UNIVERSITY OF LJUBLJANA
FACULTY OF MATHEMATICS AND PHYSICS
DEPARTMENT OF PHYSICS

Nataša Adžić
VARIETIES AND PHENOMENOLOGY
OF ELECTROSTATIC INTERACTIONS
IN PROTEIN PHYSICS
Doctoral thesis

ADVISER: Prof. Dr. Rudolf Podgornik

Ljubljana, 2016

UNIVERZA V LJUBLJANI
FAKULTETA ZA MATEMATIKO IN FIZIKO
ODDELEK ZA FIZIKO

Nataša Adžić
RAZNOLIKOST IN FENOMENOLOGIJA
ELEKTROSTATIČNIH INTERAKCIJ
V FIZIKI PROTEINOV
Doktorska disertacija

MENTOR: Prof. Dr. Rudolf Podgornik

Ljubljana, 2016

Acknowledgements
First and foremost, I thank my adviser, professor Rudolf Podgornik. His immense
knowledge and bright ideas were the most important ingredients for successful realization of this Thesis. Constantly spreading his charisma and sense of humour, he
was always taking care for the friendly and inspiring working atmosphere. It was a
great pleasure and honour for me to work under his guidance. I am infinitely grateful for the constant support, help, motivation, enthusiasm, patience and freedom he
provided me with.
Special thanks go to Anže Lošdorfer Božič, my first office-mate, whose unrestricted help I could always count on.
Additionally, I am thankful to professor Primož Ziherl and Matej Kanduč for
reading the Thesis thoroughly and giving useful comments and suggestions which
helped to improve it.
I thank professor Mikael Lund and Björn Persson for hosting me at Lund University and sharing with me tactics and tricks for studying the Coulomb fluids with
Monte Carlo simulations. I also thank Gregor Trefalt and professor Michal Borkovec
for useful discussions on the charge regulation problems.
The ones who gave a special essence to my PhD path are those who have been
fighting the similar battles in the field of Science. So, the young researches of F1
department: Zala, Ivana, Urška, Labrini, Urša, Anže, Luca, Matej, Andreas, Bing,
Tilen, Žiga, Jan, Vasja, Luka, Ivan, Admir, Ambrož, Denis, Dario, thank you for
the alliance. I am also enormously thankful to my friends Dragana, Nevena, Jelena,
Ivna, Danijela, Biljana, Mojca, Vladimir, Miroslav, Rok for all their love, support,
adventurism and all unforgettable and humorous moments we had at and out of the
Institute...
My gratitude to the chief of our department, professor Svjetlana Fajfer is beyond the words, for her mother-like care for all the students in the department,
which made our workplace feel like home. Moreover, my thanks goes to department
secretary Nevenka Hauschild for helping me with all administrative tasks. I am also
grateful to professor Bosiljka Tadić for the nice moments and books we shared.
And last but not least, I thank my family for their unceasing support.
The Thesis was completed at the Department of Theoretical Physics, Jožef Stefan
Institute with the financial support of the Slovenian Research Agency under the
young researcher grant.

Abstract
The main subject of this Thesis was the full examination of all varieties of electrostatic interaction, existing between proteins immersed in an ionic solution. Inspired
by the work of Kirkwood and Shumaker, our goal was to investigate the interaction
that they had proposed in a more general theoretic framework, obtaining the results
also valid in the regimes where the original derivation fails. The general idea was to
broaden the existing modern field-theoretic approach to the statistical mechanics of
Coulomb fluid, by including within this framework the concept of charge regulation
in the form of an additional field-depended general surface free energy. This line
of thought would be a significant contribution to the development of the theory of
electrostatic interactions between macromolecules, based on the generalization of
the most up-to-date formal approach that has heretofore still been restricted to a
narrow part of the parameter space corresponding to the constant charge on the
macromolecular surface. However, the charge of a macroion surface with dissociable molecular groups always depends strongly on the acid–base equilibrium, which
defines the fraction of acidic (basic) groups that are dissociated, and it was necessary to incorporate this property consistently into a field-theoretic formulation
of this system and to see to what kind of consequences it may lead. Our work
leads to a complete reformulation of the theory of electrostatic interaction between
macromolecules that bear dissociable charge groups and allowes for a consistent inclusion of surface chemical parameters such as dissociation energy as well as solution
parameters such as pH into a general theory of electrostatic interactions between
macromolecules. The field-theoretic framework of the theory allows to consistently
generalize the ideas of Kirkwood and Shumaker, or indeed of any electrostatic interaction that includes charge regulation, in such a way that one can use advanced
concepts and methods of the Coulomb fluid statistical mechanics in order to analyze its salient features in various regions of the parameter space. In this work
we have analyzed four different model systems. The first two model systems relate
to counterion-mediated electrostatic interactions of planar charge regulated surfaces
treated in the weak electrostatic coupling regime and electrostatic interaction of
two point-like charge regulated macroions, again treated in the weak electrostatic
coupling regime. The other two model systems investigate how the presence of polyvalent, strongly electrostatically coupled ions in the bathing solution influences the
interactions between charge regulated macroions, firstly described within the model
of charged spheres and then within the model of flat charged plates. All four model
systems also capture and explain in detail the phenomenon of electrostatic attraction between electroneutral macroions. In this way, we were able to cover a large
portion of the parameter space in the case of charge regulated macroions, paving the
way to new developments in the theory of electrostatic interactions not conceivable
within the original theoretical framework as pioneered by Kirkwood and Shumaker.

Keywords: electrostatics, charge regulation, weak coupling, strong coupling, dressed
ions, proteins
PACS: 78.30.cd, 82.35.Rs, 87.10.Ca, 87.15.km

Izvleček
Glavna tema doktorske disertacije je celosten pregled vseh vrst elektrostatičnih interakcij med proteini v ionski raztopini. Cilj, motiviran z delom Kirkwooda in Shumakerja (KS), je opis elektrostatičnih interakcij med proteini v bolj splošnem teoretičnem
okviru, s katerim smo prišli tudi do rezultatov, veljavnih v režimu, ki ga originalna
KS teorija ne uspe opisati. Splošna ideja pristopa je formulacija problema v jeziku
teorije polja, ki bi razširil obstoječi opis coulombskih tekočin z vključitvijo regulacije
naboja preko dodatnega površinskega člena v prosti energiji. Standardne teorije
elektrostatičnih interakcij so omejene na ozek del parametrskega prostora, ki ustreza
konstantnemu naboju na površini makromolekule, tako da omenjena razširitev predstavlja pomemben prispevek k razvoju teorije elektrostatičnih interakcij med makromolekulami. Še posebej zato, ker naboj na površinah makromolekul ni konstanten,
ampak je močno odvisen od kislinsko-bazičnega ravnotežja disociirajočih molekularnih delcev na površinah makromolekul. V tezi tako predstavimo reformulacijo
teorije elektrostatičnih interakcij, ki zajema tudi koloide z nabitimi disociabilnimi
skupinami. V okviru teorije polja to napravimo tako, da v teorijo vključimo kemijske parametre, ki se nanašajo na disociabilne površine, ter parametre raztopine, kot
je denimo pH vrednost. Na ta način začrtamo smer, v kateri lahko posplošimo ideje
Kirkwooda in Shumakerja oziroma opišemo kakršnekoli elektrostatične interakcije,
ki zajemajo regulacijo naboja. V disertaciji analiziramo štiri različne sisteme: dva
sistema opisujeta šibko interakcijo tako za ravne plošče, regulacijsko nabite v raztopini protiionov, kot tudi točkastih makroionov regulacijskega naboja v raztopini
monovalentne soli. Druga dva sistema opisujeta vpliv polivalentnih ionov, ki inducirajo močne ionske korelacije, na interakcije med makroioni s fluktuirajočim nabojem,
ki jih enkrat modeliramo kot točkaste ione, drugič pa kot ravne plošče. Vsi štirje
modeli opišejo pojav elektrostatičnega privlaka med elektronevtralnimi makroioni.
Na ta način uspemo pokriti veliko območje parametrskega prostora in utremo pot
razvoju novih teorij elektrostatičnih interakcij med proteini.

