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Povzetek
Celice in celični organeli so najosnovnejši gradniki vsakega živega organizma. Morfološko so zelo kompleksni in izvajajo širok nabor funkcij – od proizvodnje energije do sinteze in modifikacije biomolekul. V doktorski disertaciji se osredotočimo
na Golgijev aparat in njegove podenote – centralni sveženj ter periferne tubule.
Preučimo jih teoretično in v okviru privzetka, da obliko organela določata upogibna
elastičnost membrane posameznih cistern in adhezijska energija. Ravnovesne oblike določimo z minimizacijo proste energije ob upoštevanju geometrijskih vezi, na
primer površine in prostornine. Če je le mogoče, minimizacijo energije izvedemo
tako analitično ob primernih poenostavitvah kot eksaktno numerično. Ta model
uporabimo za razlago najbolj izstopajočih eksperimentalno opaženih morfoloških
značilnosti organela. Poiskati želimo odgovore na naslednja vprašanja: i) Kakšna je
ravnovesna oblika centralnega svežnja Golgijevega aparata? ii) Kateri mehanizmi so
odgovorni za število cistern v svežnju? iii) Kakšen je učinek fenestracij na Golgijev
aparat? iv) Kakšna je ravnovesna oblika perifernih tubulov? v) Kakšen je učinek
aktina in proteinov, ki se nalagajo na biološko membrano, na obliko cilindrične
strukture? V disertaciji pokažemo, da je znotraj predpostavljenega teoretičnega
okvirja v ravnovesju centralni sveženj ukrivljene oblike in ne ravne, kar se sklada
z mnogimi eksperimentalnimi opažanji. Poleg tega izpostavimo velik pomen fenestracij, ki stabilizirajo debelino cistern v primeru ravne oblike svežnja in hkrati
določajo stomatocitno obliko ukrivljenega svežnja. Dobljeni numerični rezultati
potrjujejo, da je ravnovesno število cistern v svežnju odvisno jakosti adhezije med
sosednjimi cisternami, kot to predvideva teorija Derganca, Mironova in Svetine.
V disertaciji raziščemo tudi oblike perifernih tubularnih elementov. Ugotovimo,
da so le-ti na splošno neperiodični in pretežno cilindrične oblike, kar velja ob skoraj kakršni koli izbiri geometrijskih parametrov. Tudi ta ugotovitev je v skladu z
razpoložljivimi eksperimentalni podatki. Model tubularnih struktur nadgradimo z
obravnavo membran, pokritih s proteini ter aktinskim plaščem. Učinke omenjenih
procesov preučimo v primeru membran cilindrične oblike ter upoštevamo, da so proteini ukrivljeni ter paličaste oblike. Predpostavimo, da služijo kot nukleacijska jedra
za polimerizacijo aktina, s čimer lahko občutno spremenijo obliko cilindričnih tubularnih struktur. Pri tem ugotovimo, da adsorbirani ukrivljeni proteini v splošnem
stabilizirajo cilindrične tubule, medtem ko lahko polimerizacija aktina zagotovi dodatno napetost, potrebno za robustno nestabilnost. Ta lahko vodi v unduloidne
oblike in vezikulacijo.

Ključne besede:
celični organeli, Golgijev aparat, upogibna energija membrane, lipidni vezikli, fenestracije, Surface Evolver
PACS: 87.10.Ca, 87.10.-e, 87.10.Pq, 87.14.Cc, 87.14.ep, 87.16.-b, 87.16.A-, 87.16.ad,
87.16.D-, 87.16.Ka, 87.16.Tb

Abstract
Cells and cell organelles are the basic building blocks of every living organism. They
are morphologically very complex and perform a vast variety of functions ranging
from energy production to the synthesis and modification of biomolecules. In this
Thesis we focus on the shape of the Golgi Apparatus and its subunits – in particular,
the central stacks and the peripheral tubules. We study them theoretically in the
framework of bending elasticity and we determine their equilibrium morphologies by
minimising the free energy while fixing their geometrical parameters such as surface
area and volume. Wherever possible, energy minimisation is performed both numerically and analytically. By relying on experimental observations and on existing
theoretical models, we focus on reproducing the most salient morphological features
of the organelle. By doing so, we seek answers to the following questions: i) What is
the equilibrium shape of the Golgi Apparatus stack? ii) What mechanism governs
the number of cisternae in the stack? iii) What is the effect of fenestrations on
the Golgi Apparatus? iv) What is the equilibrium shape of the peripheral tubules?
v) What is the effect of coating proteins and actin on the shape of cylindrical structures? We show that within our theoretical framework, the stable shape of the Golgi
stack is curved rather than flat, which is consistent with many observations. We
additionally demonstrate the importance of the fenestrations, which both stabilise
the cisternae thickness in the case of a flat stack morphology and promote the stomatocyte shape of a curved stack. Our exact results confirm that the equilibrium
number of cisternae in the stack is indeed controlled by adhesion strength between
adjacent cisternae as predicted in the theory of Derganc, Mironov, and Svetina. We
also study the shape of peripheral tubular elements. We find that they are generally non-periodic and predominantly cylindrical almost regardless of the choice of
fixed geometrical parameters. This is also in accordance with the available data.
Finally, in order to further advance the model we also address the possibility of
protein coating and actin polymerisation. We study the effect of these two processes on the membrane shape in the case of the peripheral tubules and take into
account curved rod-like proteins which can adhere to the tube. We assume that
the proteins can also act as nucleation sites for actin polymerisation, thus providing
them with the capability of significantly altering the cylindrical tubular shape. We
find that the adsorbed curved proteins are more likely to stabilise the tubes, whereas
actin polymerisation can provide an additional constrictive force needed for a robust
instability, possibly leading towards pearling shapes and vesiculation.

Keywords:
cell organelles, Golgi Apparatus, membrane bending elasticity, lipid vesicles, fenestrations, Surface Evolver
PACS: 87.10.Ca, 87.10.-e, 87.10.Pq, 87.14.Cc, 87.14.ep, 87.16.-b, 87.16.A-, 87.16.ad,
87.16.D-, 87.16.Ka, 87.16.Tb
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Chapter 1
Introduction
There are approximately 100 000 billion cells [1] in the human body and each of
them is its own beautiful and fascinating universe. For the majority of us, cells’
intricate machinery made of organelles and supporting structures will work almost
without fault for the greatest part of our lives. It is remarkable how nature created
such a self-sufficient yet interconnected system, which is capable of extreme precision
on one hand and great adaptability in the face of change on the other.
From a scientist’s point of view, cells and cell organelles represent a very rich
research topic which can be addressed in a myriad of different ways by many disciplines: biology, biochemistry, genetics, biotechnology, medicine . . . and finally,
physics. Biophysics was added to this distinctly interdisciplinary field the last, but
it brings a range of powerful theoretical and experimental tools which allow us to
study the shape and the mechanics of cells and their constituents with considerable
success.
A typical eukaryotic cell is a very complex macroscopic structure and has dimensions of 10 − 100 µm. Contrary to prokaryotic cells which are usually noticeably
smaller, the eukaryotes exhibit an important evolutionary improvement: intracellular compartmentalisation. Biomolecules and genetic material do not just float
around in the cell interior1 ; instead they are distributed among different membranebound compartments or cell organelles (Fig. 1.1). Probably the most important of
them is the nucleus which houses the DNA and represents the largest singular structure in the cell. Mitochondria and chloroplasts, on the other hand, generate energy
in the form of ATP and are thus often referred to as the cell’s powerhouses. The
Golgi Apparatus is found in all eukaryotic cells and is responsible for processing and
modification of the biomolecules synthesised in the cell. These molecules (mostly
proteins and lipids) are then transported to their designated target organelles via endoplasmic reticulum. Together with the nucleus and the cell membrane2 , the Golgi
Apparatus and the smooth and rough endoplasmic reticulum constitute the majority
of the cell endomembrane system. This vast membrane system represents a single
functional and developmental unit whose separate building blocks are connected
either physically or through different membrane-bound carriers, such as vesicles,
endosomes and lysosomes. An enormous functional importance of the compartmen1

As is the case in the bacteria, where the cell envelope (plasma membrane, cell wall and possibly
a capsule) acts as a confinement vessel for the cytoplasm with randomly distributed ribosomes and
the genome.
2
But not the mitochondrion and the chloroplasts.
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talisation can be seen explicitly in lysosomes and peroxisomes – these structures
contain enzymes that are necessary for digestion within the cell and are therefore
destructive if not separated from the rest of the cell.
All the organelles are immersed in a gel-like viscous fluid called cytosol which
represents the majority of the intracellular fluid. Together with the organelles,
cytosol constitutes the cytoplasm, which is the grounds where the majority of cellular
activities takes place.
Mitochondrion
Nucleus

Centrosome
Ribosome

Cytosol

Rough endoplasmic
reticulum

Smooth endoplasmic
reticulum
Golgi Apparatus

Vesicles and lysosomes

Figure 1.1 Schematic of cell interior illustrating the main cell organelles
(adapted from Ref. [2]). We note that this illustration corresponds to the
eukaryotic animal cell – other types of cells (especially prokaryotes) may exhibit
a very different internal structure.

The biological membrane which physically defines organelles is a self-assembled
structure made of two lipid monolayers (Fig. 1.2c). It is stabilised by the amphiphilic
nature of the lipid molecules, which feature a hydrophilic head and a hydrophobic
tail. In a bilayer, the heads point towards water whereas the tails are shielded from
it. The membrane thus represents a partially permeable barrier between the interior
of the organelle and the cytosol and is crucial for sustaining the proper function of
the organelle. The composition of the membrane itself is asymmetric in regards to
both monolayers and is very complex which reflects the diversity of the organelle’s
role within the cell. Apart from the various lipids, the membrane also consists of a
range of different proteins. These proteins are embedded either in a single monolayer
or in the bilayer and enable both the catalysis of different chemical reactions and
the transport of biomolecules in and out of the cell. In many cases, special coating
proteins can also be found on the surface of the membrane.
18

a) Golgi Apparatus ribbon

Golgi Apparatus
stack

Tubular connections

b) Golgi Apparatus stack
Trans side:
The side of the Golgi Apparatus oriented
away from the endoplasmic reticulum
and the nucleus; functionally, this is
the location where modied matter
leaves the Golgi Apparatus
Trans cisternae
Cisterna:
The basic unit of the
Golgi Apparatus stack,
representing a unique
biochemical reactor

Mid cisternae

Cis cisternae

Transport vesicles:
Used to transport material from
the rough endoplasmic reticulum
to the Golgi Apparatus and from
the Golgi Apparatus to the
target organelles

Fenestrations:
Openings of dierent sizes
found in almost all cisternae
Cis side:
The side of the Golgi Apparatus
that faces the endoplasmic reticulum
and the nucleus; functionally, this is
the location where matter enters
the Golgi Apparatus

c) Biological membrane
Sugar side chains
Lipids

Cholesterol

Proteins

Figure 1.2 Schematic of the Golgi Apparatus. a) Micrograph showing
the ultrastructure of Golgi Apparatus ribbon, made of continuous stacks interconnected via tubular networks (adapted from Ref. [3]). b) Schematic of the
Golgi Apparatus central stack highlighting its subunits (adapted from Ref. [4]).
c) The structure of the biological membrane (adapted from Ref. [5]).
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The Golgi Apparatus combines many different structural features (e.g. saccular
parts, tubules, and vesicles) and thus represents a rich subject of study. However,
the majority of the experimental work focuses on the observation and classification of
the organelle morphology, its function, and connection to other structures in the cell.
Little was done in the field of theoretical models pertaining to the Golgi Apparatus
shape and the reason is the overwhelming complexity of the organelle. With the
presented work, we wish to contribute to the theoretical understanding and propose
a method that can be also applied to other membrane-bound cell organelles.
In this Thesis, we focus on the morphology of the Golgi Apparatus and aim to
develop a theoretical mechanical model based on the concept of free energy minimisation, ideally reproducing the shape of the native organelle as closely as possible.
In order to construct a comprehensive model we use both the analytical and the
numerical approaches. The combined framework is then used to describe the most
distinctive morphological structures of the organelle – the Golgi Apparatus stacks
and the peripheral tubular network.
The Thesis is organised as follows: We open Chapter 2 by reviewing the experimental work which revolves around the properties of Golgi Apparatus. We describe
the studies that focus on the morphology of the native organelle and, since they
span over several decades, we interpret them within the context of the available
observational techniques of the day. We concentrate on the subunits of the Golgi
Apparatus structure, such as the details of the shape of saccular stacks, cisternae,
and Golgi tubules (graphically summarised in Fig. 1.2) with a special consideration given to the importance and potential role of the numerous fenestrations. The
second part of Chapter 2 is dedicated to theoretical models. Here we first outline
the mathematical framework of theory of bending elasticity, which is conventionally used to describe the equilibrium shapes of lipid vesicles. The Golgi Apparatus
and other structurally related organelles are evidently much more complicated than
simple vesicles, but in the end they may be viewed as membrane-bound sacks filled
with water despite their complexity. No experiments have shown that the structure
of any of these organelles is dominated by a rigid scaffold-like mechanism which is
why it is reasonable to assume that bending elasticity plays an important role in
determining their shape. This is also the premise of the first mechanical model of
the Golgi Apparatus by Derganc, Mironov and Svetina (DMS model) [6] which we
thoroughly summarise in Section 2.2.4. We also describe other studies that focus on
the lipid vesicle shape and are of interest to us either because they discuss systems
of multiple vesicles or vesicles with nontrivial topology.
In Chapter 3, we apply the bending elasticity framework to describe the shape
of the most basic building block of the Golgi Apparatus – the cisternae stack. We
tackle the problem of stack morphology both analytically and numerically. In both
cases we assume that despite the continuous transport of matter through the Golgi
Apparatus, the whole organelle is essentially in a dynamical equilibrium. The steady
state is reached because the influx and outflux of the matter are roughly balanced.
This is of course not precisely true at every moment, but since the Golgi Apparatus does not grow or shrink with time, our assumption is generally justified. We
therefore consider the total volume and surface area of the stack to be fixed, yet
both quantities can vary among the different cisternae reflecting the importance
of the interstack transport for the organelle function. In this Chapter we address
three main questions: What is the equilibrium shape of the stack as predicted by
20

bending energy minimisation? Does this shape resemble the native morphology of
the Golgi Apparatus stack thus justifying the use of elasticity theory as a method of
calculating shape? Is it possible to find a simple parameter which can determine the
equilibrium number of cisternae per stack? The answers to these questions are first
sought analytically by constructing a modified DMS model and testing its stability
against two basic structural modifications – cisternae asymmetry and stack bending.
All of the analytical predictions are then re-analysed using a general numerical approach based on the Surface Evolver programme package [7]. Due to the multitude
of fenestrations observed in the native Golgi Apparatus, we specifically concentrate
on these structural details and their effect on the overall stack properties.
In Chapter 4 we move from the central stack to studying the peripheral network
composed of long, roughly cylindrical tubules. These tubules occupy a large portion
of the total Golgi Apparatus membrane surface area and were observed to be involved
in various different function-related processes. Since they are structurally so different
from the main Golgi Apparatus stacks, we model them as separate systems and,
analogously to the case of stack morphology, we assume that the volume and surface
area of the tubules are fixed. Taking into account that in general, a tubular structure
can have different lengths, we again search for all the possible solutions by bending
energy minimisation. The aim of this Chapter is to show that an approximately
cylindrical shape is indeed the preferred tubular morphology as observed in the
native organelle. The analysis is again performed analytically and numerically with
numerical results providing a more detailed insight into the precise tubular shape.
Finally, in Chapter 5 we add an important conceptual improvement to our work.
In none of the cases presented in Chapters 3 and 4 any kind of details connected
to the microscopic composition of the biological membrane are taken into account
as the membrane is regarded as an ideal two-dimensional fluid. Usually this does
not represent an oversimplification3 , because the shapes of many structures do not
depend strongly on intermembrane proteins or cytoskeleton. In Chapter 5 we study
a more realistic model of a membrane by addressing the effects of coating proteins
and possible actin polymerisation on the shape of lipid tubules. This is technically
difficult and within our approach it cannot be done at the level of the whole organelle. In order to qualitatively demonstrate the effects that such additions have
on the membrane, we concentrate on morphologically simpler tubular shapes and
explore the impact of proteins and actin on the initially cylindrical structure using
an analytical model.
Altogether, the presented Thesis serves as a comprehensive theoretical study of
the Golgi Apparatus and its building blocks. We outline a combined analytical
and numerical method based on the bending elasticity and contact adhesion energy,
which can be also used for other membrane-bound cell organelles. A few possible
extensions of this work and ideas for future research are discussed in Chapter 6.

3

Especially if we are interested in the global morphology of the structure in question.
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Chapter 2
Existing insights into Golgi
Apparatus

The topic of cell structure, its shape, and the function of its constituents has attracted the attention of researchers ever since the most basic optical observation
techniques were invented. The development of modern experimental procedures and
mathematical tools enabled us to study these structures in great detail. Moreover,
today we are capable of creating artificial systems using lipid vesicles which allow us
to test biological hypotheses in a much simpler and a better controlled environment.
In this Chapter we review some of these works and present the framework which
will be then used to theoretically treat the morphology of the Golgi Apparatus.
The Chapter is divided in two parts. In the first one, we focus on the experimental research dealing with the Golgi Apparatus structure, shape, and function
in vivo. We describe the different types of the central stacks and the way they are
interconnected in the cell. We introduce the basic sub-compartments of the stacks
(the cis, mid, and trans parts) and their particular shape with a special emphasis
on the tubular structures and fenestrations along the cisternae. Also discussed is
the functional aspect of the organelle and its association with other structures in
the cell.
In the second part, we review the theoretical work and complement it with
selected experimental studies based on the in vitro research. We begin by outlining
the bending elasticity models used to describe lipid vesicles and their aggregates. We
demonstrate the relevance of these models in the case of shapes of vesicles and vesicle
stacks. We consider and present results pertaining to both topologically spherical
vesicles and to the vesicles of higher topological genera. Finally, we present the
theory of Derganc, Mironov, and Svetina which is the first structural model aimed
directly at explaining the basic properties of the Golgi Apparatus.
23
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2.1

Experimental

Golgi Apparatus was first observed in 1897 by Italian physician Camillo Golgi who,
in order to point out its most striking structural elements, initially called it the
internal reticular apparatus [8]. Although the existence of such an organelle was
questioned at the beginning, the observation was soon confirmed and named after
its discoverer. The rapid development of specialised microscopy techniques later
revealed the intricate morphology of the organelle, consisting of several stacks with
large flattened and hole-riddled membrane-bound compartments surrounded by a
tubular network (Fig. 2.1) [9]. From a functional point of view, it was shown that the
Golgi Apparatus serves as an intermediate between the endoplasmic reticulum and
the rest of the cell [10, 11, 12] and despite great advances in the field of intracellular
membrane transport, the details of these processes still remain unclear [3, 10, 11].
a)

c)

b)

d)

nucleus

Figure 2.1 Variations of the native Golgi Apparatus, highlighting
differences in the stack shapes and the number of cisternae. a) An
example of a typical flat stack (alga Penium margaritaceum, adapted from
Ref. [13]) and b) a curved stack (human leukocyte, adapted from Ref. [14]).
c) Each stack commonly consists of a small number of cisternae (green alga
Chlamydamonas rheinhardi, 80000×, adapted from Ref. [9]), but d) bigger
stacks are also observed (Euglena gracilis, 88000×, reproduced from Ref. [15]).

It has to be noted, however, that the Golgi Apparatus does not necessary look like
the typical mammalian organelle observed by Camillo Golgi. In certain cell types,
such as muscle cells in mammals, the central stacks are not connected and can be
scattered around the cytosol. Furthermore, Golgi Apparatus of some organisms
(e.g. fungi) also lacks the stack organisation and only consists of isolated cisternae
or it lacks the flat-cisternae shape altogether and is made entirely of a cluster of
tubes and vesicles (e.g. in microsporidia) [16]. Nevertheless, since all these atypical
structures perform the tasks associated with the Golgi Apparatus, it is currently
believed that all eukaryotic cells have a Golgi Apparatus of some sort, albeit not of
conventional morphology [17]. Needless to say, in this Thesis we concentrate only
on the regular Golgi Apparatus structures.
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General morphological features and placement within cell
A typical Golgi Apparatus is a highly ordered structure composed of several stacks
(also called dictyosomes or compact zones) which are surrounded and interconnected
by tubular networks (non-compact zones) and vesicles (Fig. 2.2) [3, 9, 17, 18, 19, 20].
The number of Golgi stacks per cell varies tremendously from none (in some fungi)
to over 25000 (in some algal rhizoids). Plant and animal cells typically contain about
500 stacks or about 40 – 100 stacks in the case of mammalian cells [18, 20]. In almost
all of the reported cases the whole organelle (regardless of the number of the stacks)
functions synchronously and can be regarded as one large superstructure [20].
a)

b)

Figure 2.2 Ultrastructure of the Golgi Apparatus. a) Schematic illustration of the organisation of the mammalian Golgi Apparatus (reproduced
from Ref. [18]). b) Micrograph of a normal rat kidney cell showing a fragment
of Golgi Apparatus ribbon. Two stacks marked by 1 and 2 are connected by a
tubular non-compact region marked by 3 (reproduced from Ref. [3]).

The specific arrangement of the stacks within the cell and relative to each other
is not constant and depends not only on the particular species but also on the type
of the cell (Fig. 2.3). Generally, in mammalian cells, the Golgi stacks are relatively
close to each other, forming a long, interconnected ribbon, and are also close to the
nucleus in the pericentriolar space (sometimes arranged circularly around it) [21]. On
the other hand, in higher plants, fungi and invertebrates the stacks are usually much
further apart, albeit still connected with tubular protrusions. However arranged and
interconnected, the organelle is extremely dynamic and can accommodate large rates
of membrane influx. It can rapidly change its shape and, given specific physiological
(cell division) and pathological (drug interference) conditions, it can even completely
disassemble and reassemble [3].
Each central stack consists of a small number of smooth, flattened membranebound units referred to as cisternae [18]. It is typically composed of 4 to 8 cisternae [18, 20] although this number can vary between different species (stacks with
up to 60 cisternae have already been identified). However, the number of cisternae
per stack is generally conserved within a specific cell line [6] and is additionally impervious to disassembly and subsequent assembly of the whole organelle [22], thus
being a very well-defined quantity.
A single cisterna is structurally, chemically, and functionally unique [17, 20]. It
is typically large (up to several micrometres in diameter [23]) and usually narrow
(10 − 20 nm). The cisternae are stacked close to one another, with typical intercisternal distance of 7 − 15 nm (Fig. 2.4a) [20, 23]. Although the cisternae do not
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a)

b)

0.5

Figure 2.3 Distribution of stacks in the cell. a) Golgi Apparatus stacks in
the rat epididymal principal cell scattered in the cytosol. Despite the distances
between them, the stacks are connected by tubules (reproduced from Ref. [20]).
b) An example of much more compact system of stacks observed in normal rat
kidney cells. Here the central stacks are organised in a circular fashion rather
than as a linear ribbon (reproduced from Ref. [19]).

touch physically, they maintain a very uniform distance and a steady organisation,
which is at least in part attributed to the existence of specific bonding substances
between them. These substances are easily observed in plant cells and invertebrates
and resemble filaments, stacked in parallel arrays between two adjacent cisternae
(Fig. 2.4b). The number of filaments increases from cis to trans side of the stack
and suddenly decreases just before the trans-most cisterna is released. Interestingly,
this gradient is consistent with the observed narrowing of the cisternae in plant cells.
The majority of animal cells, however, do not express the filamentous structures or
the cisternal narrowing. In this case, the ordered stacking must be generated by
other biochemical formations in the Golgi exclusion zone (a special region that exists both in plant and animal cells) [20] and is characterised by a noticeably higher
density than the rest of the cytoplasmic matrix. Apart from observing its fibrillargranular appearance, little information is presently available about the composition
of the exclusion zone matrix [9, 24].
a)

b)

Figure 2.4 Golgi Apparatus stack. a) A typical flat stack with 7 cisternae
observed in normal rat kidney cells. Cisternae do not touch physically and the
spacing between them is regular (adapted from Ref. [11]). b) Golgi stack in
maize root cell, exhibiting the filamentous structures present only on the trans
side of the organelle and marked by black arrows (reproduced from Ref. [20]).
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The stack has three basic regions which differ in function, structure, and in
microscopic membrane composition: the cis Golgi, the mid Golgi, and the trans
Golgi part (for more details see Appendix A) [3, 11, 25]. The cis side of the organelle
is normally convex and represents the part of the stack where matter enters the
organelle. The trans side, typically enriched in cholesterol [12], is on the other side of
the stack and is usually concave, and it serves as the exit site for the modified matter.
Both cis and trans cisternae exhibit buds and dynamic tubules with budding profiles
which stretch from their margins (Fig. 2.5a) [18]. The whole stack is immersed in a
cloud of small (50 – 100 nm in diameter [11, 23]) nonclathrin-coated and uncoated
vesicles (Fig. 2.5b) which are tethered to each other, to the Golgi Apparatus, and
to the endoplasmic reticulum [3, 11, 18].
a)

b)

Figure 2.5 Golgi Apparatus vesicles. a) Golgi Apparatus cisterna of green
alga Chlamydamonas rheinhardi showing the budding profiles on the rims and
the vesicles that already left the organelle (reproduced from Ref. [9], 70000×).
b) Three-dimensional reconstruction of tomogram of two different HIT-T15
cells showing Golgi cisternae and the associated vesicles in white (reproduced
from Ref. [11]).

The overall shapes of Golgi stacks can vary significantly among separate organisms and even within a single stack, differences in the cisternal volume and area can
be observed. However, the majority of the recent research indicates that noticeable
deviations occur mainly between the outmost cisternae [18]. We note additionally
that the volume and surface area of the cisternae need not vary in the same way
– Ladinsky et al.1 , for example, report almost constant surface areas throughout
their sample stack, whereas the respective volumes of the cisternae can differ by
up to 50 % [18]. All in all, the mechanisms determining each specific stack shape
and configuration are not clear yet, although certain correlations have already been
reported2 .
1

In their model stack of 7 cisternae they observe that the outmost two (C1 and C7) have the
largest volume, cisternae C2 and C6 being about 20 % less full, and the rest, C3 – C5, having the
smallest volumes.
2
Such as the relationship between the pH and the thickness of the cisternae, where it has
been found that both decrease from the cis to the trans side. This is due to the fact that many
cargo proteins may undergo self-aggregation in the acidic environment which in turn decreases the
osmotic pressure in the lumen of the cisterna. A lower osmotic pressure then forces water out of a
cisterna, making it narrower [3]. However, the magnitude of this effect is small since it would be
very difficult for the organelle to maintain a large pH gradient over prolonged periods of time.
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Fenestrations
All cisternae are perforated, albeit not homogeneously, and full of holes referred to
as fenestrations (Fig. 2.6). The holes can be divided into three classes according to
size [18]. Large well-like openings (> 100 nm) are aligned over several consecutive
cisternae and often contain budding profiles and free vesicles. Medium (65 – 100 nm)
and small holes (< 65 nm) are unaligned and are separated from one another by
60 − 70 nm [23]. The openings are abundant on the cis side and decrease in number
towards the mid cisternae. This pattern then in general reverses towards the trans
side [3, 18, 20]. However, in some of the older works a different distribution of
fenestrations was observed – Flickinger [23], for example, reports that only the trans
side is fenestrated. It is not clear whether there exist cell types with only one
fenestrated side or if the latter is for example a consequence of the fixation and
observation techniques used.
a)

b)

Figure 2.6 Fenestrations in cisternae. a) Scanning electron micrograph of
small fenestrations homogeneously distributed over the outmost cisterna in a
rat extraorbital lacrimal gland cell. b) Scanning electron micrograph of the outmost cisterna of rat epididymal cell demonstrating different size classes of the
openings, including small fenestrations and large openings which are aligned
along several of the neighbouring cisternae. Some of the medium-size and large
fenestrations can even contain passing vesicles marked by black arrows (both
panels reproduced from Ref. [26]).

Lateral distribution of fenestrations within a single cisterna is also specific and
was first observed in the plant cells (later also in mammalian cells). An average cisterna is characterised by a non-fenestrated central region (the size varies depending
on its location within the stack) with fenestrations scattered on the outer parts of
the flattened cisternal domain (Fig. 2.7) [20, 23]. The shape of the fenestrations is
less regular close to the rims of the cisternae and the fenestrations themselves can
be, in the extreme case, big enough to create tubules extending from the stack [23].
Even though fenestrations are very abundant, it is not clear what function they
serve. Ladinsky et al. [18] suggest that they act as spot welds to prevent cisternal
swelling or they might help in the budding processes by creating regions of high
local curvature [11, 18]. The former argument seems to agree with the experimental observations showing a significant difference in the thickness of perforated and
unperforated cisternae. The cisternae without fenestrations were found to have
a thickness of 50 − 100 nm, whereas the perforated ones had a thickness of only
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a)

b)

Figure 2.7 Fenestrations in Golgi Apparatus cisternae observed in
yeast Pichia pastoris. a) Golgi Apparatus stack made of only four cisternae
(cis on the left side and trans on the right), each with a different distribution
of fenestrations. b) Spatial organisation of the stack (both panels reproduced
from Ref. [27]).

≈ 20 nm [23]. The flattened geometry may be closely connected to the efficiency of
glycosylation by providing large surface area where the cargo proteins can interact
with the glycosylation enzymes [3]. Early on it has been speculated that the openings may enable the cisternae to have a greater functional variability due to shape
pliancy [28, 29] but the exact connection has not been yet established.
Golgi Apparatus tubules
The tubular structural motif is very abundant in the Golgi Apparatus and no completely isolated cisterna has ever been observed using advanced three-dimensional
imaging [18, 19, 30]. In many cases, the total surface area of the tubular part is
larger than the area of the saccular part [17, 20] and the tubules can extend several
micrometres outward from the peripheral parts of the stack (Fig. 2.8). The diameters of most of the tubules can vary slightly within a cell line and range between 25
and 40 nm. We note that the number of tubules can depend greatly on the position
of the cisterna in the stack3 although the degree of tubulation seems to be related
mostly to the purpose of the given cell type – cells without secretory granules, for
example, exhibit a more tubulated network than regular cells [3, 11, 19].
a)

b)

Figure 2.8 Extent of tubular membranes in Golgi Apparatus. Both
micrographs show isolated cisternae in a plant cell and a tubular network which
in some cases extends far from the core stack (reproduced from Ref. [20]).

3

In plant cells, for example, the tubules are depleted in the mid cisternae and more abundant
on the trans side [17, 20]. The distribution of the tubules in animal cells does not vary significantly
across the stack [17].
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The majority of the tubules connect different Golgi Apparatus stacks and until
recently it was believed that the connections exist only between the cisternae at the
same level4 . However, using the high-resolution electron microscopy at least two
additional types of direct inter-cisternal connections linking cisternae at different
levels were detected [32]. This can either happen in the interior of a stack where a
cisterna can project through the opening in an adjacent cisterna to form a continuous
lumen with its next-nearest neighbour or at the periphery where tubules can connect
two non-adjacent cisternae by bypassing the intervening cisterna outside of the stack
(Fig. 2.9). The diameters of the thus-created connections are typically small (e.g. the
connections through the openings were found to be ≈ 21 nm in diameter).
a)

b)

c)

Figure 2.9 Tubular connections between cisternae in the Golgi Apparatus. a) Micrograph of glucose-stimulated islet beta cells highlighting
nonadjacent cisternae (blue and green) and tentatively suggesting the connections. b, c) Spatial reconstruction of the Golgi stack shown in panel a) rotated
by 180◦ relative to one another. The three-dimensional view clearly shows both
connections bypassing the cisterna and those passing through the fenestration
(all panels reproduced from Ref. [32]).

Similar to the variations in the extent of tubulation, it is not clear whether
the different types of connections are found in every cell type. The experiments
were performed using over-stimulated cells that specialise in secretion and it has
been hypothesised that the direct connections provide a continuous lumen which
facilitates a rapid transport of large quantities of matter. Cells that do not have
the need to process extreme quantities of matter may not develop all or any of the
connections. This is consistent with the fact that in many previous experiments
such connections were not observed. The negative results were attributed to the
experimental techniques used but they may actually represent different states of
cellular activity depending on the type of the cell and the external physiological
conditions. Connections between adjacent cisternae have not been found yet [18],
but are theoretically not excluded.
Transformations between cisternae, tubules, and vesicles can be very fast (within
seconds to minutes)5 and are integral for a proper function of the organelle. Research
4

Their existence has been first demonstrated indirectly by using functional experiments in
living cells, where a certain part of the organelle was bleached by a laser and the marked region
was seen to diffuse to the other parts of the structure [31]. Due to the imaging limitations, the
actual connections could not be visualised.
5
This is especially dramatic in the case of rapid tubulation of cisternae caused by blocking of
secretion using fungal toxin brefeldin A [33].
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focused on live cell imaging has shown that tubules dynamically form and disappear
from the cis and trans Golgi side [18, 34]. Secretion in the Golgi Apparatus as well
as between other membrane-bound organelles strongly depends on the formation of
small clathrin-coated or COP-coated vesicles which exit the membrane and deliver
the processed material to its designated destination6 . As shown by Cluett et al. [35],
in the case of obstructed vesicle formation (either due to the brefeldin A or ATP
depletion) the tubules can develop without engaging the microtubules and can extend for several micrometres until fusing with the target organelles, indicating that
there exists a reciprocal relationship between tubulation and vesiculation. The process was found to be reversible and the tubules were shown to act as precursors for
vesiculation once ATP was sufficiently increased or the toxin was washed out.
Role of cytoskeleton
The cytoskeleton is composed of three major constituents: microtubules, actin microfilaments, and intermediate filaments which organise in specific ways to fill the
interior of the cell. They offer mechanical support and facilitate motility, mitosis,
and inter-cellular transport which is why they are immensely important for both the
structure and the proper function of the cell [12, 36, 37]. The disruption of their
conventional structure can have severe consequences on various cellular mechanisms
and is therefore systematically studied using different cytoskeleton-interfering compounds.
Due to the technical reasons, the association between the Golgi Apparatus and
microtubules was the first to be observed [12, 36]. It was found that by depolymerising the microtubular network, the tubulin-interfering drugs [38, 39] cause the
fragmentation and dilatation of the organelle structure and its migration towards
cell periphery [22, 36]. In the vast majority of the cells, this process was seen to
be reversible and upon the removal of the drug the microtubules were restored and
the Golgi Apparatus re-established. The exact mechanism which connects microtubules and the Golgi Apparatus is not known yet, although it is clear that they
do not serve as anchors that would sterically keep the Golgi Apparatus in place. If
this were true, a diffusion-like pattern of stack dispersal would be seen upon microtubule disassembly. Instead, it is now believed that they are coupled through
endoplasmic reticulum-Golgi Apparatus transport pathways [22, 36, 37, 40] – the
material migrates from the endoplasmic reticulum to the Golgi stacks via microtubules which act as tracks along which material in the form of secretory vesicles
can actively propagate [41]. When they are disrupted, the transport stops. In order
to re-initiate the flow of matter, Golgi Apparatus is disintegrated and re-formed close
to the endoplasmic reticulum protein exit sites, enabling direct transport between
the two organelles. In this case, the fragmented Golgi elements are fully functional
organelle units [22, 40]. On the other hand, drugs that do not destabilise the microtubules but rather interfere with their function, do not generally affect the structure
of the Golgi Apparatus [12], indicating the complexity and specificity of the process.
Similar experiments performed with actin-inhibiting drugs do not result in dispersal of the Golgi Apparatus [22], but rather cause the clustering of the stacks
6

In order to create vesicles, coating proteins are needed to bind to the membrane – vesiculation
without proteins is not possible. Brefeldin A inhibits the association of β-COP with the Golgi
membrane, thus disabling vesicle formation [35].
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and swelling of the cisternae [42, 43, 44, 45, 46]. Nonetheless, the cisternae remain
stacked and their pericentriolar position is intact. These observations indicate a connection between the actin filaments and the Golgi Apparatus, although its details
and relative importance are not yet known [46, 47]. It has been proposed that actin
may provide a mechanical stability to the cisternae and thus prevent the increase
of the lumen thickness. On the other hand, the thickness regulation may also occur
due to the actin-mediated regulation of cisternal ion and H+ homeostasis [44, 45] or
via some other mechanism [48].
We stress that even though a correlation between microtubule or actin network
dispersion and Golgi Apparatus properties is established, clear conclusions regarding
its direct relationship to the organelle shape are difficult to draw. Disturbances in
cytoskeletal elements generally influence the transport pathways or the biochemical
homeostasis [44, 45] and affect the stack shape and localisation through a functionmediated mechanism. Many biomolecules associated with the transport processes
can be therefore linked to the Golgi Apparatus morphology7 , although their respective roles cannot be easily deduced.
Organelle dynamics, transport through stack and secretion
The mechanism of movement of the membrane material in and out of the stack
is still not entirely understood, although there are two main tentative theories to
account for the experimental observations – the serial and the parallel mode of
transport [20]. The former corresponds to the case where the material in the form
of secretory vesicles arrives from the endoplasmic reticulum (sometimes from the
nuclear envelope) and fuses together, forming a new cis-most cisterna. Together
with all the other cisternae, this cisterna then progressively moves through the
stack and biochemically matures until it reaches the trans side of the organelle
where it disintegrates, thus completing one transport cycle. The parallel mode
is different, since it assumes stationary cisternae within the stack. Here all the
material reaches and leaves the stack through the cisternal rims on the periphery
via membrane tubules or transport vesicles. These processes do not exclude each
other but rather coexist and together form the transport mechanism. Furthermore,
it has been observed that the serial mode almost exclusively dominates in plant cells,
whereas in the animal cells the parallel process prevails. It is now believed that in
general both modes are present in any given cell and the only difference between
the species is the relative level of participation of each of them [17, 20].
It seems that the largest effect on the Golgi Apparatus structure and function
comes from the lack or surplus of cargo, which makes sense since this changes the
amount of membrane in the whole stack. In yeast, for example, we observe a complete disappearance of the organelle when the material influx is limited or entirely
cut [3]. The latter can be seen in some cell types even as a normal part of the proliferative cycle, when Golgi Apparatus disappears during low secretion and re-emerges
during high secretion stage. A similar behaviour is observed in mammalian cells [3].

