(28)
1.414(36)
eksperiment 1.230(40) 1.35(30)
1.2295(32)
resonanca
količina

gb1 ωπ
[GeV]
vhodni podatek
0.787(25)

Tabela 5.3: Resonačne mase ter sklopitvene konstante za resonanci a1 in b1 . Za
primerjavo so podane tudi eksperimentalne vrednosti iz PDG [12].

Ker je sipalni nivo ωπ v kanalu b1 v okviru napake konsistenten z neinteragirajočim nivojem, ne moremo določiti razpadne širine mezona b1 . Če privzamemo
fizikalno sklopitev med b1 in mezonoma ω in π, potem lahko ocenimo njegovo maso,
ki je podana v Tabeli 5.3. Resonančna masa je tako visoka vsaj delno zaradi privzetka o fizikalni sklopitvi, delno pa tudi zaradi mas kvarkov, ki so višje kot fizikalne.

5.5

Zaključki

V doktorskem delu smo študirali fenomenologijo kvantne kromodinamike z uporabo
∗
teorije polja na mreži. Določili smo mase mezonov Ds0
(2317), Ds1 (2460), X(3872),
∗
K (892), a1 (1260) ter še nekaterih drugih. V vseh primerih smo študirali njihove
močne razpadne kanale ter določili parametere elastične sipalne matrike.
V primeru mezonov Ds s pozitivno parnostjo smo razrešili dolgotrajno neujemanje med eksperimentom in teorijo. Medtem ko jih je eksperiment našel pod pragom
za sipanje D(∗) K, jih teorija napovedovala nad pragom. Ključen vpogled je bila
uporaba tako operatorjev tipa kvark anti-kvark c̄s in operatorjev sipanja D(∗) K, ki
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∗
znižajo maso mezonom Ds0
(2317) in Ds1 (2460).
Študirali smo tudi eksotični mezon X(3872), za katerega v eksperimentu ni jasno
ali se nahaja pod ali nad pragom za sipanje mezonov D0 D̄0∗ . Uporabili smo operatorje tipa kvark anti-kvark ter operatorje sipanja D0 D̄0∗ , J/ψω ter J/ψρ v dveh
izospinskih kanalih I = 0 in I = 1. Izkazalo se je, da kandidata za X(3872) najdemo
izključno v kanalu z I = 0, kar je verjetno posledica točne izospinske simetrije na
mreži. Analiza sipanja razkrije, da je dominanten kanal D0 D̄0∗ , v katerem najdemo
eksotični mezon X(3872) pod pragom za sipanje mezonov D0 in D̄0∗ .
Pri študiju mezonskih resonanc, to je stanj, ki se nahajajo nad pragom za sipanje, smo se najprej osredotočili na resonanco K ∗ (892). Le-ta se pojavi pri sipanju
mezonov K in π v p-valu. Da smo lahko določili njeno resonačno maso in razpadno
širino, smo morali posplošiti analizo za sipanje dveh mezonov, da velja tudi v koordinatnih sistemih z neničelno celotno gibalno količino. Z uporabo posplošene metode
smo kot prvi določili razpadno širino resonance K ∗ (892), ki se dobro primerja z
eksperimentalno vrednostjo.
Sipanje Kπ v s-valu je precej zahtevnejše, saj se tam pojavi sporna resonanca κ,
za katero niti ni soglasja o njenem obstoju. V naši simulaciji pri nični celotni gibalni
količini smo določili fazne premike na relevantni energijski skali in jih primerjali z
eksperimentalnimi.
Poleg sipanja Kπ smo obravnavali še sipanji ρπ in ωπ, kjer nastopata psevdovektorski resonanci a1 in b1 . Resonanci a1 smo določili resonančno maso in razpadno
širino, medtem ko smo zaradi precejšnjih statističnih napak v simulaciji resonanci
b1 lahko določili le resonačno maso.
V okviru doktorata smo študirali množico hadronskih stanj, takih ki se pojavljajo
nad pragom za sipanje, kot tudi takih, ki se pojavljajo pod pragom. Uporabili smo
napredne metode kvantne kromodinamike na mreži, ki temelji na prvih principih
kvante kromodinamike (QCD). Kot prvi smo ta stanja obravnavali z upoštevanjem
njihovih močnih razpadnih kanalov in ustreznim rigoroznim formalizmom. Naše študije se ugodno uvrščajo v opaženi eksperimentalni spekter in so bistveno doprinesle
k razumevanju hadronskega spektra. Uporabljene metode so zanesljive in v danem
momentu edine smiselne za študij stanj, ki lahko razpadajo prek močne interakcije.
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