Ključne besede: elektrostatika, regulacija naboja, šibka sklopitev, močna sklopitev, teorija odetih ionov, proteini
PACS: 78.30.cd, 82.35.Rs, 87.10.Ca, 87.15.km
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Chapter 1
Introduction
1.1

Electrostatic interactions in colloidal matter

Electrostatic interaction is of fundamental importance in governing the behavior of
biological systems on molecular level [1, 2]. Soft and biological materials are typically composed of macromolecules such as polymers, colloids, and proteins [3, 4, 5, 6].
These macromolecules usually acquire charge when dipped into a polar solution such
as water [7]. This happens due to dissociation of chemical groups on their surface,
while releasing mobile ions into the solution. Another mechanism of charging involves small charged molecules, such as salt ions that can physically or chemically
adsorb to a surface, thereby leading to an effective surface charge. In practice, one
typically encounters a mixture of these two mechanisms, so that the effective charge
of a surface is controlled by the distribution of acidic and basic surface groups, solution pH, and bulk concentration of charged solutes. In a salt solution, each charged
object (macromolecule, macroion) is surrounded by a cloud of neutralizing oppositely charged microscopic ions, referred to as counterions, as well as ions of the
same sign, referred to as coions. These particles form loosely bound ionic clouds
around macroions and in this way tend to screen their charges. The distribution
of charges in an ionic cloud is given by the competition between electrostatic interactions, acting to bind them, and the entropy of ions in solution, which tends to
disperse them [8]. In order to understand the behavior of macromolecules, one then
needs to understand the behavior of ionic clouds they are surrounded with [9, 10].
A century long history of electrostatic interactions in colloidal matter starts
with Louis Georges Gouy and David Leonard Chapman, who were the first to seek
a tractable description for many-body Coulomb systems, while considering a problem of counterion distribution near a planar charged wall, known as the double layer
problem [11, 12]. Deriving and solving the Poisson–Boltzmann (PB) equation, they
found that counterion distribution profile decays algebraically as a function of the
separation from the wall with a characteristic, Gouy–Chapman length, which is
proportional to the surface charge density of the wall. Ten years later, Peter Debye
and Erich Hückel contributed significantly to the understanding of ionic screening
in electrolyte solutions [13]. By linearizing the Poisson–Boltzmann equation, they
found that the screening leads to an exponential decay of the potential around a
point-like charge. This Debye–Hückel (DH) screening is connected with the linearization approximation valid for small potentials in the system, which is usually
the case when charges involved in are small enough (for example the charged mem13
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branes have the surface charge σ ∼ 1 e0 /nm2 in 1:1 salt solution, when
p DH screening
−1
length in water at room temperature becomes κ = 0.305 nm/ n0 [mM], where
the salt concentration n0 is given in moles). With these two approaches one could
describe the repulsion between like-charge macromolecules in an ionic solution [14].
Two decades later, when the Poisson–Boltzmann electrostatic repulsion was combined with the van der Waals attraction, it was possible to explain the stability of
colloidal systems and processes of coagulation through the theory put forward by
Boris Derjaguin, Lev Landau, Evert Verwey, and Theodoor Overbeek, also known
as the DLVO theory [15, 16]. Being of a mean-field type, this theory fails to describe
the strongly-correlated systems, such as a macroion in a polyvalent salt solution [17].
Strong correlations were first observed in a computer simulations by Lars Gulbrand and coworkers, based on a suggestion by Dušan Bratko at that time working at
the University of Ljubljana, in the form of a strange attraction between like-charged
surfaces that may exist due to correlations between the charges in the vicinity of
the charged, bounding walls in the system [18]. This observation represents one
of the major advances in colloid science in the past century and ranks among the
top scientific discoveries of that time. Soon after the like-charge attraction was
predicted theoretically using simulations, it has been observed also in experiments
by Johan Marra in 1986 [19], when studying the interaction between two planar
surfaces bearing charge of the same sign, immersed into an aqueous solution with
dispersed divalent ions originating in the dissociation of calcium chloride. Later on,
this phenomenon has been verified in various experiments, while a simple, intuitive
theoretical picture explaining it remained an unsolved problem.
A significant improvement of theoretical approaches to many-body electrostatics
came with Samuel Edwards and Andrew Lenard who were the first to implement
a field theoretical approach to the charged systems, deriving the grand canonical
partition function as a functional integral over a fluctuating potential [20]. Subsequently, in 1988, Rudolf Podgornik and Boštjan Žekš showed that the saddle-point
of the field-theoretic formulation corresponds to the PB equation [21]. With this
realization it became possible to go beyond the PB results, calculating the one-loop
(Gaussian) corrections to the mean-field solution [22]. Due to the perturbative nature of the loop formalism, the attraction obtained in such a way helped only in
improving the PB theory [23], but not in actually describing the like-charge attraction. Continuing in the same framework, Andre Moreira and Roland Netz were the
ones who succeeded to unweil the conceptual framework standing behind this phenomenon [24, 25]. They defined the strong coupling limit, SC, relevant for highly
correlated systems, in contrast to the weak coupling limit, WC, corresponding to
the mean field theories. Their work was then extended by Ali Naji [26, 27, 28, 29]
and later continued by Matej Kanduč and Rudolf Podgornik who, all together,
contributed in providing a complete and systematic view of Coulomb fluids, composed of macromolecular surfaces with fixed charge distribution [10, 30, 31, 32, 33].
They also managed to upgrade the WC–SC dichotomy, deriving the proper theoretic description for asymmetric ionic mixtures, known as the dressed counterion
theory [34, 35, 36].
Nowadays, it is a well-known fact that two like-charged macromolecules will
repel or attract depending on the composition of the ionic cloud [37]. Although it
is counter-intuitive that there exists an attraction between like-charged objects, it
14
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does actually happen if the cloud is composed of multivalent counterions, e.g. DNA
condensation observed in the presence of multivalent cations [38, 39, 40]. This is only
one manifestation of the complexity of the many-body Coulomb systems, stemming
from the long-ranged nature of the interaction potential, making it a challenging
problem of mesoscopic physics [1, 41].
Especially interesting players in a diverse world of colloidal electrostatics are
proteins. Proteins exhibit extraordinary behavior, whose complexity has made them
elusive and difficult-to-understand, especially for theoretical physicists chasing a
deep understanding of fundamental laws of the protein world [42, 43]. Our main
motivation was then to find proper equations describing proteins’ dance, performed
for a wide range of melodies played by the electrolyte solution they are surrounded
with.

1.2

Proteins, charge regulation and Kirkwood – Shumaker interaction

Protein is a macromolecule
composed of amino-acid (AA)
subunits, bounded together with
peptide bonds [43, 45]. Such
polypeptide chain forms the
primary structure of a protein.
Due to the hydrogen
bonds between non-neighboring
amino acids it can be folded
into an alpha-helix or a betasheet, representing the secondary protein structure [46,
47, 48]. The tertiary structure occurs as a result of further folding and bonding of the
secondary structure. Interactions between two or more tertiary subunits lead to the quaternary structure [49], which is
the most common stage of protein aggregation found in na- Figure 1.1: From primary to quaternary protein
ture (Fig. 1.1). Besides, this is structure. The example shown is hemoglobin, a
the most relevant stage for anal- protein in red blood cells, which transports oxygen
ysis, since the proteins express to body tissues [44].
their biological function when
they are in a compactified form [50, 51]. Governed by electrostatic interactions,
proteins in a quaternary structure may also form protein complexes (Fig. 1.2), such
as proteasome, DNA/RNA polymerase, viral capsids, etc [52].
As biomolecules, proteins play an essential role in a vast number of processes
within living organisms, including DNA replication, catalyzing metabolic reactions,
15
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Figure 1.2: Examples of protein structures and complexes of different sizes as available from the PDB and EMDB [53].