7

Such as microtubule motor proteins (dynein, kinesin, myosin) and spectrin network (spectrin,
ankyrin, and protein 4.1) [37, 40, 49, 50].
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Theoretical models

Theoretical work on the structures similar to the Golgi Apparatus is very limited,
since it is both numerically and analytically challenging to describe such morphologically complicated systems without many approximations and simplifications. In
this Section, we first overview the different bending theories used to describe vesicles
and vesicular systems and then we focus on the various theoretical interpretations
of the morphology of the Golgi Apparatus.

2.2.1

Vesicle bending elasticity

Lipid membranes are conventionally assumed to be two-dimensional fluids, where
the majority of constituents can move around rather freely. The shape of vesicles
and vesicle aggregates consisting of such membranes is thus governed mainly by
their bending elasticity.
A given surface r(u, v) can be characterised by two principal curvatures, C1 (u, v)
and C2 (u, v), which are perpendicular to each other and measure the maximal and
minimal curvature at a given point on the surface. Here parameters u and v denote
suitable in-plane coordinates. Alternatively, the surface can be represented using
the mean curvature [51, 52]
H(u, v) =

1
[C1 (u, v) + C2 (u, v)]
2

(2.1)

and the Gaussian curvature
K(u, v) = C1 (u, v)C2 (u, v).

(2.2)

The associated local bending energy of the membrane can be now expressed as
‹


loc
Fb =
2κH 2 (u, v) + κG K (u, v) |ru × rv | dudv,
(2.3)
D

where κ and κG denote the mean and the Gaussian bending modulus, respectively [51, 52]. Integration is performed over the closed domain D, where r is the
location of a point on the membrane, ru = ∂r/∂u, rv = ∂r/∂v, and |ru × rv | represents the length of the vector normal to the surface. The two terms in Eq. (2.3)
correspond to two distinct deformation modes: The first one is zero in the case of
symmetric saddle surface where C1 = −C2 , whereas the second one vanishes if either
of the principal curvatures is equal to zero. Furthermore, using the Gauss-Bonnet
theorem we can show that
‹
κG K (u, v) |ru × rv | dudv = 4πκG (1 − g).
(2.4)
D

The Gaussian bending energy term is therefore a topological invariant and only
depends on the genus g of the surface. Generally, genus represents a measure for
number of handles in the structure and is 0 for a sphere, 1 for a doughnut-shaped
structure and so on. Since the Gaussian term has the same value for all shapes of a
given genus, we typically omit it if we concentrate on shapes with a fixed topology.
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We note that since the membrane is nearly incompressible, the surface tension
term is not included in Eq. (2.3). Technically, the incompressibility of the surface
derives from the comparison between the typical bending and stretching energies. If
we take into account realistic values for the bending and stretching moduli, we find
that the stretching energy increases disproportionally for all but extremely small
variations in lipid vesicle size. The surface area is therefore assumed to be fixed. At
the same time, the vesicle is immersed in a solute-rich water and thus experiences
an osmotic pressure. Variations in osmotic pressure corresponding to the pressure
energy term comparable to the bending energy are again small and the volume is
also taken to be constant [52].
Equation (2.3) describes the bending penalty of any regular surface and is minimised by a flat equilibrium shape with C1 = C2 = 0. Lipid membranes, on the other
hand, are affected by their internal composition, namely the distribution and the
shape of the constituents within both monolayers. If the shapes of molecules in the
inner and outer monolayer differ significantly, a flat equilibrium morphology is no
longer optimal and a curved surface emerges instead. This effect is mathematically
described by including a spontaneous curvature C0 in Eq. (2.3) which now reads

‹ 
1
2
loc
κ [2H (u, v) − C0 ] + κG K (u, v) |ru × rv | dudv.
(2.5)
Fb =
2
D
Even though the shapes of molecules may be the same, their number in the inner
and outer monolayer can be different, thus also generating a curved shape in equilibrium. In this case, the membrane leaflets not only bend but also stretch relative to
one another, which is described using the non-local area-difference elasticity (ADE)
theory [53, 54]. Depending on the asymmetry between the inner and outer leaflet,
the preferred area difference ∆A0 can depart from the actual difference
‹
∆A = δ
[C1 (u, v) + C2 (u, v)] |ru × rv | dudv,
(2.6)
D

where δ represents the distance between the neutral surfaces of the two monolayers.
A mismatch between ∆A and ∆A0 results in an energy penalty
Fbnon−loc =

κr
(∆A − ∆A0 )2 ,
2Aδ 2

(2.7)

where A and κr stand for the total surface area and the non-local bending modulus,
respectively. The total free energy combines both the local [Eq. (2.5)] and the nonlocal [Eq. (2.7)] term and is given by
‹
1
κr
Fb =
κ [2H (u, v) − C0 ]2 |ru × rv | dudv + 4πκG (1 − g) +
(∆A − ∆A0 )2 .
2
2
2Aδ
D
(2.8)
Since ∆A0 and C0 relate to similar membrane properties, we typically combine them
into a single parameter:
κ
∆A0 = ∆A0 + δAC0 .
(2.9)
κr
The total energy can now be written as:
‹
κr
(∆A − ∆A0 )2 . (2.10)
Fb = 2κ
H 2 (u, v) |ru × rv | dudv + 4πκG (1 − g) +
2
2Aδ
D
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In order to determine the equilibrium shape of the vesicle, the energy in Eq. (2.10)
has to be minimised together with the already mentioned constraints of fixed volume
and surface area.
If κr  κ, the monolayers are assumed to be incompressible due to the large
energy penalty associated with stretching. The area difference therefore cannot
deviate significantly from the preferred value and we can assume ∆A = ∆A0 or
frequently8 ∆A = ∆A0 . This limit is known as the bilayer-couple (BC) model [55],
with Eq. (2.10) reducing to
‹
Fb = 2κ
H 2 (u, v) |ru × rv | dudv + 4πκG (1 − g).
(2.11)
D

In this case, the energy has to be minimised at fixed volume V , surface area A, and
preferred area difference ∆A.
On the other hand, the preferred monolayer area difference need not be conserved
and the lateral stress can be relieved either through bilayer reorganisation (lateral
lipid diffusion or flip-flop mechanism) or membrane adaptation (e.g. budding of a
vesicle) [56]. The latter is the case for many biological membranes, which dynamically adapt to the changing external conditions by modifying their global shape and
internal conformation. In this case we use the same form of the free energy as in
the BC model, but only include the constraints of fixed volume and surface area. In
equilibrium, area difference ∆A is such that the total energy [Eq. (2.11)] is minimal.
This model is referred to as the relaxed-membrane model.
The aforementioned bending models are relevant only for isolated vesicles. In
order to describe multivesicular structures, an adhesion term has to be added to
the free energy. Even though the actual mechanics of adhesion between biological
surfaces can be very complicated due to specific van der Waals, electrostatic, and
protein-mediated interactions, we usually model it phenomenologically by the socalled contact potential. The adhesion energy between vesicles is then proportional
to the adhesion strength Γ and to the total contact area Ac :
‹
Fa = −Γ
|ru × rv | dudv = −ΓAc .
(2.12)
Ac

The adhesion energy is negative and is minimised when the contact area is maximised.
Finally, we stress that the absolute size of the system does not affect the vesicle
energy, which can be additionally emphasised by using dimensionless reduced quantities. We use a sphere of radius Rs , surface area As , and volume Vs as a reference.
The fullness of the vesicle can be represented by the reduced volume, defined as the
volume of a vesicle V divided by the volume of the reference sphere:
v=

√ V
V
V
=
=
6
π 3/2 .
Vs
4πRs3 /3
A

(2.13)

The reduced volume ranges between 0 and 1, where 1 corresponds to a sphere. The
area difference ∆A and preferred area difference ∆A0 can be also defined in reduced
form by
∆A
(2.14)
∆a =
8πRs δ
8

Spontaneous curvature is usually included to the free energy equation only if we want to
emphasise the origin of the leaflet asymmetry.
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and

∆A0
,
(2.15)
8πRs δ
where 8πRs δ corresponds to the value of ∆A in a sphere. The reduced adhesion
strength γ is defined by
4πΓRs2
ΓRs2
γ=
=
.
(2.16)
8πκ
2κ
The free energy is measured relative to the bending free energy of a sphere9 which
can be expressed as Fbs = 8πκ.
∆a0 =

2.2.2

Stacks of vesicles

Several studies [56, 57, 58, 59, 60] explored systems of multiple vesicles joined together by the simple contact adhesion mechanism. Even though they typically
assumed that the vesicles cannot exchange the volume and area and in general took
into account parameters valid for human red blood cells, the works summarised
below provide a valuable theoretical insight into the behaviour of vesicle stacks.
The earliest work on this topic was published by Skalak et al. [57] who studied
axisymmetric vesicle doublets. Ziherl and Svetina [58, 59, 60] tackled the problem
several years later and first concentrated on vesicle doublets, investigating them
both numerically and analytically. They assumed that the volumes and the areas
of both vesicles in the doublet are the same and fixed. The free energy used for
the analysis of the equilibrium doublet shape consisted of the basic Helfrich bending
energy extended by the ADE theory. They focused on two limits of the ADE theory
– the case where ∆A is fixed (corresponding to the bilayer-couple model) and the
case where ∆A is unconstrained, i.e. the membrane leaflets are fully relaxed. Vesiclevesicle adhesion was modelled by the contact potential [Eq. (2.12)].
It was found that there are two possible doublet shapes and that the adhesion
strength is the main parameter controlling their stability [58]. At small adhesion
strengths the doublet has a flat contact zone and is axisymmetric (Fig. 2.10a). If,
however, the adhesion strength is increased, the contact zone changes from flat to
sigmoidally curved with an invagination and a complementary evangination as in
the yin-yang symbol (Fig. 2.10b). Not only the contact zone but also the doublet
as a whole appears different in these two regimes; at small adhesion strengths the
vesicles sit directly on top of each other, whereas at large adhesion strengths they are
displaced laterally. This displacement decreases as the adhesion strength is increased
further and the doublet is gradually transformed into a rounded structure with a
pronounced sigmoidal contact zone. In the case of very large adhesion strengths the
vesicles in doublet become extremely invaginated or evaginated and the doublet as
a whole is spherical.
The differences between the relaxed shapes with unconstrained ∆A and the
shapes with a fixed ∆A are found to be only quantitative. In both cases, the
sigmoidal-contact doublet is stable at large adhesion strengths. Furthermore, it can
be shown that in the case of erythrocytes at moderate to large adhesion strengths,
the more general ADE model reduces to the simpler relaxed model. This can be
confirmed both by analytically calculating the relaxed area differences and by comparing the numerical results to the experimental observations.
9

Here we assume that C0 = 0 and only take into account the bending part of the free energy.
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b)

a)

increasing reduced adhesion strength

Figure 2.10 Shapes of vesicle doublets at two different reduced adhesion strengths. a) In the regime of small adhesion strength (γ = 3) the
vesicles in the doubles sit on top of one another. b) At large adhesion strengths
(γ = 6) the vesicles are displaced laterally and exhibit a sigmoidal contact zone.
Both structures are computed using BC model at v = 0.6 and ∆a = 1.04 (panels adapted from Ref. [58]). We note that here the adhesion is assumed to be
much stronger than the thermal fluctuations-induced repulsion between adjacent membranes.

Since Ziherl and Svetina [58] aimed to compare the numerical results to the stacks
observed in erythrocytes, they used volume-to-area ratios that are large in the context of the Golgi Apparatus. They found that the adhesion strength needed for the
flat-to-sigmoidal transition decreases with decreasing volume-to-area ratio and they
conjectured that the sigmoid-contact doublet is the only possible morphology in the
limit of volume-to-area ratio values relevant in the case of Golgi Apparatus. The
universality of the sigmoidal-contact structures is furthermore illustrated by considering doublets of vesicles with the same surface areas but different volumes [58].
The shape of the contact surface remains qualitatively the same unless the difference
between the volumes becomes too large, which gives rise to an alternative type of
solutions where the smaller vesicle is engulfed by the larger one.
This work was further expanded and generalised to take into account multivesicular stacks, specifically focusing on the shape of erythrocyte rouleau both in two [61]
and three dimensions [58, 59]. The research was motivated by numerous experiments
demonstrating a nontrivial, zig-zag stack of seemingly discocytic red blood cells [57]
which resemble the asymmetric doublet with sigmoidal contact zone. The latter can
indeed look like two roughly discocytic vesicles sitting on top one another (depending
on the volume-to-area ratio and the adhesion strength) and thus the bending-energy
cost for an additional free vesicle to attach to such a stack is small. The total energy
can therefore be decreased due to the increased adhesion energy. Theoretically, an
infinite rouleau can be created by adding individual vesicles and further lowering the
total energy. However, if the adhesion strength is again increased, the multivesicular
rouleau adopts flat contact zones and strongly convex outmost vesicles (Fig. 2.11a).
We additionally mention the results of Derganc et al. [56] who also considered cuplike rouleaux within the class of axisymmetric shapes. They found that a stack of
cup-like vesicles is not only a possible morphology, but also energetically preferred
in the regime of small volume-to-area ratio and adhesion strengths.
Altogether, the analysis of vesicle-vesicle adhesion suggests that the aggregates
constitute the following sequence: free vesicles, flat-contact doublet, sigmoidalcontact multivesicular rouleau, flat-contact convex multivesicular rouleau, and a
nearly spherical doublet with a strongly sigmoidal contact. As the adhesion strength
is increased further and the regime where adhesion strongly dominates the total
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energy is valid, the stack most likely adopts a complicated clumped spherical form
(Fig. 2.11b). Even though these works neglect the details of the adhesion mechanisms and do not take into account the effects of the cytoskeleton and of the
non-lipid membrane constituents, they agree with the experimental observations remarkably well. This gives us the confidence to use this theoretical framework for the
description of more complicated vesicular structures, such as the Golgi Apparatus.
a)

b)

Figure 2.11 Shape of multivesicular aggregates. a) Two types of a long
vesicle rouleau depending on the values of the adhesion strength. If the latter
is small, the rouleau resembles a zig-zag stack of discoidal vesicles whereas if
it is large, the contact zones between the vesicles become flattened. b) Diagram showing the expected shapes according to the value of reduced adhesion
strength. From left to right: isolated vesicles, doublets, rouleaux, and sigmoidal-contact doublets (both panels reproduced from Ref. [58]).

2.2.3

Vesicles of non-trivial topology

The vast majority of vesicle research is focused on topologically spherical vesicles
because they are experimentally the most abundant. Topologically non-trivial vesicles can also be seen, but are usually limited to small genera due to preparation and
observation difficulties. For the same reason almost no experiments and no theoretical work have been performed focusing on stacks of perforated vesicles and thus
the existing insight is hardly directly applicable to a real Golgi Apparatus shape.
The most trivial perforated structures are the toroidal vesicles, which were initially predicted theoretically by Zhong-Can [62] and Seifert [63] and then later experimentally observed by Mutz et al. [64, 65]. The theoretically predicted vesicles
were found to be both axisymmetric (sickle shaped, discoidal, and circular toroids)
and nonaxisymmetric, resembling a doughnut shape with centred and off-centre
hole, respectively (Fig. 2.12). Vesicles with two and three handles were also studied,
although they prove to be much more difficult to study systematically due to significantly increased multitude of possible shapes [66]. However, it can be shown that
the ground state of a vesicle of any genus is actually degenerate and invariant under
a special class of conformal transformations (translations, inversions, and dilatations) [67, 68]. The effect of these transformations is trivial in the case of a vesicle
of spherical topology, because they always maintain the spherical nature. If we focus
on toroidal vesicles, on the other hand, we find that the axisymmetric ground state
known as the Clifford torus transforms into a family of similar, yet nonaxisymmetric
tori with the same free energy but a different reduced volume [63, 66]. For any given
topological genus, it is therefore theoretically enough to find the ground state solution and the rest of the possible shapes with the same energy are then reachable via
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a)

b)

Figure 2.12 Shapes of toroidal vesicles. a) Axisymmetric and b) nonaxisymmetric vesicle. Both panels show the vesicle in top and side view (micrographs reproduced from Ref. [65]).

different conformal transformations. In the case of the genus 2 vesicles, the ground
state is represented by the Lawson surface (Fig. 2.13) and a plethora of qualitatively
different shapes with identical energies and reduced volumes can be computed using
the aforementioned concept of the conformal degeneracy. Furthermore, the shapes
can also be found experimentally and slow, continuous transformations can be observed, indicating that the so-called conformal diffusion indeed takes place.

a)

b)

Figure 2.13 Shapes of genus 2 vesicles. a) Lawson surface and b) some of
its conformal invariants. All numerically obtained structures shown here were
also observed experimentally (both panels reproduced from Ref. [66]).

Nevertheless, the described approach cannot be used for higher topological genera, because the number of parameters required to describe the family of solutions
increases with the number of handles. Moreover, the number of the conformal invariants also steeply increases, making the classification and systematic investigation of
all the possible shapes especially demanding. Theoretical research is therefore limited to genera ≤ 3 [66]. There exists, however, recent experimental work focusing
on strongly perforated lipid vesicles (Figs. 2.14 and 2.15) [69]. This study is not
limited to a fixed topology as is done typically or a specific family of structures, but
rather qualitatively explores the phase space of highly perforated vesicles. The heavily fenestrated vesicles were easily deformable but nevertheless mechanically stable.
Even though all of them were flaccid and thus subjected to thermal fluctuations,
the fenestrations remained stable and their number was conserved over long periods
of time. On the other hand, upon mechanical perturbation and subsequent increase
of surface tension, the sizes of fenestrations were found to decrease. For extreme
deformations, a one-way transition from the honeycomb- to nucleus-like structure
was observed, indicating exceptional stability of the nucleus-like shape [69].
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b)

a)

c)

Figure 2.14 Shapes of perforated vesicles. a) Honeycomb-like, b) pretzel-like, and c) nucleus-like type of vesicles with small reduced volume. Insets
show the schematic illustration of each type (all panels adapted from Ref. [69]).
b)

a)

Figure 2.15 Heavily fenestrated lipid vesicles. a) Honeycomb-like type of
vesicle with many evenly distributed fenestrations. b) Pretzel-like type of vesicle with very small reduced volume. In this case, the fenestrations are so large
that the whole vesicle looks like a network rather than a saccular structure.
We note that both of these shapes strongly resemble the actual Golgi Apparatus cisternae (Figs. 2.6 and 2.8), even though they lack the specific membrane
composition and cisternal organisation (both panels reproduced from Ref. [66]).

2.2.4

Derganc-Mironov-Svetina model

The first and the most complete theoretical model of the Golgi Apparatus per se was
proposed by Derganc, Mironov, and Svetina (DMS model) in 2006 [6]. They focused
on the central stack morphology and approximated the cisternae by identical flat
discs of radius R with rounded toroidal rims of rim radius r (Fig. 2.16). Although
very crude, the approximation relied on the robustness of the stack itself, which
remains structurally and functionally stable even if the peripheral elements (such as
tubules, microtubules, actin microfilaments . . . ) are dissolved [22, 70].
In this model, the equilibrium structure is calculated by minimising the total
bending and adhesion energy of a stack using the ADE theory and fixed total volume
and surface area. Due to the small number of geometric parameters used, both R
and r are determined if the total volume V0 and surface area A0 of the stack with n
cisternae are fixed and read
r
A0
V0
1 p
and
r=
= √
A0 v.
(2.17)
R=
2πn
A0
6 π
The rim radius and thus the thickness of the cisternae is therefore directly proportional to the reduced volume of the whole stack and approximately independent of
the number of cisternae in the stack. In order to find the equilibrium number of cisternae at fixed reduced volume v, adhesion strength Γ, and area difference ∆A0 , the
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n

r
2R

Figure 2.16 Schematic representation of the DMS model. The stack
comprises n disc-like cisternae, with each cisterna having flat face of radius R
and curved rims with radius r (adapted from Ref. [6]).

energy of the stack needs to be calculated at various different numbers of cisternae.
It turns out that stacks with small number of cisternae are stable at small Γ and
∆A0 . Stacks with many cisternae, on the other hand, are in general more difficult
to stabilise since the values of Γ and ∆A0 required are very large (Fig. 2.17).

Figure 2.17 Equilibrium number of cisternae as a function of adhesion strength in the DMS model. Shown here is the case of a stack with
A0 = 35 µm2 , ∆A0 = 0.31 µm2 , r = 13 nm, which are biologically relevant
values. As expected, the number of cisternae increases with adhesion strength
(adapted from Ref. [6]).

These ideas were furthermore extended by considering the effects of the arrival
of additional membrane into the stack, which qualitatively corresponds to the natural process of Golgi Apparatus cargo influx [34]. When new material reaches an
existing stack, the total surface area and volume are expected to increase, whereas
the reduced volume and subsequently the cisternal thickness are decreased. The
area difference, on the other hand, increases, but the values greatly depend on the
geometry of the incoming membrane – it was found that a membrane that arrives
as a part of highly curved, spherical vesicles carries larger amounts of the additional
area difference than the membrane of flattened or tubular shape. Similarly, the
adhesion strength can also be modified by the arriving membrane, with the change
originating from its composition. If the composition of the incoming and the existing membrane match, the adhesion strength is expected to be unchanged. On the
contrary, if there are no adhesion molecules in the arriving membrane, then the total adhesion constant decreases due to the increased surface area and the decreased
surface density of specialised adhesion molecules.
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In the general case where there is no loss of volume during the fusion (the reduced volume thus decreases) and we assume that the arriving membrane lacks the
adhesion molecules (the adhesion strength decreases), the equilibrium number of
cisternae is found to increase with the arrival of additional membrane (Fig. 2.18).
As expected, the increase significantly depends on the geometry of the membrane
and is by far the most dramatic in the case of spherical cargo vesicles. An even
greater increase in the stack size can be seen if the adhesion strength and the reduced volume are unchanged during the fusion process although this is biologically
less likely to occur.

Figure 2.18 Equilibrium number of cisternae as a function of incoming membrane area A0 in the DMS model. Here we take into account
that the adhesion strength decreases with A0 and the total volume is conserved.
The number of cisternae increases with incoming membrane regardless of its
form (adapted from Ref. [6]).

Finally, Derganc, Mironov, and Svetina stress that there exist other ways of incorporation of incoming membrane into the stack. Within the framework of their
model, the increase of the equilibrium number of the cisternae represents the only
mode of stack adjustment. In reality, the arrival of an additional membrane can be
aided by the presence of fenestrations and tubular portions which represent the sections with very large local curvature. These parts are compatible with the possibly
large monolayer area difference in the incoming membrane and can absorb it solely
by rearranging the tubular network and fenestration distribution or by changing the
diameters of the fenestrations.
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The Golgi Apparatus stack is the basic and the most distinctive building block of the
whole organelle. It is made of a relatively small number of cisternae which adhere
to each other and can be either flat or curved. The overall shape of the stack varies
greatly among different cell lines, but even though heavily curved stacks have already been observed, the majority of the cases involve moderately curved structures.
The cisternae are topologically extremely complicated and often involve hundreds of
differently sized fenestrations, making the stack analysis especially challenging. The
complexity of the system we study strongly influences the mathematical techniques
used for its description. In general, the analytical models give an excellent insight
into the dominant characteristics of the Golgi stack, but are limited by the assumptions necessary for the algebra to be manageable. On the other hand, numerical
solutions offer an exact representation of the actual morphology of the stack, even
though such results may be computationally very demanding. We are therefore often forced to reduce the computational precision which in turn affects the accuracy
of the solutions.
In this Chapter we present the most elementary geometrical properties of the
stack as a whole: the equilibrium number of cisternae, the stack size, and its general
shape. To do so, we combine both analytical and numerical methods, allowing us
to obtain a comprehensive insight into Golgi Apparatus morphology.
The basic DMS model described in Ref. [6] is the simplest existing morphological
model for the Golgi Apparatus. Even though it successfully reproduces some of the
observations in the native organelle, it does not contain enough parameters to be
able to show different types of the Golgi shape. In the first part of the Chapter, we
therefore propose various analytical modifications of the basic DMS model, namely
the possibility of dissimilar or curved cisternae, and explore them separately. This
allows us to observe how different modes of shape variation affect the free energy
and to see which of them determines the equilibrium shape most decisively.
In the second part we then determine the stack shape numerically. We consider
shapes with and without fenestrations and discuss the importance of the latter for
the overall organelle structure.
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3.1

Extensions of Derganc-Mironov-Svetina model

Regardless of whether we use the analytical or the numerical approach, we assume
that the total surface area and volume of the whole stack are fixed, whereas the
surface areas and volumes of individual compartments can change freely. Because of
the transport of matter through the organelle, we expect the membrane leaflets to
be relaxed, i.e. any buildup of lateral stress due to the membrane leaflet asymmetry
should dissolve as a result of the dynamic nature of the Golgi Apparatus. In the
case of the analytical method, we are additionally forced to make the last set of
geometric assumptions based solely on the mathematical convenience of each model.
We assume that the structures are rotationally symmetric, that the thicknesses of
the cisternae are the same, and that adhesion does not affect the local curvature at
cisternal rims.
Basic model
In order to compare the efficacy of the modifications, we first present the results
corresponding to the basic DMS model. The main geometric assumption of this
model is that the Golgi Apparatus stack can be viewed as a system of n identical
rounded flat discs. Each disc comprises a flat part of radius R and of a curved rim
of radius r (Fig. 3.1).
R

r

Figure 3.1 Schematic of the basic DMS model of the Golgi Apparatus. R denotes the radius of flat discoidal part involved in adhesion and r is
the radius of rims which contribute to the bending energy. Tentative tubular
connections are drawn by dotted lines and represent a possible way of transport
of matter, but are not included in the mechanical model.

Here we focus only on a specific subcase of the DMS model – a fully relaxed stack,
where any area difference (even if it existed at some point) vanishes in equilibrium.
This argument is mathematically reflected in the free energy functional, where we
omit the ADE term. Adhesion-induced discontinuity of curvature at the transition
between the contact and non-contact region is furthermore neglected in the basic
DMS model. The boundary condition stemming from the equations of mechanical
equilibrium of the membrane requires the curvature of the rims to depend on the
adhesion strength of the flat contact zone Γ and the bending modulus κ [71]
r
κ
.
(3.1)
r=
Γ
This adds another constraint to the system thus making it overdetermined. The
additional boundary condition is incompatible with the geometry of the basic DMS
model, which needs to be generalised so as to accommodate it, e.g. by a more
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complicated ansatz for the rims. However, even in this case it only influences the
shape of the membrane locally at the contact zone boundary and does not have a
decisive influence on the global morphology (see Fig. 3.25). For the sake of simplicity
we do not include it in our modifications of the DMS model. Finally, we note that
even though we do not model them explicitly, we assume that there are connections
between the cisternae in order for volume and membrane to be able to migrate
freely (Fig. 3.1).
The area and the volume of the basic DMS stack can be written as
#
" 
2
R
R
+ π + 2 n,
A = 2πr2
r
r
"  
#
2
R
R
4
V = πr3 2
+π +
n,
r
r
3

(3.2)
(3.3)

respectively. The bending energy is localised in the rims, whereas the adhesion
energy is proportional to the area of the flat contact regions. The total free energy
consists of the bending term and of the adhesion term and reads:
F = Fbend + Fadh ,

(3.4)

where
Fbend


q

i 
h
R−r
−1 √ r−R

+
4
tan
R2 5 tan−1
R+r
R2 −r2
√
,
= 8πκn 1 +


2r R2 − r2



Fadh = −(n − 1)πR2 Γ.

(3.5)
(3.6)

By fixing the total volume and surface area (i.e. the reduced volume v) and the
number of cisternae, both R and r are determined independently of the adhesion
strength [Eq. (2.17)]. Figure 3.2 shows1,2 how they vary as a function of the number
of cisternae in the stack. We find that even if the number of cisternae is increased
significantly, the rim radius does not change much. On the other hand, the radius
of the flat region decreases noticeably with n.
Since we keep the total volume and area constant (contrary to keeping a single
cisterna volume and area fixed) the reduced volume of a single cisterna changes with
the number of cisternae (Fig. 3.3a). Consequently, the maximum possible number of
cisternae in the stack decreases as v is increased (Fig. 3.3b). This is expected since a
larger v means that the structure tends to be more spherical and less malleable. If we
1

Here we note that the absolute size of the system does not affect its shape, which is why
we normalise all the quantities used in this Chapter according to those pertaining to the reference
sphere. The area is measured in the units of As = 4πRs2 , where
the radius of the sphere.
√ Rs denotes
√
Furthermore, all the lengths are normalised according to As = 2 πRs and volume is measured
3/2
in units of As . In the following, all the quantities marked with tilde represent the dimensionless
e = A/As and
values and the units are assumed as above. The normalised area is therefore A
analogous for the other parameters. Free energy is measured in units of 8πκ.
2
The number of cisternae in a stack is a discrete quantity and thus technically speaking, the
diagrams in Fig. 3.2 consist of a set of points rather than of lines. Nonetheless, it is helpful to
connect the points by lines as a visual aid, i.e. a guide to the eye. Most other diagrams in the
Thesis where a given quantity is plotted as a function of n are also drawn using this convention.
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Figure 3.2 Geometry of cisternae in the DMS model. a) Rim radius
r and b) the flat disc radius R as functions of the number of cisternae at
v = 0.1. The orange line represents the exact solutions, whereas the black line
represents an approximate solution used in Ref. [6].

additionally take into account that the reduced volume of a single cisterna increases
with n, we see that in the limit of large v the pancake-like shape is sterically not
possible because there is not enough area to create the central flat part.
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Figure 3.3 Geometrical parameters of the DMS model. a) Reduced
volume of a single cisterna as a function of the number of cisternae calculated
at v = 0.1. b) The maximum number of cisternae as a function of the reduced
volume of the stack.

The equilibrium number of cisternae in the stack depends on the reduced adhesion strength and the reduced volume. If we assume that the reduced volume is
small as is typical for the Golgi Apparatus3 , we can concentrate on the dependence
on the adhesion strength. It turns out that we can control the number of cisternae
merely by changing the adhesion strength and, as expected, in order to create a
stack of many cisternae large adhesion strengths are needed (Fig. 3.4). However,
when considering adhesion, we have to take into account two limits – the smallest
adhesion strength required for the stack to stick together and the largest possible
strength produced in a living system. The former limit can be calculated numerically
for each case separately, whereas the latter is more difficult to estimate.
3

In this Section, we calculate all the shapes assuming v = 0.1. Even though the realistic
organelle reduced volumes are lower, we use this value due to the mathematical convenience and
in order to facilitate comparison with the numerical solutions.
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Figure 3.4 Position of the global free energy minimum at various
reduced adhesion strengths. a) Energy of the stack as a function of the
number of cisternae at different values of adhesion strength γ and at v = 0.1.
Dashed line corresponds to values of the minimal required adhesion strength
to bind the stack together. b) Equilibrium number of cisternae at a given
adhesion strength in the case of v = 0.1. The dashed line corresponds to the
absolute reduced adhesion threshold for the stack to be bound. Below this line
the stack disintegrates into a system of isolated vesicles.

The minimal adhesion strength required for the stack to be bound generally
needs to be computed numerically by minimising the bending energy of a cluster of
isolated vesicles where the total surface area and volume are fixed. This procedure
is quite demanding and here we employ a simplification. We assume that the stack
breaks up into several identical vesicles with the reduced volume shown in Fig. 3.3a.
The energy of a single vesicle is then computed and multiplied by the number of
cisternae in the system. An additional argument for such an assumption is found in
the phase diagram of single vesicles – for v ≤ 0.59 the equilibrium shape of a vesicle
is a stomatocyte and the reduced bending energy is constant and equal to 2 [72].
Since we are interested in very small reduced volumes, it does not matter whether
the isolated cisternae indeed adopt the same volumes and surface areas. Even if
they do not, the reduced volumes involved are so small that the resulting isolated
cisternae would become stomatocytes and have the same free energy anyway. All in
all, in the case of v = 0.1, for example, the reduced adhesion strength is required to
be at least γmin ≈ 74 for the stack to be stable. Since the maximal reduced adhesion
strength that still maintains a stack with two cisternae amounts to ≈ 72.5, a flat
stack with only two cisternae is never energetically stable at this reduced volume.
We note that we can slightly improve this model by assuming an ellipsoidal crosssection of the rims (Fig. 3.5). The geometric parameters of the stack now depend
on the adhesion strength and affect mostly the eccentricity of the rim cross-section.
Energy-wise we see only a small improvement compared to the basic DMS model and
the difference is noticeable only at large adhesion strengths (Fig. 3.5a) thus making
the ellipsoidal model generally irrelevant. Nevertheless, we can use it to analyse the
dependence of the curvature discontinuity on the adhesion strength to see how much
it deviates from the value prescribed by Eq. (3.1). The curvature of the rims at the
boundary between the contact and non-contact zone is b/a2 (Fig.
p 3.5a) and we can
see that even though it does not coincide with the value of Γ/κ completely, it
reproduces a similar trend (Fig. 3.5b). Since the curvature discontinuity affects the
rim shape only locally, we model the rims as circular in all the further calculations.
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Figure 3.5 Modified DMS model with rims of elliptical cross-section.
a) Free energy of the stack as a function of the reduced adhesion strength using
circular and elliptic rim cross-section. b) The curvature at the boundary between the contact and non-contact zone as a function of the adhesion strength.
Dashed and solid curve represent Eq. (3.1) and the solutions of the energy minimisation of the model with rims of elliptical cross-section, respectively. The
inset shows the schematic of the modified DMS model of Golgi Apparatus. R
again denotes the radius of the flat discoidal part, whereas a and b are the
two semiaxes of the ellipse. In both panels the stack comprises 5 cisternae at
v = 0.1.

Dissimilar cisternae
Since it is not possible to analytically study the stack for an arbitrary arrangement
of the cisternae in regard to their individual geometric parameters, we restrict the
analysis to specific cases of dissimilar compartments. Based on the experimental
observations we choose two axisymmetric stack shapes with a cross-section resembling a truncated pyramid and a truncated double pyramid, which both illustrate
the effect of alternative flat stack conformations (Fig. 3.6).
a) truncated pyramid

b) truncated double pyramid
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Figure 3.6 Geometries of the stack with dissimilar cisternae. a) Truncated pyramid and b) symmetrical truncated double pyramid. The parameter
∆ quantitatively characterises the asymmetry of the whole stack.

In both cases we assume that all the rims have a circular cross-section and an
identical rim radius, thereby ensuring equally thick cisternae. The radii of contact
zones of any two adjacent cisternae differ by the same amount, ∆:
Ri = R1 − (i − 1)∆.
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The area, the volume, and the free energy of the truncated pyramid model read
A =

n
X



2πRi2 + 2πr (2r + πRi ) ,

(3.8)

i=1


n 
X
1 2
2
=
2rπRi + πr (3πRi + 4r) ,
3
i=1

V

F =

n
X

Fbend (r, Ri ) − πΓ

i=1

n−1
X

(3.9)

(R1 − i∆)2 ,

(3.10)

i=1

respectively, where Fbend (r, Ri ) represents the bending energy of a single cisterna
according to Eq. (3.5). The equations for the truncated double pyramid morphology
are similar:
(n+1)/2

A =

2πR12

+ 2πr (2r + R1 π) + 2

X 


2πRi2 + 2πr (2r + πRi ) ,

(3.11)

i=2

V

=

2rπR12


(n+1)/2 
X
1 2
1 2
2
+ πr (3πR1 + 4r) + 2π
2rRi + r (3πRi + 4r) , (3.12)
3
3
i=2
(n+1)/2

F = Fbend (r, R1 ) + 2

X

(n−1)/2

Fbend (r, Ri ) − 2πΓ

i=2

X

(R1 − i∆)2 .

(3.13)

i=1

We stress that here the adhesion strength Γ is not dimensionless and the adhesiondependent discontinuities in the curvature are neglected.
Quantitatively, the free energy of the stack as a function of n behaves similarly
as in the case of the stack of identical cisternae (Fig. 3.4) – if the adhesion strength
is small, the energy increases monotonically with the total number of cisternae
and the two-cisternae stack represents the trivial stable structure (Fig. 3.7a). As
the adhesion strength is increased, a global minimum in the energy curve shifts to
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Figure 3.7 Truncated pyramid model at v = 0.1. a) Free energy of the
stack as a function of the number of cisternae at several values of reduced adhesion strength γ. The dashed line corresponds to the minimal required energy
for the stack to stay together. b) Asymmetry parameter ∆ as a function of the
number of cisternae at two values of γ, highlighting two morphology regimes
(the star marks the global minimum at each γ). Since the stack disintegrates
at small γ, the solutions at γ = 10 are shown only for the sake of completeness.
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n > 2, making it possible for the stacks with several cisternae to be energetically
preferred. This, however, does not provide any information about the shape and the
level of asymmetry of the stable structures. The latter is shown in Fig. 3.7b, where
we plot the asymmetry parameter ∆ as a function of the number of the cisternae4 .
We can clearly differentiate between two basic regimes – in the case of small reduced
adhesion strengths the free energy of the asymmetric stack is lower than the one of
the stack with identical cisternae. The opposite is true at large reduced adhesion
strengths where the identical-cisternae structure has a lower energy.
The geometric parameters of a single cisterna also change as we introduce more
cisternae into the stack (Fig. 3.8), but again conform to two regimes mentioned
above. The rim radius of the cisternae increases with n in both regimes, albeit only
by a few percent, whereas the radii of the central flat part decrease (as portrayed by
the radius of the bottommost cisterna R1 ). As the number of cisternae is increased,
the whole stack is therefore thickened and compressed. We note again that the values
of r and R1 do not depend on the specific values of γ, but rather only on whether
the latter belongs to the regime of small or large reduced adhesion strengths. The
values thus correspond either to the case of maximally asymmetric stack or to the
stack with identical cisternae.
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Figure 3.8 Geometry of truncated pyramid model at v = 0.1. a) Rim
radius of the cisternae as a function of their number and b) radius of the flat
part of the bottommost cisterna as functions of the number of cisternae. Both
plots are calculated in the small and large reduced adhesion strength regime.