16
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cell signaling, immune responses, etc. Some have a structural function, like the
proteins in cytoskeleton or a mechanical function, like actin and myosin in muscle fiber [54]. In order to obtain a fundamental understanding of the majority of
these processes, it is crucial to understand the electrostatic interactions that determine the complicated behavior of proteins. This is not an easy task, since the proteins’ behavior cannot be captured with standard theories of colloidal electrostatics.
What makes them so unique and challenging from theoretic perspective is their complex structure featuring many unique properties which may lead to exotic electrostatics. Namely, protein is an amphoteric
molecule due to the amino acids it is composed of. Having the same general structure,
each amino acid consists of the carboxylic
acid group -COOH which acts like a base,
α-amino group -NH2 which behaves like an
acid, and also a variable side group (which
determines the AA species). Since the carboxylic and amino groups build a peptide
bond (Fig. 1.3), the charge on the protein
predominantly comes from a side chain, i.e.,
Figure 1.3: Amino acids making a
some of the side chains contain molecular
peptide bond [55].
groups that can become either deprotonated
(donating a proton into the solution), making them negatively charged, or conversely, protonated (accepting a proton from
the solution), making them positively charged. Amino acids with side chains that
can be deprotonated are aspartic and glutamic acid, tyrosine (Fig. 1.4), while the
protonated ones are arginine, hystidine and lysine (Fig. 1.5).

Figure 1.4: Amino acids which may bring a negative charge to a protein: by deprotonation of carboxylate on the side chain of aspartic and glutamic acid RCOOH−→
RCOO− + H+ and by deprotonation of hydroxyl of the phenyl group of tyrosine
ROH−→ RO− + H+ .
To summarize, whenever a protein is in a polar aqueous solution, the following
processes of dissociation and association may proceed on its dissociable moieties
lying on protein’s surface:
• deprotonation of carboxylate on the side chain of aspartic and glutamic acid
RCOOH−→ RCOO− + H+ ;
• deprotonation of hydroxyl of the phenyl group of tyrosine ROH−→ RO− + H+ ;
17
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Figure 1.5: Amino acids which may bring a positive charge to a protein: by protonation of amine group of arginine and lysine and by protonation of secondary amine
+
+
+
of histidine RNH+
3 −→ RNH2 + H and RNH2 −→ RNH + H .
+
• protonation of amine group of arginine and lysine RNH+
2 −→ RNH + H and
+
RNH+
3 −→ RNH2 + H ;

• secondary amine group of histidine can also contribute a charge
+
RNH+
2 −→ RNH + H ;
• terminal groups: deprotonation of carboxylate RCOOH−→ RCOO− + H+
and protonation of α-amino RNH2 + H+ −→ RNH+
3;
• cysteine can contribute to the charge of the protein, since it consists of thiol
functional end group that is a weak acid, but usually it is disregarded from
consideration due to the reactivity of the thiol group which makes disulfide
bonds.
The energy for dissociation of carboxyl group in water environment is roughly 14 kB T
making this reaction favorable [56]. Because of protonation and deprotonation
processes that charge up the susceptible amino acids, the dissociation equilibrium
mostly depends on the pH of solution. Each of these amino acids has its intrinsic
value of pH (denoted as pK) at which it becomes charged. The respective pKs for
the dissociation of the various amino acids are given at Table 1.1. For a protein,

pK

Asp

Glu

Tyr

Arg

His

Lys

Cys

3.71

4.15

10.10

12.10

6.04

10.67

8.14

Table 1.1: pK values of amino acids’ functional groups (side chains) in dilute aqueous
solution, Ref. [57].
at the pH range in which it contains both a negative carboxylate and a positive
α-ammonium group, one can say that a molecule is a zwitterion. The pH value at
which the molecule has exactly zero net charge is called the isoelectric point (or the
point of zero charge (PZC), as it is going to be used later on in the Thesis). Their
mutual difference and sensitivity to solution condition can generate a wide range of
diverse properties of the complexes they form [58].
One nice example of how the protein charge can respond to changes in the local
electrostatic potential, coupled to the solution pH, can be seen in (Fig. 1.6), where
it is shown how the surface charge of inner/outer virus shell (composed of proteins)
18
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Figure 1.6: Surface charge density of inner (a) and outer (b) shell of virus capsid
as a function of solution pH and salt concentration. The isoelectric point is marked
with a black line. The virus under consideration is bacteriophage PP7 [57].
changes with solution pH and its salt concentration [57].
The response of the protein charge to the local electrostatic potential is a salient
property of dissociable charge groups of the protein surface, see above, that is usually referred to as charge regulation and was first introduced in an analytical model
by Barry Ninham and Adian Parsegian [59]. Charge regulation implies that the
effective charge on a macroion, e.g. protein surface, responds to the local solution
conditions, such as local pH, local electrostatic potential, salt concentration, dielectric constant variation and most importantly the presence of other vicinal charged
groups [60]. Although charge regulation is an old concept introduced by Kaj Ulrik
Linderstróm-Lang a century ago, modern theories of electrostatic interaction between macroions immersed in Coulomb fluids [10] mostly deal with constant surface
charge of a macroion, bypassing the complications introduced by charge regulation [61, 62, 63]. For proteins this cannot work.
Since amino acids can be positively or negatively charged (or neutral), depending
on the local solution conditions, the charge of the protein surface is never fixed, but at
any finite temperature actually fluctuates. The existence of anomalously long-range
interactions between proteins in aqueous solutions, stemming from thermal charge
fluctuations of dissociable charge groups on their surface, was first examined by John
Kirkwood and John Shumaker more than half a century ago [64, 65]. They studied
two spherical protein molecules in an aqueous solution, supposing that one protein
has ν1 groups of intrinsic charge ei , and the other protein ν2 groups of intrinsic
charge ek . Defining the proton occupation number x, they wrote the charge of each
protein as:
(1)

= ei + e0 xi ,

(2)

= ek + e0 xk .

qi

qk

(1)

(1)

(2)

(2)

(1.1)

By allowing the charge to fluctuate, it was expected that fluctuation in charge should
lead to fluctuations in the electrostatic interaction, defined by:
V =

ν1 X
ν2
(1) (2)
X
q q
i

k
(12)
i=1 k=1 Rik
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Within the framework of statistical-mechanical perturbation theory they showed that
when proteins reach their isoelectric point, that is, when the net charge vanishes
hq (1) i = hq (2) i = 0, the following interaction energy remains:
2

W

(11)

2

h∆q (1) ih∆q (2) i
1
(R) = −
6= 6 .
2
2
2 R kB T
R

(1.3)

The Kirkwood–Shumaker (KS) interaction was shown to scale with a lower inverse
power of separation between two proteins than the notoriously long-ranged van der
Waals (vdW) interaction [66]. Furthermore and contrary to vdW interactions, the
KS forces are not universal, but depend on whether and how the protein charge can
respond to the local electrostatic potential.
Experiments and simulations [60, 67, 68, 69] show that thermally generated
charge fluctuations may indeed produce an extra attractive contribution to the
interaction when proteins are close to their isoelectric point (typical situation in
physiological solution). The anomalously long-range nature of that interaction can
be responsible for self-assembly processes [70, 71]. Nowadays, fundamental laws of
physics standing behind these processes are incomplete and one of the main aims
of this doctoral research was to acquire a deeper theoretic understanding of these
biologically important issues.

1.3

Overview of the Thesis

The main goal of this Thesis is to present a theory of electrostatic interactions that
includes the charge regulation phenomenon in its general formalism, and, in such a
way, to capture and explain all the possible effects that may ensue from this complicated thermal exchange of charges in biological matter.
In Chapter 2, we briefly present the theoretical background, starting with the
history of charge regulation interaction on one side, and field-theoretic description
developed for systems with fixed charges on the other. This will constitute an
introduction to what follows, which is a generalized field-theoretic description of
charge regulation which will be presented for four model systems in the next four
chapters.
In Chapter 3, we start from the simplest model system composed of two macroscopic planar parallel surfaces with charge dissociation sites immersed in counteriononly ionic solution. A surface lattice gas model is employed and the corresponding
surface part of the free energy is derived, showing that it corresponds exactly to
the Ninham–Parsegian charge regulation theory. With this included in the fieldtheoretic representation of the grand canonical partition function, evaluated in the
saddle-point approximation, we obtain analytically and exactly a solution also for
the Gaussian fluctuations around the mean-field. This solution leads to vdW-like KS
interaction, but it is fundamentally modified by the presence of dissociable charges
on the bounding surfaces as well as by the counterions dissolved in the space between
them.
In Chapter 4, we study the behavior of two macroions with dissociable charge
groups, regulated by local variables such as pH of a solution and electrostatic potential, immersed in a monovalent salt solution, considering the cases where the net
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charge can either change the sign or remains of the same sign depending on these
local parameters. The charge regulation is in both cases described by the proper free
energy function for each of the macroions, while the coupling between the charges
is evaluated on the approximate DH level. The charge correlation functions and the
ensuing charge fluctuation forces are calculated analytically and numerically. Strong
attraction between like-charged macroions is found close to the point of zero charge,
specifically due to asymmetric, anticorrelated charge fluctuations of the macroion
charges. The general theory is then implemented for a system of two protein-like
macroions, generalizing the form and magnitude of the KS interaction.
In Chapter 5, we present a theory describing the influence of polyvalent ions on
the behavior of the titratable macroions. The model system consists of two spherical
macroions with dissociable sites on their surfaces immersed in a mixture of monovalent and polyvalent salt. A dressed ion theory is then formulated [10], set in the
field-theoretic framework, treating the monovalent salt in a weak coupling approximation, while the polyvalent ions are strongly coupled with macroions. Fluctuations
of macroions’ charge are regulated by local parameters (local electrostatic potential,
pH of the solution, salt concentration). The charge regulation is described in the
approximation of the point-like macroions. Our theory describes the attraction of
macroions reaching the PZC and gives the general expression for the KS interaction.
In Chapter 6, we present a theory describing the effect of polyvalent ions on the
interaction of charge regulated surfaces. The dressed-ion theory is again employed
and the generalized KS interaction in planar geometry is derived.
The results are summarized in Chapter 7 where we also discuss possible ways of
further developing the theory of charge regulation interactions.
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Chapter 2
Theoretical background
In this Chapter we briefly present a field theoretic framework developed for Coulomb
fluids, which is going to be used as a starting point in our research. Later on in
the Thesis, we generalize it to the wider parameter and model space, to be valid
for systems of our interest – those undergoing charge regulation processes. Charge
regulation is not a new concept and its history will be outlined at the end of this
Chapter.

2.1

Qualitative understanding of Coulomb fluids

Under the concept of Coulomb fluids one considers an ionic solution whose behavior
is governed by electrostatic interactions. In an ionic environment each charged object
(macromolecule, macroion) will be surrounded by a cloud of neutralizing particles
(counterions) and the particles of the same sign (coions), which tend to screen their
charge. The interaction of macromolecules strongly depends on the composition
of the ionic cloud they are surrounded with. From a theoretical viewpoint, such
a system represents a many-body problem, being challenging to handle because
of its enormous degree of complexity. In order to get a qualitative understanding
of Coulomb systems, certain complexities can be overcome by introducing various
models and approximations.
The most common theoretical approach starts from a “primitive model“ where
the molecular nature of the solution is neglected and treated as a continuous dielectric medium, while the ions are treated as structureless point-like or hard-sphere
particles. In reality, the structure of the solvent is locally perturbed around particles,
bringing about additional short-ranged solvent-mediated interactions [72, 73, 74, 75].
In most cases, the specific effects of ions as well as image charges due to dielectric
inhomogeneities are neglected [73, 76]. Such models are a coarse-grained simplification of the real situation, but can nonetheless lead to a systematic and clear
understanding of electrostatic effects.
To get a better impression about the length scales governing the behavior of
Coulomb fluids, consider a flat plane of area S and surface charge −σ, surrounded
from one side with N mobile, q-valent counterions of elementary charge e0 (Fig. 2.1).
Since the system has to be electroneutral, the number of mobile counterions will be
determined by the following condition:
σS = N qe0 .
23
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Figure 2.1: Shematic representation of two limiting regimes for counterions in the
vicinity of a charged surface: (a) weak-coupling – counterions form a three dimensional diffuse layer; and (b) strong-coupling regime - counterions form a two
dimensional layer at the surface [76].
The interaction Hamiltonian in units of thermal energy kB T for this system is:
N

βH =

X
i>j

q 2 lB
1X
+
zi ,
|r i − r j | µ i=1

(2.2)

where r i stands for the coordinate of i-th counterion and zi is its separation from
the surface. The Bjerrum length
lB =

βe20
,
4πεε0

(2.3)

represents the distance at which two unit charges interact electrostatically with the
energy of kB T . It is equal to lB ∼ 0.7 nm in water at room temperature. The other
characteristic length is the Gouy-Chapman length
µ=

e0
,
2πqlB σ

(2.4)

which gives the distance at which the counterion interacts electrostatically with the
surface of surface charge density σ with the energy of kB T . It also measures the
thickness of the counterion layer at a charged surface, hzi ∼ µ.
For planar systems where no other length scales are present, a dimensionless
parameter can be introduced, which measures the ratio of the Bjerrum and GouyChapman lengths,
q 2 lB
.
(2.5)
Ξ≡
µ
This parameter is also known as the electrostatic coupling parameter and was first
introduced by Andre Moreira and Roland Netz [25]. It is the only parameter that
governs the physical behaviour of this system, and can also be expressed as
Ξ=

(e0 q)3 σ
.
8π(εε0 kB T )2

(2.6)

It scales with the cube of the counterion’s valence, implying that the valence is one
of the main factors that determines the behavior of the system.
One can also determine the lateral separation, a⊥ , between two neighboring
counterions from the condition:
S
πa2⊥ = .
(2.7)
N
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Using a electroneutrality condition, Eq. (2.1), one gets an important relation
√
a⊥ /µ ∼ Ξ,
(2.8)
which provides a deeper insight into the meaning of the electrostatic coupling parameter. Namely, if the lateral separation between counterions is much smaller than
their distance from the surface, then Ξ  1 and the system is in the weak-coupling
regime. In this case counterions have many neighbors and form a three dimensional diffuse layer at the surface. Such a system can be described with a mean-field
approximation.
On the other hand, if the lateral separation is much larger than their distance
from the surface, the coupling parameter is large, Ξ  1, defining the strong-coupling
regime, where the counterions are surrounded by a hole of size a⊥ from which other
counterions are depleted and form a quasi two-dimensional layer close to the surface [29, 77].

2.2

Field-theoretic approach

The essence of modern theories of Coulomb fluids [10, 78, 79] is based on fieldtheoretic approach, which starts from the functional integral representation of partition function [21, 80], useful in studying charged colloidal and biological systems,
in which long-range electrostatic interactions play an important role. Here we first
derive the grand canonical partition function for a charged system and then we outline the domains of applicability that could be reached with their basic results.
Consider the system of N mobile point-like particles of charge ei in the electrostatic field of an external charge density distribution ρe (r). For describing such an
ensemble of electrostatically interacting particles it is suitable to use field-theoretic
formalism to evaluate the partition function [81]. The configurational part of Hamiltonian of the system can be written as:
N Z
X
1X
u(r i , r j )ei ej +
ei u(r, r i )ρe (r)d3 r,
(2.9)
H=
2 i6=j
i=1
where u(r, r i ) is the Green’s function of the Coulomb interaction, which satisfies
the relation:
δ(r − r i )
∇2 u(r, r i ) = −
,
(2.10)
0
i.e.
1
u(r, r i ) =
.
(2.11)
4π0 |r − r i |
The operator inverse to the Green’s function is referred to as the Coulomb interaction
kernel [82], and is obviously given by
u−1 (r, r i ) = 0 ∇2 δ(r − r i ).