We point out that the transition between the regimes of small and large reduced adhesion strength is discontinuous. At small values of γ the asymmetry is as
strong as possible, which means that the structure here looks like a full (and not
a truncated) pyramid. As the reduced adhesion strength exceeds a certain threshold5 , the morphology with identical cisternae is preferred. Taking into account that
any relevant reduced adhesion strength has to exceed the minimal reduced adhesion
strength keeping the stack together (≈ 74 for v = 0.1), we find that in this regime
the asymmetry parameter is always 0. We therefore find that for all the values where
the stack is actually stable, its shape reduces to the basic DMS model morphology
of identical cisternae. We note that this observation holds also for smaller v.
4

We stress that ∆ is not fixed in advance, but is rather a part of the solution of the energy
minimisation.
5
The threshold reduced adhesion strength is different for each number of cisternae and is for
example ≈ 15 for n = 3 and ≈ 19 for n = 4 at v = 0.1.
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Like in the truncated pyramid version of the DMS model, the energy of the
truncated double pyramid also increases monotonically with the number of cisternae
for small reduced adhesion strengths and displays a nontrivial minimum at large γ
(Fig. 3.9a). Due to the specific geometry of the double pyramid, the number of the
cisternae is limited only to odd numbers and even though there are not many data
points in Fig. 3.9, the trend is clear. Analogous to Fig. 3.7b, the two regimes are
seen also in this case (Fig. 3.9b) – the solutions resemble a full double pyramid and
a stack with identical cisternae at small and large γ, respectively. The geometrical
parameters again depend on the number of cisternae qualitatively in the same way
as in the case of the truncated pyramid model (Figs. 3.8 and 3.10).
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Figure 3.9 Truncated double pyramid model. a) Free energy of the
stack and b) asymmetry parameter ∆ as a function of the number of cisternae.
Both panels are calculated at v = 0.1 and two values of adhesion strength γ
characteristic of the two regimes.
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Figure 3.10 Truncated double pyramid model. a) Rim radius of the
cisternae and b) radius of the flat part of the bottommost cisterna as a function
of the number of cisternae at v = 0.1. The values of reduced adhesion strength
γ are again chosen to show two regimes.

The whole stack is compressed and thickened as n is increased, although we note
that the rim radius here increases noticeably less than in the basic pyramid stack.
The rim radii are, however, slightly larger in the case of the double pyramid model.
Since the single and the double pyramid models represent two types of shape variation, we now compare their free energies. We are especially interested in whether
the energy of the double pyramid solution could be in principle low enough to make
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the asymmetric stack stable compared to the identical-cisternae DMS shape. In
fact, the truncated single pyramid shape has a lower energy for all n (Fig. 3.11) thus
making the truncated double pyramid solution irrelevant.
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Figure 3.11 Comparison of the energies of the truncated pyramid
and truncated double pyramid structure at v = 0.1 and γ = 2. We
note that the reduced adhesion strength is smaller than the threshold value for
the stack formation but is used here because both pyramid solutions transform
into identical-cisternae stack at large γ.

Curved cisternae
A flat stack of identical cisternae can be further modified to include the possibility
of cisterna bending. It is somewhat counterintuitive to expect that a curved stack
could have a lower energy than the flat one, since any bending inevitably leads
to an increase in the bending energy. However, a curved shape can have a larger
total surface area of the contact zone and thus a larger adhesion energy. If the
adhesion term increases more than the bending term, the total free energy can
actually decrease despite the global curvature of the stack. Below we therefore
consider the model presented in Fig. 3.12. Note that this model works only for the
case where the stack is bent at most as a hemisphere.

rn
Rn

hn

out

Rn

in

out

Figure 3.12 Schematic representation of our analytical model of the
Golgi stack with curved cisternae. Due to increased mathematical difficulty we do not model the rims exactly but calculate the area, volume and
energy of the full torus and then divide it by half. The approximation is valid
in the regime where the smallest cisterna radius is still much larger than the
out
largest rn . We additionally assume hout
n ≤ Rn .
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Each cisterna is determined by the inner and outer cisterna radius, Rnin and Rnout ,
as well as by the rim radius rn = (Rnout − Rnin )/2 and the degree of bending, characterised by hout
n . In general we would also have to allow for each cisterna to occupy
a different solid angle and for the possible misalignments among them. Since we
cannot include all the details of the shape in the analytical calculation, we limit
ourselves to the case of aligned cisternae presented in Fig. 3.12. We additionally
assume that the thicknesses of the cisternae are constant, which seems to be in
agreement with experimental data (see Chapter 2). Surface area, volume, and the
total energy including the bending and adhesion terms are too tedious to be spelled
out here (see Appendix B). We note that they can be all parameterised by the parameters pertaining to the outmost cisterna (R1out , hout
1 ) and to the global parameters
connected to the stack as a whole (reduced volume v, number of cisternae n and the
reduced adhesion strength γ).
The equilibrium number of cisternae is again found to be closely dependent on
the adhesion strength (Fig. 3.13a), with large adhesion strength needed to stabilise
stacks with large number of cisternae (Fig. 3.13b). The comparison between the
basic DMS morphology and the curved cisternae (Fig. 3.13b) shows that the latter
are always energetically preferable to the former, since they require a smaller reduced
adhesion strength to form a stable stack. Energies can be also directly compared by
examining Figs. 3.9a and 3.13a.
a)

b)

30

 = 10

20

6

10

F

~

-10

5
2

3

4

5

6

7

8

4

 = 100

n

0

7

3

-20
2

-30

 = 200

-40

at stack
curved stack

1

-50

0

n

0

100

200

300

400

500

600

Figure 3.13 Curved cisternae. a) Free energy of a curved stack with different number of cisternae at v = 0.1 and γ = 10, 100, and 200. The values are
chosen so that we can easily compare the plots to Fig. 3.9. The dashed line
represents the stack stability threshold. b) Optimal number of cisternae as a
function of reduced adhesion strength in the case of a flat and curved stack at
v = 0.1. Dashed lines again show the global stack stability threshold for both
stack shapes.

Contrary to the dissimilar flat cisternae where the stack prefers to be made of
identical cisternae instead of having a pyramid or double pyramid shape, the curved
stack here is strongly curved in most cases. We demonstrate the general curvature
out
of the stack by plotting the ratio hout
at v = 0.1 (Fig. 3.14). At this reduced
1 /R1
out
volume the stack adopts the shape of a hemisphere (hout
1 = R1 ) for small numbers
of cisternae. We stress again that the hemisphere solution represents the maximal
bending in this model only due to the practical reasons connected to the numerical
difficulties at larger bending. Based on Fig. 3.14, the optimal bending gradually
decreases as the number of cisternae is increased, implying that the stacks with a
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large number of cisternae should be in general either mildly curved or flat. This
transition depends mostly on the reduced volume of the stack and only slightly on
the value of the reduced adhesion strength. Since the number of cisternae where
the stack changes from curved to flat increases as v is decreased, we can expect
the curved domain to expand as we reach very small, biologically relevant reduced
volumes (Fig. 3.14).
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Figure 3.14 Curved stack. Shape of the stack as a function of the number of
cisternae at v = 0.1 and v = 0.01. In both cases the reduced adhesion strengths
out
is the same. The degree of bending is represented by the ratio hout
1 /R1 . It is
out
out
chosen in such a way that h1 /R1 = 1 represents a hemispherical stack and
out
hout
1 /R1 = 0 corresponds to a flat stack.

Finally, we summarise the effect of all considered morphological improvements
of the basic DMS model in order to determine the shape most likely to be present
in a real biological system.
If we concentrate again on the case of v = 0.1, we first find that in the range of the
reduced adhesion strength large enough for the stack to form, the identical-cisternae
DMS shape always supersedes any pyramidal or double pyramidal variation. The
opposite happens if we take into account the possibility of a curved stack, which
is optimal at almost every biologically relevant number of cisternae. The optimal
bending of the stack, however, depends on the number of cisternae, reduced volume,
and to a very small extent also on the reduced adhesion strength. In general we find
that the stack favours a shape as curved as possible at small numbers of cisternae,
whereas the bending decreases as the number of cisternae is increased. In our model,
the stack can be bent maximally as a hemisphere. Nevertheless, based on Fig. 3.14
we can expect the stack to assume the closed stomatocyte shape at least in the case
of very small stacks and very low reduced volumes. We sum up all these results in
the phase diagram where we show the shape of the stack together with the energies
and reduced adhesion strength needed to stabilise different numbers of cisternae per
stack (Fig. 3.15).
We additionally point out that the results do not depend qualitatively on the
reduced volume of the stack, provided that it is not too large. In the limit of large
reduced volume the individual cisternae become too full and tense and cannot adjust
their shape freely. We do note, though, that the minimal adhesion strength required
to stabilise a stack with a nontrivial number of cisternae steeply increases as the
reduced volume is decreased.
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Figure 3.15 Phase diagram of the modified DMS model with curved
cisternae at v = 0.1. Below γ ≈ 50 the stack disintegrates into isolated
vesicles. For reduced adhesion strengths larger than this threshold, the stack
adopts a maximally curved shape – within our model, hemisphere-like. The
insets illustrate the solutions for each optimal number of cisternae per stack
and are drawn to scale.

3.2

Numerical results

The analytical results represent a good starting point for a more thorough analysis of
the Golgi Apparatus stack. In order to present as complete a treatment as possible,
we address all the relevant features of the stack morphology and their dependence
on the various parameters. From the computational point of view, this is not an
easy task and the complexity of shapes does not allow for a rigorous and systematic
study of all the existing relations. This is especially true because we can vary many
parameters essentially independently:
· reduced volume,
· reduced adhesion strength,
· number of cisternae per stack,
· number of fenestrations per cisterna,
· distribution of fenestrations,
· stack shape,
· membrane bending moduli . . .
yet due to technical reasons we cannot always choose their values freely. For example,
at a given reduced volume we cannot consider any arbitrary number of fenestrations
– large numbers of fenestrations are inevitably associated with large local curvatures
which require an extremely fine mesh. This in turn implies a very slow relaxation
which renders such a computation unreasonable. We face a similar problem at very
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small reduced volumes – the associated local rim curvatures become large and again
have to be modelled using a very fine mesh. This greatly increases the computational
time, although it does not provide a qualitatively new insight into the system. We
are therefore compelled to concentrate on selected cases which best illustrate the
most important properties of the Golgi stack shape.
We divide the analysis into two parts. In view of the special significance of the
DMS model, which is the first theoretical description of Golgi Apparatus morphology, we start by investigating the shape of a stack without fenestrations. Here we
focus on determining the actual shape of such a structure and the factors that control the equilibrium number of cisternae per stack. In the second part we consider
shapes that are closer to the appearance of the real organelle by constructing a
model stack with different numbers of fenestrations. We re-examine the shapes of
these fenestrated cisternae and try to reproduce the native morphology as closely as
possible.

3.2.1

Stacks without fenestrations

Shape of stack
In order to reproduce the most basic morphological properties of the Golgi Apparatus, we first consider a stack without fenestrations. We minimise the bending energy
without any geometrical restrictions mentioned previously using the Surface Evolver
programme package (see Appendix C) [7]. For technical reasons we limit ourselves
to moderate values of reduced volume (v ∼ 0.1), which are small enough to mimic
a real Golgi Apparatus without making the computation too time-consuming. For
the same reason we try to illustrate as many qualitative results as possible using
stacks with a small number of cisternae.
Both analytical solutions and experimental observations confirm that the stack
prefers a globally curved shape. We therefore start by demonstrating the instability
of the flat DMS model by computing both flat and curved solution and then directly
comparing their energies. We initially concentrate on the stack with two cisternae
and minimise the free energy at v = 0.3 and γ = 20. At these parameter values, the
comparison between the exact numerical solution and the more limited analytical
model (Section 3.1) shows a good agreement (Fig. 3.16).

Figure 3.16 Comparison of numerical and analytical solutions for
stack with two cisternae. The meridional cross-section outlines of the basic
DMS model are shown in yellow and the whole structure is computed at v = 0.3
and γ = 20. The number of vertices used in the numerical model is 10948 and
is large enough for the surface to be smooth.
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Even though the analytical model cannot capture the outer parts of the stack very
well, it predicts a correct size of the contact zone and provides a good estimate for
the thickness of the stack. The numerical results additionally show the consequences
of finite-size effects – the outmost parts of the cisterna membranes are not flat as
the contact zone, but are invaginated on both sides (like isolated discocytes with
a small reduced volume). This local membrane bending allows for larger curvature
radii in the rim area and thus lowers the bending energy penalty. The energetic
benefit of such a shape adjustment is clear when comparing the free energies of both
models. The analytical model with a circular rim cross-section predicts the reduced
total energy of ≈ 3.51 (or ≈ 3.38 for the elliptical rim cross-section), whereas the
numerical minimisation yields the reduced total energy of ≈ 2.65.
The finite-size effects are even more pronounced at smaller reduced volumes,
where the differences between the analytical and the numerical results become more
apparent. The mismatch in the shape of the outmost membrane portions is evident if
we compare the analytical and numerical results in Fig. 3.17. As the reduced volume
is decreased, the analytically obtained thickness of the stack increasingly departs
from that in the exact numerical solution. The analytically calculated geometry
predicts a much narrower stack with a larger radius of the contact zone (as shown
for example in Fig. 3.17b).

Figure 3.17 Comparison of numerical and analytical results for a
stack with two cisternae at small reduced volumes. We show a stack
at a) v = 0.2 and b) v = 0.1. The solutions in both panels are shown at
γ = 20 and have 10948 vertices. We note that the structure in panel b) does
not represent a stable shape at γ = 20 (at this value of the reduced adhesion
strength the cisternae disperse), but is included here merely as a morphological
example of the effect of a very small reduced volume.

Not only the morphology, but also the energy of the analytical solutions deteriorates as the reduced volume is decreased. For example, the difference between
the numerical and analytical energy is about 30 % for v = 0.3 and γ = 20 and
then grows to about 75 % for v = 0.2 at the same reduced adhesion strength. If
we consider an even smaller reduced volume of v = 0.1, the discrepancy skyrockets
and the energy of the analytical solution becomes about three times larger than the
energy of the numerical one. We stress that in the cell, the typical reduced volumes
are much smaller than the values used here. The inadequacy of the basic analytical
DMS model is therefore only further increased as we attempt to apply it to realistic
biological conditions.
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Nevertheless, the magnitude of the mismatch is somewhat surprising because the
stack still retains a flattened global shape. The free energy results therefore show
how sensitive the bending energy really is to variations in local curvature. Even
though the basic DMS model assumes the bending penalty to originate only from
the rims, the small radii of curvature in this part greatly increase the energy. The
numerical result, on the other hand, predicts a larger total curved area, but because
the bending is distributed more uniformly, the energy increases less.
Based on the results in Section 3.1 we do not expect the flattened shape to have
the minimal energy. In order to confirm this numerically, we search for solutions
within a family of overall curved structures. As expected, the energy of the stack
decreases as it becomes more curved and the trend indicates that the equilibrium
morphology drifts towards the double stomatocyte shape.
We first focus on the stacks with a relatively large reduced volume and present
a few examples of transitional shapes and their energies (Fig. 3.18). We stress that
these structures do not represent equilibrium shapes, but rather serve as metastable
intermediates which help us discern the direction of energy evolution. Even though
we compute them using a rather coarse mesh, we can clearly see that the energy
decreases as the overall bending of the whole stack increases. This does not come as
a surprise especially because it is qualitatively in accordance with the shapes of isolated vesicles, which have the discocyte morphology only for large reduced volumes
and transform into stomatocytes if v ≤ 0.59 [72]. We see that this observation does
not change qualitatively if we include additional vesicles – the energy of flat (discocyte) solution is ≈ 2.24, whereas the completely closed stomatocyte shape reaches
negative energies of ≈ −0.04. We note that these energies are computed at a low
resolution and may change slightly upon further refinement. However, the trend is
evident and is not expected to change with refinement.
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Figure 3.18 Curved stack with two cisternae at v = 0.3 and γ = 20.
We show the meridional cross-section of the axisymmetric numerical solution
where each shape is progressively more curved and has a larger contact zone.
Since the adhesion energy increases with increasing surface area of the contact
zone, the total free energy decreases. The number of vertices is 2740 and all
three shapes are drawn to scale. In this figure and in all similar ones in this
Chapter, the contact area is highlighted in yellow.

The same also holds for the shapes with a smaller reduced volume (Fig. 3.19). In
this case the total energies are larger, but also decrease as the overall bending of the
stack is increased. The size of the stack, on the other hand, does not change much
with different degrees of bending and is essentially defined by the reduced volume
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and the number of cisternae (if the latter can vary). Not only the overall size, but
also the thickness of each cisterna is roughly uniform. This property of the curved
stack is very different from the flat conformation, where the outmost membrane
leaflets touch in the central part, thus creating a region with a vanishing lumen.
These results suggest that the curved stack maintains a stable lumen at all relevant
reduced volumes (Fig. 3.20) which is consistent with experimental observations.
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Figure 3.19 Curved stack with two cisternae at v = 0.2 and γ = 20.
Similar to Fig. 3.18, each structure represents a progressively more curved
shape (drawn to scale). As the surface area of the contact zone increases, the
total energy decreases. The number of vertices used here is 10948.

Figure 3.20 Curved stack with two cisternae at v = 0.1 and γ = 20
shown in two different orientations. At such small reduced volume, both cisternae in this example have approximately the same thickness.
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In the case of curved stacks, a direct comparison between the analytical and the
numerical results is challenging, because we can only reach a hemispherical shape
using the analytical model presented in Section 3.1. On the other hand, the hemispherical shape does not represent a numerical solution of any special significance
and is therefore difficult to pinpoint. As shown in Fig. 3.21, a qualitative agreement of the cisternae thicknesses and the stack size can nevertheless be seen, which
furthermore confirms the view that the reduced volume is the main parameter governing the geometrical properties of the stack. The agreement is especially striking
if we focus on rim radii where the analytical model predicts a quantitatively correct
value. We stress again that even though in the analytical model we assume the cisternae thicknesses to be identical, we do not have such a constraint in the numerical
procedure, thus making this agreement a nontrivial finding.
a)

b)

Figure 3.21 Comparison of analytical and numerical results for stack
with two cisternae. We focus on the shapes at a) v = 0.3 and b) v = 0.2 using the same reduced adhesion strength of γ = 20. Both structures are drawn
to scale and show the numerical solutions with a superimposed analytical prediction (black lines).

The energies of numerical and analytical structures disagree noticeably, which
is expected given the nature of our comparison and the sensitivity of the bending
energy to the local curvature. At v = 0.3, the energy of the analytical structure
is, for example, more than twice the energy of the numerical solution (Fean ≈ 2.57
and Fenum ≈ 1.10, respectively). The difference is even more pronounced at smaller
reduced volumes6 (Fean ≈ 4.87 and Fenum ≈ 1.79 at v = 0.2).
Numerical minimisation yields another curved shape which was analytically not
considered and resembles a cup with a spherical plug (Fig. 3.22a). Even though
it may look the same on the outside and has an almost identical overall radius as
the double stomatocyte, the energy of such a structure turns out to be significantly
smaller. While the energy of double stomatocyte amounts to about 0 in the case
of v = 0.3 and γ = 20, the reduced energy of the cup-like solution approaches
−1.8, thus differing by ≈ 2. This is quite considerable and is roughly the same as
the difference between the double stomatocyte and the flat structure. Even though
these energies are not computed at the same mesh densities, the discrepancy is too
large to be qualitatively affected by the numerical inaccuracy. The cup-like stack
therefore represents a separate alternative branch of curved stack shapes.
6

The mismatch largely stems from the necessary simplifications in the rim part of the free
energy expression. Nevertheless, the actual rim radius mostly depends on the value of reduced
volume and is therefore approximated well.
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a)

b)
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Figure 3.22 Cup-like stack. a) Cross-section of the numerically obtained
shape at v = 0.3 and γ = 20, showing a spherical vesicle nested in a stomatocyte. b) Schematic comparison of the cross-section of the double stomatocyte
(left) and cup-like (right) solution.

The cup-like structure7 does not resemble any of the variations of the native
Golgi Apparatus. Regardless of its unexpected appearance, it represents a far better
version of the curved stack shape. This observation can be qualitatively explained
by considering the two solutions in a simplified way (Fig. 3.22b). Numerically, we
find that both curved solutions have approximately the same global size and almost
the same area of the contact zone. The full stomatocyte carries a reduced bending
energy of 2 and since there are two of them in the stack, the total bending energy
of the double stomatocyte amounts to about 4. The cup-like shape, on the other
hand, comprises only one stomatocyte and a sphere with a reduced energy of 1 and
thus has a total bending energy of about 3. Assuming that the contact zones are of
equal areas in both structures, the cup-like shape is always expected to have a lower
reduced energy by at least 1. If the contact zone areas prove to be different, as in
the case of shapes at v = 0.3 and γ = 20, the difference increases even more – the
computed difference between the areas of the contact zones in numerically obtained
structures is about 10 % and it favours the cup-like shape.
The cup-like shape cannot be obtained numerically at very small reduced volumes, because in this regime the inner- and outmost membrane leaflets intersect
and this is a technically difficult problem. If we approximate the cup-like shape
analytically by taking into account that the inner vesicle adopts a spherical shape,
whereas the outer ones represent concentrical stomatocytes, we see that there exists
a minimal reduced volume vmin below which such a stack cannot exist. In the case
of a stack with two cisternae, we find that vmin ≈ 0.19, but it decreases towards
biological values if there are more cisternae in the stack8 and especially if the outer
cisternae deform in order to accommodate more surface area.
The question arising at this point is why the cup-like shape is not present in
nature, since it is clearly energetically optimal and due to the bulk shape also
structurally robust. One of the possible ways to discard this solution, inspired
by biological features of the native Golgi Apparatus morphology, is by introducing
fenestrations into the cisternae, which we explore in detail in Section 3.2.2.
7

In the context of single free lipid vesicles, the phrase “cup-like shape” is sometimes used to
refer to the stomatocyte. We stress that here we use it exclusively for the shape shown in Fig. 3.22a.
8
For example, if there are four cisternae in the stack, then vmin ≈ 0.05.
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Equilibrium number of cisternae
The basic DMS model predicts a direct relationship between the reduced adhesion
strength and the equilibrium number of cisternae (Fig. 2.17). We confirmed this
in Section 3.1 using various analytical models, where we show that the equilibrium
number of cisternae monotonically increases as the reduced adhesion strength is
increased, regardless of the overall shape of the stack. We wish to further test
this result by numerically studying stacks with two and three cisternae9 at different
reduced adhesion strengths.
We start by computing the shapes of three morphologically distinct solutions –
flat, stomatocyte, and cup-like – at v = 0.3 and γ = 20 (Fig. 3.23). The reduced
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Figure 3.23 Three families of stack shapes at v = 0.3 and γ = 20. The
structures on the left represent the conformations of the stack with two cisternae, whereas those on the right correspond to the stack with three cisternae
(drawn to scale). The minimal-energy solutions of each family are contained
in a box. We stress the conditional validity of the cup-like results for n = 3
because of self-intersection; this is the reason for not including its energy.
9

As mentioned before, stacks with a large number of cisternae and consequently smaller rim
radii require a very fine mesh to be parameterised sufficiently accurately. Additionally, they are
stabilised by large reduced adhesion strengths which enforce small local curvatures at the boundary
between the contact zone and the cisterna rims, furthermore requiring a very large number of
vertices. We therefore concentrate on a system that is computationally accessible and allows for a
thorough and rigorous analysis. We assume that the behaviour found in these cases also applies
to larger numbers of cisternae in the stack.
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adhesion strength is chosen to be small but still large enough for the stack to be
stable against disintegration. In the most trivial case with only two cisternae in the
stack, we can identify the equilibrium shapes of all three familiar types. The cup-like
solution is globally the most stable, but since there is a significant morphological
difference between the three shapes, we take into account each of them as a locally
stable solution. We therefore collect the same results at a large reduced adhesion
strength of γ = 100 and compare the energies within each of the three families of
solutions. We find that both in the case of the flat and the stomatocyte shape, the
energy of the stack with three cisternae considerably exceeds that of the stack with
only two cisternae, which is therefore the expected equilibrium solution. The comparison of energies in the case of cup-like shapes is less trivial since the membrane
leaflets pertaining to the innermost neighbouring cisternae begin to self-intersect at
large reduced adhesion strengths. This behaviour is not yet visible in the stack with
two cisternae, but becomes pronounced if an additional cisterna is included. We
therefore show the cup-like solution with three cisternae only for the sake of completeness and we note that in reality the shape would most likely deform and have
a somewhat different appearance. Since the intersection is only barely noticeable at
v = 0.3 and because the energy difference between the solutions at n = 2 and n = 3
is sufficiently large (∆Fe ≈ 2), we conditionally compare the structures. Taking into
account the reservations mentioned above, we infer that the stack with two cisternae
is the optimal solution even in the family of cup-like shapes.
In order to find out whether nontrivial equilibrium numbers of cisternae are
indeed possible as suggested by the analytical results in Section 3.1, we compute
the same shapes at larger reduced adhesion strength of γ = 100 (Fig. 3.24). Here
we omit the cup-like solutions, because their energies are found to be too similar
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Figure 3.24 Flat and stomatocyte shapes at v = 0.3 and γ = 100.
The structures on the left show the morphology of the stack with two cisternae
and those on the right correspond to the stack with three cisternae (drawn to
scale). The energetically optimal solutions are contained in a box.
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and the issue of self-intersection most likely does have a significant effect on the
system, which makes any kind of comparison very difficult. On the other hand,
the flat and the stomatocyte solutions can be found numerically and we see that at
large reduced adhesion strength both types of structures reach their equilibrium at
a stack with three rather than two cisternae. The free energy difference between
stacks with two or three cisternae is larger for the flat stacks and less pronounced
in the case of stomatocyte solutions. The reason for this is either technical due to
different resolutions or stems from our choice of γ. The free energy minimum that
determines the equilibrium shape can be very shallow (for an example see Fig. 3.4a)
and if we compare shapes at a reduced adhesion strength close to the transition
threshold, the differences in the energy are expected to be very small.
Figures 3.23 and 3.24 allow for an additional comparison, where we focus on
the effect of the reduced adhesion strength on a stack with fixed reduced volume
and fixed number of cisternae (Fig. 3.25). As already mentioned in Section 3.1,
the effect of increased γ should be significant mainly at the boundary between the
adhesion and non-adhesion zones and should cause a local change in the radius of
curvature. This is clearly evident in the case of a flat stack with two cisternae, where
the otherwise local effect expands over the whole structure and also modifies the
shape of the outmost membrane leaflets. In the case of stacks with large number
of cisternae, these finite-size effects play a smaller role and the adhesion-induced
discontinuity can be observed. Based on these results we may be tempted to use
the shape of the rims as a qualitative tool for the estimation of adhesion strength
values in biological conditions. Due to the complexity and general lack of studies of
the adhesion mechanisms in the Golgi Apparatus, experimental estimates are not
available and it would be helpful if we could use a theoretical approach to determine
the values of contact adhesion strength between the cisternae in the stack. However,
this is not possible for at least two reasons: In order to see and measure the local
variation in the rim shape, extremely high resolution micrographs are needed and
the current imaging technology does not allow us to observe the cell interior in
such detail. On the other hand, here we model very regular stack shapes where
the cisternae physically stick together. This is not the case in the native Golgi
Apparatus, where the cisternae are usually separated by a narrow gap10 and are
often arranged in a less aligned manner.

Figure 3.25 Transition between the contact zone and the cisterna
rims. We show the magnification of the transitional region in the case of a
flat stack with three cisternae at γ = 20 (left) and γ = 100 (right). Both
images are taken from structures in Figs. 3.23 and 3.24, respectively.
10

We note that this does not imply that the cisternae do not experience adhesion. In this case
adhesion does not stem from direct membrane-membrane contact (such as the lock-key mechanism)
but is mediated and induced by the material localised between them.
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The existence of a nontrivial equilibrium number of cisternae (i.e. larger than
two) can be also reproduced at a smaller reduced volume (Figs. 3.26 and 3.27). We
note that at such a small v, the cup-like solution cannot be found using our numerical
approach. In this case, the neighbouring cisternae leaflets strongly intersect even
if there are only two cisternae in the stack. The self-intersection problem is even
worse in case of three cisternae which is why we refrain from computing the cuplike solutions. The flat and stomatocyte shapes show the same behaviour as in the
case of v = 0.3: The stack with two cisternae is stable at small reduced adhesion
strengths, whereas if γ is sufficiently increased the stack with three cisternae becomes
the equilibrium solution.
n=3

at

n=2



F

 3.70

F

~

 4.80

~

 0.38

F

~

 0.63

stomatocyte

~

F

Figure 3.26 Flat and stomatocyte shapes at v = 0.2 and γ = 20. In
this case the stack with two cisternae (contained in a box) features smaller
energies than the stack with three cisternae. All shapes are drawn to scale.
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Figure 3.27 Flat and stomatocyte shapes at v = 0.2 and γ = 100.
In this case the equilibrium stack is that with three cisternae (contained in a
box). All shapes are drawn to scale.
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All in all, the numerical results qualitatively agree with the simplified analytical
predictions for both values of reduced volume considered here which furthermore
demonstrates the strength of the combined analytical and numerical approach in the
case of morphologically complex systems. Moreover, the examples that we studied
numerically do represent a good approximation of a real system. We resort to the
analytical models described in Section 3.1 for an insight of the behaviour of the
system in the numerically unreachable conditions. In the case of the equilibrium
number of cisternae we can assume that the trend numerically found at small n
continues into the regime of more realistic stack parameters (n ' 5). We thus
believe that a stack with any number of cisternae can be theoretically stabilised
by a large enough reduced adhesion strength, although not any value of γ may be
biologically relevant.
Finally, we stress that even though the mechanical theory that determines the
equilibrium number of cisternae seems plausible, there can be another purely function-related process which regulates the properties of the stack in real organelles.
Such function-driven mechanism has not yet been unequivocally found, but is possible especially if we take into account the morphological and functional complexity
of the Golgi Apparatus. Regardless of this, our results strongly suggest the number
of cisternae to be a structural property of the system, deriving from the mechanical
equilibrium of a system of vesicles.

Stacks with large number of cisternae
Stacks with a large number of cisternae (Fig. 3.28) represent a special computational
challenge, since they display high local curvatures along every single cisterna. Each
of them has to be therefore modelled with a very fine mesh, which renders the energy
minimisation very tedious and a systematic treatment possible for stacks with two
and three cisternae is not sensible.

Figure 3.28 Examples of curved shapes of stacks with five cisternae.
Both structures are computed at v = 0.1 and γ = 20 and represent different
variations of an overall curved stack. We note that the right shape has a lower
reduced bending energy than the left one and it seems that also in this more
complex case, the reduced energy decreases with the overall bending. However,
both shapes are parameterised using 27370 vertices and therefore a rigorous
analysis is difficult.
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3.2.2

Fenestrated stacks

The results presented in Section 3.2.1 are computed by assuming that all cisternae
are topologically trivial. Treating systems of interconnected vesicles with fenestrations is technically very demanding, which is why there are not many theoretical studies published on this topic. Even more, until recently the most topologically complex systems studied were isolated vesicles with two or three fenestrations.
Noguchi [73] expanded these results by considering higher genera (up to g = 8) but
even this study was focused only on single vesicles and the shape transitions within
the family of solutions with the same number of fenestrations.
Apart from purely computational challenges that we face when considering structures with fenestrations, there is also a conceptual problem regarding the accurate
description of the free energy functional. We note that the full bending energy consists not only of the bending term but also of the Gaussian term. The latter relates to
the structure’s topology and depends on the genus and the Gaussian bending modulus κG . Contrary to the mean bending modulus κ, the Gaussian bending modulus
cannot be easily measured, since it requires large modifications of the membrane. In
order to detect the variation in Gaussian term in a closed surface, fenestrations have
to be either introduced or removed, which is very difficult to achieve in a controlled
fashion. Experimental estimates for κG are therefore very scarce and in general carry
large errors [74]. Anyway, the majority of observations find the Gaussian bending
modulus to be negative and close to the value of κ [74, 75], which implies that
κG ∼ −20 kB T . This has been recently qualitatively confirmed by high-accuracy
simulations, which provided a light-weight computational tool for studying lipid
membranes [74]. On the other hand, membranes with a positive Gaussian bending
modulus have also been reported, although, interestingly, again of the magnitude
of κG ∼ κ [76]. It is therefore difficult to theoretically directly compare energies of
structures with different number of fenestrations, since especially in the case of a
very high genus the results may strongly depend on the choice of κG . Moreover, all
available studies discuss membranes made exclusively of lipids and can be thus used
to describe only systems of lipid vesicles. On the contrary, the Golgi Apparatus
cannot be regarded as a structure with a simple lipid-only membrane. Many experiments have shown that the regions with small curvature (i.e. the rims) contain high
concentrations of specialised proteins which are thought to act as shape stabilisers. We therefore believe that this effect dramatically affects the free energy and in
turn causes the Gaussian bending modulus of the composite membrane to be positive. Fenestrations are thus promoted by the specific composition of the membrane.
Since there are no theoretical or experimental estimates of such composite Gaussian
bending modulus, we cannot study stacks with different number of cisternae and
consequently determine the optimal number by comparing free energies. We therefore concentrate on discussing the effect the fenestrations on the global shape of the
stack and demonstrate the Gaussian free energy contribution only illustratively for
the cases of κG = κ and κG = −κ.
The equilibrium shapes of non-fenestrated and fenestrated stacks differ significantly. The most critical effect of the presence of fenestrations on the general stack
morphology can be seen in the case of a cup-like solution. Even though this structure
represents the minimal-energy solution for a non-fenestrated stack, its fenestrated
variant does not exist due to the physical limitations of its shape. The innermost cisterna is bulky and almost spherical and cannot accommodate fenestrations without
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significantly modifying its shape and deforming into a stomatocyte shape. In this
Section, we therefore focus only on flat and curved shapes and on their morphological
features.
Effects of fenestrations on flat stack shape
Starting with flat stacks, we see that the stacks with fenestrations maintain a stable lumen even at very small, biologically relevant reduced volumes, where nonfenestrated stacks collapse11 . We demonstrate this using a simple stack with two
cisternae where each of them contains 10 fenestrations (Figs. 3.29 and 3.32). We
perform the energy minimisation by preparing an initial structure with randomly
distributed fenestrations which are aligned vertically. The fenestrations are free to
move and modify their radii, but cannot appear or disappear using our approach.
We see that the presence of fenestrations increases the thickness of each cisterna
and separates the membrane leaflets in the central part of the stack. In the central
region the fenestrations therefore act as pillars and keep the structure from collapsing. On the other hand, the fenestrations that are closer to the rims seem to pull the
outmost membrane leaflets slightly together and thus have the role of spot welds as
hypothesised by Ladinsky et al. [18]. Both mechanisms seem to complement each
other in order to create a central region of uniform thickness and with as large a
diameter as possible.

Figure 3.29 Stacks with two cisternae at v = 0.2 and γ = 20. We show
the meridional cross-sections of an non-fenestrated stack and a stack with 10
randomly distributed, yet initially vertically aligned fenestrations. The top
view of the fenestrated stack is shown in Fig. 3.32a. Both structures are drawn
to scale.

This tendency is even clearer at smaller reduced volumes, where the non-fenestrated structure exhibits a large collapsed region in the centre and full rounded rims.
The equivalent structure with only 10 fenestrations visibly equalises the thickness
along each cisterna, making the whole shape much more uniform and reminiscent of
the native Golgi Apparatus (Fig. 3.30).
11

We refer to the collapse of cisternae in the sense that the opposite leaflets of their membrane
(top and bottom) touch each other. Conversely, if the cisterna maintains a non-vanishing thickness
we refer to its thickness as stable.
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Figure 3.30 Stacks with two cisternae at v = 0.12 and γ = 20. We
compare the non-fenestrated stack and a stack with 10 fenestrations (drawn
to scale).

An even more remarkable result is obtained if the reduced volume is decreased
further and if the number of fenestrations is simultaneously increased. In this case
the rim radius becomes of approximately the same size as the thickness of the cisterna
and the whole structure is strikingly uniform (Fig. 3.31).

Figure 3.31 Stack with two cisternae at v = 0.09 and γ = 100. Each
cisterna comprises 30 initially randomly positioned fenestrations. We present
the stack structure using two projections: the meridional cross-section and the
top view of a single cisterna.