(2.12)

The total charge density operator is given by:
ρ̂(r) =

N
X

ei δ(r − r i ).

i=1
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The canonical partition function of the system is conventionally given by the configurational integral over all positions of the charged particles:
Z
QN = dr 1 ...dr N exp (−βH),
(2.14)
where the integration over kinetic degrees of freedom, being trivial in this context,
is taken out of consideration. Then, Hamiltonian can be written as:
Z
Z
1
3
3 0
0
0
H=
d rd r ρ̂(r)u(r, r )ρ̂(r ) − N u(r, r) + d3 rd3 r 0 ρ̂(r)u(r, r 0 )ρe (r 0 ).
2
(2.15)
Here we subtracted the self-interaction term. The canonical partition function takes
the form:

Z
Z
1
QN =
dr 1 ...dr N exp − β d3 rd3 r 0 ρ̂(r)u(r, r 0 )ρ̂(r 0 ) + βN u(r, r)
2

Z
3
3 0
0
0
−β d rd r ρ̂(r)u(r, r )ρe (r ) .
(2.16)
In order to proceed, the partition function given by Eq. (2.16) can be further
transformed, mainly because the density operator ρ̂ enters in a quadratic fashion.
In the next step it is suitable to introduce a unit operator as the decomposition of
the unit in the form:
Z
Z
ZZ
N
hX
i
3
3
1 = D[ρ̂(r)]δ(ρ̂−ρ)=
D[ρ̂(r)]D[φ(r)]exp i d rφ(r)
ei δ (r − ri )− ρ̂(r) ,
i=1

(2.17)
where we used the integral representation of the delta function. This unit operator
can be introduced into the partition function at no cost. Now, the partition function
becomes:
QN = [exp (βu(0))]N
 Z

Z
Z
Z
N
X
3
× dr 1 ...dr N D[ρ̂(r)] D[φ(r)] exp −iβ ρ̂(r)φ(r)d r+iβ
ei φ(r i )
i=1


ZZ
ZZ
1
3
3 0
0
0
3
3 0
0
0
× exp − β
d rd r ρ̂(r)u(r, r )ρ̂(r )−β d rd r ρ̂(r)u(r, r )ρ̂e (r ) ,
2
(2.18)

where u(0) = u(r, r). Let us now introduce ρ̃ as a sum of charge density of counterions and external charge density:
ρ̃(r) = ρ̂(r) + ρe .

(2.19)

After inserting ρ̃ into the partition function, we get:


ZZ
1
N
3
3 0
0
0
QN = [exp (βu(0))] exp − β
d rd r ρe (r)u(r, r )ρe (r )
2
 X

 Z

Z
Z
N
3
3
3
×
D[φ(r)] d r 1 ...d r N exp iβ
ei φ(r i ) exp iβ ρe (r)φ(r)d r
Z
×

i=1


Z Z
Z
1
3
3 0
0
0
3
D[ρ̃(r)] exp − β
d rd r ρ̃(r)u(r, r )ρ̃(r ) − iβ d r ρ̃φ(r) .
2
(2.20)
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RR 3 3 0
The part exp (− 12 β
d rd r ρe (r)u(r, r 0 )ρe (r 0 )) can be taken out of the integration over fields, as it does not enter the averaging, and can be shortly denoted as
eβωe , where the ωe corresponds to the electrostatic energy of external charge. If
we look at integral over ρ̃ in Eq. (2.20), we can see that it represents a Gaussian
integral of the form
Z

1

 1
(2π)N/2
exp JT A−1 J ,
(2.21)
exp − vT Av + JT v dN v = √
2
2
det A
R
so it can be exactly solved. Furthermore by taking v = −i d3 r ρ̃, we will have:
 ZZ

Z
Z
1
3
3 0
0
0
3
D[ρ̃(r)] exp
β
d rd r (−iρ̃)(r)u(r, r )(−iρ̃)(r )+β d r(−iρ̃)φ(r) =
2


Z Z
(2π)N/2
1
3
3 0
−1
0
0
√
exp − β
d rd r φ(r)u (r, r )φ(r ) .
2
det βu
(2.22)
With this included, the partition function becomes
Z
N
 Z
 Z
 X
 N
0N βwe
3
3
QN = λ e
D[φ(r)] exp iβ ρe (r)φ(r)d r
d ri exp iβ
ei φ(ri )
i=1


ZZ
1
1
3
3 0
−1
0
0
0
d rd r φ(r)u (r, r )φ(r ) − ln (det βu(r, r )) ,
× exp − β
2
2
(2.23)

where λ0 = exp (βu(0)). After the transition to the grand-canonical ensemble, the
partition function transforms according to:
∞
X
λN
Z=
QN ,
N
!
N =0

(2.24)

where λ is the fugacity (absolute activity) given by λ = exp (βµ).


1 
0
Z = exp − ln det βu(r, r )
2


Z
Z
Z
1
3
3 0
−1
0
0
3
× D[φ(r)] exp − β d rd r φ(r)u (r, r )φ(r ) + iβ d rρe (r)φ(r)
2
Z
∞
h

iN
0
N
X (λλ )
×
d3 ri exp iβei φ(ri )
.
(2.25)
N
!
N =0
0
Denoting
P∞ theNproduct λλ as λ̃, and using the definition of the exponential function
x
e = N =0 x /N !, the grand-canonical partition function finally yields:


1 
0
Z = exp − ln det βu(r, r )
2

Z
Z
Z
1
3
3 0
−1
0
0
× D[φ(r)] exp − β d rd r φ(r)u (r, r )φ(r ) + iβ d3 rρe (r)φ(r)
2
Z


3
+λ̃ d r exp iβeφ(r) .
(2.26)
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or in a simplified form:
0

− 12

Z = [det βu(r, r )]

Z



D[φ(r)] exp − H(φ(r) ,

(2.27)

where H is the field-action or the field Hamiltonian, defined as:
Z
Z


X Z
1
3
−1
0
0
3
H = β d rφ(r)u (r, r )φ(r ) − iβ d rρe (r)φ(r) −
λi d3 r exp iβei φ(r) .
2
i
(2.28)
Here, ei are the charges of the mobile ions present in the system, and λi is the
fugacity of the i-th ion species. After introducing dimensionless quantities:
µ5 −1
u (r, r 0 )
4π0
(2.29)
one obtains a dimensionless field-action or the field Hamiltonian in the form:
Z
Z


X Z
1
3
−1
3
3
0
0
e
H =
d r̃ φ̃(r̃)ũ (r̃, r̃ )φ̃(r̃ ) − i d r̃ ρ̃e (r̃)φ̃(r̃) −
λ̃i d r̃ exp iφ̃(r̃) ,
2
i
λ̃ = Ξµ3 λ,

φ̃(r̃) = βe0 qφ(r),

ρ̃(r̃) =

µ
ρ(r),
2πσ

ũ−1 (r̃, r̃ 0 ) =

(2.30)
leading to the partition function:
Z
Ze =

e φ̃) 
H(
.
D[φ̃(r̃)] exp −
Ξ


(2.31)

Here the meaning of the electrostatic coupling parameter in the field theoretic framework is clearly indicated, namely, Ξ can be used as an expansion parameter in two
limiting regimes discussed next. One needs to note that the partition function has
to be written as a functional integral over all the fluctuating potential configurations.