Maintaining a stable cisterna thickness is crucial in biological systems, since it
is connected to the proper function of the organelle. Even though we cannot directly probe the details of functional processes inside the cisternae, it is reasonable
to expect that the thickness of the lumen relates to the biochemical reactions inside
the cisternae. These reactions require a sufficiently large cisterna thickness so that
the catalysis can take place – but the thickness should not be too large because the
processed molecules migrate from one cisterna to another and the efficiency of this
transport may be decreased in cisternae that are too thick. A tentative relationship
between the thickness, function, and number of fenestrations has been experimen69
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tally observed by Ladinsky et al. [19] and by Flickinger [23]. Flickinger measured
the differences between the thicknesses of fenestrated and non-fenestrated cisternae and reported the former to be up to 5 times thicker. This is consistent with
our results, although we allow for the unphysical limit where the membrane leaflets
actually touch. In reality there most likely exists a minimal distance between the
leaflets which is connected to the biochemical content of the cisternae themselves.
However, since this minimal cisterna thickness is not known and does not affect the
conclusions, we do not include it in our model. Ladinsky et al. furthermore offer a
possible connection between the functional and structural properties of Golgi Apparatus – they concentrate on temperature blocked cells where the outward transport
is eliminated by incubation at 20◦ C. They find that such cells exhibit a strongly reduced function and incidentally also a significantly decreased degree of fenestration.
However, the study did not focus on the thicknesses of the stacks and since they
used a very specific process to block the transport, it is not clear how general the
results are. Additionally, we stress that these observations do not conclusively show
the direct reciprocal connection between function and number of fenestrations, but
rather offer a plausible scenario.
Shape and distribution of fenestrations
The sizes of fenestrations in the native Golgi Apparatus differ very much and their
radii can vary by an order of magnitude along a single cisterna. Our numerical
approach does not allow us to study all the details of the distribution of fenestration
sizes and positions, but we nevertheless aim to reproduce the most general observations. If we again focus on the structures shown in Figs. 3.29 and 3.30 we find that
the fenestrations seem to be evenly distributed and do not tend to cluster. This
suggests that the fenestrations repel each other which was theoretically predicted
by Michalet et al. [77] for the case of necks in an infinite membrane sheet. The sizes
of fenestrations strongly depend on the relative ratio between their total number
and the reduced volume. In general we observe that an increase of reduced volume
causes a visible decrease in the radii of the fenestrations (Fig. 3.32). In Fig. 3.32
a)

b)

Figure 3.32 Distribution of fenestrations. The top view of the outmost
cisterna in a stack with two cisternae at a) v = 0.2 and b) v = 0.12. Both
structures are computed at γ = 20 and drawn to scale.
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the diameter of the fenestrations in the central part of the cisterna is smaller than
that of the fenestrations closer to the rim, which suggests that fenestration size correlates with their location. This is consistent with experimental observations [23]
but we did not perform a comprehensive enough study of this correlation to confirm
this hypothesis. We note though that we see this kind of gradient in many of our
solutions and that in these cases, it is more pronounced at small reduced volumes.
Since a lot of theoretical work with topologically nontrivial vesicles revolves
around the conformal degeneracy and the conformal diffusion, we wish to briefly
comment on this concept in the vesicle system described above. In accordance with
the conformal degeneracy, the fenestrations can almost freely move around at no energy cost. This is not the case if we take into account the adhesion between vesicles,
because here the energy does depend on their position which in turn determines
the effective size of the contact zone. If the fenestrations are aligned, we therefore
expect them to freely move along the vesicle only as a single column, that is, all
n fenestrations arranged on top of each other. If they are not aligned, the shape
of the structure becomes more complicated and the relative effect that a change in
position of one fenestration has on the others cannot be deduced easily.
Although we do not concentrate on the precise shape of individual fenestrations,
we find that they are roughly catenoidal and may vary in morphology depending
on the actual size of the opening (Fig. 3.33). From a theoretical point of view, the
catenoid is the best candidate for the fenestration shape [77], since it belongs to a
special class of structures called minimal surfaces. These surfaces locally minimise
their areas and have a vanishing mean curvature which in turn means that they do
not carry any bending energy. They do increase the total energy of the cisterna,
though, which happens due to the energy penalty at the transition between the
catenoidal fenestration and the rest of the membrane. This energy depends on the
ratio between the height and width of the opening and increases with the length of
the catenoid boundary line. Finally, the energy also changes due to the nontrivial
Gaussian term. We demonstrate this increase in the reduced free energy using
the example of flat structure with 10 fenestrations per cisterna at v = 0.2 and
γ = 20 (Fig. 3.34). Even though a total of 20 fenestrations are added to the stack,
the reduced bending free energy increases by merely ≈ 10 %; i.e. from ≈ 3.8 to
≈ 4.2. This means that on average each fenestration increases the reduced energy by
≈ 0.007, which is negligible compared to the total reduced bending energy. Taking
into account the extremely large curvatures along a single fenestration and the great

Figure 3.33 Shape of fenestrations. We show two typical fenestration
morphologies which differ in the radius of the opening. Small fenestrations
are seen in the structures with either large v or large number of openings.
Conversely, if the reduced volume is small or if there is a small number of
fenestrations, their size is larger. Fenestrations of both sizes have a shape that
is strongly reminiscent of a catenoid.
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sensitivity of the bending energy to such small radii of curvature, we infer that
the shape must indeed be morphologically close to a catenoid. The effect of the
Gaussian curvature, on the other hand, is much larger and decisively alters the
energy landscape. Depending on the exact value and most of all the sign of the ratio
κG /κ, we find that the fenestrations can be either strongly favoured or disfavoured.
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Figure 3.34 Comparison of energies of stacks with and without fenestrations. The orange line represents the energy of the stack with two cisternae
at v = 0.2 and γ = 20. Energies of the same structure with 10 fenestrations
per cisterna are shown in black and correspond to the reduced bending energy
only (left) and the total reduced energy with added Gaussian term. We use
two possible estimates for the ratio of bending moduli.

We stress again that it is very difficult to determine the equilibrium number of
fenestrations per cisterna solely based on the total free energy. Such analysis has
to be done with great care, because the results significantly depend on the value of
Gaussian bending modulus. Since different proteins and other curvature-inducing
molecules strongly change the energy properties of the fenestrations, it is in our
opinion crucial to understand their effect on the total Gaussian bending modulus
of the membrane. It is therefore possible that the number of fenestrations can be
effectively determined by the composition of a specific biological membrane.
Optimal number of cisternae in flat stack
We wish to test whether the fenestrated stacks still exhibit the same relationship
between the equilibrium number of cisternae and reduced adhesion strength that we
report in non-fenestrated stacks in Section 3.2.1. To this end, we concentrate on
fenestrated stacks with two, three and four cisternae and since the curved stomatocyte solutions cannot be easily computed, we perform the following analysis using
the flat stack solution (Fig. 3.35).
By comparing only the bending free energy part at relatively small γ, we find
that the stack prefers to be composed of three cisternae (Fig. 3.36a). The difference between the energy terms of stacks with different number of cisternae is large
enough and the numerical inaccuracies do not change this conclusion. However,
since we compare structures with different total numbers of fenestrations, the Gaussian bending term needs to be also taken into account. Here we encounter the same
conceptual problem as in Fig. 3.34 – namely, the reported values of Gaussian bending modulus of the Golgi Apparatus membrane are inconclusive. This has great
consequences in the present case, because we treat structures of a very high genus.
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Figure 3.35 Shape of stacks with different number of cisternae.
All three structures have 30 fenestrations per cisterna and are computed at
v = 0.09 and γ = 100. The shapes are drawn to scale.

If we again consider two limiting possibilities (κG = ±κ), we find that the global
energy minimum now shifts depending on the value of Gaussian bending modulus
(Fig. 3.36b). The direction of the shift is predictable – if κG < 0 there is an energy
penalty per each fenestration and the stack with the smaller number of cisternae
(and consequently fenestrations) is preferred. On the other hand, if κG > 0 then
stacks with many cisternae and many fenestrations are stable.
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Figure 3.36 Energies of structures presented in Fig. 3.35. a) Bending
energy term as a function of the number of cisternae. b) The comparison of
the local bending energy term (orange line) and total free energy at κG = ±κ.

We note that the majority of experiments with simple lipid membranes point to
κG ≈ − κ and given a huge amount of fenestrations observed in Golgi Apparatus12 ,
the stacks should be in this case comprised of only two cisternae. This is clearly not
true in native conditions, which implies that the Gaussian bending modulus of the
organelle membrane could indeed be positive and thus stabilise stacks with a large
number of cisternae.
12

Typically, there are several hundred fenestrations in each cisterna [18].
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The equilibrium number of cisternae increases as the reduced adhesion strength
is increased. We illustrate this by considering the same shapes as before, but this
time at γ = 1000 (Fig. 3.37). The global minimum of the bending free energy now
shifts from three to four cisternae per stack, whereas the total energy minimum again
depends on the value of Gaussian bending modulus. We believe that we can further
generalise these conclusions to cases of large reduced adhesion strengths (where
stacks with a large number of cisternae can be found) and to curved stomatocyte
structures.
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Figure 3.37 Energies of stacks shown in Fig. 3.35 at large reduced
adhesion strength. We compare the bending energy term (orange line) and
the total free energy at κG = ±κ and γ = 1000.

We stress that these conclusions may change if each cisterna is allowed to have
a different number of fenestrations. However, varying the number of fenestrations
across the stack represents a significant increase in complexity of the model, since
there is a vast number of different combinations of fenestration distribution along
the stack. A comprehensive analysis of this generalisation is left for future work.
Stomatocyte vs. flat shape
The visible effect of fenestrations on the shape of the stack is less dramatic in the
case of curved stacks, because they exhibit a stable cisterna thickness even if there
are no fenestrations (as shown in Figs. 3.18 – 3.21). In the case when there are no
fenestrations, we find that thicknesses themselves are not strictly constant across
the stack (see for example Fig. 3.28) which is especially evident either at large
reduced volumes or in stacks with large number of cisternae for moderate overall
stack curvatures. However, this effect is less pronounced as the reduced volume is
decreased and in the limit of the stomatocyte solution at small v the equilibrium
shape is expected to be a stack of roughly uniformly thin cisternae.
In order to illustrate the effect of a large number of fenestrations we first focus
on familiar examples. If we start with the trivial case of a stack with two cisternae,
we see that their thickness now remains essentially the same regardless of how much
the stack is curved as a whole (Fig. 3.38). Additionally, the size and distribution of
the fenestrations does not seem to vary strongly as the overall curvature increases,
which is in agreement with the observations in the case of a fenestrated flat stack.
Also consistent with the solutions found for non-fenestrated stacks is the bending
free energy, which decreases with increasing stack curvature.
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Figure 3.38 Shapes of curved stack with two fenestrated cisternae.
We illustrate the stack shape at several different overall curvatures at v = 0.09
and γ = 100 (drawn to scale). In this case each cisterna has 30 fenestrations
which are aligned across the stack and distributed roughly uniformly in the
lateral direction.

Similar conclusions can be reached if we consider stacks with a larger number
of cisternae (Fig. 3.39). In this case the free energy also decreases as the stack is
increasingly more curved and the cisternae maintain a remarkably uniform thickness.
This is demonstrated by computing the shapes of the stack with three cisternae,
while we still keep the same reduced volume and reduced adhesion strength as in
Fig. 3.38. Compared to the shapes without fenestrations (Fig. 3.27) we find that
the innermost cisterna changes the most – in the presence of the fenestrations it
is thinner and has a larger curvature radius. As already mentioned, this effect is
believed to be less noticeable at small v where even the non-fenestrated stack is
expected to be more uniform.
Note that here we use the same values for v and γ in order to simplify the visual
comparison between shapes with different number of cisternae. However, comparison
between their energies has to be made with more care, since they carry a different
number of fenestrations which has to be taken into account when including the
Gaussian bending term.
The lower energy of curved shapes is also observed in stacks with an even larger
number of cisternae. In this case, the numerical analysis is much more strenuous.
Nevertheless, we show an example of such a non trivial stack with five cisternae at
several moderate overall curvatures (Fig. 3.40).
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Figure 3.39 Shapes of curved stack with three fenestrated cisternae.
The stack shape is computed at several different overall curvatures at v = 0.09
and γ = 100. Each cisterna has 30 aligned fenestrations with a roughly uniform
in-plane distribution and all the structures are shown to scale.
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Figure 3.40 Shapes of curved stack with five fenestrated cisternae at
v = 0.106 and γ = 100 (drawn to scale). There are 12 randomly distributed
fenestrations in each cisterna. Contrary to other examples in this Section, here
the fenestrations are not aligned, which does not seem to have a visible impact
on our qualitative conclusions. We note that it is possible that the free energy
decreases as the stack is bent further.
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It is not entirely clear whether the fenestrated stacks prefer an overall closed
stomatocyte morphology seen in stacks without fenestrations, or whether a curved
shape with a finite opening is favoured instead. We find that in general, the free
energy of a fenestrated stack decreases with the overall curvature of the cisternae at
all numbers of cisternae and all numbers of fenestrations per cisterna that we have
studied. Based on these results, it is reasonable to expect that the minimal-energy
stack is characterised by a small opening, but this limit is technically very tough
and remains to be explored in more detail in the future.

3.2.3

Non-uniform area difference between membrane leaflets

All results presented in this Chapter are obtained using the relaxed membrane approach, which implicitly assumes that there is no preferred asymmetry between the
membrane leaflets. We believe that this is in general true due to the fast turnover
of the organelle, although we note that there may be areas of increased ∆A0 which
can in turn alter the shape of the cisternae in question.
The asymmetry between membrane leaflets is most likely to be present in the
cis cisternae, since this is where matter enters the organelle via small spherical
vesicles. Due to their strongly curved shape, transport vesicles carry large amounts
of ∆A0 which is absorbed into the stack membrane after the vesicles fuse with the
outmost cisterna. Since there is a large mismatch between the leaflet asymmetries
of a spherical vesicle and a flattened cisterna, a transitional structure in the form of
a reticular network is usually observed. This is expected, especially if we consider
a realistic situation where many small vesicles13 fuse with the cis-most cisterna. If
we assume vesicles of a typical radius Rv = 30 nm and with a membrane where the
approximate distance between the neutral surfaces of the two monolayers amounts
to δ = 2.5 nm, the preferred area difference per each vesicle is
∆Av0 = 8πRv δ ≈ 2 · 10−3 µm2 .

(3.14)

This may seem small, but taking into account a possibly large number of these
vesicles, the total area difference arriving to the cisterna can greatly increase and
become significant especially if compared to the average surface area per lipid
molecule (0.6 nm2 ).
If the vesicles fuse to locally flat surface with vanishing area difference, the membrane needs to locally rearrange in order to maintain its overall shape. In the case
when the rearrangement occurs via a flip-flop mechanism, about 1500 lipid molecules
are required to switch their positions to relax the area difference associated with only
one small vesicle. If these vesicles are not docking directly onto a flat surface but
rather on a curved one (such as a tubular network), the difference in preferred ∆A0
is smaller and a lesser membrane modification is required. We therefore hypothesise
that the tubular network, observed on the cis side of the Golgi Apparatus, actually
forms due to the increased ∆A0 , which increases the sizes of the fenestrations thus
creating a structure more resembling a network than a fenestrated cisterna14 .
13

An average sample, observed by Ladinsky et al. [18], consisted of a stack with 7 cisternae,
surrounded by about 400 vesicles with the total area comparable to that of one cisterna. However,
it is not clear how many vesicles actually fuse with the stack in a period of time which is significantly
shorter than the typical membrane relaxation time.
14
We note that there are certainly more mechanisms at work, not all of which can be included
in a mechanical model.
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In order to demonstrate this possibility, we modify our original model by taking
into account that the cis-most cisterna now has a fixed preferred difference between
the leaflet areas. This difference is assumed to be larger than in the rest of the
organelle, where the membrane is taken to be relaxed. The approach therefore
corresponds to a modified bilayer-couple (BC) model and can be further generalised
to include any other combination of fixed ∆A0 (i.e. not only in the outmost cisterna)
or even a gradient along the whole stack. Here we again refer to a simple case of a
stack with two flat cisternae and 10 fenestrations per cisterna15 . Comparison of the
fully relaxed structure and the structure where one of the cisternae has a fixed and
much larger ∆A0 demonstrates significant, yet expected, morphological differences
(Figs. 3.41 and 3.42).

relaxed;

arel

increasing energy

at  1.20 arel
ab  0.985 arel

at  1.37 arel
ab  0.961 arel

at  1.54 arel
ab  0.955 arel

at  1.71 arel
ab  0.943 arel

Figure 3.41 Shape of stacks with fixed ∆A0 on the top cisterna.
The bottom cisterna is assumed to have relaxed membrane leaflets. In all
cases, only the preferred reduced monolayer area difference ∆a0 is varied and
the stacks are computed at the same reduced volume and reduced adhesion
strength (v = 0.2, γ = 20). Structures are shown to scale.
15

We believe that the trend shown in this example also holds for curved stacks with a large
number of cisternae. A general study is reserved for the future work.
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xed monolayer area dierence

relaxed

Figure 3.42 Top view of a cisterna corresponding to the fully relaxed stack
(left) and of the top cisterna in the stack with ∆a0 ≈ 1.7 ∆arel (right) as shown
in Fig. 3.41. Both structures are drawn to scale.

As the monolayer area difference is increased, the average radius of the fenestrations in the affected cisterna increases. Additionally, this cisterna also increases in
size in order to facilitate the larger fenestrations (Fig. 3.43). The cisterna with relaxed membrane leaflets, on the other hand, only marginally changes its morphology
and to the most extent conserves its initial value of ∆A. Since the fixed monolayer
area difference represents an additional system constraint, the reduced total energy
increases as ∆A0 increases.
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Figure 3.43 Geometry of a stack corresponding to the structures in
Fig. 3.41. a) Average radius of the fenestrations in the top cisterna and b)
average top cisterna radius as functions of the monolayer area difference in the
top cisterna. All the geometrical parameters are normalised according to those
in the relaxed cisterna.

We can expect a similar structural behaviour on the trans side, although this is
more difficult to explain from the functional point of view. Contrary to the cis side
where ∆A0 arrives passively via normal inter-organelle transport, on the trans side
the leaflet asymmetry has to be first actively generated in order for the vesiculation
and secretion to occur.
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3.3

Biological relevance

Even though we demonstrate the propensity of the Golgi Apparatus stacks to bend,
our model unequivocally predicts much larger overall curvatures than those observed
in nature. In Fig. 3.44 we show examples of stacks with various overall curvatures,
although we note that they are not all equally frequent in experimental observations
– despite the lack of a systematic study, it seems that in reality moderately curved
and flattened stack shapes prevail.
a)

b)

d)

c)

Figure 3.44 Examples of stacks with different overall curvatures.
a) Strongly (dog spermatid cell, adapted from Ref. [78]) and b) moderately
(adapted from Ref. [79]) curved Golgi Apparatus stacks. c) Flattened Golgi
Apparatus stack (adapted from Ref. [79]). d) Three stacks within a single sample with slightly different degrees of overall curvature, implying that
there is a certain amount of flexibility at physiological conditions even among
the structures spatially close to each other (ram spermatid cell, reproduced
from Ref. [80]).

It is therefore a future challenge to identify the mechanisms of the stack flattening and various possible improvements of our model are discussed in Chapter 6.
However, since our results in general agree well with the shapes of the native organelle, it is also possible that there exists a non-mechanical process that determines
a finite stack curvature. In this case a biochemical environment of the cell interior or
a specific composition of the membrane may determine additional parameters that
can then stabilise an otherwise metastable shape. Such parameters can for example
be the preferred bilayer asymmetry ∆A0 , pressure, or surface tension. Trivially, the
shape can also be stabilised by confinement – the stacks are placed between other
organelles in the cell and there may not be enough space for all of them to be curved
maximally.
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Nonetheless, the surface tension and the pressure mechanisms are especially interesting because both σ and p can be manipulated with via different cellular processes (for example cyoskeleton stresses16 or pH). Incidentally, if we compare the
computed surface tensions and pressures of stacks with different overall curvature,
the trend is evident (Fig. 3.45).
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0.2

curved 3

ﬂat

curved 1

curved 2

curved 3

Figure 3.45 Differences between curved stacks. a) Surface tension and
b) pressure as functions of overall stack curvature. As an example we use the
shapes presented in Fig. 3.39. The surface tension and the pressure are normalised with respect to the value of the flat stack. We note that the points are
not plotted to scale in regards to the horizontal axis; rather they qualitatively
illustrate the progressing overall curvature.

The surface tension is positive and visibly decreases as the overall curvature of
the cisternae increases. In the limit of the stomatocyte stack shape it most likely
reaches a plateau, although more work is needed to show this definitely. A similar
behaviour can be observed for pressure, which is negative in the case of flat stack
and then also decreases in magnitude. These dependences indicate that a possible
surface tension-increasing or pressure-increasing mechanism could in principle cause
the stack to prefer the more flattened shape. We note, though, that in order for this
effect to be noticeable, the mechanisms in question would have to generate a significant additional σ or p and at this moment, experimental values associated with
native Golgi Apparatus shapes are not well known. All in all, no other systematic
experimental study focusing on the overall stack curvature under different physiological conditions has to our knowledge been done, thus leaving this an exciting
open problem.

16

We note an interesting possibility – together with actin, spectrin forms an elastic polymer
network which was found underneath the Golgi Apparatus membrane. The network is connected
to the intermembrane proteins and is therefore coupled to the lipid bilayer and can influence its
shape. Due to its elastic properties, it is plausible that the spectrin network exerts a positive surface
tension and thus stresses the cisterna membrane. However, since this has not been systematically
studied yet and the details of the spectrin-Golgi relationship are not known, it is not possible to
predict whether the network can indeed generate a noticeable surface tension.
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Tubular structures

Tubular structures seem to be abundant in the Golgi Apparatus morphology and
the total surface area in the tubular part often exceeds the total surface area of the
cisternae [20]. They connect both adjacent stacks and non-adjacent cisternae within
a single stack and extend outward from the organelle’s outmost cisternae into the
cytosol. The function of these peripheral tubules is not entirely clear. On one hand,
it has been shown that they are not crucial to either form or function of the organelle,
since the ministacks that form upon the partial disintegration and dispersion of the
Golgi Apparatus still maintain their basic shape and functionality [22]. On the
other hand, a reciprocal relationship between vesiculation and tubulation has been
demonstrated, thus indicating that the tubules have at least a supporting role in
the organelle activity [35]. In this case it was observed that upon blocking the
transport vesicles with the brefeldin A toxin, long tubules were formed, connecting
Golgi Apparatus with the target organelles.
In this Chapter we focus on the tubular morphology within the already employed
theory of membrane bending elasticity. We present different equilibrium shapes obtained using numerical minimisation of the free energy and we extensively test their
possible periodicity. In accordance with the fact that no tubules with a pearled
shape have ever been reported in the Golgi Apparatus, we find only non-periodic
solutions. Based on the numerical shapes, we construct analytical models for each of
the identified structures. Finally, we discuss the relevance of our results in the context of Lagrange multipliers, which can be used to effectively discriminate between
different solutions in the cell environment.
With the work presented in this Chapter, we aim to reproduce the basic cylindrical characteristics of the Golgi Apparatus tubules and to demonstrate that the
minimal energy approach introduced in this Thesis works not only for the description
of the central stacks, but also for the peripheral tubules. We thus intend to establish
the first comprehensive mechanical model of the Golgi Apparatus structure.
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4.1

Methodology

Tubular structures in the Golgi Apparatus exist over long periods of time and are
qualitatively impervious to dynamic function-related changes in the organelle morphology. We can therefore assume that they represent relaxed shapes in mechanical
equilibrium. Since the tubules can measure up to several micrometres in length and
the typical tube radii are only a few tens of nanometres, we can consider them as
infinitely long. Additionally, in order to find any periodic structures, such as possible pearled shapes, periodic boundary conditions are additionally assumed. We
therefore analyse a segment with fixed volume V , area A, and length L.
The free energy of one such segment consists of the bending energy combined
with the constraints and their corresponding Lagrange multipliers. The full free
energy functional therefore reads
˛
˛
˛
2
F = 2κ H dA + σ dA − ∆p dV + FL,
(4.1)
where κ, H, σ, ∆p and F represent mean bending modulus, mean curvature, surface
tension, pressure difference, and external force, respectively.
The first term in Eq. (4.1) corresponds to the most basic form of the bending
energy. Since we explore a fixed topology, we do not take into account the Gaussian
bending term, which would contribute merely a constant factor. Furthermore, the
structure is assumed to be relaxed, therefore we do not include the nonlocal bending
elasticity term associated with the ADE theory. Like in the case of Golgi Apparatus
stacks in Chapter 3, the relaxed state is consistent with the transport and exchange
between the tubules and other cell structures. Therefore we conjecture that the
monolayer area difference should vanish (even if it existed at some time) and does
not play an essential role in the shape of linear vesicles. Finally, we consider the
composition of the membrane of the tubular structures – since there is no clear
experimental indication that the membrane is dominated by molecules inducing
large local curvatures, we also neglect the spontaneous curvature by setting C0 = 0.
The free energy is therefore governed purely by bending and promotes large tubule
diameters and flattened shapes.
Unlike most previous studies [81, 82, 83, 84, 85], we do not assume any special
symmetry for the equilibrium tubular shapes (axial, for example) and minimise the
free energy numerically using the Surface Evolver programme package [7]. In order
to produce the phase diagram showing the equilibrium shapes as comprehensively as
possible, we concentrate on different segment lengths and several reduced volumes.
The numerically computed minimal energy solutions have to be tested to establish whether the segment indeed represents a basic shape unit, implying that the
whole structure is truly periodic. This is done by multiplying the segment solution
and thus creating a new structure made of an arbitrary number of shape segments.
The latter is then slightly perturbed and left to relax towards a new minimal energy.
If the shape does not change, i.e. remains composed of the previously calculated segments, the structure is deemed periodic with the calculated segment representing
the basic unit shape. On the other hand, if the shape does change, the tubule is
not periodic, but rather adopts a more nontrivial morphology and V , A, and L
now correspond to the total volume, surface area and length of the whole tubule,
respectively (Fig. 4.1).
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segment shape

doubled segment shape

L, A, V

2L, 2A, 2V

alternative doubled shape

Figure 4.1 Schematic representation of the periodicity testing procedure. The segment shape is first computed by minimising the free energy
[Eq. (4.1)]. The shape is then doubled, which also doubles the structure’s
length L, surface area A, and volume V . The minimisation is performed again
and if the overall shape of the doubled morphology changes (i.e. does not retain
the original doubled appearance) the whole shape is non-periodic.

4.2

Shapes of tubular membranes

4.2.1

Segment shapes

We first note that there is only one combination of volume, surface area, and segment
length where a trivial, purely cylindrical solution can be found. Cylinder segment
length Lcyl , radius rcyl , and free energy Fcyl can be expressed in terms of the reduced
volume v as:
r
r
v A
9
1
3 A
,
rcyl =
,
and
Fcyl = πκ 2 ,
(4.2)
Lcyl =
2v π
3 π
2 v
respectively. Upon numerical free energy minimisation at fixed reduced volume and
varying segment length we identify four1 distinct segment motifs which in different
ways relate to the basic cylindrical shape (Fig. 4.2).

Branches A1, A2

Branch B

Branch C

Figure 4.2 Four numerically calculated segment shapes: snake-like
shape (branch A1), helical shape (branch A2), tube with ellipsoidal body
(branch B), and tube with discoidal body (branch C). Figures represent qualitative solutions and do not correspond to the same value of segment length
and reduced volume.
1

The phase space was extensively examined and no other solutions were found. We tested
each of the structures by moderately perturbing its shape and re-minimising the free energy, thus
making sure that they represent locally stable solutions.
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The morphologies of noncylindrical segments (L 6= Lcyl ) include planar snake-like
(branch A1) and helical shapes (branch A2). We also find tubular structures with
an axisymmetric ellipsoidal body (branch B) or a flat discoidal body (branch C).
All these shapes differ not only in their morphology and free energy, but also in
the values of Lagrange multipliers – surface tension, external force, and pressure
difference. In general we find that the tubular shapes tend to proceed towards
predominantly cylindrical structures as we decrease the reduced volume and reach
biologically relevant values (v  0.1). Below we describe the four types of solutions
in detail.
Branches A1 and A2
Structures in branches A1 and A2 (L < Lcyl ) adapt to the constrained segment
length by maintaining a circular cross-section and by bending along either a planar or
a spatial curve, respectively (Figs. 4.3 and 4.4). In both cases, the tube radius is very
close to the cylinder radius and is therefore with great accuracy given by Eq. (4.2).
The free energy is equally similar to that of the cylinder and the agreement is
especially good in the limit of very small reduced volumes. With decreasing reduced
volume, the tube radius also decreases and, in the case of branch A2, the radius
of the loop increases greatly. In this limit, the whole structure is deemed locally
straight and only a negligible bending energy is due to the global loop curvature.
The same also holds qualitatively for the branch A1.

Figure 4.3 Geometry of snake-like structures in branch A1. Shapes
are shown to scale and are computed at v = 0.35. The segment lengths increase
from left to right.

Figure 4.4 Geometry of helical structures in branch A2. Shapes are
shown to scale in frontal view (along the axis of helix) and correspond to
v = 0.3. The segment lengths increase from left to right.

Due to the specific shape of the snake-like and the helical structure, we can
easily fit any given total length within a chosen segment length. The excess tube
length relative to Lcyl grows as the segment length is decreased, which affects the
wave amplitude and the loop radius. Both quantities increase dramatically in order
to accommodate the excess length – snake-like and helical structures can be thus
interpreted as length reservoirs. Finally, we note that these structures can theoretically accumulate infinite lengths at very small energy costs compared to the cylinder
energy, thus making them very effective reservoirs.
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Branch B
Contrary to branches A1 and A2, the structure in branch B incorporates a nontubular motif and it is at the same time the only morphology that can be found in
the regime of L > Lcyl . The whole structure consists of a long cylindrical tube and
an axisymmetric ellipsoidal body (Fig. 4.5). The radius of the cylindrical portion is
similar to rcyl but not exactly equal to it, and the difference increases as the segment
length further departs from Lcyl .
The cylindrical part represents the majority of the structure, which is even more
evident at small reduced volumes. The axisymmetric body thus serves to store the
excess volume and surface area which cannot be accommodated in the cylindrical
portion. Due to its bulk shape, it can store large amounts of volume at minimal
surface area, which is why we interpret it as a volume reservoir.
The shape of this reservoir varies only little with the reduced volume and the
change is restricted to the ratio between the lateral and the length-wise dimensions of
the ellipsoidal body. The shape readjustment is more apparent if the segment length
is varied. In this case, the size of the reservoir depends on the difference between
L and Lcyl and can be large for large segment lengths, albeit never predominant
(Fig. 4.5).
L = 1.03 Lcyl

L = 1.17 Lcyl

L = 1.31 Lcyl

L = 1.39 Lcyl

Figure 4.5 Geometry of the tube with an ellipsoidal body in branch B
at v = 0.3 and several values of segment length L (drawn to scale). If L ≈ Lcyl ,
the ellipsoidal body in the centre is barely noticeable but gets more pronounced
for larger segment lengths. If the segment length is further increased, the size
of the body increases too, albeit less and less at large L.

Branch C
Branch C is found in the regime of L < Lcyl and contains structures similar to those
in branch B. They are comprised of a cylindrical part and a flat discoidal body
which is parallel to the cylinder axis (Fig. 4.6). In contrast to the volume, which is
contained mainly within the rims, the majority of area is actually stored in the flat
central part of the discoidal body. As the reduced volume is decreased, the relative
length of the cylindrical part increases while maintaining the tube radius close to
rcyl . In order to facilitate this, the excess volume and surface area accumulate in the
discoidal body. Since the flattened structure can store area much more efficiently
than volume, it can be regarded as an area reservoir.
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a)

b)

Figure 4.6 Geometry of the tube with a discoidal body in branch C.
a) Numerically computed solution at v = 0.2 and L = 0.5 Lcyl . b) Transverse
cross-section of the flat discoidal body corresponding to the widest part of the
structure (marked by dashed line) and its contour shown for greater clarity.

It has to be stressed that the flat central part of the discoidal body is only one
possible shape conformation. In our numerical analysis, it is enforced manually for
numerical convenience and the only thing that can vary then is the diameter of the
flat zone. Since this is an artificial condition, we explore the possibility of a curved
body using a simple analytical model presented in Section 4.2.3.

4.2.2

Testing periodicity

In order to construct the phase diagram, we must make sure that the segment shapes
described in Section 4.2.1 indeed represent the equilibrium solutions. We especially
focus on possible periodic structures that are comprised of successive segment units
and can thus resemble some of the shapes observed experimentally2 [86, 87]. As we
show below, no such pearled structures are stable within our framework.
Each of the branches is tested the same way – the segment shape solution is doubled and the bending energy is re-minimised. The process is illustrated in Fig. 4.7,
where we first concentrate on the structures in branch C. We find that the doubled
structure with two discoidal bodies transforms into a shape with a longer cylindrical
+
F0

F0

2F0

F1 < 2F0

Fn-1 < nF0

Figure 4.7 Multiplication followed by energy minimisation to establish a stable vesicle shape. Shown here is branch C. F0 denotes the energy
of original segment structure and F1 is the energy of readjusted doubled segment shape. After the original segment structure is further multiplied, the
energy of the final structure is compared to the corresponding multiple of the
energy of the initial shape.
2

We discuss these and similar experimental results in Section 4.4.
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part and a single, slightly larger but otherwise almost identical body. The energy
of this merged structure is lower than the energy of the periodic one. If we repeat
the procedure further and quadruple the segment shape, we find that the energy
decreases with each additional multiplication, thus demonstrating that there are no
periodic solutions within branch C.
The structures in other branches transform in the same manner and none of them
retains the periodic nature. The shapes in branch B transform into a structure with a
long cylindrical portion and a single enlarged axisymmetric body and in this respect
closely resemble those in branch C. On the other hand, the shapes in branches A1
and A2 develop into structures with only one wave or turn, respectively, but the
loop radius and the amplitude increase greatly (Fig. 4.8).
a)

b)

nF0 > Fn-1

nF0 > Fn-1

Figure 4.8 Schematic representation of the multiplication process.
Here we focus on a) snake-like branch A1 and b) helical branch A2. Both
structures transform upon doubling and subsequent energy minimisation and
are thus not periodic. Symbols used here are the same as in Fig. 4.7.

Based on the numerical results, which provide us with the equilibrium shape of
the structures in each branch, we can alternatively test the periodicity by directly
comparing two initial segment structures at different reduced volumes. The latter is
especially practical when using the analytical solutions where this kind of analysis
would not be possible without knowing the exact final non-periodic shape. As we
double the segment, its volume, surface area, and total length are also doubled
(Fig. 4.9) and therefore the reduced volume of the new structure is decreased:
1
vnew = vold √ .
2

(4.3)

The comparison can be now done between the doubled energy of the single segment
at vold and the energy of the new structure at vnew .

Fold

Lold
Aold, Vold

Fnew

 vold

Lnew = 2Lold
Anew = 2Aold, Vnew = 2Vold

 vnew = vold/√2

Figure 4.9 Alternative method of testing periodicity. In this case we
compare two segment shapes at two different reduced volumes. The original
doubled structure with energy 2Fold is compared to the structure with a smaller
reduced volume and energy Fnew .
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All in all, by using a general numerical approach we cannot find any periodic
solutions. Even more, our results point to special significance of the cylindrical
shape, which dominates over other morphological motifs. We believe that the latter
appear in the form of bulk or flattened body only to facilitate the existence of the
cylindrical portion. The global equilibrium shape of the tubular segment in each
specific branch therefore depends only on the reduced volume and segment length.
We note at this point that the choice of the periodic boundary conditions still
holds. It does not indicate that the structures are periodic themselves but rather
enables us to numerically model open surfaces.

4.2.3

Analytical models

Numerical minimisation of the energy [Eq. (4.1)] is impractical at small reduced
volumes v. As already mentioned, we find that the mesh density required for a
satisfactory description of a three-dimensional surface greatly increases with the
decreasing reduced volume. In general, the mesh elements have to be smaller than
the finest morphological feature in the whole structure; in our case the cylinder
and the rim radii of the discoidal body. Since both radii decrease with decreasing
reduced volume, the complexity of the calculation and the time required increase
vastly. It is thus essentially impossible to obtain numerical solutions at biologically
relevant reduced volumes (v  0.1).
In order to be able to study the system at these small reduced volumes, we
construct analytical models for the three distinct branches. After showing that they
agree with the exact numerical solutions, we use them to construct the phase diagram
of all the shapes in the limit of small v.
Branches A1 and A2
The snake-like and the helical branch are energy-wise very close to one another and
can be numerically difficult to distinguish due to this small energy barrier. This is
especially challenging in the limit of small reduced volumes where pure snake-like
and helical shapes tend to be easily contaminated in the sense that the snake-like
and helical characteristics mix (Fig. 4.10a). We therefore perform the comparisons
at a reduced volume large enough where we can guarantee the distinguishability of
both branches. Later on we use the analytical model for the solutions at small v.
a)

b)

Figure 4.10 Shape contamination at L < Lcyl . a) Front view of a structure demonstrating mixed helical and snake-like features that happens either
at small v or at lengths close to Lcyl . The grey silhouette represents a purely
helical shape. b) Side view of a different structure showing mixing of all three
branches – the snake-like modulation is combined with the helical one and a
flattened discoidal body of branch C is superimposed onto the whole structure.
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Let us first concentrate on the energetically lower helical branch. The structure
is modelled as a tube wrapped around a helix and can be parameterised as:
crc sin t sin θ
x = cos t (R + rc cos θ) + √
,
c2 + R 2
crc cos t sin θ
,
y = sin t (R + rc cos θ) − √
c2 + R 2
Rrc sin θ
z = ct + √
.
c2 + R 2

(4.4)

Here θ denotes the angle of the tube [θ ∈ (0, 2π)] and t ∈ (0, 2π). R and rc
correspond to the radius of the helix and the radius of the tube, respectively, and
2πc is the helix pitch (Fig. 4.11).

2R

2rc
2πc

Figure 4.11 Analytical model used for the helical branch A2. R and
rc correspond to the helix and tube radius, respectively and 2πc is helix pitch.

The volume, surface area and segment length can be then expressed as
√
V = 2π 2 rc2 c2 + R2 ,
√
A = 4π 2 rc c2 + R2 ,
L = 2πc.

(4.5)
(4.6)
(4.7)

The bending energy is also easily calculated and reads
3/2

π (c2 + R2 )
F = 8πκ q
.
2
2
2
2
2
4rc (c + R ) − R rc

(4.8)

Now we compare the free energies of the numerically and analytically obtained
solutions at v = 0.3 and even though we choose a rather large reduced volume,
we find that they agree extremely well (Fig. 4.12a). Since we cannot compute the
equilibrium solutions at any given large mesh density, we compute all the energies at
a fixed low resolution, which is still high enough to successfully describe the details
of the structure. We then pick a sample structure and, using several mesh densities,
extrapolate the energy to infinite resolution (Fig. 4.12b). The percentage of the
increase in the energy is then used to estimate the energies at infinite resolution for all
the other points in the plot3 . The extrapolated energy corresponds exceptionally well
to the analytical prediction. In this case, the relative difference between numerical
and analytical solutions is much less than 1 % and well within the estimated errors.
3

We assume that all the low-resolution energies increase by the same amount, because the
shapes are similar and the energies change marginally as the segment length is varied. By doing
so, we assume that mesh refinement affects all the shapes in the same way.
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Figure 4.12 Energy of the helical branch A2. a) Comparison of the
extrapolated numerical energy (dashed line) and analytical energies (solid line)
as a function of the segment length at v = 0.3. The errors are estimated
numerically to qualitatively show the effects of the shape contamination; in this
case with the snake-like solution. b) Typical energy extrapolation where the
shape is tested at three subsequent mesh densities and each level has four times
larger number of facets. The energies are fitted using an exponential ansatz
E∞ + ae−x , where E∞ gives the predicted energy value at infinite refinement
and x = log4 N/N0 +1. N represents the number of vertices, whereas N0 is the
number of vertices in the initial mesh. The process of energy extrapolation and
mesh-related error estimation described here is also used in Figs. 4.13-4.37.

The comparison of geometrical parameters furthermore shows the quality of the
agreement and all the analytical results land within, or very close to, the conservatively estimated error bars. We find that the tube radius does not change with the
segment length and remains equal to the cylinder radius rcyl throughout the tested
range of L (Fig. 4.13a). The discrepancy between the numerical and analytical results is again very small (∼ 1 %) and originates almost exclusively from the errors
due to the mesh resolution.
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Figure 4.13 Geometrical parameters of helical structures in
branch A2. a) Radius of the helical tube rc as a function of the segment
length L. The analytical results exactly agree with the value of the cylinder
radius [Eq. (4.2)] and do not vary with L. b) Loop radius R as a function of
the segment length.

92

1

4.2. Shapes of tubular membranes
Since the tube radius does not depart from the cylinder value, the geometrical
frustrations stemming from the discrepancy between L and Lcyl are compensated
by the loop radius R. The radius increases as the segment length is decreased
(Fig. 4.13b). This is anticipated and reflects the role of the branch as the length
reservoir. The model, however, breaks down at segment lengths smaller than 4rc ,
where the structure is compressed to the point where the tube starts to self-intersect.
In this limit, the helical backbone shape is expected to deform and the tube radius
would most likely decrease, which would then affect the loop radius [88]. It is also
reasonable to additionally assume that the structure would probably not maintain
a circular tube cross-section but would deform to facilitate close packing.
Helical structures represent the energetically lower solution of the doublet of
branches A1 and A2. However, due to their geometry they require significantly
more space. We therefore consider a more compact, two-dimensional snake-like
morphology, which can be more suitable for confined environments (e.g. cell interior).
We stress that the shapes in helical and snake-like branch do not differ substantially
and the energy barrier between them is small. It is therefore possible for both shapes
to easily dynamically transform from one to another and thus adapt to specific
external conditions and physical constraints.
We model the snake-like branch by using a sinusoidal backbone function with a
tube wrapped around it (Fig. 4.14a). The parameterisation valid at segment lengths
close to Lcyl is:
x = rc sin θ,
crc cos θ
,
c2 + R2 cos2 t
Rrc cos t cos θ
z = ct ± √
,
c2 + R2 cos2 t
y = R sin t ∓ √

(4.9)

where the top and bottom signs correspond to t ∈ (0, π) and t ∈ (π, 2π), respectively.
The volume, surface area, segment length, and bending energy are too tedious to be
spelled out.
L
a)

b)

c)
R

L
R

rc

Lc

rc

Figure 4.14 Analytical models used for the snake-like branch A1.
a) Sinusoidal model relevant for segment lengths close to Lcyl . b) Toroidal
model used to describe the rest of the branch. c) Schematic representation of
a possible snake-like shape at extremely small segment lengths. This regime is
not covered in our analytical analysis.

As the segment length is decreased, the tubular shape is compressed and the
sinusoidal ansatz is no longer adequate. In the extreme limit it cannot even satisfy the conditions of fixed v and L any more. We therefore devise an alternative
structure, which we use to describe the part of the branch which is significantly far
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from Lcyl . The shape is comprised of two toroidal halves connected by a straight
cylindrical part (Fig. 4.14b). We note that even this shape does not represent a universally applicable approximation, since the tubular structure is deformed further as
L is decreased (Fig. 4.14c). However, at small reduced volumes relevant in cellular
environment, this happens at segment lengths so low that they do not represent the
focus of our analysis.
The geometric constraints in the case of the toroidal structure are
V = 2π 2 Rrc2 + Lc πrc2 ,
A = 4π 2 Rrc + 2Lc πrc ,
L = 4R

(4.10)
(4.11)
(4.12)

with the corresponding bending energy
F =

8π 2 κR2
Lc
p
+ πκ .
rc
4rc R2 − rc2

(4.13)

The relative validity of each model is clearly illustrated in Fig. 4.15. In the
case of v = 0.35, the sinusoidal solution agrees very well with the numerical results
roughly down to L ≈ 0.7 Lcyl . If the segment length is further decreased, the energy
calculated using the sinusoidal model diverges, which is mostly due to the small
curvature radii in the extremal parts of the sine curve. This problem is resolved by
a gradual transition from the sinusoidal shape to the toroidal model, as is observed
numerically. The curvature radius in the extremal points of the structure can be thus
larger, which in turn lowers the total bending energy. We see that even this model
eventually diverges (roughly at L ≈ 0.3 Lcyl ) and for extremely small L morphs into
a shape depicted in Fig. 4.14c. The reason for the shape modification is the same
as before and serves to enable the toroidal radius to be as large as possible. The
values of the segment length where transitions between different analytical models
occur vary as the reduced volume is changed. In general they move towards smaller
segment lengths if v is decreased. The validity of both models is therefore extended
in the biological limit and thus we believe that the analysis of the third, modified
toroidal model is not necessary.
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Figure 4.15 Energy of the snake-like branch A1 as a function of the
segment length at v = 0.35. The comparison of analytical and numerical
results demonstrates that the sinusoidal approximation holds remarkably well
for L ∼ Lcyl . It breaks down at smaller segment lengths, where the numerical
results are more accurately described by the toroidal model.

94

4.2. Shapes of tubular membranes
Analogous to results for the helical branch, the tube radius of the snake-like structures in branch A1 remains constant and equal to the cylinder radius (Fig. 4.16a)
for any segment length. The amplitude of the whole structure, however, changes
substantially and is defined differently for the two models. In both cases it is determined as a measure of the lateral size of the structure regardless of its specific
morphology. In the sinusoidal model, it is simply equal to R, whereas in the toroidal
model it is given by R + Lc /4. In the case of the exact numerical results, it increases
monotonically and seems to reach a plateau at low segment lengths. The plateau
is a consequence of internal compressions and deformations of the tube – as the
segment length is decreased the amplitude of the sinusoidal tube is increased almost
linearly. If segment length is further decreased, the tubular shape transforms towards the structure shown in Fig. 4.14c. In this case, some of the excess length is
accumulated in the longitudinal direction, thus suppressing the increase in lateral
amplitude. This effect should become even more evident at extremely small lengths
where even the tubular radius is expected to be readjusted due to the tight packing
of the tube.
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Figure 4.16 Geometrical parameters of structures in the snake-like
branch A1. a) Tube radius and b) amplitude of the structures as functions of
segment length. Both panels are shown at v = 0.35 and combine the sinusoidal
and the toroidal model.

The agreement between the analytical and numerical solutions in regard to the
amplitude of the structure is in this case visibly worse than for the helical branch.
The discrepancy can be attributed solely to the lower quality of the shape approximation. In contrast to the helical branch, where the numerical solution was a tube
wrapped around a true helix, the structures here are not exactly sinusoidal or such as
assumed in the toroidal model. The mismatch between the numerical and analytical
results is therefore expected and noticeable especially at small L (Fig. 4.17).
We additionally note that the energies of both two-dimensional snake-like and
three-dimensional helical branch gradually decrease as the reduced volume is decreased, and are equal to the value of the free energy of a pure cylinder Fcyl . This
is expected since even though the tube radius in both branches decreases with v, it
still always remains the same as the corresponding cylinder radius. The amplitude,
on the other hand, increases. As it does so, the curvature radius in the extremal
points increases, thus decreasing the bending energy associated with the curvature
of the loop or the wave.
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a)

b)

Figure 4.17 Comparison of analytical and numerical results in the
snake-like branch A1. a) Sinusoidal model at L = 0.91 Lcyl , where we
show the backbone and radius of the tube in the analytical model (yellow).
b) Toroidal model at L = 0.58 Lcyl . The analytical solution (yellow) differs
from the numerical one but nevertheless qualitatively captures the right behaviour. Both panels correspond to the shapes with v = 0.35.

The helical and snakelike shapes described in this Section are reminiscent of buckled rods confined between parallel walls known as the Euler-Kirchhoff filaments. The
shape of these filaments under a compressive axial force and/or torque is one of the
classical results in theoretical elasticity and the deformations involve both bending
and torsion. The solutions of the equations describing mechanical equilibrium of
these rods are intuitive and omnipresent, since they correspond to many everyday
situations and processes – twisted wires, coiling in sub-oceanic cables, and biological
filamentous structures such as DNA.
The shapes of Euler-Kirchhoff filaments can be divided into two main classes –
spatial and planar deformations. In general, the filament shapes can exhibit morphological features from both classes. Spatial shapes correspond to the helical filaments
and are analogous to structures in branch A2 (Fig. 4.18).

Figure 4.18 Helical Euler-Kirchhoff filaments. a) Frenet helix devoid of
internal twist (visualised using the pattern on the filament). Panels b) and
c) illustrate the effect of different handedness of the helix itself and of the
internal twist. All the shapes are computed at the same number of loops and
pitch (adapted from Ref. [89]).

The planar structures exhibit a greater variety of shapes. Apart from the trivial
solutions, such as a closed circular loop and a straight rod, we find several families
of shapes which represent different modes of buckling of an elastic rod (Fig. 4.19).
We note that structures in Fig. 4.19a closely resemble the shapes found in branch
A1 and agree with the three types of solutions shown in Fig. 4.14.
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Figure 4.19 Planar Euler-Kirchhoff filaments. a) Shapes which closely
resemble structures in branch A1 – all of them correspond to the same type
of the buckling deformation, albeit with different amplitudes. b) Alternative
planar shapes obtained by varying the parameters in the Euler-Kirchhoff equations. All figures are adapted from Ref. [89].

A direct comparison between the shapes in branches A1 and A2 and EulerKirchhoff filaments requires some care. We first note that due to the volume and area
constraints, the tube radii in both branches remain the same as the corresponding
cylinder radius and do not change as L is varied. The total length of the tube also
stays equal to Lcyl . The total bending energy of the snake-like and the helical shapes
can be divided into the term due to the curvature of the tube cross-section 1/rcyl
and to the term due to the global deformed shape due to the bent backbone. In the
snake-like and helical shapes, the former is virtually identical at almost all ratios
L/Lcyl and can thus be regarded as a constant energy offset. The relative increase
of energy depends only on the overall shape of the snake-like or helical structure.
In this sense, the structures in branches A1 and A2 are similar to filaments – since
the latter do not possess a lateral tubular dimension, their energy depends only on
their global deformation. Of course, the similarity is valid only for thin tubes where
rcyl  Lcyl – in the case of thick tubes, the backbone shape can be influenced by the
sterical frustrations due to the reduced pliancy and the arguments presented above
do not hold any more4 . Additionally, we stress that none of the solutions shown in
Fig. 4.19a display internal twist which may be necessary for the shape stabilisation
(e.g. in the trivial cases shown in Fig. 4.20 and even more so for the more complex

Figure 4.20 Shapes of Euler-Kirchhoff filaments with internal twist.
We show trivial examples of a) a closed circular loop and b) a straight rod
(adapted from Ref. [89]).
4

The analysis of thick tubes is not relevant in the context of real biological shapes and is as
such outside of the scope of this work. However, there exist several papers focusing on the problem
of closely packed structures (typically helical), which employ the concept of global curvature in
order to avoid sterical issues, such as self-intersection [88, 90, 91].
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shapes). This represents a major conceptual difference between the elastic filaments
and biological tubules which cannot accommodate twist – the monolayers in the
lipid membrane can glide relative to each other and the lipids can diffuse easily
within one monolayer.
Branch B
The structure in branch B is approximated by a cylindrical segment of radius rc and
length Lc connected to an axisymmetric body. We model the body in three different
ways: i) as a sphere, ii) as a spherocylinder, and iii) as an ellipsoid (Fig. 4.21). The
latter represents an ansatz that is expected to fit to the numerical solutions the
best. However, it is also computationally the most complicated and the most timeconsuming model. Additionally, the ellipsoidal body approximation differs from the
other two by the way the cylindrical part and the body are connected – in spherical
and spherocylindrical body model, both parts fit tightly, whereas in the ellipsoidal
model the juncture is more artificial. This decreases the accuracy of the otherwise
precise ellipsoidal ansatz and makes it comparable to the other two mathematically
simpler models. Since we cannot gauge the quality of these approximations in advance, we therefore consider all three models. By comparing them to the numerical
solutions we wish to determine to what extent the exact axisymmetric body shape
influences the overall free energy and morphology.
a) model with spherical body

Lc
RS

rc

x

b) model with spherocylindrical body
Lc
rc

b

x
a

c) model with ellipsoidal body
Lc
b

rc
a

Figure 4.21 Analytical approximations for the tube with an ellipsoidal body in branch B. a) Model with a spherical body of radius Rs ,
representing the simplest and the most crude approximation. b) Model with
a spherocylindrical body constructed using two hemispheres of radius b and a
cylindrical part of length a − b in between. c) The most exact model assuming an axisymmetric ellipsoidal body with semiaxes a and b. In this case, the
juncture between the body and the cylindrical portion is less exact.
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The volume, surface area, segment length, and free energy for all three models
are as follows. The results of energy minimisation are collected in Fig. 4.22.
Spherical body model:

4
πx
V = πrc2 Lc + πRs3 −
3rc2 + x2 ,
3
3
A = 2πrc Lc + 4πRs2 − 4πRs x,
L = Lc + 2Rs − 2x,


p
1 Lc
x
F = 8πκ 1 +
−
, x = Rs − Rs2 − rc2 .
8 rc
Rs

(4.14)

Spherocylindrical body model:

4
πx
3rc2 + x2 ,
V = πrc2 Lc + 2πb2 (a − b) + πb3 −
3
3
2
A = 2πrc Lc + 4πb(a − b) + 4πb − 4πbx,
L = Lc + 2a − 2x,


p
1 Lc a − b x
F = 8πκ 1 +
−
, x = b − b2 − rc2 .
+
8 rc
4b
b

(4.15)

Ellipsoidal body model:
4
V = πrc2 Lc + ab2 π,
3 


a2 arccos (b/a)
A = 2πrc Lc + 2πb b + √
,
a2 − b2
L = Lc + 2a,

1 Lc
F = 8πκ
+
8 rc



ˆ π ˆ 2π 2
a sin(v) 3a2 + (a2 − b2 ) cos(2v) − 2 cos(2u) sin2 (v) + 5b2



5/2
0
0
256πb sin2 (v) a2 sin2 (u) + b2 cos2 (u) + a2 cos2 (v)
a) 2.5

2

(4.16)
!
dudv .
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Figure 4.22 Energy of the tube with an ellipsoidal body in branch B
as a function of segment length for a) v = 0.3 and b) v = 0.2. In both panels we
compare the three analytical models presented in Fig. 4.21 to the extrapolated
numerical solutions at infinite mesh resolution.
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The analytical models agree with the numerical solutions and show a monotonic
increase of free energy with the segment length. The increase is approximately linear,
indicating that the external force associated with the segment length constraint is
positive and roughly constant. As expected, the ellipsoidal body model agrees with
the numerical results best. The quality of the analytical approximations increases
as we decrease the reduced volume; the mismatch in the case of the ellipsoidal body
model, for example, decreases from ≈ 7 % at v = 0.3 to ≈ 4 % at v = 0.2. For the
smaller reduced volumes which we may see in the cell, the accuracy is improved even
further. The good agreement between the models and the numerical solutions is evident especially as we concentrate on the cylindrical part of the structure (Fig. 4.23).
The radius decreases as L departs from Lcyl and is correlated with the increase of
the length of the cylinder part.
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Figure 4.23 Radius of the cylindrical part of structures in branch B
plotted as functions of segment length for a) v = 0.3 and b) v = 0.2. In both
cases the analytical and the numerical solutions nearly overlap.

The ellipsoidal body itself, on the other hand, is approximated less succesfully
(Fig. 4.24). However, the analytically calculated values for the minor semiaxis b
agree with numerical solutions noticeably better than those for the major semiaxis a.
The discrepancy stems from the fact that in the general numerical results there is
no natural boundary between the cylindrical part and the ellipsoidal body. The
numerical values for a are therefore difficult to discern and can be compared to
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Figure 4.24 Geometry of the ellipsoidal body in branch B. Semiaxes
of the spherocylindrical and ellipsoidal body model as functions of segment
length at a) v = 0.3 and b) v = 0.2 compared to the numerical results.
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analytical ones only qualitatively. On the contrary, the results for the minor semiaxis
do not bear the same setbacks – the lateral dimension of the body is well defined
and can be determined with a high accuracy.
The good agreement between numerical and analytical results is best illustrated
graphically (Fig. 4.25). Again, even though the shape of the ellipsoidal body is
approximated only roughly, the overall geometrical parameters agree rather well.
Moreover, as the reduced volume is decreased, the relative dominance of the cylindrical part is increased, thus even further reducing the necessity of meticulously
describing the shape of the body. By combining the geometrical results with the
energy solutions, we therefore confirm that the precise geometry of the body indeed
does not matter very much.

Figure 4.25 Comparison of solutions in branch B. Analytical solutions
using the three models (yellow) are shown superimposed on the numerically
obtained structure at L = 1.18 Lcyl and v = 0.2.

Branch C
The simplest possible ansatz that describes the flattened discoidal body in branch
C is comprised of a cylindrical part and a torus or a torus section with a flat circular
membrane parallel to the tube (Fig. 4.26).
a)

b) full torus model
R

Lc
r

rc

R

r
truncated torus model
R
r r

L

Figure 4.26 Analytical approximation of tube with a discoidal body
in branch C. a) Schematic representation of the whole structure in top view.
b) Two variants of the discoidal body cross-section shape, which differ in the
way the rim portion is approximated. The cross-sections correspond to the
part of the circular structure marked by the vertical dashed line.
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In general, the specific shape of the flattened membrane structure is very complicated5 and all the details cannot be taken into account in an analytical model.
In order to be able to see the effect of different approximate geometries, we consider
two models of the body: i) a full torus with a flat membrane in between (referred to
as the full torus model) and ii) a truncated torus (outer half of the torus connected
to a flat part descending at 45◦ ; referred to as the truncated torus model) with a
flat membrane. The flat parts where two membrane leaflets touch due to the low
reduced volumes are the same in both versions of the body.
In the case of the full torus model, the volume, surface area, segment length, and
the bending energy read
V = πrc2 L + 2π 2 Rr2 ,
A = 2πrc L + 4π 2 Rr + 2π(R − r)2 ,
L = L + 2(R + r),
L
R2
F = πκ + 2π 2 κ √
,
rc
r R2 − r 2

(4.17)

respectively, and in the truncated torus model they are given by

1
2 
π(4r + 3πR)r2 + 2πR2 r + Lc πrc2 − π R3 − (R − r)3 ,
3
3
√
2
A = 2π(R − r) + 2 2πr(2R − r) + 2πr(2r + πR) + 2Lc πrc ,
L = L + 2(R + r),
h
q


i 

R−r
2
−1
−1 √ r−R


R
5
tan
+
4
tan
R+r
Lc
R2 −r2
√
+
F = 8πκ 1 +
. (4.18)


8rc
2r R2 − r2

V

=

Both for v = 0.2 and v = 0.3, the truncated torus model corresponds to the
numerical results much better than the full torus model (Fig. 4.27). The relative
error of the latter is as much as 13 % (at v = 0.3). This is considerable even if we
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Figure 4.27 Energy of the tube with a discoidal body in branch C.
Energy as a function of segment length at a) v = 0.3 and b) v = 0.2. Both
panels show the comparison of two analytical models and numerical solutions.
5

The global shape of the body is not circular but rather elliptical. Since it would be much more
complicated to use the ellipsoidal torus approximation, we first limit ourselves to circular shapes
and only if these prove not to be adequate enough, we resort to an alternate body model.
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do not compare it to the truncated torus version where the corresponding error is
much less than 1 %. The accuracy of both models increases as the reduced volume
is decreased – the error in the case of the full torus model decreases from ≈ 13 % to
≈ 7 %. The increase in the accuracy of the truncated torus model is less extreme,
since the approximation works very well also in the limit of large v. All in all, the
circular body approximation holds well enough so that there is no need for a more
detailed model, especially since any upgrade would be computationally much more
demanding.
We wish to point out, though, that the analytical models cannot be applied to the
whole regime of the segment lengths, because the numerically obtained solutions vary
visibly along the branch. For L ∼ Lcyl , the membrane leaflets in the discoidal body
do not touch any more and the body resembles an elongated discocyte (Fig. 4.28a).
In the other limit where the segment lengths are very small, the cylindrical part
vanishes and the flattened body becomes the only part of the whole structure. In the
extreme case, the shape evolves into a constricted ribbon which no longer resembles
the typical structure of branch C (Fig. 4.28b). Since these two variations in shape
occur either at very high or very low L and do not represent a significant portion of
the branch, we refrain from modelling them analytically.
a)

b)

Figure 4.28 Examples of unconventional shapes in branch C. a) Structures at L ≈ Lcyl exhibit a discoidal body where the membrane leaflets do not
touch. b) Shapes found in the regime of L  Lcyl where the structure is too
confined to develop a tubular part. The left and right part of both panels show
the full shape and the transverse cross-section at the position marked by the
dashed lines, respectively.

The geometrical parameters vary in a qualitatively similar manner at all reduced
volumes v (Figs. 4.29 and 4.30). We find that both body size and radius of the cylindrical portion decrease as the segment length approaches Lcyl . The most significant
difference is observed in the semiaxes of the body which decrease considerably along
the range of segment lengths explored here. Nonetheless, the whole structure remains oblate and elliptical. The eccentricity, on the other hand, varies along the
branch, which is especially evident at small v, and is larger at small segment lengths.
We note also that the comparison of the analytical and numerical results is only conditional, since both our models incorporate a circular body. Nevertheless, we can
see that the analytically calculated torus radius decreases with the segment length,
which is consistent with the numerical results. The magnitude of the radius naturally differs from both semiaxes, because the two shapes differ too much. The
difference is less pronounced at small v, where the cylindrical part becomes more
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and more dominant and the details of the body morphology become less significant.
The rim radius of the body changes less with the segment length (by ≈ 30 % along
the whole range explored here) and is closer to the values of the tube radius, albeit
always slightly smaller. In both models the tube radius decreases as the segment
length is increased and, as expected, approaches the pure cylinder value rcyl .
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Figure 4.29 Geometrical parameters of the tube with a discoidal
body in branch C. Rim radius of the body and its semiaxes as functions of
segment length L at a) v = 0.3 and b) v = 0.2. Both panels compare the two
analytical models to the numerical solution.
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Figure 4.30 Geometrical parameters of the tube with a discoidal
body in branch C. Radius of the tube in the cylindrical portion as a function
of the segment length L at a) v = 0.3 and b) v = 0.2. Panels show the
comparison of the two analytical models and the numerical solution. In the case
of v = 0.3, the breakdown of the model is visible at small L and corresponds
to the shape transition as demonstrated in Fig. 4.28b.

As in the case of branch C, the analytically calculated overall shape of the segment agrees with the numerical solution. The geometrical parameters resulting from
the analytical and numerical model are of similar orders of magnitude and the final
shapes have qualitative similar appearance (Fig. 4.31). As expected, the mismatch
is most visible in the description of the flattened reservoir, but has little effect on the
rest of the structure. Additionally, the disagreement attributed to the crude analytical model decreases at small reduced volumes that we are ultimately interested in.
Interestingly, apart from the difference in the energy, both analytical approximations
predict almost identical geometrical parameters.
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Figure 4.31 Comparison of solutions in branch C. Analytical solutions
(yellow) are shown superimposed on the numerically obtained structure at
L = 0.57 Lcyl and v = 0.2.

Even though we find that the shape of the cross-section of the rims in the discoidal
body does not have a decisive effect on the overall vesicle geometry, the shape of its
central part may be important. The assumption of a flat central part is enforced
manually both in the analytical and in the numerical solutions. The reason for
choosing such a constraint in the numerical computation is, as before, technical
convenience. An alternative to the flat shape is a curved morphology of the discoidal
body and since it cannot be easily found using our numerical approach, we explore
this possibility analytically (Fig. 4.32).
a)

b)
Lc
r

rc

β
R

L

Figure 4.32 Curved shape of discoidal body in branch C. a) Top view
of the whole structure and b) cross-section of the reservoir at the position
marked by a vertical dashed line. Angle β represents the degree of curvature
and is limited to β ∈ (0, π).

If we compare the energies of the curved and the flat body at a fixed reduced
volume, we see that their relative values strongly depend on the segment length.
Namely, the curved shape is energetically preferred at small segment lengths, whereas
at L ∼ Lcyl the body is expected to have a flat central part (Fig. 4.33). This transition is evident if we focus on the angle β used here to qualitatively characterise
the overall curvature of the body. The angle increases and diverges as the values of
segment length approach Lcyl , indicating that the transition between the decreasingly curved and the flat shape is indeed expected. We point out, however, that the
location of the transition depends on the reduced volume and in general approaches
Lcyl as v is decreased. We therefore expect the curved body to be the only possible
equilibrium solution at small reduced volumes for the whole range of L < Lcyl .
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Figure 4.33 Shape of the discoidal body in branch C. a) The energies
of the curved and the flat body structure as functions of the segment length
at v = 0.2. b) Parameter β representing the degree of curvature as a function
of segment length.

Finally, in the spirit of branches A1 and A2 where we find two morphologically
related shapes, we consider an alternative structure to those described above. In
principle, the discoidal body can also be oriented perpendicular to the tubular part.
In this case the volume, surface area, segment length, and free energy read:
1
π(4r + 3πR)r2 + 2πR2 r + Lc πrc2 ,
3

A = 2πr(2r + πR) + 2Lc πrc + 2 πR2 − πrc2 ,
L = Lc ,
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F = 8πκ 1 +
+
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2r R2 − r2
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respectively. The energy of this branch is slightly higher than the energy of the
branch with a parallel discoidal body, which is most likely the reason why we could
not find this specific set of solutions numerically. Apart from the higher energy, both
branches are qualitatively analogous and depend similarly on the segment length.
Because of higher energies and the fact that no qualitatively new behaviour is found,
we do not explore this branch further.

4.3

Lagrange multipliers

Theoretically, all of the described shapes can be reached solely by varying reduced
volume and segment length. If we choose such segment length L that L > Lcyl , we
see that there is only one possibility and the morphology of the tubular membrane is
fixed. This is not the case for L < Lcyl where we can identify at least three distinct
shapes. The energies of the two main branches (A1/A2 and C) differ significantly
enough, but it is still far from clear which structure to expect in a given biological
system. We argue that the traditional claim where the shape with the lowest energy
should prevail over all the other may not hold in this case. Depending on the
external conditions (e.g. pH of the solution, pressure difference, confinement . . . )
some shapes may not be possible regardless of their energy.
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In the following Section we therefore concentrate on the Lagrange multipliers
corresponding to the volume, surface area, and segment length constraints and map
their dependence on the reduced volume and segment length. In order to be able to
compare the Lagrange multipliers to the values pertaining to cylinder, we need to
make a conceptual adjustment. We note that the non-periodic structures found in
different branches have a shape that is complex enough so that it can be parameterised by more than three parameters. This allows us to fix three constraints and
still have enough free parameters to minimise the energy. The cylinder, however, has
only two shape parameters and its length and energy are subsequently determined as
soon as the reduced volume is fixed. We can therefore calculate only two Lagrange
multipliers in the case of the pure cylindrical shape – those that correspond to fixed
surface area and volume: surface tension and external pressure, respectively. The
force is thus not a well defined quantity and cannot be evaluated.
External force
The external force is a Lagrange multiplier that corresponds to the fixed segment
length constraint. It can be calculated as the derivative of the bending free energy with respect to the segment length at a fixed reduced volume. Graphically,
it represents the local slope of the branch at each value of L and is generally a
function of segment length. However, based on the numerical results in Section 4.2,
we can safely consider the energies of all the branches to be linear functions of L
especially when also taking into account the numerical error6 . The external force
associated with each branch is therefore approximately constant and positive in the
case of branches with a body (B and C) and very small and negative in branches
A1 and A2 (Fig. 4.34).
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Figure 4.34 External force calculated using analytical results at
v = 0.1. The free energy for all four branches is assumed to be a linear
function of the segment length L and thus the force is constant along each
single branch (here we omit the regime of small L where the linearity breaks
down). The values are normalised against the solutions in branch C.
6

The free energies in the four branches are not exactly linear with the segment length and the
most noticeable nonlinearity can be observed in the region of small L in branch C (Fig. 4.39). The
reason for this is in the shape transformation which happens when the segment length becomes
too small to facilitate the considered racket shape and changes towards the sheet-like structure
(Fig. 4.28b). We therefore omit these points when we calculate the force and only take into
account the regime where the dependence is approximately linear.
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Qualitatively speaking, these results mean that both the snake-like and the helical branch require a very small, yet compressive force whereas the branches with an
ellipsoidal and discoidal body require an extensile force. The differences in the magnitude of the force between the branches are vast and while helical and snake-like
shapes do not require almost any, the structures with discoidal and ellipsoidal body
demand a substantive stabilising force. In a cellular environment, this force can be
generated via the microtubule tracks stretching between the Golgi Apparatus and
other organelles. The tubules are believed to anchor to the microtubules using various protein motors and depending on the propagation velocity, the conditions for
establishing the structures in branches A1/A2, B, and C can be possibly achieved.
Surface tension
Surface tension is calculated as the derivative of free energy with respect to the area
at constant volume and segment length:


∂F
.
(4.20)
σ=
∂A V,L
The surface tension of the cylinder is therefore
σcyl =

3κ A2
27πκ 1
=
2
8π V
2 v2A

(4.21)

and geometry-wise depends not only on the reduced volume but also on the size of
the system.
Since we make several approximations in the analytical models, we do not expect
an excellent agreement between numerical and analytical data. Nevertheless, both
sets of solutions still agree rather well (Fig. 4.35). The values of surface tensions in
the snake-like and helical branch are very similar, and since we represent the latter
by a better analytical approximation, we concentrate only on the helical branch. In
this case the numerical and analytical results agree as expected and are of equal
magnitude (Fig. 4.35a). However, the specific dependence on the segment length is
not reproduced exactly and breaks down at large segment lengths. On one hand,
this is a consequence of the limitations of the analytical model, which does not work
well as L → Lcyl as we have already shown before. On the other hand, the numerical
results are not reliable in this limit, because it is very difficult to maintain a pure
helical shape as already demonstrated in Fig. 4.10.
The same also holds for branches B and C (Fig. 4.35b), where we again observe
a good qualitative agreement. We can see that there is a drop in the surface tension
at L ≈ 0.24 Lcyl and then a second drop at L ≈ 0.92 Lcyl . The first drop is the
consequence of the shape transformation from the one described in Fig. 4.6 to a
sheet-like structure. We expect the surface tension to deviate even more at small
L from the analytically obtained value, because the shape deforms more and more
as L → 0. The second drop, on the other hand, happens because at sufficiently
large L, the joined leaflets in the central part of the body separate (the drops are
marked by arrows in Fig. 4.35b). Since we model the two regimes separately, the
discontinuities can be visible, although they can be attributed solely to the details
of the numerical process.
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Figure 4.35 Surface tension as a function of segment length L a) in branch
A2 shown for v = 0.3 and b) for branches B and C plotted for v = 0.2. To
approximate the structures in branch B, we used the spherocylindrical body
model and the truncated torus model for the structures in branch C.

A large disagreement between the numerical and the analytical results can also be
seen in branch B at L ≈ Lcyl . Here both surface tensions diverge and the analytical
predictions veer away from the pure cylinder values, which clearly demonstrates the
unreliability of the analytical results in this limit. As we approach Lcyl , the volume
reservoir shrinks up to a point where the lateral dimension becomes proportional to
the cylinder diameter and the reservoir as a whole is not well defined any more.
We summarise the results by plotting only analytical solutions at v = 0.1
(Fig. 4.36). The branches A1 and A2 are virtually indistinguishable and closely
correspond to the pure cylinder values. The other two branches depart greatly from
the cylinder values – the surface tension in branch C is for the majority of the segment lengths close to 0 and positive. On the contrary, the surface tensions in branch
C are negative and decrease as L is increased. As discussed above, the solutions are
not reliable for L ∼ Lcyl , because the analytical models cannot describe the geometrical shapes well in this regime. The sharp drop in the values in branches B and C is
therefore only a consequence of the limitations of the models and does not represent
a physical behaviour of the system. The surface tension values of both branches
should limit towards σcyl as L → Lcyl .
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Figure 4.36 Surface tension as a function of segment length L at
v = 0.1. Shown here are results obtained using analytical approximations
discussed in Fig. 4.35. The range of L ≈ Lcyl where the analytical results are
unreliable is shaded in grey.
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Pressure difference
The pressure difference is given by the negative value of the volume derivative of
the free energy at fixed area and segment length


∂F
p=−
.
(4.22)
∂V A,L
In the case of the cylinder it reads
pcyl =

3/2
κ A3
3/2 A
=
54π
κ
4V3
v3

(4.23)

and strongly depends on the reduced volume and the total available surface area (or
the total volume).
The analytical calculations are performed in a similar manner as in the case of
surface tension and the numerical values are obtained from the Surface Evolver.
The dependence of the pressure difference on the segment length L is presented
in Fig. 4.37. Here we also find a good agreement between the numerical and the
analytical solutions7 , although we can observe the same issues as in Fig. 4.35. These
discrepancies arise from the reasons already discussed above and can be seen both
in the drops in the branch C and, more importantly, in the divergence of branch B
at L ≈ Lcyl .
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Figure 4.37 Pressure difference as a function of segment length L a) in the
case of helical branch A2 shown at v = 0.3 and b) for the branches B and C,
plotted at v = 0.2. We use the spherocylindrical body model to approximate
the structures in branch B and and the truncated torus model for the structures
in branch C.

We summarise the pressure dependencies of all three branches by showing only
analytical results in the case of v = 0.1 (Fig. 4.38). As expected, the solutions in the
helical and snake-like branch closely conform to the cylinder values and are virtually
indistinguishable even at this relatively large reduced volume. On the other hand,
for the majority of the segment lengths the pressure difference in branches B and C
is significantly smaller than pcyl and can even have the opposite sign. The drop of
pressure in branch B at L → Lcyl , however, is non-physical as the values in all three
branches are expected to converge towards pcyl .
7

Even slightly better than in the case of the surface tension.
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Figure 4.38 Pressure difference as a function of segment length L at
v = 0.1. The results are calculated using analytical approximation and the
same models as in Fig. 4.35 are used for each individual branch. The range of
the segment lengths where the results are not reliable is marked in grey.

4.4

Phase diagram

We can establish a good agreement between the analytical solutions and numerical
results even at relatively large reduced volumes where the analytical models are not
expected to perform very well. Additionally, since we can show that the quality of
the approximations increases with the decreasing v, we can now use them to construct the full shape diagram at a small, more biologically relevant reduced volume
(Fig. 4.39).
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Figure 4.39 Phase diagram of tubular vesicles. The four snapshots are
numerically computed using the Surface Evolver programme package. The energies are plotted as functions of the segment length at v = 0.1 using analytical
solutions discussed in Section 4.2.3; we use the spherocylindrical body model
for branch B and the truncated torus model for branch C.
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In this limit, the branches A1 and A2 nearly overlap, which stems from the fact
that they are both locally almost straight. The energies of branches agree within less
than 0.01 % with the snake-like solution still being energetically higher. The energy
difference decreases further at small v. Energy-wise, both shapes are equivalent at
biological conditions and higher than branch C which remains distinct. Due to its
small energy branch C is of a special relevance in the regime L < Lcyl .
The non-periodic shapes discussed in this Section can be found only for a very
specific combination of system parameters pertaining to a specific branch. This,
however, does not imply that there are no other shapes possible for any other given
combination of parameters. In the regions between the lines marking the pure
solutions (i.e. different branches) there is a plethora of shapes that incorporate
two or more basic structural motifs. These shapes are numerically found to be
unstable, but can be stabilised in the cell by a specific biological environment. In
our model, the Lagrange multipliers represent the possible stabilising quantities –
as demonstrated in Section 4.3, all the branches8 differ in the values of external
force, surface tension and pressure. The differences are not seen only in magnitude,
but also in the sign of these quantities which changes along the phase space. It is
therefore possible that not all of the values of the Lagrange parameters are realistic
in terms of the intercellular conditions and some branches can thus be biologically
disfavoured. This is contextually analogous to the arguments already discussed for
the case of the Golgi Apparatus stacks (Section 3.3).
Finally, we note that there exist several studies that theoretically explore shapes
of tubular vesicles. However, the models and the approximations used vary considerably from one work to another, and it is not easy to arrange all of the predictions in
a single picture. Bukman et al. [81] (see also Refs. [83, 84, 85]) and Božič et al. [82]
performed a stability analysis of infinite cylindrical vesicles within the spontaneouscurvature and area-difference elasticity variants of the Helfrich theory of membrane
bending elasticity. In their small-deformation approach, the energy of a slightly
perturbed cylindrical shape is compared to that of a perfectly straight cylinder of
circular cross-section and the conclusions depend on the type of perturbation examined. While Bukman et al. [81] consider nonaxisymmetric solutions and impose
periodic boundary conditions, Božič et al. [82] also admit non-periodic geometries
but concentrate only on axisymmetric shapes. Bukman et al. therefore find that
the periodic (for example, pearled) shapes energetically outperform the cylindrical
morphology, but at the same time they do not explore any non-periodic tubular
variants, thus making the analysis non-general. Reference [82] offers a limited study
of these non-periodic shapes and even though the results do not agree with our
analysis completely, they nevertheless predict the existence of a tubular shape with
an exponentially increasing radius. This is not a physical ansatz and is limited by
the chosen analytical approach but it at least locally corresponds to the structures
with the ellipsoidal body found in branch B.
The existing analytical studies of the tubular lipid shapes therefore illustrate the
importance of an alternative numerical approach. In general, the equilibrium shapes
are complicated, have no symmetry prescribed in advance, and have local structural
motifs important for their interpretation. Such features have to be modelled using
numerical tools where all the shape details emerge from the energy minimisation
process and not from any initially imposed limitations.
8

With the exception of branches A1 and A2 which are very similar to each other.
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Biological relevance

Our theoretical predictions appear to be consistent with experimental observations
of tubular vesicles although the comparison is anything but trivial. The main reason
is that every single reported experiment is performed under very specific and often
too restrictive circumstances. Nevertheless, it is instructive to review the main
results and related them to the framework presented in this Chapter.
Most experiments are concentrated on the observations of unduloidal or pearling
instabilities induced using elongation flow [87, 92], local application of optical tweezers [93], insertion of molecules that induce spontaneous curvature [94, 95, 96],
micropipette-assisted extraction [97] etc. It is challenging to compare these works
since they vary greatly in the external conditions and the choice of constraints, the
latter being often closely coupled to the limitations of a given experimental method.
Additionally, all of them require very specific conditions in which unduloidal shapes
are formed. Bar-Ziv et al. [86] for example, used a localised laser manipulation to
induce a propagating pearling instability on a tubular vesicle anchored between two
giant lipid vesicles. The changes of surface tension created by the laser pulse are
assumed to be rapid and the volume of the tubular vesicle is thus fixed. Due to
this assumption, the system is geometrically restricted and a transient pearled state
characterised by several equidistant spherical buds in a necklace-like formation is
possible. However, if the changes are not adiabatic and the volume can be readjusted, the cylinder proves to be energetically favoured. Furthermore, the pearled
state is observed to decay rather fast and eventually always relaxes to the cylindrical
shape, which is consistent with our predictions. Experiments by Kantsler et al. [87]
point to the same conclusions – they used the elongation flow to increase the length
of a tubular vesicle of approximately fixed reduced volume. Instead of the pearled
state, dumb-bell shapes and long tubular structures with several spherical beads are
observed, somewhat reminiscent of our tube with the ellipsoidal body in branch B.
Although the structures in their experiments are not entirely equilibrated at any
given length, the trend of the evolution towards the cylindrical tube is evident,
which also agrees with our results.
Everything considered, none of the experiments with tubular lipid vesicles seem
to be able to demonstrate a stable periodic shape. The only biological structures
expressing seemingly unduloidal shapes are myelin threads in aged red blood cells,
which were extensively studied by Deuling et al. [98] who found that their shapes
can be qualitatively explained by invoking a nonzero spontaneous curvature. In all
other biological cases known to us (tubular networks in the endoplasmic reticulum
and Golgi Apparatus) the tubular shapes are smooth and do not express globally
stable non-cylindrical morphologies (Fig. 4.40).
Finally, we note that the tubular structures never exist separate from the central stacks and can in principle exchange volume and membrane9 . This does not
contradict the assumptions of fixed volume and surface tension used in this Thesis
and rather provides an interesting scenario which reflects the dynamical nature of
the whole organelle. In order to illustrate this, let us focus on a stack and a long
cylindrical tubule extending from it. Both structures are assumed to be in a steady
state and even if there is an exchange of matter between them, it averages to 0.
9

The membranes of the tubules and the cisternae differ slightly in their composition, which
can hinder the exchange to certain extent.
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a)

b)

Figure 4.40 Examples of tubular networks. a) Tubules in a low-ATP
cytosol (normal rat kidney cell, adapted from Ref. [35]). b) Native tubular
network and several cisternae (isolated rat germ cell, adapted from Ref. [20]).