2.2.1

Weak-coupling limit

For small values of the coupling parameter, Ξ → 0, at sufficiently low surface charges,
low ion valencies, high permittivity constants, or high temperatures, charged systems
can be treated in the weak-coupling regime, which is formally equivalent to a saddlepoint approximation, also equivalent to a mean-field approximation. This leads to
the PB theory of electrostatic interactions in ionic solutions [14, 15, 16].
The saddle-point approximation consists in evaluating the configuration that corresponds to a minimum, or, in general, extremum, of the field-action functional. The
extremum of the functional is obtained from its variation or from its first functional
derivative
δH
= 0.
(2.32)
δϕ(r) MF
The index MF stands for mean-field, since in general the mean-field approximation
on the level of field-action is obtained from a saddle-point. In order to remain
faithful to the historical path to the MF equation, as it has been introduced as
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the PB equation, we define the electrostatic potential as ϕ = −iφMF , so that the
saddle-point equation becomes:
∇2 ϕMF (r) = −

1
[ρe (r) + enMF (r)],
0

(2.33)

where nMF (r) is the mean-field density of the mobile ions. In the case of a twocomponent system, composed of monovalent salt (i = ±1) of the same fugacity, one
gets
1
∇2 ϕMF = − [ρe − 2λ̃e sinh (βeϕMF )],
(2.34)
0
which reduces to the well known DH equation in the limit of high monovalent
salt concentration when the potential becomes small. In this case the last term
in Eq. (2.30) can be linearized, after which one derives the well known DH result:
∇2 ϕMF = −

1
(ρe − κ2 ϕMF ).
0

(2.35)

In the case of monovalent salt and low surface charges (Ξ → 0) the PB/DH theories are quantitatively correct even when compared with more sophisticated approaches [56]. Nevertheless, for finite values of Ξ one can search for the corrections
to the mean field solution in terms of an expansion of the field action around the
mean-field solution. Thus, to the second (Gaussian) order
ZZ
δ2H
1
δϕ(r)δϕ(r 0 )d3 rd3 r 0 .
(2.36)
H = HMF [ϕMF ] +
2
δϕ(r)δϕ(r) MF
Gaussian fluctuations around the saddle-point represent the first correction to the
mean-field solution, and they are governed by the Hessian operator of the second
derivatives of the field action with respect to the fluctuating electrostatic potential.
In spite of the fact that the Hessian does not depend on the terms describing the
external charges in the field action, calculation of the free energy corresponding to
the Gaussian fluctuations is not an easy task, especially in the case of a non-uniform
distribution of mobile ions. It has been calculated exactly for a system composed of
two uniformly charged flat plates immersed in a counterions-only solution, where the
mean-field density of counterions depends on the transverse spatial coordinate [30].
It was shown that the correlations give an attractive contribution to the total free
energy as a function of the intersurface separation, but are not large enough to overcome the mean-field repulsion of two symmetrically charged surfaces. In the systems
with dielectric discontinuities, those attractive contributions correspond to the thermal component (zero Matsubara frequency) of the van der Waals attractions [31].
The limitations of the PB theory become practically important in highly charged
systems, where ion–ion correlations begin to influence the electrostatic properties of
the charged system [29, 77].

2.2.2

Strong-coupling limit

Even though the PB approach can be systematically improved with perturbative
corrections around the mean-field solution, such an approach must be renounced
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sooner or later, and recourse should be taken in the fundamentally different reformulation of the partition function evaluation, based on the concept of strongcoupling [10, 29, 32, 76, 77, 83, 84].
The strong-coupling theory includes only the contributions of single particle interactions between a single counterion and the surface charges on the bounding
surfaces, valid for large coupling parameter Ξ → ∞, when polyvalent counterions
are present in the bathing solution. In that case the partition function can be
expanded in terms of fugacity:
Z = Z (0) + λZ (1) + O(λ2 ),

(2.37)

which is nothing but the virial expansion, where the zeroth-order term stands for
the bare electrostatic interaction of charged surfaces without counterions, while the
first-order term corresponds to the one-particle contribution:
Z (0) = Z|λ=0 = exp (−βW00 ),
with the energy of a bare macroion
Z
1
W00 =
ρe (r)u(r, r 0 )ρe (r 0 )drdr 0 .
2

(2.38)

(2.39)

The one-particle contribution or indeed the first order virial term can be obtained
as
Z
∂
(0)
(1)
Z|λ=0 = Z
Z =
dr exp (−βWself (r) − βW0c (r)),
(2.40)
∂λ
with:
Wself (r) =

1
(e0 q)2 u(r, r),
2

corresponding to the counterion self energy and
Z
W0c (r) = e0 q dr 0 u(r, r 0 )ρe (r 0 )

(2.41)

(2.42)

to the macroion–counterion interaction energy, respectively. Counterion–counterion
interaction are excluded from the strong-coupling consideration due to the oneparticle nature of the description.

2.2.3

Dressed counterions theory

The boundaries between these two theoretical approaches to charged systems are
given by the electrostatic coupling parameter [24, 83], which in its two opposite
limits leads to the PB mean-field description on one hand, and the strong-coupling
theory on the other hand (Fig. 2.2). In experiments it is not easy to prepare a
solution composed of counterions only.
In real systems, the entire solution composed of the macromolecule and the
polyvalent counterions is always accompanied by the presence of monovalent salt
ions. This brings an asymmetry to Coulomb fluids, whose constituents are differently
coupled: polyvalent counterions are strongly coupled, while the monovalent salt ions
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are weakly coupled. Even though there is no theory that could take into account
both cases, it is still possible to construct a theory that selectively uses different
descriptions for different components of the system. Such a combined approach
leads to the strong-coupling theory of dressed (screened) counterions [34]. It starts
with a field Hamiltonian:
Z
Z


λc
1
0
−1
0
0
drdr ϕ(r)u (r, r )ϕ(r ) −
dr exp − iβqe0 ϕ(r)
H[ϕ] =
2
β
Z
Z

 λ


λ+
−
−
dr exp − iβe0 ϕ(r) −
dr exp iβe0 ϕ(r) . (2.43)
β
β
When monovalent salt ions are in equilibrium with the bulk reservoir, their fugacities
are to the lowest order the same and equal to the bulk concentration λ+ = λ− =
n0 . Then the sum of the terms corresponding to the monovalent ions gives the
cosine function, which in the limit of small potentials, relevant for the weak-coupling
regime, can be expanded to the second-order with respect to the potential:
Z
Z
2n0
1
2
−
dr cos (βe0 ϕ(r)) ≈ 0 κ
drdr 0 ϕ(r)ϕr 0 δ(r − r 0 ).
(2.44)
β
2
√
Here, κ = 8πlB n0 is the Debye screening parameter for monovalent salt ions. The
field Hamiltonian can be modified into the approximate form:
Z
Z
1
λc
−1
0
0
0
drdr ϕ(r)uDH (r, r )ϕ(r ) −
dre−iβqe0 ϕ(r ) ,
(2.45)
H[ϕ] =
2
β
where the Coulomb’s interaction kernel is replaced by the screened Debye–Hückel
kernel, defined as:
0
0
2
2
0
u−1
DH (r, r )ϕ(r ) = −0 (∇ − κ )δ(r − r )

(2.46)

Since the polyvalent ions are strongly coupled to the external charge, one can proceed further by repeating the procedure from the previous section, expanding the
partition function in terms of the polyvalent ion’s fugacity to the first order:
Z = Z0 + λ c Z1 .

(2.47)

This approximate form of the partition function is then referred to as the dressed
counterion theory.
The most interesting outcome of the dressed counterion theory is a proper description of the polyvalent counterion-mediated attraction appearing between samecharged flat plates, arising due to the strong screening of macroion’s charge [34, 35].
Moreover this theory successfully describes also the attraction between neutral dielectrics induced by multivalent ions [36].
A significant step further was accomplished by Ali Naji and his coworkers [75, 85,
86, 87] who generalized the dressed ion theory by considering the effects of randomly
disordered charge distributions at the surfaces in the system with dielectric inhomogenity, including the salt image effects. Their results lead to the new phenomenon
in the Coulomb world, highlighting an anti-fragile behavior of multivalent counterions that reduce the entropy of a disordered system, making randomly charged
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Figure 2.2: Phase diagram of the applicability of different approximations that follow from the field-theoretic description of charged surfaces in a salt solution. For
small coupling parameter one is in the weak-coupling regime, described by the PB
equation. Depending on the amount of salt, one is either in the Gouy–Chapman
counterion-only system, or the Debye–Hückel regime, corresponding to large salt
concentrations. Highly correlated systems can be described by the stron-coupling
theory for counterions, while for asymmetric salt mixtures, dressed counterions theory becomes valid.
surfaces attract stronger than the corresponding ones with a uniform distribution of
charge. This represents another manifestation of the complicated and unpredictable
features of Coulomb fluids.
A more detailed insight of the application of the field theoretic approach to various electrostatic models can be found in the doctoral Thesis of Matej Kanduč [88].
Common to all these theoretic approaches (and the others up to date) is that
they are developed and tested in the case of the fixed macroion’s charge, and as
such they fail to describe the systems of macroions whose charge can fluctuate and
in general responds to the solution conditions, i.e. is charge regulated.