For the sake of simplicity, we additionally assume that the tubule anchors to the
microtubular filament [99] at the length equal to the preferred cylinder length at
the corresponding steady state reduced volume. If there is now an unexpected small
perturbation in the inflow and outflow of matter10 , the specific anatomy of the organelle enables the stack to maintain its equilibrium shape by redirecting the excess
or the deficit of volume or surface area towards the tubules. In this way, the reduced volume of the tubular part changes and depending on the length of the tubule
readjusts its shape according to one of the three types of reservoirs. Of course, this
gedanken experiment is an oversimplified version of real dynamics, but it nevertheless demonstrates an intimate functional and structural relationship between the
stacks and the tubules.
Furthermore, the shapes identified in this Chapter offer another interesting interpretation. If we imagine that the tubules and the stack freely and easily exchange
volume and membrane, it is perhaps reasonable to treat them as one system and
not as two autonomous structures. This is not the direction explicitly taken in this
Thesis, but the solutions can nevertheless be found in the phase diagram of the
tubular shapes. The structures in branch C unite two basic Golgi Apparatus motifs:
the flattened part and the tubular part. In this case, the shape is found by assuming
that total volume and surface area are fixed and yet the morphological separation
occurs. This is especially interesting because branch C is the lowest energy state and
can therefore be interpreted as the global minimum of the general Golgi complex
shape. Additionally, the model can be extended to include adhesion and several
flattened bodies11 connected by tubular sections which also leads to a morphology
similar to the Golgi Apparatus.

10

If there is a vast mismatch between the inflow and outflow of matter (such as in high secretion
stage), additional tubules are seen emerging from the stacks.
11
We can show that large enough reduced adhesion strength stabilises structures with more
than one discoidal body.
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Protein- and actin-coated tubes
When considering biological membranes we usually assume that they behave as
ideal two-dimensional fluids which is equivalent to saying that they consist solely
of a thin lipid bilayer. In some cases, this approximation works remarkably well
– the most prominent example is the erythrocyte. Most of its morphology can be
successfully described using the membrane bending elasticity [55] although many
shapes including echynocytes can only be explained by including the cytoskeleton
as the other important structural component of the cell wall [100]. This example
shows that even in the simplest cells, an accurate representation of the detailed
structure of the membrane is important.
One of such biological systems is also Golgi Apparatus. The cisternal membrane
is comprised of different types of lipids and proteins, which can locally modify its
properties. On top of that, the membrane of each cisterna is coated by a matrix
of proteins, creating a highly dynamic network. These coating proteins (mostly
Golgi reassembly stacking proteins and golgin families) are responsible for proper
tethering of transport vesicles which then fuse to the membrane via endocytosis.
The association between the cisterna membrane and the cytoskeletal elements, most
notably microtubules and actin, has been already observed, albeit due to technical
difficulties not yet thoroughly studied. It is known, however, that actin participates
in the vesicle production, most likely at the budding or fission stage, and it is
hypothesised that it may be also involved in the processes determining tubulation
both between and within Golgi stacks. However, including local inhomogeneities
in the form of coating proteins and cytoskeletal elements to the elastic energy is
currently not possible using our numerical approach and generally requires a more
sophisticated simulation. To our knowledge, this has not yet been done for whole
cell organelles and we believe that the effect on the global shape of the stack would
be minor. Nevertheless, given the abundance of proteins in the Golgi Apparatus,
we wish to qualitatively explore their effect on membrane shape, thus concentrating
on more susceptible morphological structures.
In this Chapter we focus on a simple, well-studied tubular shape and we analytically calculate how such a structure may be destabilised by adhering proteins and
an actin coat. We concentrate on pearling instability, which represents a general
framework for describing a multitude of extremely important cellular processes including recycling of the cell organelles [35, 101] and endocytosis [102]. Finally, we
discuss the specificity of these results and the possibilities of generalising them to
the whole organelle.
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5.1

Tubes with adsorbed proteins

Intracellular membrane is being continuously broken up into small vesicles needed
for transport and proteins that curve it can play an important role in these processes1 [112, 113]. The mechanism enabling the curved proteins to coordinate and
drive the membrane vesiculation is currently a subject of intense experimental and
theoretical studies [114, 115]. Recent in vitro experiments have investigated the
ability of curved proteins to induce the formation of the membrane tubes, and it
was found that the fission of the tubes into vesicles requires additional components
such as actin polymerisation [116, 117, 118], membrane demixing [119, 120, 121]
or dynamin-driven constriction [122]. Although not thoroughly studied yet, these
processes may play a role also in the COPI-mediated vesiculation in Golgi Apparatus [35, 123]. However, the physical routes by which curved proteins achieve vesicle
formation rather than form a scaffold that stabilises membrane tubes [124] are still
not understood.
The destabilisation of a membrane tube due to adsorbed curved proteins is possible by a finite-wavevector (Turing) instability that leads to a non-uniform distribution of the curved proteins [125, 126, 127]. In this mechanism, large density
modulations in the distribution of the adsorbed proteins lead to regions where the
membrane is constricted and is rich in proteins. While this process can play an
important role, we wish to explore whether the tube destabilisation is also possible
in the regime of uniform coverage, where proteins do not embed themselves [95] but
rather adsorb to the membrane. In this regime we investigate the pearling instability mechanism [86, 128, 129] and explore two possible routes by which curved
proteins (F-BAR-like shape) can lead to the transformation of a membrane tube:
i) a pre-formed, bare tube is rapidly coated by curved proteins; or ii) a tube is
formed through the adsorption of the proteins, and is then squeezed by the rapid
polymerisation of an actin coat [130]. We note that for pearling to occur the factors
that affect the membrane tube have to act faster than the rate at which water can
flow out of the tube. The pearling transition can then serve to initiate membrane
tube fission and a subsequent vesicle formation.

5.1.1

Occupied area fraction

We begin by considering a lipid tube in equilibrium which is stabilised by surface
tension σ. The radius of such a tube is determined by its elastic properties (the
mean bending modulus κ) and the external conditions and reads
r
κ
.
(5.1)
Rt =
2σ
As intuitively expected, stiffer tubes are less likely to have small radii and require
large surface tensions for their stabilisation.
The tube is then introduced into a protein solution, causing the proteins to adsorb
to its surface. This a a dynamic mechanism and comprises processes occurring in
1

Together with actin [103, 104, 105, 106, 107], they are also crucial during endocytosis (e.g.
clathrin [108] and BAR-domain proteins [109]) and are involved in the later stages of fission and
transport [110] throughout the cell [111].
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both directions, i.e. adsorption and desorption. After some time when the adsorption
and desorption rates equalise, the equilibrium state is reached (Fig. 5.1).
proteins in solution

Rt

Rp

Figure 5.1 Schematic of protein adsorption onto the lipid tube. Here
we assume that the proteins are rod-like with a radius of curvature Rp and adhere to the tube of radius Rt perpendicularly to its axis. We discuss alternative
shapes and manners of adsorption at the end of Section 5.2.

If N0 represents all the available protein molecules in the surrounding medium
and V , Am , a and v correspond to the volume of the medium, the total surface area
of the membrane and the surface area and the volume of a single protein molecule,
respectively, we can write the equilibrium condition as:



N0 − Nad
a
a
v = kde Nad
.
(5.2)
kad 1 − Nad
Am
V
Am
Here kad and kde stand for the adsorption or desorption rates, respectively2 and Nad
is the number of adsorbed proteins. The first factor on the left-hand side of Eq. (5.2)
now corresponds to the probability of finding an empty site on the tube, whereas
the second term describes the probability of finding the protein molecule in the unit
volume v next to the tube so that adhesion can actually take place. We note that v
and a here do not correspond to physical volume and surface area, because we take
the protein molecules to be one-dimensional bent rods. Using this assumption, we
skip the details of the shape of the molecules and rather assign them a fixed value
of v and a. In this case, the volume and surface area represent effective values used
to estimate a relative size of the protein. We additionally assume that the protein
molecules are incompressible, therefore Nad ≤ Am /a and that the bulk number of
proteins is much larger than the number of the adsorbed proteins. The surrounding
solution thus behaves as an infinite protein reservoir. In the limit of N0  Nad ,
Eq. (5.2) simplifies to:


N0
a
a
v = kde Nad
.
(5.3)
kad 1 − Nad
Am V
Am
If we furthermore define the occupied area fraction and the bulk protein density
as φ = Nad a/Am and ρ = N0 /V , respectively3 , we are left with the equilibrium
condition in the form
kad (1 − φ)ρv = kde φ.
(5.4)
Since each protein is assigned a certain surface area a, there exists a maximum
max
possible number of adsorbed proteins Nad
= Am /a. Its value is determined by the
size of the tube and the dimensions of the proteins. We additionally assume that
2
3

The processes are taken to be random.
The occupied area fraction and bulk protein density are such that 0 < φ < 1 and 0 < ρv < 1.
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the rates of adsorption and desorption depend on the protein and tube radius in the
following manner [131]:

2 !
κp aβ 1
1
kad = Af exp −
−
kde ,
(5.5)
2
Rt Rp
where β = 1/(kB T ). Here Rp and κp represent the intrinsic radius of curvature
of proteins4 and their bending rigidity, respectively. Affinity Af is a numerical
coefficient describing the preference of the proteins to adsorb to the membrane and,
even though it is connected to a complicated mechanism of surface adsorption, it is
here used as a phenomenological parameter. We stress that even though we assume
Rp to be constant, the tube radius Rt in general need not be – in any axisymmetric
shape other than cylindrical, the tube radius becomes a function of the coordinate
along the axis.
Adsorption is more probable (kad > kde ) when the protein and tube radii agree,
whereas in the case of a large mismatch, desorption represents the dominating process. Combining Eqs. (5.4) and (5.5), we get the occupied area fraction, which
specifies the percentage of the tube that is actually covered with proteins:
#−1
"

2 !
κp aβ 1
1
1
exp
−
+1
.
(5.6)
φ=
Af ρv
2
Rt Rp
We illustrate Eq. (5.6) by considering two limits:
p
Large protein curvature, Rp  aβκp :
If the curvature of the protein molecules is large, the occupied area fraction of
adhered proteins increases steeply as Rt approaches Rp from below, and peaks
(or saturates, depending on the value of Af ρv  1) at Rt ≈ Rp (Fig. 5.2a).
The occupied area fraction then decreases rapidly as the tube radius is further
increased and the curvature mismatch increases [Eq. (5.5)]. As tube radius is
increased even more, the occupied area fraction reaches a finite value, which
approaches zero for Rp → 0 [Eq. (5.6)]. This is expected, because in this case
the tube and protein radius experience the maximal possible mismatch and
any adsorption is highly costly. We stress that the curve φ(Rt ) is asymmetric
and has a longer tail at Rt > Rp . This effect becomes more pronounced for
less bent proteins.
p
Small protein curvature, Rp  aβκp :
In this case φ again increases sharply as Rt approaches Rp from below, but
it saturates well before Rt reaches Rp (Fig. 5.2b). The occupied area fraction remains roughly constant as Rt → ∞ and if additionally Rp → ∞, it
approaches
1
φ∞ =
.
(5.7)
1/(Af ρv) + 1
In the case of strong affinity the occupied area fraction saturates and φ∞ → 1.
In this limit, the weakly curved proteins do not discriminate greatly between
lipid tubes of different radii.
4

Typical values of protein radius of curvature are several tens of nanometres for BAR, COPI
and other intracellular traffic-associated proteins [132, 133].
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Figure 5.2 Occupied area fraction as a function of tube radius. a) Dependence at large (Rp = 0.013 µm) and b) small (Rp = 0.1 µm) protein
curvature at several values of affinity Af . In both panels, Rp is marked by
the vertical line. The orange region represents the typical tube radii observed
in the Golgi Apparatus. The parameters are as follows: κp β = κt β = 50,
ρ = 5 · 105 µm−3 , a = 10−4 µm2 , v = 10−6 µm3 and Af = 104 and are, if not
stated otherwise, used for all the plots in this Chapter.

5.1.2

Equilibrium shape of a coated tube

A cylindrical lipid tube that is coated uniformly by the adsorbed proteins has a different equilibrium radius than the bare tube. The new tube radius strongly depends
on the properties of the proteins and is found by minimising the total free energy of
the system. The total free energy per unit length is now comprised of the bending
energy of the tube, the bending energy of the proteins and the terms associated with
the volume/area or pressure/surface tension conservation [121]
#
"

2
1
1
κ
+ κp
−
φ + 2σ − pRt πRt .
(5.8)
f=
2
Rt
Rt Rp
The occupied area fraction φ is given by Eq. (5.6), κ and κp are the bending moduli
of the membrane and proteins, respectively, σ is the effective membrane tension and
p is the pressure difference across the membrane. We note that in contrast to the
bare tube where the surface tension is absolutely necessary for the stabilisation of
the radius, the protein-coated tube exists also in the special case of σ = 0.
The tube and protein term in Eq. (5.8) exhibit a different dependance on Rt
(Fig. 5.3). While the free energy of the bare tube trivially decreases inversely proportional to Rt , the protein term demonstrates a more complicated behaviour. Depending on the value of Rp and correlated with the increases and decreases in φ, the
protein free energy term first increases with Rt and then sharply drops to zero at
Rt = Rp . In the case of large protein radii (Fig. 5.3b), the protein energy term then
monotonically increases due to the increased mismatch between Rp and Rt on the
fully coated tube. In contrast, the protein free energy term decreases for strongly
bent proteins (Fig. 5.3a) because the occupied area fraction decreases. We stress,
however, that the protein contribution again increases as Rt → ∞, thus creating
another minimum in the protein free energy term. This minimum is somewhat unphysical, since it is a consequence of a very small (but not exactly vanishing) φ
which is multiplied by a very large number corresponding to the curvature radii
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mismatch. We therefore assume that – beyond a certain threshold – the occupied
area fraction becomes equal to 0 and therefore the tube behaves as bare at large
Rt . In the case of very strongly bent proteins, the protein free energy term is thus
realistically expected to fall to 0.
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Figure 5.3 Tube and protein free energy term as functions of the tube
radius a) at Rp = 0.013 µm and b) at Rp = 0.1 µm. In both panels, the orange
line corresponds to the values of occupied area fraction.

For the sake of simplicity we now assume5 p = 0 and show the total free energy
per unit length for the two limiting scenarios discussed in Fig. 5.3.
In the case of weakly curved proteins, the free energy has two minima (Figs. 5.4b
and 5.5) and the global can be found at
s
κp φ + κ
,
(5.9)
Rt ' Rp
κp φ + 2σRp2
where φ ' 1. If there is no surface tension
√ and the tube and protein bending moduli
are equal, Eq. (5.9) reduces to Rt ' 2Rp . This is expected, since proteins prefer
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Figure 5.4 Total free energy per unit length as a function of tube
radius. The case of a) more (Rp = 0.013 µm) and b) less (Rp = 0.1 µm)
curved protein molecules at vanishing σ and σ = 2500 kB T /µm2 . For greater
clarity we also add the dependence of occupied area fraction on the tube radius
(orange line) and the values of chosen Rp (grey vertical line).
5

This approximation does not influence the results qualitatively.
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the tube to have a radius as close to Rp as possible, while the tube tries to maximise
Rt in order to decrease the bending energy costs. If the surface tension is added, the
equilibrium
p tube radius decreases and is, for large enough σ, roughly determined
by Rt ' κ/σ. If the bending moduli differ significantly or if the parameters are
chosen in such a way that φ 6= 1, the surface tension still acts to decrease the
equilibrium tube radius, although the specific value has to be calculated directly by
minimising Eq. (5.8).
For highly curved proteins, on the other hand, there are now two local minima
and the global minimum can shift to very large values (Figs. 5.4a and 5.5). The
lowest of the local minima is found at Rt ≈ Rp and corresponds to the dip in the
proteins free energy term. The global minimum, however, is a consequence of a
very diluted tube coating as discussed above. Depending on the value of Rp and
especially if σ = 0, it can reach unphysically large values, implying that under such
conditions the tube is likely to disintegrate. This minimum is eventually influenced
by the finite membrane tension which causes the equilibrium Rt to decrease and
stabilises the tubular shape.
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Figure 5.5 Local and global minima of the total free energy per unit
length as functions of protein curvature at p, σ = 0. The insets show
two distinct cases: i) at low enough Rp there exist three minima – at Rt < Rp
(dashed), at Rt ∼ Rp (dash-dotted) and a global one at Rt  Rp (solid). ii) At
large Rp there is a local minimum at Rt < Rp and a global one at Rt ∼ Rp
(dashed-dot line). The global solution in each region is highlighted in orange
colour. We note that all the lines move towards smaller values of Rp in the
case of a positive surface tension.

These results can be further generalised by varying surface tension, which increases the free energy (Fig. 5.6). In this case it is possible for the minima to change
their characters from local to global and vice versa and not only double but also
triple energy degeneracy can arise6 . Theoretically, only by adjusting the surface
tension7 any given tube radius can be therefore achieved.
6

We note that the local minima exist only in the limit of sufficiently high Af ρv which is of
interest here.
7
The same is valid also if we vary pressure.
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Figure 5.6 Effect of increased surface tension on the total free energy.
a) Energies at small (Rp = 0.01 µm) and b) large (Rp = 1 µm) protein radius
at several values of surface tension.

We additionally note that in biological systems, proteins interact directly among
themselves and it has been shown that such interactions can affect the morphology
of the membrane, especially in the limit of dense coating [134]. A detailed analysis
of this additional effect is beyond of the scope of this work and direct protein-protein
interactions are thus neglected here.

5.2

Pearling of pre-formed membrane tubes

Let us now expand the results from Section 5.1 by taking into account that the tube8
need not have a uniform (i.e. cylindrical) shape after it is coated with proteins.
Depending on the speed of the coating process and the flow rate of the solution
through the tube, two scenarios can occur. If the coating takes place slowly so that
the protein solution inside the tube has time to flow and adjust the tube volume,
the adsorbed proteins drive the tube to change its radius uniformly, approaching
the equilibrium tube radius calculated in Section 5.1 (Fig. 5.5). However, if the
coating process is very fast, the tube has a fixed volume and can only change its
surface area and not the radius. In this limit of fixed volume, the tube can only
lower its free energy by modifying its shape and a possible alternative morphology
is a sinusoidally modulated tube (pearled shape), with radius parameterised as [86]
R(z) = Rm +  sin(qz)

(5.10)

Here Rm , , q and z denote the mean radius, amplitude of the perturbation, wave
vector of the perturbation and the coordinate along the cylindrical axis, respectively.
Since the volume of the pearled shape is kept fixed in this regime and is equal to
the volume of the initial tube, Rm reads
q
(5.11)
Rm = Rt2 − 2 /2.
We note that the choice of pearled shape does not arise only from its regular and
mathematically uncomplicated morphology, but also because of the natural connection between tubulation and vesiculation. It has been observed many times that the
8

We again assume that the tubepis equilibrated at p = 0 and σ0 > 0. Therefore the initial
cylindrical tube has a radius Rt =
κ/2σ0 . Since we compare free energies per unit length, we
also implicitly assume that the tube length is fixed.
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tubules in Golgi Apparatus serve as prerequisites for the formation of vesicles and
vice versa. Casting all the details of this process aside, it is very likely that at least
in the initial stages the mechanism of vesiculation employs a pearling instability in
order to create constricted areas on otherwise stable uniform tubule.
Whether the tube only readjusts its radius or indeed becomes pearled depends
on the time-scale of the water displacement flow which is governed mostly by the
dimensions of the tubules. We can estimate this flow rate by using the HagenPoiseuille equation:
∆p
πRt4 ∆p
dV
=
=
,
(5.12)
dt
R
8ηL
where we take into account the expression for the water resistance which reads
R=

8ηL
.
πRt4

(5.13)

Rt , L, η and ∆p represent the tube radius and length, the water/cytosol viscosity
and the pressure difference, respectively. The pressure difference can be calculated
using surface tension: ∆p = σ/Rt where σ = κ/2Rt2 . If we insert this into Eq. (5.12)
we get a rough estimate for the flow rate of water/cytosol out of the lipid tube:
dV
π Rt κ
=
.
dt
16 ηL

(5.14)

As expected, we see that the shorter tubes require less time for a small change in
the tube radius. On the other hand, in the case of long Golgi tubules this time-scale
can be increased significantly. If we consider a long tubule with a roughly estimated
radius of Rt = 0.1 µm and length L = 10 µm [35], we find that the flow rate due to
the pressure exerted on the fluid by the membrane is relatively small. In this case
it would take about a second9 for the tube to relax towards a radius that is smaller
by 10 % (Rt = 0.09 µm), and a few seconds to empty the whole volume (assuming
fluid viscosity of η ≈ 5 mPa·s, and bending modulus of κ ≈ 3 · 10−19 J [135]). For
narrower10 tubes, this time-scale can grow even further.
In order to see whether the pearling shape is energetically plausible, we calculate
the total free energy in the limit of small amplitude perturbations where Rm  .
Using the procedure described in Ref. [86] we can write the bending free energy term
˛
˛
2
Fb = 2κ H dA + σ dA.
(5.15)
By taking into account Eq. (5.10), the mean curvature H can be expressed as:
H=

R(z)Rzz (z) − 1 − Rz2 (z)
2R [1 + Rz2 (z)]3/2

,

(5.16)

2
2
where Rz (z) = ∂R(z)/∂z
p and Rzz (z) = ∂ R(z)/∂z . The area element can be
written as dA = 2πR(z) 1 + Rz2 (z) dz. Total free energy is therefore given by

9

About the same order of magnitude as the typical time-scale of protein binding, which is also
of the order of seconds [125].
10
For example those observed during endocytosis [136].
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ˆ

2π/q

F = πκ

[Rz2 (z) − RRzz (z) + 1]

2

dz
R(z) [Rz2 (z) + 1]5/2
2
ˆ 2π/q 
p
1
1
+πκp
−
φ(z)R(z) Rz2 (z) + 1 dz
Rp R(z)
0
ˆ 2π/q
p
R(z) Rz2 (z) + 1 dz.
+2πσ
0

(5.17)

0

The first term in Eq. (5.17) represents the free energy of a bare pearled tube, whereas
the second and third one correspond to the protein contribution and the surface tension constraint term, respectively. After the integrands are expanded up to order 6 ,
the integration is performed over one wavelength. Finally, to calculate the free
energy per unit length we multiply the whole expression by q/2π.
The normalised free energies of the coated pearled tube at q → 0 and the coated
cylindrical tube at the initial radius Rt can be now compared and the difference can
be defined as
q
[F ( = 0) − F ()] ,
(5.18)
∆f = ∆fcyl − ∆fpearl =
2π
where F () is given by Eq. (5.17). The regime where the cylindrical shape has a
higher energy than the pearled shape (∆f > 0) is the regime of spontaneous pearling
and the transition conditions are given by
∆f = 0.

(5.19)

By solving Eq. (5.19) we can calculate the surface tension required for the transition
to occur, σtrans (Fig. 5.7). Apart from very small protein radii of curvature, we find
that weakly curved proteins act to stabilise the tube by raising the value of σtrans .
On the contrary, the more strongly curved proteins can lower σtrans , and even drive
it to negative values, thereby ensuring spontaneous pearling. Taken into account
that the free energy does not depend greatly on the wave vector11 , we furthermore
concentrate on the limit q → 0. Moreover, since σtrans increases with q, the value
calculated at q = 0 represents a true lowest surface tension threshold.
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Figure 5.7 Surface tension required for transition to pearled shape
shown at several Rp as a function of the wave vector q. The curves are plotted
at σ0 = 25 kB T /µm2 and Af = 100.
11

Except at very large q where the modulation of the surface is very dense.
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We now evaluate the critical surface tension at q → 0, σc ≡ σtrans (q = 0), and
compare it to the equilibrium surface tension σ0 used to create and stabilise the
initial membrane tube prior to the introduction to the proteins. We find that depending on the mismatch between the initial tube radius and the protein curvature,
σc can be either larger or smaller than σ0 . Based on the definition of the critical
surface tension, pearling spontaneously happens when σc < σ0 . In the case of large
initial tube radii, there is only one such pearling region (Fig. 5.8a). Here the critical
surface tension first rapidly increases with increasing Rp and then sharply drops
to small (or even negative) values. The critical surface tension then monotonically
increases as the protein curvature is further decreased. The initial rise in σc at
low Rp is due to a large mismatch between Rp and Rt and subsequently low tube
coverage. The region where the critical tension is lower than σ0 is a consequence
of the large increase in the protein coating of the tube and still a relatively large
mismatch between Rp and Rt favouring the shape change. Finally, for larger Rp
the occupied fraction approaches a constant value and the critical surface tension
gradually increases making the cylindrical shape more preferred. In the limit of
Rp → ∞, the protein coat simply acts to stiffen the tube by increasing the effective
bending modulus and thereby stabilising the tube against pearling.
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Figure 5.8 Critical surface tension needed for shape transition. We
plot the critical surface tension (solid black line) in the limit of q,  → 0 and
a) at Rt = 0.1 µm and b) at Rt = 0.01 µm. In both plots, the dashed line
represents the initial surface tension required to stabilise the lipid tube σ0 .
Occupied area fraction dependence is added for clarity and is not shown to
scale (orange line).

At very low tube radii the critical surface tension exhibits additional spikes
(Fig. 5.8b). These are due to the additional sharp drop in the occupied area fraction
(Fig. 5.4a), when Rp → 0. The bulk protein density or affinity do not have a strong
qualitative effect on our results, except in the limit of very small density of the
proteins in the solution or if Af is very low.
As we show in Fig. 5.5, the equilibrium radius of the protein-coated tube is
close to Rp in the majority of the domain. This means that in the case of large Rt
the largest jumps in radius compared to the initial radius happen when Rp  Rt ,
which coincides with the regime of spontaneous pearling. Since the tube cannot
change its radius fast when the jump in radius is large, the cylindrical membrane
will most likely satisfy the conditions for pearling instability upon being coated by
the proteins.
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All in all, we find that the conditions for spontaneous pearling are met only in limited “instability windows” of Rp (Fig. 5.8), which makes this mechanism non-robust,
as most values of Rp end up stabilising the membrane tube. This is particularly
so in systems where membrane tubes of different radii coexist and would require a
large number of specific proteins for each to pearl. Furthermore, given enough time
the condition of conserved volume does not apply anymore and the system will relax
towards the lowest energy state which, at any given Rp , is a cylindrical tube with a
readjusted radius (Fig. 5.5).
We note that in this Chapter the proteins are explicitly assumed to be onedimensional (i.e. rod-like) and that they adsorb to the tube perpendicularly to its
axis. We choose this simplification in order to obtain results which can be interpreted
clearly. In reality, however, we cannot expect the rod-like proteins to behave so
uniformly. Rather, they are more likely to adsorb at an angle, thus contributing to
the bending free energy in both principal curvature directions. This angle is not
arbitrary and is determined by the difference in protein and lipid tube curvature.
We anticipate the protein molecule to orient itself in such a way that it minimises
the curvature mismatch in both directions, thus aligning roughly along the tube
axis if Rp  Rt . In this case the cylindrical shape is effectively stabilised. On
the other hand, the strongly bent proteins (Rp < Rt ) adsorb preferentially roughly
perpendicularly to the axis, which is addressed in our work. The precise alignment
of moderately bent proteins needs to be calculated using free energy minimisation.
However, since the protein curvatures required for the pearling to occur in our model
usually amount to significantly larger values than the tube curvatures, we do not
expect our results to change qualitatively even if we take into account the effect
of nontrivial alignment. Finally, we note that there are many proteins that form
spherical patches rather than have a rod-like shape. In this case the free energy
contributions in both axial and transverse direction have to be taken into account.

5.3

Pearling due to actin polymerisation

We wish to take a step further and also address the effect of possible actin polymerisation on the pearling instability. For the sake of simplicity we consider that the
curved proteins treated in Section 5.2 can recruit the nucleation of actin polymerisation12 . The actin filaments that polymerise at the membrane tube can squeeze
the tube, thereby acting as an additional effective membrane tension that can further drive the pearling instability (Fig. 5.9). When actin polymerises against the
membrane, the treadmilling motion of the filament against the surrounding viscous
network produces an effective friction force that converts the polymerisation into a
pushing force acting normal to the membrane (on average) [137]. Alternatively, an
expanding coat of cross-linked actin gel builds up internal stress, proportional to
the curvature of the membrane surface [138]: Assuming that the actin gel is relaxed
when forming on the membrane tube, it builds up an internal tension when pushed
to the edge of the actin coat. This tension can be estimated by
σa ∝

Ew2
,
2Rt

12

(5.20)

This is a simplified view because in reality these functions are linked by a variety of proteins
that act together.
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where w is the actin coat thickness (determined by the polymerisation and depolymerisation rates) and E is the Young’s modulus of the cross-linked actin gel. We
therefore expect that the actin-induced tension will increase with the tube curvature, until it reaches a maximal value given by the stall force of actin polymerisation.
Note that if myosin-II is also recruited to the actin coat, an additional squeezing
force can arise from myosin-driven contractility [139].
σa = 0
2
σa = 2500 kBT/µm
σa = 12500 kBT/µm2
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Figure 5.9 Difference between normalised energies of the initial cylindrical and the final pearled shape. We plot the energy difference at
q,  → 0 and Af = 100 as a function of protein curvature at several actin–
driven surface tensions. Here we take into account that the actin coat behaves
as a highly dynamic gel and the shear stiffness is ignored. The initial cylinder
is equilibrated at σ0 = 2500 kB T /µm2 . We note that the values of σa do not
correspond to any specific actin coat thickness or Young’s modulus, but are
rather chosen to clearly illustrate the effect of the additional surface tension.

However, depending on the overall rates of polymerisation/depolymerisation, the
actin coat can act as an elastic layer around the membrane tube and thus contribute
an additional stabilising force against pearling. By taking this into account, we modify the free energy by adding the induced surface tension and the elastic deformation
term. If we approximate the actin network as a thin shell, which is justified at least
in the initial stages of growth, we can use the expressions in Ref. [140] and separately
calculate the bending and stretching part of free energy. In this case, the stretching
term dominates13 and can be calculated as:
)
2
˛ (
∂u(z) v(z)
v(z) ∂u(z)
Ew
−
+ 2(1 − ν)
dA.
(5.21)
Fs =
2(1 − ν 2 )
∂z
Rt
Rt ∂z
Here E, ν, u(z) and v(z) are Young’s modulus, Poisson ratio, axial displacement, and
radial displacement, respectively. Integration is performed over the whole surface A.
In order to find the axial displacement expression, we need to find the stationary
points of the integrand in Eq. (5.21). Upon doing so and taking into account that
v(z) = Rm − Rt +  sin qz, we find that (to first order in the Taylor expansion)
∂u(z)/∂z = /Rt sin qz. The stretching term of the free energy per unit length of
actin coat (also to first order approximation in ) can be finally written as:
fs =
13

Fs
π
2
= Ew .
2π/q
2
Rt

The bending term of the coat is considerably smaller and can therefore be neglected.
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(5.22)

Chapter 5. Protein- and actin-coated tubes
Additional actin-driven tension σa alone leads to a more robust pearling since
it is equivalent to an increase of the surface tension by some external mechanism.
The effect of actin deformation is, however, the opposite – the cylindrical actin coat
prefers to keep its initial shape.
Let us now consider a scenario where the protein coating is initiating the formation of the tube in the first place. We thus imagine that the tube forms in the
protein solution at a vanishing membrane tension (σ0 = 0). The tube radius is now
stabilised exclusively by the proteins and depends very strongly on their curvature.
Using the results presented in Section 5.1 we expect the tube to have a radius close
to that of the coating proteins, Rt ∼ Rp (Fig. 5.5). After the actin polymerisation is triggered, depending on the rate of polymerisation/depolymerisation we can
distinguish between two limiting cases (Fig. 5.10a):
Actin coat is static:
In this case the coat behaves as a stiff layer, with a dominant shear deformation
term in the free energy [Eq. (5.22)], or
Actin coat can relax any internal shear tensions:
Even though the coat can internally rearrange, we assume that the actin network still induces an additional squeezing force, represented by an effective
surface tension σa .
If we calculate the critical membrane tension needed to induce the pearling instability σc , we find that a stiff actin coat strongly discourages pearling and stabilises
the initial cylindrical structure (Fig. 5.10b). This is expected, since due to large
energy costs associated with shape modification, the coat prefers to keep the shape
at which it was built. However, if actin can relax during the pearling shape transformation, a large enough additional surface tension σa enables the pearling to actually
take place (Fig. 5.11).
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Figure 5.10 Critical surface tension needed for pearling if the tube
is formed together with the protein coat (at σ0 = 0 and q,  → 0) and the
actin polymerisation is triggered later. a) Qualitative illustration of the three
relevant limits: i) no actin polymerisation (orange solid line), ii) the actin coat
induces only an additional surface tension σa (solid black line) or iii) also an
elastic restoring force (dashed line). b) Critical surface tension in the general
case where we take into account both actin-induced surface tension [Eq. (5.20)]
and actin deformation (w = 0.01 µm).
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Figure 5.11 Pearling transition in the case of additional actin polymerisation in the limit where there is no actin elastic restoring force and at
σ0 = 0 and q,  → 0. The actin-induced surface tension is a) fixed for every value of Rp or b) calculated using Eq. (5.20) and thus dependent on Rp
and the Young’s modulus of the actin gel E. At a given σa or E and above
a certain protein curvature radius (here denoted by Rp,c ), pearling happens
spontaneously.