2.3

Charge regulation phenomenology

As already mentioned in Chapter 1, charged objects undergoing the processes of
ion exchange with the environment can show exotic behavior due to fluctuations of
their charge. Once dipped into the polar solution, the charge of the macromolecule
is determined by the local environmental conditions, i.e. by charge regulation, which
implies that the effective charge on a macroion responds to the local solution conditions, such as local pH, local electrostatic potential, salt concentration, dielectric
constant variation, and the presence of other vicinal charged groups [60].
The concept of charge regulation was first introduced by Linderstróm-Lang a
century ago [89]. Although the processes of ion dissociation and adsorption had
been well studied by chemists in the 19th century, he was the first to discuss the
boundary condition of the DH equation and its modification due to the degree of
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ion dissociation at macromolecule’s surfaces. His work was predominantly oriented
to the study of protein structure, where he gave a huge contribution, proving experimentally how the hydrogen ion exchange rules protein folding [90, 91].
The proper theoretic description of charge regulation effects was first established
by Barry Ninham and Adrian Parsegian in the ’70s of the last century [59]. Their
aim was to improve the DLVO theory in order to describe the behavior of biological
cells, specifically their charged membranes. It was also observed that some enzymes
at cell surface act according to their microenvironment [92]. At that time it had been
known that the presence of ionizable groups on cell membranes modifies the local
electrostatic potential. So they were aware that the electrostatic theories based on
the constant surface potential or the constant surface charge boundary conditions are
not relevant for such biological systems. It was necessary to derive a self-consistent
theory where the surface charge depends on the local electrostatic potential.
Ninham and Parsegian started from the model that takes two flat plates with
ionizable groups at the surface, undergoing a chemical dissociation reaction:
AH ↔ A− + H+ ,

(2.48)

whose dissociation constant is given trough the law of mass action as:
K=

α
[H+ ]S [A− ]
= [H+ ]S
.
[AH]
1−α

(2.49)

Here, α is the degree of dissociation and [H+ ]S represents the concentration of hydrogen ions at the surface. The crucial step in their theory is posing the equilibrium
condition for hydrogen ions as:
[H+ ]S = [H+ ] exp (−βe0 φS ),

(2.50)

where φS is the surface potential, so that the concentration of the hydrogen ions at
the surface is related to the concentration of the hydrogen ions in the bulk through
the Boltzmann equilibrium condition involving surface potential. Introducing the
notations pH = − log [H+ ] and pK = − log K, the degree of dissociation can be
obtained, combining the equations above, in the following form:
α=

1
.
1 + exp (−(pH − pK) ln 10) exp (−βe0 φS )

(2.51)

In this way the charge at the surface is obviously regulated by the surface electrostatic potential. This was the charge regulation boundary condition for the PB
equation they solved for the flat plates immersed in a monovalent salt solution with
a small concentration of divelent cations.
Dennis Prieve and Eli Ruckenstein generalized the Nihnam–Parsegian model by
applying multiple ionic equilibria to the surfaces that contain acidic sites which can
be deprotonated and basic sites which can be protonated [93, 94]. For each acidic
and basic site the dissociation constant is defined and a complicated non-linear
boundary condition is formulated. They then numerically solved the PB equation
for an isolated surface and managed to reproduce behavior of the surface potential
upon pH variation, applying the theory to human erythrocytes.
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For two interacting double layer surfaces, the high non-linearity in boundary
condition makes the nonlinear PB equation far more complicated to solve, so their
estimated analytical solutions had been provided on the level of approximate boundary conditions, i.e. constant surface charge and constant surface potential. It is
observed that at the isoelectric point, the net surface charge tended to vanish.
Later on in the ’90s, Steven Carnie and Derek Chan came up with an idea how
to tame the highly non-linear charge regulated boundary condition to be accessible
for theoretical treatment [95, 96]. Namely, they suggested that the dissociation at
the surface can be modeled by a linear relation between surface charge and surface
potential in the following way:
σ = K1 − K2 ψ.

(2.52)

The constants K1 and K2 are determined from the imposed assumption that the
surface charge as a function of surface potential ψ can be expressed in terms of
surface charge being a function of the potential of an isolated surface, ψiso :
σ(ψ) = σ(ψiso ) +

∂σ(ψ)
∂ψ

(ψ − ψiso ).

(2.53)

ψ=ψiso

From this, it is clear that the constant K2 has dimensions of surface capacitance, defined as K2 = − ∂σ(ψ)
|
. Such linearized boundary condition, together with the
∂ψ ψ=ψiso
linearized PB equation gave the set of self-consistent equations, which they solved
for the models of two spherical colloidal particles in a monovalent salt solution as
well as for two flat charged plates. It had been shown that the interaction energy
of the linearized charge regulation model lies always between the solutions provided
by the constant charge approximation model and the constant surface potential approximation model.
Several years later, the Carnie–Chan’s model, derived in the limit of small surface
potentials, was extended by Sven Behrens and Michal Borkovec to be valid for arbitrary surface potentials [97]. They considered two flat charged surfaces immersed in
an electrolyte solution, distinguishing two subsystems, each of which was described
by its own equation of state. The inner layer was characterized by chemical properties of the surface, and the diffuse part composed of mobile ions was governed
by DH equation. The equilibrium between these two subsystems is achieved by
imposing the condition that the charge distribution of inner layer is equal to the
charge density of the diffuse layer. They introduced a charge regulation parameter
p that relates the true interaction energy W (reg) with energies of two limiting cases
– constant charge model (cc), and constant potential (cp) model as:
p=

W (reg) (L) − W (cp) (L)
.
W (cc) (L) − W (cp) (L)

(2.54)

The values of p are then between 0 for the constant potential and 1 for the constant charge conditions. Geometrically, from the surface charge – surface potential
diagram, it is determined that for large surface distances L → ∞ one has
p=

CD
,
CD + CI
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where C D and C I are the capacitances of the diffuse and the inner layer respectively.
The behavior of real systems depends on the interplay between these two capacitances. Domination of one capacitance determines the choice of the approximation
(cc)/(cp). By measuring the capacitance, one can determine the regulation parameter and knowing the regulation parameter, one can get charge regulation interaction
energy by calculating the approximate energy of (cc) and (cp) models.
In the last decade many experiments were performed by Borkovec and his coworkers using the atomic force microscope for studying the aggregation of colloidal particles [67, 68, 98, 99, 100, 101]. The most interesting scenario they found is that
the charge regulation phenomenon has the essential effect on electro-neutral systems, where the attraction may appear. They explained it in the framework of
the Chan–Borkovec formalism based on the regulation parameter p. The measured
force between such objects always satisfied the profile in between the constant charge
approximation and the constant potential approximation. They were also experimenting with the influence of the solution properties on the charge regulation effect,
and found that multivalent ions increase the attractive interaction between electroneutral objects [99, 102, 103, 104, 105, 106], a puzzle without a proper theoretical
explanation. Comparing their measurements with the PB theory they found that
the latter fails at small separations as well as at higher salt concentrations.
A lot of progress has been made in understanding the charge regulation phenomena, but the tricky part concerning the interactions between charge regulated
objects stayed theoreticaly poorly understood and explained. Even the KS interaction had been somehow forgotten. Just recently it experienced rebirth when Mikael
Lund and Bo Jönsson studied the protein–protein interactions using Monte Carlo
simulations [60, 69, 107]. In the framework of statistical mechanics they introduced
the protein capacitance, C, as ability of the protein charge, Q, to fluctuate:
C ≡ hQ2 i − hQi2 = −