For each value of σa [either fixed (Fig. 5.11a) or Rp -dependent (Fig. 5.11b), as in
Eq. (5.20)] there is a value of Rp above which the tube spontaneously transitions into
the pearled shape. This transition is purely due to the actin-induced tension and
occurs when the critical surface tension σc drops under the initial value of surface
tension required for the stabilisation of the tube σ0 .
If we further analyse the circumstances of the transition, an interesting power2
law can be observed – in the case of a fixed σa for every Rp , we find that σa ∝ 1/Rp,c
(Fig. 5.12a). On the other hand, if we take into account that σa depends on the
Young’s modulus, coat thickness and Rp as given by Eq. (5.20), a similar relationship
2
can be obtained: E ∝ 1/Rp,c
(Fig. 5.12b). As expected, thin tubes are harder to
destabilise and in this case large induced surface tensions are needed.
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Figure 5.12 Spontaneous pearling. a) Actin-induced surface tension σa
and b) critical value of Young’s modulus E required for the spontaneous
pearling to occur as a functions of Rp,c . The transition takes place for all
the values above the lines, as indicated by the insets. Both plots are shown in
the limit of q,  → 0 and correspond to Figs. 5.11a and 5.11b, respectively.
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Chapter 6
Conclusions and outlook
The work presented in this Thesis addresses biological problems from the point of
view of a theoretical physicist. This is commonly done by developing models based
on a certain hypothesis deemed to capture the basic and dominant features of a
structure or a process. If suitable, these models allow us to theoretically explore the
behaviour of the system in question even in conditions that are hardly accessible
experimentally. In this respect, elaborating a theoretical model is very exciting
but also a challenge because identifying the most important structural element or
mechanism in a real biological system is often difficult.
In the Thesis, we study the shape of the Golgi Apparatus, a morphologically
unique cell organelle, and we propose a comprehensive mechanical model describing
its structure. The shape of Golgi Apparatus varies from cell to cell and from species
to species, but the main features of the overall morphology of the organelle and
its sub-compartments are still well defined. The most prominent building blocks of
the Golgi Apparatus are the central stacks and the tubular structures connecting
the stacks. The stacks consist of a small number of flattened saccular cisternae
which are typically slightly or moderately curved. The cisternae themselves are
very often strongly fenestrated, featuring ever larger fenestrations on going from
the central to the outmost cisternae. Also nonuniform is the lateral distribution of
the fenestrations within a given cisterna with the fenestrations in the central region
being usually smaller than those close to the rims. A gradient is not only seen in the
fenestration size and density – the whole organelle itself is functionally polarised,
which is why one distinguishes between the cis and trans side. The specific shape
of the cisternae on each side is at least partly governed by either influx (cis side) or
outflux (trans side) of matter although the underlying mechanism is not yet clear.
We stress that there exists a great variability between the different species in terms
of the distribution of the fenestrations, the number of cisternae per stack and the
specific shape of the cisternae, but the basic structural motif of an interconnected
stack is observed in the overwhelming majority of the cells.
As a biochemical compartment, each cisterna is defined by a membrane that
separates it from the other cisternae and from the cytosol. The robustness of the
stack morphology motivated us to explore its shape using the theory of membrane
bending elasticity. We focused on several interesting properties of the organelle:
i) Even though Golgi Apparatus regularly disintegrates and reforms as a part of
normal mitotic processes, the number of cisternae per stack in a given cell type is
strictly constant; ii) The stacks do not need to be interconnected to be functional,
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and isolated ministacks do represent the smallest working unit of the organelle; and
iii) The stacks are in a continuous turnover and although the details of the processes
are not clear, it was found that unless the influx of matter is artificially blocked, the
stack maintains a constant volume and surface area. Our mechanical model is based
on these facts, and we assumed that the steady-state shape of the Golgi Apparatus
is determined by the minimum of a suitable mechanical free energy. We modelled
the stack as a set of lipid vesicles which adhere to each other so that the free energy
consists of the bending and the adhesion energy.
Our analytical and numerical studies of the different stack shapes showed that
energy-wise, a curved stack indeed represents a significant improvement compared
to the flat stack and is therefore within our model the equilibrium morphology. This
conclusion is generally consistent with the observed shape of real organelles. We also
identified the cisterna-cisterna adhesion strength as a parameter that determines the
equilibrium number of cisternae in a stack. The latter is small at small adhesion
strengths and large at large adhesion strengths. This is an important finding, since
it provides a robust mechanism which may at least qualitatively explain both the
fixed number of cisternae per stack within a single cell line and the variability of
this number across different cell lines. Our contact-potential model of adhesion is a
very simplified phenomenological description of a complex process involving many
molecular mechanisms which contribute to its effective strength. However, one of
the parameters that governs the adhesion strength between real membranes is their
precise composition. The specific protein and lipid configuration within the bilayer
remains roughly the same within the same cell line but can significantly vary for cells
with different roles in the organism, thus allowing for diverse numbers of cisternae
in the stacks.
In order to make our predictions more realistic, we also explored the effect of
fenestrations on the stack shape. Even though it is not known what purpose they
serve, the many fenestrations seen experimentally do represent a prominent structural motif. We found that the presence of the fenestrations decisively alters the
morphology of the stack and stabilises the thickness of the cisternae. This is especially evident in the case of a flat stack1 , although the fenestrations seem to be even
more important in the curved stacks. In this case we found two sub-types of shapes
– a stomatocyte and a cup-like shape. The latter visibly differs from any real Golgi
Apparatus but has a noticeably lower energy. Fenestrations effectively eliminate the
cup-like stack, because it is sterically not possible to have fenestrations in a spherical
vesicle. This leaves the stomatocyte stack as the only remaining possible solution,
which indeed rather closely resembles the native shapes of the Golgi Apparatus.
After addressing the major structural features of the central stack in detail, we
turned our attention to the shapes of peripheral tubular network; more precisely,
to the tubes themselves. We modelled them using the bending elastic free energy
and searched for the equilibrium solutions at a fixed volume, surface area, and
length. We identified four different morphologies and all of them displayed a certain
variation of the basic circular cylindrical shape. Depending on the precise value
of the Lagrange multipliers, these four shapes include: i) snake-like and ii) helical
structures, iii) tubes with a spherical body, and iv) tubes with a discoidal body.
However different in the details, all of the shapes have the same general cylindrical
1

The flat morphology is generally not energetically the most favourable, but it has a special
significance due to its regular shape.
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morphology which is either globally modulated (in the snake-like and the helical
shape) or is a superposition of an additional structural motif and the cylinder (tube
with a spherical or a discoidal body). This result points to a great significance
of the circular cylindrical shape which agrees with the observations reported in the
experiments. Moreover, by focusing on the tube with a discoidal body as the branch
with the lowest energy, we see that it actually combines two main structural features
of the Golgi Apparatus: a cylindrical tube characteristic of the Golgi networks and
a flattened, cisterna-like body constituting the Golgi stacks. In this shape, the tube
volume and surface area can freely migrate from the cylindrical segment to the
discoidal body depending on the total length and on the reduced volume.
The results of our studies of the Golgi Apparatus stack and of the peripheral
tubules demonstrate that the observed morphologies can indeed be regarded as
energy-minimising shapes. The equilibrium solutions that we found are qualitatively
closely reminiscent of the morphology of the organelle as it can be observed in nature.
However, we stress that the most probable native shape may not be determined solely
by free energy minimisation. The intracellular environment may create conditions
(spatial confinement, surface tension, pH, membrane inclusions . . . ) that can be
incompatible with some of the solutions identified in this Thesis, rendering a given
metastable shape that better fits these additional restrictions favourable.
Finally, we generalised the analysis of the tubular shape by considering the effect
of simple rod-like coating proteins and actin on the tubule morphology. We showed
that by adsorbing onto the lipid tube, these proteins can both facilitate the formation
of membrane tubes and destabilise them to undergo a pearling transition which can
furthermore lead to vesiculation, as it was observed in vivo. However, we found that
using a uniform protein coat, the cylindrical shape is more likely to be stabilised and
that only proteins with a very specific curvature are able to initiate pearling. On
the other hand, the actin coat that can polymerise around the tube and is recruited
by the adsorbed curved proteins can induce an additional squeezing force and thus
give rise to an increased surface tension, which then drives the pearling transition.
We found that such a transition is encouraged only in the limit of a relaxed actin gel
where there is little or no shear deformation elastic restoring force. This applies to
cases where the rates of polymerisation and depolymerisation are fast, thus creating
a very dynamic coat. If the actin gel is static, the cylindrical tube shape is further
stabilised.
In this Thesis, we theoretically addressed the shape of the main structural constituents of the Golgi Apparatus using a mechanical model. Yet many ideas remain
unexplored, and below we review those that we find most intriguing.
Distribution of fenestrations along stack
When computing the equilibrium shapes of fenestrated cisternae, an initial assumption regarding the distribution of fenestrations has to be made. In the majority of
the cases that we chose to study, the fenestrations were dispersed randomly yet were
vertically aligned across the cisternae in the stack. Apart from the technical simplification, this assumption allows the total contact area to be maximal at a certain
cisterna radius. However, upon free energy minimisation we found that many of the
fenestrations do move relative to their top and bottom adjacent neighbours. This is
especially evident either with the fenestrations that are located close to the rims or
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in the case of a stack with a large number of cisternae (Fig. 6.1). The reason for the
displacement of fenestrations located close to the rims is to some extent clear – the
rims typically have radii of curvature which exceed the thickness of the central part
of the cisterna. In this case, the dimensions of the fenestrations are usually small
and therefore act to pull the rim leaflets together. Since this increases the bending
energy of the rims, both fenestrations and rims deform in order to lower the energy.

a)

b)

Figure 6.1 Alignment of fenestrations in a stack. We highlight the
effect of lateral shift of fenestrations seen a) close to the rims of the cisterna,
as opposed to b) the alignment of fenestrations in the central part of the stack.
The black lines connect the fenestrations that were vertically aligned at the
start of the energy minimisation and help visualise the lateral displacement.
The structure has 30 fenestrations per cisterna and is computed at v = 0.09
and γ = 20. Areas where the cisternae adhere to one another are marked in
yellow.

The displacement of fenestrations in the central part of the stack and the wavelike shape of the contact zone as seen in stacks of many cisternae and at relatively
large total reduce volume are less trivial to explain. It is likely that the fenestrations
move laterally in order to facilitate the deformation of an actual wavelike contact
surface. In turn, this can lead to a lower energy penalty per fenestration due to
the more optimal shape of the opening. In order to fully understand the global
implications of the distribution of fenestrations on the energy of the overall stack, a
further detailed analysis of this problem is needed. Together with a comparison of
the shapes which differ only in the positions of the fenestrations, special consideration should be given to the sizes of openings. By preparing a structure where only
some of the fenestrations are vertically aligned, the well-like shapes of the fenestrations can be studied. These large openings can be aligned over several cisternae and
it would be very interesting to see whether such a detail of the stack morphology
could be reproduced using our model.
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Mechanisms of stack flattening
Our results qualitatively agree with the in vivo observations. On the other hand,
they theoretically predict an extremely curved equilibrium shape of the organelle,
much larger than the curvature of stacks in nature. A real Golgi Apparatus is curved
only moderately and although flat stacks are not the most common, a strongly
curved stomatocyte shape is even more rare. In our numerical model, the lowestenergy stack approaches a closed stomatocyte shape and thus additional effects
have to be considered in order to stabilise a curved yet open stack morphology. It
is possible that fenestrations could be responsible for the flattening but we expect
that alternative mechanisms may be at work too.
Variations of bending modulus
The membrane composition of a real Golgi Apparatus is known to vary along the
stack and even within a single cisterna. This is extremely important for the biochemical identity of each cisterna, but it may also have significant morphological
implications. In particular, it is possible that each cisterna may have a different
membrane bending modulus, and this should affect the overall shape of the stack2 .
To estimate the consequences of this variation, stack shape should be recomputed.
Misaligned cisternae
Yet another possible generalisation of our results would be to consider stacks where
adjacent cisternae are not located directly on top of each other but are laterally
shifted (Fig. 6.2). This arrangement is characteristic of many linear aggregates of
erythrocytes known as rouleaux. If fenestrations are also included in such a model,
a deeper insight into the native morphology of the stack can be achieved.
a)

b)

Figure 6.2 Stack with misaligned cisternae. a) An example of a stack
with two cisternae which are laterally shifted relative to one another. Each
cisterna has one large fenestration and the structure is computed at v = 0.16
and γ = 20. b) A micrograph of a real Golgi Apparatus stack with laterally
misaligned cisternae (adapted from Ref. [141]).

Equilibrium shapes within BC and ADE theory
An overwhelming majority of the results presented in this Thesis is obtained using
the relaxed membrane approach. We briefly discuss the possibility of the membrane
bilayer asymmetry in Chapter 3 by taking into account a fixed reduced monolayer
area difference ∆a0 and applying the BC model of membrane elasticity. Since we are
2

Especially interesting would be the case where the bending modulus of the outmost cisternae
exceed the one of the rest of the stack. This could conceivably flatten the stack.
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interested only in the qualitative effects of this assumption, we use a trivial example
of a stack with two cisternae (one of them having a fixed ∆a0 ). We find that the
size of the fenestrations and the overall shape of the stack changes significantly
thus motivating us to explore this process further. We wish to extend this analysis
on the stacks with a larger number of cisternae where gradients in ∆a0 can be
modelled. Additionally, we note that the results may change if we furthermore
allow for the mismatch between the preferred and the actual reduced monolayer
area difference (∆a 6= ∆a0 ) which is taken into account within the ADE theory.
These improvements are especially relevant because they might be connected to the
transport function of the organelle via influx and out flux processes and can thus
greatly increase the comprehensiveness of the organelle model.
Two- and three-dimensional tubular networks
The study of linear tubular structures offers an insight into the shapes of tubules
which either connect different stacks or extend outwards from the stack. This study
can be only qualitatively applied to the shapes of tubular networks frequently seen
on the outmost part of the organelle. In order to extend our findings to these cases,
a general study of two- and three-dimensional tubular structures is called for.
Generalisation to other organelle shapes
Finally, the Golgi Apparatus represents a model which we use to show that the energy minimisation within the theory of bending elasticity offers a powerful method
for studying the equilibrium shape of cell organelles. In our opinion, a similar approach adapted to functional and structural specifics of each organelle can be applied
to any membrane-bound cell structure, including the mitochondrion, endoplasmic
reticulum and cell nucleus (Fig. 6.3).

Figure 6.3 Cell nucleus model. Two cutaway views and an outside view
of a possible example of a double membrane of nuclear envelope with 26 pores
computed at v = 0.2.

————————————————————
These are just a few ideas of how to extend the projects started in this Thesis
and since the experimental and theoretical methods are being improved at an ever
faster pace, a better understanding of the mechanics and structure of cell organelles
will surely soon be achieved. We hope that our work will serve as a starting point
and a motivation for further studies in this field.
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Appendix A
Specific properties of cis, mid, and
trans compartments
The cis part of the Golgi Apparatus consists of either a single or several [18] fenestrated but continuous cisternae (Fig. A.1a) with tubules extending from them.
In certain cell types, e.g. neurons, the cis cisternae can form a continuous layer
over several stacks [3, 142, 143]. The cis part of the Golgi Apparatus represents
the entry site for the proteins and lipids delivered from the endoplasmic reticulum
via vesicular-tubular clusters1 which adhere to the cis cisterna2 [11] or are located
close to it [18]. The association between the cis Golgi part and the endoplasmic
reticulum is furthermore emphasised by the presence of the coat protein complex
(COPI) vesicles which most likely belong to the transport carriers arriving from
the endoplasmic reticulum (Fig. A.1b). Also, incidentally, most of the large wells
and fenestrations on the cis cisterna align closely with those of the immediate inner
cisterna, thus enabling the transport deeper into the stack.
a)

b)

c)

Figure A.1 Internal organisation of Golgi Apparatus stack. a) Golgi
Apparatus stack in alga Scherffelia dubia with marked cis, mid, and trans compartments. b) Spatial reconstruction of Golgi Apparatus stack shape shown
in panel a). The five cis cisternae are highlighted in colour together with
the associated endoplasmic reticulum in yellow (both panels reproduced from
Ref. [146]). c) Spatial reconstruction of cis cisternae in HIT-T15 cells showing
extremely high density of fenestrations (reproduced from Ref. [11]).
1

VTCs, also referred to as endoplasmic reticulum-Golgi intermediate compartment (ERGIC).
According to the cisterna maturation model, they either fuse with a preexisting cis cisterna,
or use an existing cis cisterna as a template for the formation of a new cisterna [144, 145].
2
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compartments
The trans Golgi side is more complicated both functionally and structurally and is
a compartment where modified proteins and lipids are sorted and exit the organelle.
Recent studies of cryo-fixed samples [3, 18] find that it consists of not only one but
at least of three cisternae with budding profiles [19] which have tubules extending
from their margins further into the trans Golgi domain. In some cell types the trans
Golgi part is entirely tubulated, resembling a true reticulate network (Fig. A.2a, b).
It is closely associated with the endoplasmic reticulum (ER): The trans part of the
endoplasmic reticulum adheres to the trans Golgi cisternae3 and thus creates an
interconnected structure4 [18]. Furthermore, it is suggested that the proximity of
both structures implies a close structure-function connection and is crucial for the
exit processes in the trans Golgi part [18, 19].
a)

b)

c)

Figure A.2 Spatial reconstruction of trans cisternae. a, b) Two outmost
trans cisternae in different HIT-T15 cells (the trans-most cisterna is in red)
which differ in the degree of fenestration. c) The association between the
outmost trans cisternae (red and orange) and endoplasmic reticulum (blue with
ribosomes in magenta) in normal rat kidney cells. All panels are reproduced
from Ref. [11].

There is a general disagreement on the reticulation of the cis and trans Golgi side
(compare, for example, Figs. 2.7a and A.1c) and the controversy seems to arise at
least partially from the differences in experimental techniques. In the past it has been
largely accepted that the trans and cis side are mirror images of each other and are
comprised of only a single cisterna and an actual tubular-reticular network extending
from it [147, 148, 149]. Using more sophisticated experimental techniques this view
could not be confirmed. Ladinsky et al. [18], for example, did not observe the
above mentioned cis network structure in any of their samples (thus eliminating the
possibility of insufficiently large observation volume in a single sample). There is a
plethora of fixation and observation techniques (e.g. hyperosmication) [18] known to
influence the membrane architecture by enlarging holes and thus creating a network
out of a fenestrated cisterna, which is why it is believed that the previously observed
cis network is merely a preparation-induced artefact. A similar conclusion is reached
if we concentrate on the trans Golgi shape (Fig. A.2a, b). In this case the reason
can be most likely traced to the visualisation procedure typically chosen in the past:
cytochemical staining. This technique was used to highlight the enzyme location
3

Otherwise ribosome-studded ER is bare and uncoated in the regions where it attaches to the
Golgi Apparatus stack.
4
The contact between the Golgi Apparatus and ER is tight (similar to intercisternal contact)
and in some cases, for example in temperature blocked cells, the ER structure even wraps around
parts of the trans Golgi cisternae (Fig. A.2c) [11, 19].
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inside the organelle, but it required the use of hydrophobic molecules which interact
with the membrane and can expand it artificially [18]. The discrepancies between
the older and the more recent research of trans Golgi Apparatus structure can be
additionally attributed to the limited resolution of earlier experimental data which
failed, both morphologically and functionally, to distinguish between several closely
adhering cisternae [11, 18]. Nevertheless, for the sake of completeness, we also need
to take into account that different cell types may express different specific shapes of
the Golgi Apparatus and its marginal structures.

149

Appendix A. Specific properties of cis, mid, and trans
compartments

150

Appendix B
Bending energy
General equations
Every smooth regular two-dimensional surface r(u, v) can be represented by pairs of
coordinates u and v. At each point, two perpendicular planes can be constructed and
for each of the intersections of the planes with the surface, two normal curvatures
can be calculated. If the planes are oriented such that the normal curvatures in
the perpendicular directions are minimal and maximal, respectively, the normal
curvatures are referred to as the principal curvatures C1 (u, v) and C2 (u, v).

C2(u, v)

C1(u, v)

r(u, v)

Figure B.1 Bending of a regular surface determined by two principal
curvatures C1 (u, v) and C2 (u, v). In the case of the sphere and the cylinder,
the principal curvatures are constant (C1 = C2 = 1/Rs , where Rs is the radius
of the sphere, and C1 = 0, C2 = 1/Rc , where Rc is the radius of the cylinder,
respectively).

The bending part of the Helfrich energy depends on the the mean curvature
H(u, v) = [C1 (u, v) + C2 (u, v)] /2 which can be directly expressed in terms of the
fundamental forms:
eG − 2f F + gE
H(u, v) =
.
(B.1)
2 (EG − F 2 )
In this case E, F , and G correspond to the coefficients of the first fundamental form,
whereas e, f and g denote the coefficients of the second fundamental form. All the
coefficients are functions of the coordinates u and v and are given by [150]
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2

∂r(u, v)
,
∂u
∂r(u, v) ∂r(u, v)
·
,
∂u
∂v
2
∂r(u, v)
,
∂v
∂ 2 r(u, v)
n(u, v) ·
,
∂u2
∂ 2 r(u, v)
,
n(u, v) ·
∂u∂v
∂ 2 r(u, v)
n(u, v) ·
,
∂v 2

E =
F =
G =
e =
f =
g =

(B.2)

where n(u, v) corresponds to the normal vector
n(u, v) =

∂r(u, v)/∂u × ∂r(u, v)/∂v
.
|∂r(u, v)/∂u × ∂r(u, v)/∂v|

(B.3)

Using r(u, v), the area element can be expressed as
dA(u, v) =

∂r(u, v) ∂r(u, v)
dudv.
×
∂u
∂v

(B.4)

The bending energy then reads:
˛
Fb = 2κ

H 2 (u, v)dA(u, v).

(B.5)

Bending energy of a curved stack
Bending energy of a curved cisterna is calculated by separately considering the
contributions of the rims and of the central part. The rims are approximated by a
portion of a torus – for simplicity we assume that the rim sections correspond to one
half of the full torus, i.e. the area, volume, and the bending energy are half those of
the full torus, respectively. If hout
n denotes the overall curvature of the nth cisterna,
area and volume are given by

An = 2π 
Vn = π 2 r2

q
out
out 2 (Rout − r) + hout (Rout − 2r)2
πr 2hout
n Rn − hn
n
n
n

q

Rnout


out 
+ hout
, (B.6)
n Rn

"
#


out 3
out
3
r
2
R
−
(R
−
2r)
n
n
out
out 2 1 −
2hout
, (B.7)
+ πhout
n Rn − hn
Rnout
3 n
Rnout

respectively. The bending energy of the cisterna is now composed of the part associated with the central part affected by adhesion [the first term in Eq. (B.8)] and
the part corresponding to the rims [the second term in Eq. (B.8)]
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Fb,n =

hout
8πκ  nout
Rn

+

out
πhout
n (2Rn

out
hout
n )(Rn

2



−
− r)
,
q
2
out
out
out
out
out
2
2
out
8rRn
hn (2Rn − hn )(Rn − r) − r Rn

(B.8)

whereas the adhesion energy reads
Fa,n = −2πΓ

out
2
hout
n (Rn − 2r)
.
Rnout

(B.9)

out
The parameters hout
n and Rn can be furthermore written in terms of the parameters
pertaining to the outmost cisterna with the largest radius of curvature and read


2(n − 1)r
out
out
,
(B.10)
hn = h1 1 −
R1out
Rnout = R1out − 2(n − 1)r.
(B.11)

The total area and volume can be thus calculated by summing over all the N cisternae
A =

V

=

N
X
n=1
N
X

An ,

(B.12)

Vn

(B.13)

n=1

and the total free energy is finally given by
F = Fb + Fa =

N
X
n=1
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Fb,n +

N
−1
X
n=1

Fa,n .

(B.14)
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Appendix C
Surface Evolver programme package
Overview
Surface Evolver is a C-based freeware programme package written by Kenneth A.
Brakke [7]. It is interactive and is used to study shapes of surfaces subject to different
energies and constraints. Typically we use surface tension, gravitational energy or
bending energy but any user-defined energy function can be included together with
various constraints, such as volume and boundary constraints, boundary contact
angles, prescribed mean curvature, crystalline integrands, gravity, and constraints
expressed as surface integrals [151].
A surface is represented as a simplicial complex, i.e. a union of triangles, with
all the vertices, edges, and facets initially provided by the user [152]. Any given
topology including complicated closed shapes and periodic structures can be implemented. The Surface Evolver searches for the minimal energy shape using the
gradient descent method. This is done iteratively and at each step the total force
acting on every vertex is computed. The vertex is then moved proportional to the
force and the energy in general decreases [151]. From a conceptual point of view,
minimisation can be regarded as an overdamped motion, where the speed of vertices is proportional to the force. The constraints, on the other hand, limit the
possible vertex displacements, which can be confined to a plane, half-space or in any
other relevant way depending on the type of the constraint. The programme has a
graphical interface which allows the evolution of the surface to be monitored in real
time and thus enables the user to interfere and readjust the shape minimisation if
necessary.
The most basic use of Surface Evolver is to study minimal surfaces and the energy in question is the surface energy1 . However, the real strength of Surface Evolver
package can be seen when dealing with complex energy functionals, constrained systems, and complicated morphologies. These include structures that are not simply
connected, non-orientable surfaces, and non-manifold geometries [152].
From the historical point of view, one of the first important questions tentatively
solved by Surface Evolver was the Kelvin problem [153]. This is a problem of partitioning space in a way where the volume cells are equal and use the least interface
area. Kelvin’s solution, published in 1887, was a foam based on the bitruncated
cubic honeycomb which is made of truncated octahedra2 (Fig. C.1a). For more than
1

For example, using minimisation of the surface energy the shape of a soap film on a wire frame
or the shape of the cluster of soap bubbles [152] can be computed.
2
Due to Plateau’s laws, the hexagonal faces of octahedra are slightly curved.
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100 years, Kelvin’s structure was believed to be the solution to the problem – until
Weaire and Phelan discovered an alternative foam structure in 1994 [154, 155]. They
found a configuration comprised of two different types of a unit cell3 (Fig. C.1b).
The interface surface area of the Weaire-Phelan structure is 0.3 % smaller than that
of the Kelvin structure and even though it cannot be proven that it is the exact solution to Kelvin problem, it represents the most optimal partitioning to date. Since
neither foam can be described by explicit formulas and the difference between the interface surface areas is extremely small, the use of Surface Evolver was instrumental
to finding the better solution.
a)

b)

Figure C.1 Solutions of the Kelvin problem. a) Kelvin’s structure with
equal cells and b) Weaire-Phelan structure with two different unit cells. Foam
shapes in both panels are computed using Surface Evolver and in terms of
surface area differ so little that they require a numerical analysis (adapted
from Ref. [155]).

Shape evolution
The initial surface is defined by explicitly listing all the vertices, edges, facets, and
bodies and is saved in a data file. Vertices are identified using three coordinates
and edges are defined by the vertices that they connect. In a similar sense, facets
and bodies are determined by the corresponding edges and facets, respectively. The
orientation of edges and facets is important and is used to separate the inside from
the outside of the body.
The energy and various constraints also need to be specified in the data file –
together with any possible periodic boundary conditions or symmetry relations. We
note that the syntax used to define the constraints can differ between the geometrical
ones (such as prescribed volume) or constraints derived from surface integrals and
the differences are covered in depth in the User Manual [151].
We demonstrate a typical minimisation example by considering a well-known
discocyte shape. Since we anticipate rotational symmetry, we start with a hexagonal
initial shape, which we manually define using 12 vertices, 18 edges and 8 faces. The
most basic example of the data file is as follows:
3

A pyritohedron and a truncated hexagonal trapezohedron – both polyhedra have slightly
curved faces.
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SOAPFILM
LINEAR
METHOD_INSTANCE ba1 METHOD facet_area
QUANTITY area1 FIXED = 1 lagrange_multiplier 13.9264159693413 method ba1
METHOD_INSTANCE mci1 METHOD mean_curvature_integral
QUANTITY mcint1 INFO_ONLY method mci1
METHOD_INSTANCE sqmci1 METHOD star_sq_mean_curvature
QUANTITY wb1 ENERGY modulus 0.0795774715459477 method sqmci1
QUANTITY offset ENERGY

modulus -1

function area1.value

vertices
/* coordinates */
1
-0.1 -0.15 -0.2 sqmci1
2
0.1 -0.15 -0.2 sqmci1
3
0.2 0
-0.2 sqmci1
4
0.1 0.15 -0.2 sqmci1
5
-0.1 0.15 -0.2 sqmci1
6
-0.2 0
-0.2 sqmci1
7
-0.1 -0.15 -0.1 sqmci1
8
0.1 -0.15 -0.1 sqmci1
9
0.2 0
-0.1 sqmci1
10
0.1 0.15 -0.1 sqmci1
11
-0.1 0.15 -0.1 sqmci1
12
-0.2 0
-0.1 sqmci1
edges
1
1
2
sqmci1 mci1
2
2
3
sqmci1 mci1
3
3
4
sqmci1 mci1
4
4
5
sqmci1 mci1
5
5
6
sqmci1 mci1
6
6
1
sqmci1 mci1
7
1
7
sqmci1 mci1
8
2
8
sqmci1 mci1
9
3
9
sqmci1 mci1
10
4
10
sqmci1 mci1
11
5
11
sqmci1 mci1
12
6
12
sqmci1 mci1
13
7
8
sqmci1 mci1
14
8
9
sqmci1 mci1
15
9
10
sqmci1 mci1
16
10
11
sqmci1 mci1
17
11
12
sqmci1 mci1
18
12
7
sqmci1 mci1
faces
/* edge loop */
1
-6 -5 -4 -3 -2 -1 ba1
mci1
sqmci1
2
1 8 -13 -7 ba1
mci1
sqmci1
3
2 9 -14 -8 ba1
mci1
sqmci1
4
3 10 -15 -9 ba1
mci1
sqmci1
5
4 11 -16 -10 ba1
mci1
sqmci1
6
5 12 -17 -11 ba1
mci1
sqmci1
7
6 7 -18 -12 ba1
mci1
sqmci1
8
13 14 15 16 17 18 ba1
mci1 sqmci1
bodies /* facets */
1
1 2 3 4 5 6 7 8 ba1 mci1 sqmci1 volume 0.05642
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Since we define a surface using the minimal number of geometric elements possible, facets are typically in the shape of squares or higher polygons. Triangulation
necessary for the surface manipulation is performed automatically and the data file
is adapted accordingly (Fig. C.2).

Figure C.2 Initial shape representation. Orange colour corresponds to
the vertices and edges manually defined in the initial data file. Black lines are
the edges added later automatically in order to create a triangulated surface.

Triangulation of the surface can be furthermore manipulated in various ways.
Surface Evolver package employs several basic built-in commands including refinement, equiangulation, and vertex averaging (Fig. C.3). By refining the mesh, each
facet is subdivided into four similar facets and an additional vertex per each refined
facet is constructed. Refinement can be followed by equiangulation, which readjusts
the triangulation in order to make the facets as equilateral as possible. Finally,
vertex averaging moves the vertices so that they are distributed uniformly.
a)

b)

c)

Figure C.3 Shape refinement and smoothing. The structure shown in
Fig. C.2 is a) first twice refined and b) then smoothened using several successive
equiangulation and vertex averaging steps. c) The shape after several iteration
steps which decrease the energy.

In order to obtain the shape with minimal energy, a large number of iteration steps is applied4 . The steps gradually decrease the energy while obeying the
constraints. However, the triangulation and topology are preserved and a large successive number of iteration steps can greatly distort the uniformity of the mesh.
For this reason, several equiangulation and vertex averaging steps are used during
iteration – this procedure maintains a well-behaved surface and ensures a correct
computation of the geometric parameters and energies (Fig. C.4).
4

The speed of convergence and the number of necessary iteration steps depends on the triangulation, overall complexity of the surface, number of constraints, the quality of initial shape
approximation . . . and cannot be predicted easily.
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Figure C.4 Shape evolution. We illustrate a typical evolution using the
shape in Fig. C.3c, here shown in cross-section. The three shapes represent
fully relaxed surfaces at different mesh refinements, each structure being refined
once more than the previous one. In all the cases only iteration steps and
equiangulation and vertex averaging steps were used.

We note that at any time, the minimisation process can be interrupted by the
user, which is especially relevant in the case of complex surfaces where there are
many possible local minima. The user can guide the shape evolution by manually
modifying the triangulation, which can be observed using the automatic real-time
graphical output. Additionally, the Surface Evolver syntax allows users to easily
define their own functions and write procedures optimised for the evolution of each
specific system.

Modelling bending and adhesion energy
Bending energy is computed using the built-in function star_sq_mean_curvature
which evaluates the surface integral of the squared mean curvature. In order to
interpret this as the reduced bending energy, the proportionality factor (e.g. the
modulus) is fixed to 1/(4π). The volume is fixed automatically whereas the surface
area is set by using the built-in function facet_area and adjusting it to FIXED. The
corresponding Lagrange multiplier is subsequently computed. We note that other
surface quantities can be also computed without being included in the free energy
used for the minimisation. This is done by defining them as INFO_ONLY quantity
instead of ENERGY quantity.
Contrary to the bending or surface energy, Surface Evolver package does not have
a specialised adhesion function. We solve this by labelling the facets and vertices
that participate in adhesion and using an additional facet_area energy term which
we apply only to the labelled elements. In this case, the modulus is proportional to
the adhesion strength and can be freely adjusted. In addition, each vertex of the first
membrane on the contact zone is assigned a partner vertex on the second membrane
and they are forced to move together in each iterative step. In this manner, we
effectively force the contact surfaces of two adjacent cisternae to evolve as one and
the equilibrium shape of a multi-cisterna structure can be computed.
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Razširjeni povzetek v slovenskem
jeziku
Uvod
Tipična evkariontska celica ima zelo kompleksno notranjo zgradbo, ki temelji na
t.i. konceptu kompartmentalizacije. Z razliko od prokariontskih celic, kjer genetski
material ter biomolekule prosto plavajo po citoplazmi, so evkariontske celice sestavljene iz velikega števila enot, imenovanih organeli. Velika večina celičnih organelov
je obdana z lipidno membrano, ki je lahko bodisi dvojna (pri jedrski ovojnici) bodisi
enojna (na primer pri mitohondriju, Golgijevem aparatu, endosomih in lizosomih;
slika S.1c). Sestavljena je iz lipidnega dvosloja, obogatenega z vgnezdenimi proteini, in predstavlja selektivno prepustno pregrado, ki ločuje notranjost organela od
citosola ter tako omogoča normalno delovanje celice.
V doktorskem delu se podrobno posvetimo Golgijevemu aparatu, ki je z morfološkega stališča še posebej zanimiv. Sestavljen je namreč tako iz ploščatih enot (t.i. cistern v centralnem svežnju) kot tudi iz perifernih tubularnih oblik – te med seboj
povezujejo različne svežnje in se hkrati raztezajo daleč proč od centralnega dela organela in omogočajo direktne povezave z ostalimi celičnimi strukturami (slika S.1a, b).
Čeprav za raziskave, povezane z Golgijevim aparatom, vlada veliko zanimanje, so
le-te dandanes tipično usmerjene v določanje mikroskopske zgradbe membrane, v
iskanje porazdelitve funkcionalnih molekul ter predvsem v opazovanje funkcionalnih vidikov organela. Velika večina člankov je tako eksperimentalnih in prihaja
iz področij biologije, medicine, biokemije in biotehnologije, medtem ko je teoretičnih biofizikalnih študij malo. Da bi doprinesli k razumevanju morfološkega vidika
Golgijevega aparata, se torej lotimo mehaničnega modela, ki ga raziščemo karseda
temeljito. Pri tem najprej predstavimo glavne lastnosti Golgijevega aparata, ki izhajajo iz eksperimentalnih študij in vivo in in vitro. Obstoječe razumevanje oblike
tega organela razširimo s povzetkom alternativnih raziskav, ki se sicer neposredno ne
nanašajo na celične organele, vendar so jim glede osnovnih fizikalnih predpostavk
sorodne. Posebno pozornost posvetimo prvemu teoretičnemu modelu centralnega
svežnja Golgijevega aparata (model Derganca, Mironova in Svetine) ter izpostavimo
glavne ugotovitve, ki izhajajo iz njega. V nadaljevanju dela te rezultate preverimo
tako s pomočjo morfološko bolj zapletenih analitičnih modelov kot tudi z uporabo
numeričnih postopkov. Oba pristopa temeljita na minimizaciji upogibne elastične
proste energije, ki določa ravnovesno obliko ob različnih predpostavljenih vezeh. Poleg oblike centralnega svežnja se posvetimo tudi morfologiji perifernih tubulov, ki se
jih najprej lotimo ob predpostavki, da je biološka membrana sestavljena le iz lipidnega dvosloja. Na tako membrano se v biološkem sistemu velikokrat adsorbirajo
različni proteini, ki lahko služijo kot nukleacijska jedra za polimerizacijo aktina. Da
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bi bil predstavljeni model Golgijevega aparata čimbolj celovit, obravnavamo tudi
vpliv omenjenih ukrivljenih proteinov in aktina na obliko tubularnih struktur.
a) Golgijev aparat

Centralni svežnji
Golgijevega aparata

Tubularne povezave

b) Centralni sveženj
Trans stran:
Obrnjena pro od endoplatmatskega
retikuluma in jedra; tu modicirane
molekule zapustijo organel

Trans cisterne
Cisterna:
Osnovna enota svežnja
(biokemijski reaktor)

Mid cisterne

Cis cisterne

Fenestracije:
Odprtine razlinih velikosti,
ki jih najdemo v skoraj
vseh cisternah

Transportni vezikli:
Zadolženi za prenašanje snovi
od endoplazmatskega retikuluma
do Golgijevega aparata in od
Golgijevega aparata do tarnih
organelov

Cis stran:
Obrnjena proti endoplazmatskemu
retikulumu in jedru; tu snov vstopa
v organel

c) Biološka membrana
Stranske sladkorne verige
Lipidi

Holesterol

Proteini

Slika S.1 Shema različnih ravni strukture Golgijevega aparata. a) Mikrograf, ki kaže dva centralna svežnja in tubularne strukture, ki ju povezujejo
(prirejeno po viru [3]). b) Shematični prikaz centralnega svežnja ter njegovih
podenot (prirejeno po viru [4]). c) Struktura biološke membrane (prirejeno po
viru [5]).
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Obstoječa dela
Golgijev aparat ima v celici izjemno pomembno vlogo: i) razvršča biomolekule, ki
prihajajo iz endoplazmatskega retikuluma, ter jih razpošilja proti ciljnim organelom,
ii) modificira in funkcionalizira specifične molekule, iii) spreminja zgradbo lipidnega
dvosloja ter iv) aktivno sodeluje pri recikliranju plazemske membrane. Sestavljen je
iz velikega števila t.i. centralnih svežnjev, ki so v grobem enakomerno razporejeni po
citosolu in so tipično ukrivljeni5 (slika S.2a, b). Med seboj so povezani s tubularnimi
strukturami, ki predstavljajo zelo pomemben morfološki motiv, saj se po površini
velikokrat kosajo s centralnim delom organela.
a)

c)

b)

d)

Slika S.2 Variacije v obliki Golgijevega aparata. a) Primer tipičnega
skoraj ravnega svežnja (obmodek glodalca, 30000×) ter b) ukrivljenega svežnja (obmodek glodalca, 24000×). c) Sveženj navadno združuje manjše število
cistern (zelena alga Chlamydamonas rheinhardi, 80000×), d) vendar lahko opazimo tudi bolj številčne primere (Euglena gracilis, 88000×). Mikrografi a), b)
in c) so povzeti po viru [9], mikrograf d) pa po viru [15].

Svežnji so sestavljeni iz 4 do 8 sploščenih podenot oz. cistern. Število cistern,
ki jih najdemo v posameznem svežnju, je točno določeno za vsako celično linijo ter
se ohranja tudi, če pride do razgradnje in ponovne sestavitve celotnega organela,
kot na primer pri mitozi. To število je zato najverjetneje določeno z zelo robustnim
kemijsko-fizikalnim mehanizmom in posledično predstavlja pomemben parameter
organela (slika S.2c, d).
5

Stopnja ukrivljenosti se navadno razlikuje med različnimi celičnimi linijami in lahko do določene mere variira celo znotraj ene celice.
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Cisterne so si po funkciji in biokemijski zgradbi različne, vendar jih navadno
združimo v tri večje skupine: cis, mid, in trans. Cis cisterne so obrnjene proti
endoplazmatskemu retikulumu ter predstavljajo vhodno stran za material, namenjen
nadaljnji biokemijski pretvorbi. Ta navadno dospe do Golgijevega aparata v obliki
transportnih veziklov ter se nato spremenjen izloči na trans strani. Mid cisterne se
nahajajo v jedru svežnja in so tisti del organela, kjer se večina biokemijskih reakcij
dejansko odvije. Cisterne se razlikujejo tudi po sami obliki ter velikosti, vsem pa je
skupna prepredenost z luknjami različnih velikosti oz. fenestracijami. Te so lahko
zelo majhne (< 65 nm) in porazdeljene enakomerno ali pa velike (> 100 nm) ter med
sabo poravnane tako, da tvorijo globoke vodnjake vzdolž svežnja (slika S.3). Čeprav
je fenestracij tipično mnogo, je njihov vpliv na delovanje organela še nejasen.
a)

b)

Slika S.3 Fenestracije v cisternah. a) Majhne fenestracije, enakomerno
razporejene po zunanji cisterni v Golgijevem aparatu podgane (ekstraorbitalna
solzna žleza). b) Zunanja cisterna Golgijevega aparata podgane (obmodek), ki
kaže različne velikosti fenestracij. Velike, vodnjakaste odprtine so poravnane
vzdolž vsaj treh cistern in skoznje prehajajo manjši vezikli, označeni s črnimi
puščicami (obe sliki sta povzeti po viru [26]).

Zgradba biološke membrane Golgijevega aparata je zapletena6 , vendar lahko v
najbolj grobem približku predpostavimo, da je sestavljena le iz lipidnega dvosloja.
Cisterne si tako predstavljamo kot lipidne vezikle, ki si med seboj lahko izmenjujejo
prostornino in površino ter tako tvorijo centralni sveženj. Njihovo obliko opišemo s
povprečno in Gaussovo ukrivljenostjo
H=

1
(C1 + C2 )
2

(S.1)

oziroma
K = C1 C2 ,

(S.2)

pri čemer C1 in C2 označujeta glavni ukrivljenosti površine. Ravnovesno obliko
svežnja določimo z minimizacijo kombinirane proste energije, ki združuje elastično
(Helfrichovo) prosto energijo ter adhezijski člen
˛
˛
1
2
(S.3)
F = κ (C1 + C2 ) dA + κG C1 C2 dA − ΓAc .
2
6

Vsebuje tako vgnezdene kot adsorbirane proteine in več vrst lipidov ter je lahko povezana s
citoskeletom.
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Parametra κ in κG sta povprečni upogibni in Gaussov upogibni modul, Γ in Ac pa
označujeta jakost adhezije oziroma velikost kontaktne površine. Enačbo (S.3) lahko
razširimo, če upoštevamo modifikacije osnovnega modela:
· Zaradi različnega števila lipidnih molekul v enoslojih v membrani ravnovesna
oblika membrane ni nujno ravna, ampak je lahko znatno ukrivljena (npr. majhni
sferični vesikli), kar privede do nelokalne upogibne elastičnosti. Slednje upoštevamo z dodatnim členom v prosti energiji: κ̃/(2Aδ 2 ) (∆A − ∆A0 )2 , kjer
∆A0 označuje preferenčno razliko površin med enoslojema v ravnovesju, κ̃, δ
in A pa nelokalni upogibni modul, razdaljo med nevtralnima ravninama ter
površino.
· Ukrivljeno ravnovesno obliko membrane lahko dosežemo tudi, če sta enosloja
različne sestave. Vezikel ima v ravnovesju zato preferenčno ukrivljenost oz.
spontano ukrivljenost C0¸. Upogibno prosto energijo v tem primeru dopolnimo
z dodatnim členom: −κ (C1 + C2 ) C0 dA.
Pri vesiklih
¸ s fiksno topologijo (oz. genusom g) lahko uporabimo Gauss-Bonnetov
izrek: κG C1 C2 dA = 4πκG (1 − g). Ker je Gaussov člen v tem primeru konstanten
in predstavlja topološko invarianto, ga lahko izpustimo. V nasprotnem primeru –
ko se genus (določen s številom fenestracij) spreminja – postane Gaussov člen velik
in pomembno je, da Gaussov upogibni modul poznamo karseda natančno.
Pri določanju ravnovesne oblike veziklov absolutna velikost sistema ne igra vloge
in definiramo lahko reducirane količine. Pri tem kot referenčno strukturo uporabimo
kroglo s polmerom Rs , površino As ter prostornino Vs . Relativno polnost vezikla s
površino A in prostornino V lahko na ta način opišemo z reducirano prostornino:
v=

√ V
V
V
=
=
6
π 3/2 .
Vs
4πRs3 /3
A

(S.4)

Na soroden način definiramo tudi reducirano jakost adhezije:
γ=

4πΓRs2
ΓRs2
=
.
8πκ
2κ

(S.5)

Energije merimo glede na upogibno energijo krogle, Fs = 8πκ.

Centralni sveženj Golgijevega aparata
Prva teoretična študija morfologije Golgijevega svežnja (model Derganca, Mironova
in Svetine; DMS) je bila objavljena leta 2006 [6]. Avtorji so takrat predpostavili,
da lahko centralni sveženj opišemo kot n ravnih in identičnih diskoidnih cistern, pri
čemer se celotna prostornina in površina vseh cistern v svežnju ohranja (slika S.4).
Ob upoštevanju, da je količina snovi, ki prihaja v organel, v grobem enaka tisti,
ki iz njega izhaja, lahko predpostavimo, da se Golgijev aparat nahaja v dinamičnem ravnovesju. Njegovo obliko lahko torej določimo z minimizacijo proste energije
[enačba (S.3)], pri čemer uporabimo t.i. relaksirani model upogibne elastičnosti.
Predpostavljamo namreč, da sta lipidna enosloja v vsakem trenutku taka, da velja
∆A = ∆A0 ter C0 = 0. Ker v osnovnem modelu ne upoštevamo fenestracij, lahko
dodatno izpustimo tudi Gaussov člen.
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R

r

Slika S.4 Shema DMS modela Golgijevega svežnja. R označuje polmer
ravnega dela cisterne, ki sodeluje pri adheziji, r pa polmer njenega obodnega
dela. S pikčasto črto nakažemo možne tubularne povezave, ki omogočajo izmenjavo površine in prostornine, vendar niso vključene v mehanski model.

Ob fiksirani celotni reducirani prostornini je prosta energija svežnja sedaj odvisna od števila cistern n ter jakosti adhezije. Ker pri danem n opazimo nemonotono
obnašanje (slika S.5a), vidimo, da lahko le z uravnavanjem jakosti adhezije določamo ravnovesno število cistern v svežnju. Slednje pomeni, da bolj številčne svežnje
stabilizira večja jakost adhezije (slika S.5b).
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Slika S.5 Minimum proste energije pri različnih reduciranih jakostih
adhezije in različnih številih cistern v svežnju. a) Energija svežnja kot
funkcija števila cistern pri treh različnih reduciranih jakostih adhezije γ ter pri
reducirani prostornini v = 0.1. Prekinjena črta označuje mejo, pod katero so
cisterne dejansko vezane v stabilen sveženj. b) Ravnovesno število cistern v
odvisnosti od reducirane jakosti adhezije pri v = 0.1. Sveženj je stabilen samo
desno od navpične prekinjene črte.

Cisterne v svežnju so lahko tudi drugih oblik in na podlagi eksperimentalnih rezultatov izberemo dve modifikaciji osnovnega DMS modela: i) sveženj z neenakimi
cisternami v obliki bodisi enojne bodisi dvojne prisekane piramide in ii) sveženj z
ukrivljenimi cisternami. V obeh primerih upoštevamo, da je debelina cistern enaka,
ter nato poiščemo ravnovesne rešitve z minimizacijo proste energije. Pri tem najprej
ugotovimo, da je za vsako izbiro parametrov energijsko bolj ugodna enojna odsekana piramida in ne dvojna. Nadalje opazimo, da lahko najdemo le dva tipa rešitev
v okviru piramidne modifikacije – če je reducirana jakost adhezije majhna, imajo
cisterne maksimalno različne polmere R in sveženj je videti kot neprisekana piramida. V primeru velike reducirane jakosti adhezije ima nižjo energijo tista oblika,
pri kateri so vse cisterne identične (oblika osnovnega DMS modela). Upoštevajoč
tudi najnižjo vrednost adhezije, potrebno za stabilizacijo svežnja, se izkaže, da le-ta
obstaja le v obliki z identičnimi cisternami.
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Če upoštevamo še možnost upogiba celotnega svežnja, ugotovimo, da se energija
pri vsaki vrednosti števila cistern in reducirane jakosti adhezije zniža v primerjavi z
ravnim svežnjem. Pričakovana oblika svežnja, v katerem lahko cisterne izmenjujejo
prostornino in površino, je torej ukrivljena (slika S.6). Glede na to, da v veliki
večini primerov opazimo, da je ukrivljenost polkrogelna (oz. največja možna v okviru
našega modela), sklepamo, da bi bil teoretično najugodnejši sveženj v splošnem
popolnoma zaprte stomatocitne oblike. Slednje je pričakovano še posebej v limiti
zelo majhnih reduciranih prostornin.
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Slika S.6 Fazni diagram modificiranega DMS modela pri v = 0.1. Pod
γ ≈ 50 sveženj razpade na izolirane cisterne. Pri reduciranih jakostih adhezije,
ki so večje od te meje, je sveženj maksimalno ukrivljen (znotraj našega modela
polkrogelno).

Analitično izračunane rezultate preverimo s pomočjo veliko bolj natančnega numeričnega pristopa. Pri tem uporabljamo programski paket Surface Evolver ter
iščemo splošne rešitve brez približkov, ki smo jih primorani uporabiti pri analitičnem računanju. Numerična analiza potrdi, da raven sveženj ni stabilen, saj ima višjo
celotno energijo kot njegova upognjena različica. Slednje pokažemo na primeru svežnja z majhnim številom cistern, ki hkrati potrdi hipotezo, da je ravnovesna oblika
najverjetneje dejansko popolnoma zaprta stomatocitna (slika S.7).
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Slika S.7 Ukrivljen sveženj z dvema cisternama pri v = 0.2 in γ = 20.
Celotna energija se niža z naraščajočim upogibom svežnja ter se približuje
popolnoma zaprti stomatocitni obliki.
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Minimizacija proste energije upognjenih rešitev razkrije obstoj dodatne morfologije, ki se kvalitativno močno razlikuje od stomatocitne oblike. Tako imenovana
oblika skodelice je sestavljena iz zunanjih stomatocitnih cistern ter notranje cisterne
krogelne oblike. Ker ima krogla nižjo energijo kot stomatocit, je energija takega svežnja nižja od energij, predstavljenih na sliki S.7, vendar se najverjetneje deformira
pri majhnih reduciranih prostorninah, do katerih je težko priti.
Primerjava rešitev pri fiksni reducirani površini in številu cistern ter pri različnih
reduciranih jakostih adhezije ponovno potrdi analitične napovedi – pri večjih jakostih
adhezije je stabilen sveženj z večjim številom cistern. Čeprav slednje pokažemo le
na primeru n = 2 in n = 3, sklepamo, da odvisnost velja tudi za svežnje z več
cisternami (sliki S.8 in S.9).
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Slika S.8 Ravne in stomatocitne cisterne pri v = 0.2 in γ = 20. Sveženj
z dvema cisternama predstavlja ravnovesno rešitev (uokvirjeno).
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Slika S.9 Ravne in stomatocitne cisterne pri v = 0.2 in γ = 100. V
tem primeru ima nižjo energijo sveženj s tremi cisternami (uokvirjeno).
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Realni Golgijev aparat ima močno fenestrirane cisterne, kar upoštevamo v nadgradnji obstoječega modela – pri tem upoštevamo, da ima vsaka cisterna enako
število fenestracij ter da so le-te po vsaki cisterni porazdeljene naključno in med
seboj vertikalno poravnane. Takoj opazimo, da ima njihova prisotnost velik vpliv
na globalno obliko svežnja. V primeru ravnih oblik (ki sicer ne predstavljajo stabilnih rešitev, a so vseeno zanimive zaradi svoje specifične morfologije) fenestracije
stabilizirajo centralni del cistern, ki se v nasprotnem primeru sesede. Slednje je še
posebej razvidno pri majhnih reduciranih prostorninah, kjer fenestracijo poskrbijo,
da je debelina cistern enakomerna vzdolž celotnega svežnja (slika S.10).

Slika S.10 Sveženj z dvema cisternama pri v = 0.12 in γ = 20. Primerjamo obliki brez fenestracij ter z 10 fenestracijami na cisterno.

Vpliv fenestracij je še bolj dramatičen pri ukrivljenih strukturah, saj nam omogoča, da zavržemo nerealne rešitve v obliki skodelice. Notranja kroglasta cisterna
namreč ne more obstajati, če je v njej veliko število fenestracij, ter se močno deformira. Stomatocitna oblika se po drugi strani ne spremeni močno, saj imajo cisterne
že brez fenestracij enakomerno debelino (slika S.11). Fenestracije hkrati ne vplivajo
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Slika S.11 Oblike ukrivljenega svežnja s tremi fenestriranimi cisternami. Strukture so prikazane pri v = 0.09 in γ = 100. Vsaka cisterna ima 30
približno enakomerno razporejenih fenestracij.
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na glavne lastnosti Golgijevega aparata, ki jih opazimo v naravi – celotna energija
se z naraščajočo ukrivljenostjo svežnja še vedno niža, zaradi česar sklepamo, da je
ravnovesna oblika tudi v tem primeru stomatocitna.
Zaradi tehničnih omejitev ne moremo preveriti poljubne ukrivljenosti, zato obstaja verjetnost, da ravnovesna oblika z velikim številom fenestracij ni popolnoma
zaprta. Hipoteza, da lahko fenestracije spremenijo ravnovesno ukrivljenost svežnja,
je zanimiva in predstavlja temo, ki jo želimo v prihodnosti podrobneje raziskati.
Primerjava struktur z različnim številom fenestracij je poseben izziv, saj je v tem
primeru potrebno upoštevati tudi Gaussov energijski člen. Ta je seveda močno odvisen od velikosti Gaussovega upogibnega modula, ki je tako eksperimentalno kot tudi
teoretično slabo raziskan. Večina študij se osredotoča na čiste lipidne membrane –
izmerjeni in izračunani Gaussov upogibni modul je tipično negativen ter po velikosti
istega reda kot povprečni upogibni modul. Ker je membrana Golgijevega aparata
bolj komplicirana ter sestavljena iz proteinov in lipidov, ki lahko stabilizirajo fenestracije, pričakujemo, da je Gaussov upogibni modul take membrane drugačen ter
mogoče celo pozitiven.
Numerično opazimo tudi predvideno odvisnost med ravnovesnim številom cistern
v svežnju ter jakostjo adhezije. Slednje preverimo na računsko preprostejšem primeru ravnega svežnja ter pokažemo, da vrednost Gaussovega upogibnega modula
na naše rezultate ne vpliva kvalitativno.

Tubularne strukture
Poleg oblik centralnega svežnja se lotimo tudi morfologije perifernih tubularnih
struktur. Pri tem ponovno uporabimo kombiniran analitični in numerični pristop,
kjer natančno ravnovesno strukturo najprej določimo s pomočjo programskega paketa Surface Evolver ter nato pripravimo preprostejši in jasnejši fizikalni model analitično.
Upogibno energijo tubularnega odseka minimiziramo ob predpostavki, da so prostornina, površina ter dolžina fiksni. Pri tem dodatno upoštevamo periodične robne
pogoje ter rešitev iščemo brez specifičnih morfoloških omejitev (npr. vnaprej predpisane periodičnosti ali rotacijske simetrije). Oblika, ki jo dobimo na tak način,
predstavlja bodisi osnovno enoto periodične strukture bodisi globalno obliko neperiodične tubularne strukture. Da bi lahko ugotovili, katera izmed možnosti je
pravilna, uporabimo naslednji postopek: Osnovno obliko podvojimo ter tako ustvarimo strukturo z dvema enotama, dvojno prostornino, površino ter dolžino. Celotna
energija take strukture je potemtakem tudi podvojena. Temu sledi ponovna minimizacija energije in če se le-ta zniža, sklepamo, da je ravnovesna oblika v splošnem
neperiodična.
Pri analizi mogočih oblik ima poseben pomen cilindrična struktura. Ta je popolnoma določena, ko fiksiramo vrednost reducirane prostornine ter ima predpisano
dolžino Lcyl in polmer rcyl . Če pri minimizaciji energije upoštevamo, da je dolžina
celotne strukture različna od Lcyl , preprosta cilindrična oblika ni več mogoča in
zamenjajo jo morfološko bolj komplicirane strukture.
Z zgoraj opisanim postopkom in v odvisnosti od fiksiranih geometrijskih parametrov lahko najdemo štiri vrste neperiodičnih rešitev (slika S.12).
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Veji A1, A2

Veja B

Veja C

Slika S.12 Štiri numerično izračunane oblike: valoviti (veja A1) in vijačni
tubul (veja A2), tubul z elipsoidnim telesom (veja B) in tubul z diskoidnim telesom (veja C). Strukture predstavljajo rezultate le kvalitativno in ne ustrezajo
istim vrednostim reducirane prostornine in dolžine.

Veji A1 in A2
Strukturi v vejah A1 in A2 obstajata pri dolžinah L, ki so pri dani reducirani
prostornini manjše od Lcyl . Po izgledu sta si podobni, pri čemer se omejitvi
dolžine prilagodita bodisi z zvijanjem v ravnini (valoviti tubul v veji A1) bodisi
v prostoru (vijačni tubul v veji A2). Polmer tubula se ne glede na dejansko
vrednost dolžine v obeh vejah ne spreminja in je enak rcyl . Slednje sicer ne
velja za amplitudo globalnega upogiba, ki narašča z manjšanjem L. Ker lahko
na ta način ustvarimo valovito oz. vijačno strukturo katere koli dolžine, veji
A1 in A2 intepretiramo kot rezervoarja dolžine.
Veja B
Strukture v veji B najdemo pri dolžinah, večjih od Lcyl , in predstavljajo edino
najdeno rešitev na tem območju. Z razliko od struktur v vejah A1 in A2 nimajo tako homogene oblike in so pretežno cilindrične z eno samo elipsoidno
odebelitvijo. Ta po prostornini in površini v splošnem predstavlja manjšinski
morfološki motiv, ki postane na pogled jasnejši pri dolžinah, ki so znatno večje od Lcyl . Zaradi svoje polne oblike elipsoidno telo pri dani površini hrani
relativno veliko prostornine, zato ga prepoznamo kot rezervoar prostornine.
Dodatno opazimo, da je z izjemo primerov pri zelo velikih L polmer cilindričnega dela zelo podoben rcyl . Zaradi geometrijskih omejitev ta dva polmera ne
moreta biti povsem enaka, čeprav kaže, da se celotna struktura pri kateri koli
relevantni kombinaciji geometrijskih parametrov ohranja pretežno cilindrično
naravo.
Veja C
Rešitve, ki pripadajo veji C, najdemo pri dolžinah, manjših od Lcyl . Nahajajo
se na istem območju kot strukture v vejah A1 in A2, vendar imajo bistveno
nižje energije. Njihova oblika je po drugi strani bolj podobna tistim v veji B.
Strukture v veji C so namreč sestavljene iz cilindričnega dela ter sploščenega
diskoidnega telesa. Slednje v primerjavi z elipsoidnim telesom vsebuje znatno
manj prostornine, a veliko več površine, ki je shranjena tako v ukrivljenen robu
kot tudi v ravnem centralnem delu. Polmer centralnega dela lahko neomejeno
narašča ter tako sprejme velike količine površine, pri čemer se prostornina
spremeni le malo. Sorodno kot pri preostalih vejah diskoidno telo v veji C
interpretiramo kot rezervoar površine.
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Pri numeričnih izračunih smo omejeni z najnižjo smotrno reducirano prostornino,
pri kateri še lahko opišemo oblike z obvladljivo triangulacijo. Da lahko pridemo
tudi do rešitev pri manjših v, za vse zgoraj opisane strukture pripravimo analitične
modele. Ti se z numeričnimi rezultati dobro ujemajo in narišemo lahko fazni diagram
vseh oblik pri majhni reducirni prostornini. Pri tem poudarimo, da je ne glede
na individualne razlike vsem strukturam skupna prevladujoča cilindrična narava
(slika S.13).
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Slika S.13 Fazni diagram tubularnih struktur pri v = 0.1. Energije so
tu izračunane s pomočjo analitičnih modelov, medtem ko slike predstavljajo
tipični izgled strukture v vsaki veji ter so določene numerično.

Nazadnje se lotimo še Lagrangevih multiplikatorjev, ki skrbijo, da so privzete
geometrijske količine dejansko fiksne. Ker v splošnem privzamemo tri vezi – prostornino, površino ter dolžino tubularnega segmenta, lahko določimo tri pripadajoče
multiplikatorje – tlak, površinsko napetost ter vzdolžno silo. Pri tem opazimo, da
se lahko vrednosti vseh Lagrangevih multiplikatorjev med vejami zelo razlikujejo.
Medtem ko strukture v vejah B in C zahtevajo natezno silo, v vejah A1 in A2
opazimo zelo majhno kompresijsko silo (slika S.14).
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Slika S.14 Zunanja sila, izračunana z analitičnimi modeli pri v = 0.1.
Pri izračunu upoštevamo, da se energija vzdolž vsake veje spreminja premo
sorazmerno z dolžino L, kar pomeni, da je sila v tem primeru približno konstantna.
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Podobno vidimo tudi, če se posvetimo površinski napetosti in tlaku (slika S.15).
V obeh primerih sta si vrednosti v vejah A1 in A2 izredno podobni ter skladni z rezultatom, ki ga lahko analitično določimo za cilindrično obliko. Površinska napetost
in tlak se v vejah B in C za veliko večino dolžin L razlikujeta od vrednosti, izračunanih pri cilindru. Pri tem razlike niso le v vrednostih multiplikatorjev, ampak
tudi v njihovemu predznaku (v veji B). Slednje namiguje, da poleg energije obstajajo dodatni ter fizično merljivi parametri, ki v celici določajo, katera struktura je
dejansko preferirana.
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Slika S.15 Površinska napetost in tlak. Analitično izračunani a) površinska napetost in b) tlak pri v = 0.1. Siva barva označuje območje manjše
numerične zanesljivosti in je posledica tehničnih omejitev izbranih modelov.

Tubuli z ovojem iz proteinov in aktina
V večini doktorskega dela privzamemo, da je membrana Golgijevega aparata sestavljena le iz enostavnih lipidov. Glede na dobro ujemanje naših rezultatov z realnimi
oblikami centralnega svežnja ter tubulov, je ta predpostavka ustrezna posebej v
okviru globalnih oblik omenjenih struktur. Ker lahko proteini ter ostale molekule
vplivajo na podrobnosti ravnovesne oblike organela, se posvetimo njihovemu vplivu
na morfologijo enostavnih cilindričnih tubulov. Ti so namreč preko transportne
funkcije povezani s tvorbo veziklov in naša hipoteza je, da lahko adsorbirani proteini skupaj z aktinsko polmerizacijo povzročijo destabilizacijo cilindrične oblike ter
tako vodijo k nastanku veziklov. Pri tem predpostavimo, da se paličasti proteini na
cilindričen lipidni tubul adsorbirajo iz okolne raztopine ter tvorijo delno elastičen
oklep. Proteini imajo lastno preferenčno ukrivljenost ter upogibni modul ter tako
vplivajo na obliko celotnega tubula (slika S.16).
proteini v raztopini

Rt

Rp

Slika S.16 Shema proteinov, ki se absorbirajo na lipidni tubul. Proteini so paličasti ter imajo krivinski polmer Rp . Na lipidni tubul s polmerom
Rt se nalagajo pravokotno na njegovo os.
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Če se prostornina in površina lipidne membrane lahko spreminjata, ima tubul
z adsorbiranimi proteini drugačen polmer kot na začetku. Ta je določen z minimizacijo celotne proste energije, ki je sedaj sestavljena iz prispevka lipidnega tubula,
prispevka proteinov ter členov, ki pripadata površinski napetosti in tlaku. Ugotovimo, da je obnašanje celotne proste energije kvalitativno odvisno od relativne
ukrivljenosti proteinov – če so ti le rahlo ukrivljeni, ima prosta energija dva minimuma in globalni se tipično nahaja pri Rt ∼ Rp . V primeru močno ukrivljenih
proteinov se poleg omenjenih dveh minimumov pojavi dodatni globalni pri vrednostih Rt , ki so lahko mnogo večje od Rp . Slednje se zgodi, ker sta pokritosti tubula s
proteini v obeh primerih različni – medtem ko je pri velikih Rp tubul v celoti pokrit
tudi, ko se njegov polmer bliža zelo velikim vrednostim, se pri majhnih Rp zgodi
ravno obratno. Pri velikih Rt je tubul praktično nepokrit, zaradi česar se njegov ravnovesni polmer močno poveča in je v grobem določen z razmerjem med površinsko
napetostjo in upogibnim modulom (slika S.17).
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Slika S.17 Celotna prosta energija na enoto dolžine kot funkcija polmera tubula. a) Močno (Rp = 0.013 µm) ter b) rahlo (Rp = 0.1 µm)
ukrivljeni proteini pri dveh vrednostih površinske napetosti σ. Z oranžno barvo
označujemo odvisnost pokritosti tubula φ (ni v merilu; 0 < φ < 1) od Rt , z
navpično črto pa vrednosti Rp v posameznem primeru.

V primeru, da je ena izmed geometrijskih količin fiksna7 – v našem primeru
prostornina – tubul ne more spremeniti polmera. Energija, ki je posledica neujemanja krivinskih polmerov Rt in Rp , sedaj močno naraste in v določenih pogojih
lahko pride do spontane transformacije cilindra v unduloidno obliko. Pri tem ponovno ločimo primera proteinov z rahlo in močno ukrivljenostjo, omenjena zgoraj.
Razlikujeta se v podrobnostih samega prehoda, vendar je obema skupno to, da se
spontana transformacija zgodi le na omejenih območjih vrednosti Rp . Da bi prišlo do
destabilizacije cilindričnega tubula, morajo biti v raztopini proteini z ravno pravšnjo
ukrivljenostjo – v nasprotnem primeru je cilindrična oblika ohranjena (slika S.18).
Ohranitev prostornine ni samoumevna in je odvisna predvsem od razmerja med
površino in prostornino tubula ter od hitrosti, s katero se proteini lahko adsorbirajo
na njeno površino. Če se slednje zgodi hipoma ter so tubuli dolgi in ozki, lahko
sklepamo, da so pogoji za adiabatni prehod v unduloidno obliko izpolnjeni. V
nasprotnem primeru ter v primeru, ko od pokritja preteče veliko časa, pričakujemo,
da se prostornina uravnovesi, pri čemer tubul ponovno postane cilindrične oblike.
7

Poleg dolžine, ki je privzeta kot fiksna, saj primerjamo energije, izračunane na enoto dolžine.
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Slika S.18 Kritična površinska napetost, potrebna za prehod v unduloidno obliko. Površinska napetost (polna črna črta) je izračunana v limiti velikih valovnih dolžin ter za majhne modulacije a) pri Rt = 0.1 µm in
b) Rt = 0.01 µm. Prekinjena črta v obeh grafih označuje začetno površinsko
napetost, potrebno za stabilizacijo cilindričnega lipidnega tubula, σ0 . Odvisnost pokritosti tubula φ je dodana za boljše razumevanje in ni narisana v
merilu (oranžna črta).

Za konec obravnavamo še primer, ko tubuli v začetku niso nepokriti in stabilizirani samo z zunanjo površinsko napetostjo, ampak so tvorjeni skupaj s proteini – pri
tem proteini poskrbijo za določitev začetnega polmera tubula (ob ničelni dodatni
površinski napetosti je ta tipično podoben vrednostim Rp ). Če sedaj upoštevamo,
da lahko proteini služijo kot nukleacijska jedra za polimerizacijo aktina, sklepamo,
da se s tem efektivno poveča površinska napetost, ki deluje na tubul. Hkrati tanek
aktinski plašč zaradi svojih elastičnih lastnosti vpliva na celotno energijo sistema.
Oba prispevka, namreč dodatna površinska napetost, ki jo povzroči aktin, ter elastičnost plašča, si nasprotujeta – medtem ko daje povečana površinska napetost
prednost unduloidnim oblikam, je zaradi potrebnih elastičnih deformacij prehod iz
cilindrične oblike energijsko manj ugoden (slika S.19).

σc

brez aktina
relaksiran aktinski gel
tog aktinski gel

Rp

Slika S.19 Kritična površinska napetost, potrebna za prehod v unduloidno obliko. V tem primeru se lipidni tubul sestavi skupaj s proteini in
aktinska polimerizacija se sproži kasneje. Kvalitativno pokažemo tri relavantne limite: i) aktin se ne polimerizira (oranžna črta), ii) aktinski ovoj povzroči
samo dodatno površinsko napetost (črna polna črta) in iii) hkrati tudi elastični
prispevek (prekinjena črta).
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Da bi lahko napovedali, kateri od dveh efektov prevlada v realnem sistemu, moramo dobro poznati lastnosti aktinske mreže. Če sta hitrosti polimerizacije in depolimerizacije dovolj veliki, da lahko plašč uravnovesi notranje elastične napetosti in
vendar ohranja zmožnost povečanja površinske napetosti, pričakujemo, da se poveča
območje Rp , pri katerem pride do spontanega prehoda. Če je aktinski ovoj znotraj
močno prepleten, nasprotuje spremembi oblike, saj je le-ta povezana z morebitnim
velikim porastom energije.

Zaključek
Rezultati, predstavljeni v doktorski disertaciji, spadajo na področje teoretične biofizike; razmeroma mlade vede, ki je zaradi združevanja matematičnih in fizikalnih
metod ter biološke narave obravnavanih vprašanj močno interdisciplinarna in izjemno zanimiva. V delu smo se podrobno posvetili obliki Golgijevega aparata kot
enega izmed morfološko bolj zanimivih celičnih organelov. Predpostavili smo, da
lahko določimo njegovo ravnovesno obliko z minimizacijo proste energije, pri čemer
specifična oblika energije ter izbranih vezi odraža realne fizikalne lastnosti obravnavanega sistema. Pri tem smo upoštevali, da Golgijev aparat nenehno izmenjuje
snov z okolico, vendar svoje oblike in velikosti ne spreminja. Tipično je sestavljen iz
majhnega števila cistern, ki med seboj lahko izmenjujejo površino in prostornino, ter
perifernih tubularnih struktur. Ker je zgrajen iz biološke membrane, smo dodatno
privzeli, da ga v najpreprostejšem približku lahko modeliramo kot sistem lipidnih
veziklov z netrivialno obliko. Za minimizacijo smo torej izbrali vsoto upogibne in
adhezijske energijo, pri čemer smo upoštevali, da se celotna prostornina in površina
centralnega svežnja ohranjata.
Ravnovesne oblike centralnega svežnja ter perifernih tubul smo določili tako numerično kot analitično ter na ta način najprej obdelali osnovni DMS model. Pokazali
smo, da je privzeta ravna oblika DMS svežnja nestabilna ter da je v ravnovesnem
stanju le-ta dejansko ukrivljen. Pri tem smo našli dve globalno ukrivljeni rešitvi;
stomatocitno ter strukturo v obliki skodelice. Čeprav je slednja z energijskega stališča ustreznejša, je ne opazimo nikjer v naravi. Da bi se približali obliki realnega
svežnja, smo upoštevali, da je na vsaki od cistern veliko fenestracij. Te na različne
strukture vplivajo različno – pri ravnem svežnju poskrbijo za stabilizacijo debeline
posamezne cisterne tudi v primeru, ko je reducirana prostornina zelo majhna. Učinek stabilizacije debeline pri stomatocitnih rešitvah po drugi strani ni velik, saj se
obliki cistern s fenestracijami in brez njih ne razlikujeta bistveno. Kvalitativno največje posledice prisotnosti fenestracij lahko opazimo pri svežnju v obliki skodelice –
ta namreč predstavlja absolutno ravnovesno rešitev, če cisterne niso fenestrirane, a
ob prisotnosti fenestracij zaradi geometrijskih razlogov sploh ne more obstajati. Z
omenjeno razširitvijo osnovnega modela smo torej pokazali, da so teoretično napovedane ravnovesne oblike fenestriranega svežnja upognjene, kar je v skladu z različnimi
eksperimentalnimi opažanji. Dodatno smo preverili tudi, ali lahko najdemo enostaven fizikalni proces, ki na robusten način določi število cistern v svežnju tako, da
se le-to ohranja znotraj celične linije, vendar je lahko močno različno pri različnih
organizmih. S primerjavo energij svežnjev pri različnem številu cistern ter različni
jakosti adhezije smo pokazali, da je adhezija ena izmed zelo verjetnih mehanizmov
uravnavanja števila cistern, kar velja tako za fenestrirane kot nefenestrirane svežnje.
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Obravnavali smo tudi obliko tubularnih struktur. Pri tem smo ponovno uporabili
energijo, izhajajočo iz teorije upogibne elastičnosti, ter v odvisnosti od reducirane
prostornine in dolžine tubularnega odseka našli štiri oblikovno specifične in neperiodične rešitve. Vse omenjene rešitve so po naravi pretežno cilindrične in obsegajo
valovite ter vijačne tubule in tubule z elipsoidnim ali diskoidnim telesom, pri čemer
smo jih glede na njihovo značilno obliko interpretirali kot rezervoarje dolžine, prostornine ter površine. Najdene oblike se ne razlikujejo le po svoji morfologiji, ampak
tudi po vrednostih energije ter vzdolžne sile, površinske napetosti in tlaka. Globalno
najnižjo energijo ima veja z oblikami, ki spominjajo na tubul z diskoidnim telesom,
vendar to še ne pomeni, da je le-ta resnično stabilna tudi v realnem biološkem okolju. Sklepali smo namreč, da je slednje odvisno od realističnih vrednosti Lagrangevih
multiplikatorjev, ki lahko kot zunanji dejavnik stabilizirajo katero izmed rešitev, ki
sicer energijsko ni najbolj ugodna.
Študijo tubularnih struktur smo nadgradili z upoštevanjem, da se na osnovo, ki jo
predstavlja lipidni tubul, lahko adsorbirajo ukrivljene paličaste proteinske molekule
ter na ta način spremenijo začetno strukturo. Pri tem smo se osredotočili na prehod iz cilindrične osnovne oblike v unduloidno, ki lahko predstavlja začetno stopnjo
eksperimentalno opažene vezikulacije. Izračun smo opravili analitično ter ugotovili,
da je navkljub pokritosti s proteini v splošnem cilindrična oblika stabilnejša. Da bi
prišlo do spontanega prehoda v unduloidno stanje, je zato potrebno izbrati proteine
z zelo specifično ukrivljenostjo, kar pomeni, da je omenjeni proces močno selektiven. V model smo tako dodali še polimerizacijo aktina, ki se lahko zgodi na površju
tubula. Če ta na sistem vpliva le tako, da poveča površinsko napetost, se prehod v
unduloidno obliko zgodi znotraj širšga obsega vrednosti ukrivljenosti proteinov. Nasprotno velja, če je aktinski plašč notranje zelo povezan – v tem primeru nasprotuje
prehodu zaradi elastične energije, ki naraste ob spremembi začetne oblike.
V disertaciji smo se trudili zasnovati čimbolj celovito teoretično študijo oblike
Golgijevega aparata. Ker doktorsko delo predstavlja prvi mehanični model svoje
vrste, kjer smo se dotaknili vseh pomembnih strukturnih elementov tega organela,
je ostalo veliko zanimivih podrobnosti še neraziskanih:
· Porazdelitev fenestracij znotraj ene cisterne ter vpliv različnih porazdelitev na
globalno obliko svežnja. Pri tem želimo sistematično preveriti tudi, ali ima
število fenestracij (še posebej, če je veliko) vpliv na ravnovesno upognjenost
celotnega svežnja.
· Študija možnih mehanizmov, ki lahko izravnajo globalno obliko svežnja. Čeprav se predstavljeni rezultati kvalitativno ujemajo z oblikami Golgijevega
aparata, naše napovedi predvidevajo svežnje s preveliko ukrivljenostjo in zanimivo bi bilo poiskati alternativne procese, ki lahko izravnajo sveženj.
· Svežnji z nehomogenim upogibnim modulom. Ker v zunanjih cisternah prihaja do izmenjave snovi z okolico, lahko sklepamo, da se vrednost upogibnega
modula (določenega z lastnostmi biološke membrane) razlikuje od tistega v
centralnih cisternah. Če je upogibni modul na periferiji svežnja večji, to gotovo
vpliva na obliko cistern ter mogoče celo zmanjša njihovo globalno ukrivljenost.
· Izmaknjene cisterne. Da bi se še bolj približali realni obliki Golgijevega aparata, lahko upoštevamo tudi, da ni potrebno, da so sosednje cisterne med seboj
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navpično poravnane. Spremembe v postavitvi cistern vplivajo na jakost adhezijske energije ter lahko na ta način ponovno močno vplivajo na celotno obliko
svežnja.
· Ravnovesne oblike v sklopu ADE teorije. Z upoštevanjem, da je membrana
lahko tudi v stanju, kjer obstaja neskladje med preferirano (∆a0 ) in dejansko
reducirano razliko površin lipidnih monoslojev (∆a), lahko v mehanični model
vsaj posredno vnesemo podatke o medorganelnem transportu. Biološke snovi
namreč vstopajo v Golgijev aparat znotraj majhnih sferičnih veziklov, katerih
membrana ima velik ∆a0 . Vezikli se spojijo z membrano Golgijevih cistern
ter na ta način vplivajo na njeno asimetrijo. Predpostavljamo, da vesikli
preko tega mehanizma povzročijo povečanje polmera fenestracij na zunanjih
cisternah in tvorbo retikularne strukture, vendar bi bilo potrebno opraviti
celovito minimizacijo proste energije, da bi hipotezo temeljito preverili.
· Dvo- in trorazsežne tubularne strukture, s katerimi lahko natančneje opišemo
mreže, opažena na obeh straneh Golgijevega aparata. Pri tem lahko uporabimo
iste metode kot pri določanju ravnovesnih oblik osnovnih tubularnih struktur,
le da upoštevamo možnost periodičnosti v dveh ali treh razsežnostih.
· Posplošitev predstavljenega pristopa na druge celične organele. Z minimalnimi
spremembami opisanih postopkov se lahko lotimo katerega koli celičnega organela, ki je ograjen z lipidno membrano; še posebej zanimiva bi bila obravnava
oblike mitohondrija in jedrske ovojnice (slika S.20).

Slika S.20 Model dvojne membrane jedrske ovojnice. Predstavljamo
dva prečna prereza ter zunanji izgled strukture s 26 porami, izračunane pri
v = 0.2.

————————————————————

Zgoraj je predstavljenih le nekaj idej razširitve projekta, ki smo ga začeli v doktorski disertaciji. Ker se eksperimentalne in teoretične metode nenehno izboljšujejo,
bomo zagotovo kmalu dosegli boljše razumevanje strukture in delovanja celičnih
organelov. Pri tem upamo, da bo naše delo služilo kot izhodišče in motivacija za
nadaljnje raziskave na tem področju.
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