∂Q
.
∂(βe0 φ)

(2.56)

This quantity is useful, since it can be experimentally measured from the titration
curve:
∂Q
.
(2.57)
C ln 10 = −
∂(pH)
This means that the KS interaction is directly related to charge regulation, i.e. to
the dependence of the charge on the pH of the solution! This was an important
signal for me that allowed me to undertake a fundamental study of how the charge
regulation and interactions between charged macromolecules are related on various
levels of the statistical mechanics of Coulomb systems.
With the introduction of the capacitance, continuing in the framework of statistical mechanics energy perturbation expansion, Lund and Jönsson recovered a
fluctuation-driven interaction between two point charges as:
lB hQA ihQB i
l2
− B 2 (CA hQB i2 + CB hQA i2 + CA CB ),
(2.58)
R
2R
where the first term stands for the direct Coulomb interaction, while the following
term represents the interaction of the fluctuation type, already introduced by Kirkwood and Shumaker. Using the coarse-grained representation of proteins, where
βA =
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each amino acid is represented with a single bead, and allowing that each bead can
exchange a proton with the bathing solution, they developed a Monte Carlo simulation sheme by defining the trial energy of a “charge regulation Monte Carlo move“
as:
∆U = ∆Uel ± (pH − pK0 ) ln 10,
(2.59)
where ∆Uel is the change in the electrostatic energy, pK0 is the dissociation constant
of an isolated amino acid, (+) applies when protonating an amino acid, while (−)
applies when deprotonating an amino acid. Simulations proved first the existence of
a long ranged attraction when proteins reach their isoelectric point, and then also
the original KS conceptual framework.
Charge regulation has a long history of development, and has been invoked and
widely applied in the context of various colloidal systems: stability and intersurface forces due to the electrostatic double-layers [108, 109], dissociation of amino
acids and the corresponding electrostatic protein–protein interactions [60, 70, 110],
charge regulation of protein aggregates and viral shells [57], and of polyelectrolytes
and polyelectrolyte brushes [62, 111, 112, 113], as well as charge regulation of charged
lipid membranes [114, 115, 116]. However, in spite of this, modern theories of electrostatic interaction between macroions immersed in Coulomb fluids [10] mostly deal
with constant surface charge of a macroion, bypassing the complications introduced
by charge regulation [61, 62, 96].
It is therefore our aim to construct a theory that will include the charge regulation phenomenon within the field-theoretic formalism and explain consequences
stemming out from it.
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Counterion-mediated interactions of
planar charge regulated surfaces
For describing protein’s behavior governed by electrostatics, it is crucial to understand a phenomenon of charge regulation. As it is mentioned in the Chapter 2, a
lot of work has been done in this field, but a general theory describing the interactions of objects undergoing charge regulation processes at diverse circumstances
have still been lacking. In the last decade significant progress has been made in
developing an elegant field theoretic framework for describing the various properties
of Coulomb fluids, but they are limited to particles with a constant surface charge.
A constant charge is a very stringent approximation and it holds only in a very
restricted part of the parameter space, since in many biological systems, macroions
bear dissociable groups on their surface, so that their charge always depends strongly
on the acid–base equilibrium that defines the fraction of acidic (basic) groups that
are dissociated [71]. The challenge is to incorporate this property consistently into
a theoretical formulation. In order to do so, it is natural to start from analyzing
counter-ion mediated interaction in the simplest geometries, such as a planar plates
with dissociable surfaces.

In this Chapter we start with the simplest model that retains the salient features
of charge regulation, composed of two planar parallel macromolecular surfaces with
surface distributed charge dissociation sites, immersed in a Coulomb fluid composed
of counterions only. We base our analysis on a field-theoretic description of the
system’s partition function, whose Hamiltonian will be generalized to include a
surface term that describes properly the charge regulation and consequently the
local charge fluctuation at the macromolecular surfaces. The problem is set in the
weak-coupling regime. Going beyond the mean-field level, we address the Gaussian
fluctuations around this mean-field solution with its charge-regulation boundary
condition. That is the main task of interest here, since we expect that the exotic
electrostatics hides in loop corrections to the mean-field solution. We will be able
to calculate one-loop correction exactly and analytically by using the path-integral
approach for the harmonic oscillator with time-depended frequency. Finally, we
present numerical results and comment upon its relevance for the KS interaction.
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Figure 3.1: Schematic representation of two charged planar surfaces at a separation D with charge dissociation sites distributed uniformly along the surfaces and
with counterions between the surfaces. The counterions originate from the charge
dissociation of the dissociable groups (AC) through the reaction AC ↔ A− + C+ .

3.1

Model

We consider two flat parallel plates, located at z = ±D/2 and immersed into an
aqueous solvent that carry dissociable charge groups of the type AC ↔ A− + C+ ,
where the counterion C is released into the aqueous solution (Fig. 3.1). We do
not specify the identity of the released counterion but assume it to the only mobile
species in the considered model. Furthermore, we assume a grand canonical ensemble
for the counterions, specified by a fixed value of the activity. The number of the
counterions in the solution is thus not fixed but depends on the dissociation state of
the surfaces. While in standard formulations of the counterion-only Coulomb fluids
with fixed boundary charge the grand-canonical formulation is just a step towards
the final canonical ensemble, corresponding to a fixed number of charges, in our case
this is not fixed and the grand canonical description is natural.
We need to note that in the Ninham–Parsegian model the released counterion
is a proton and the aqueous solution contains a salt mixture at a specified ionic
strength for both monovalent and divalent complements [59]. While this model can
be formalized in the same way as our simplified model, we first solve the simplified
case in order to derived the proper level of description as well as to investigate the
salient features of fluctuations in a case, where they can be treated exactly.
In order to describe the surface charge dissociation, we introduce a lattice gas
model with its own surface free energy contribution. This surface part of the free
energy stems from the charge dissociation equilibrium and describes the (free) energy
penalty for a finite surface charge density. We show furthermore that on the meanfield level, our formulation yields exactly the same result as the Ninham–Parsegian
charge regulation ansatz, which is not explicitly based on any surface free energy.
The equilibrium distribution of the counterions is then obtained from the saddlepoint equation, which corresponds to the minimum of the complete, that is the
volume and surface free energy terms. The dielectric constant in the region between
the walls is taken as , while outside that region it is assumed to be in general
different and equal to 0 . Dielectric inhomogeneity (jump) is a common phenomenon
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in biological systems, since bio macro-molecules have a dielectric constant (∼ 2 − 5),
while the water, as the most common solvent, has a dielectric constant around 80.
The existence of dielectric inhomogeneity may lead to the image forces, which on
the weak coupling level considered here, do not play an important role [31].

3.2

Field-theoretic description of model

In order to describe this model system of interacting particles it is advantageous to
use the field-theoretic formalism to derive the partition function. The configurational
part of the Hamiltonian of an auxiliary system of N counterions, with a fixed surface
charge density σ0 on the bounding surfaces, can be written as
N I
X
1X
H=
u(r i , r j )ei ej +
u(r, r i )σ0 d2 r,
(3.1)
2 i6=j
i=1
H
where implies an integration over all the charged bounding surfaces and u(r, r i ) is
the electrostatic interaction kernel, i.e. Green’s function of the Coulomb potential,
which satisfies the relation
∇2 u(r, r i ) = −

δ(r − r i )
.
0

(3.2)

The canonical configurational partition function of the system can then be represented by an integral over all positions of the counterions
Z
QN = dr 1 ...dr N exp (−βH).
(3.3)
After applying the Hubbard–Stratonovich transformation, one can obtain the grand
canonical partition function as a functional integral over the fluctuating electrostatic
potential ϕ(r)
Z


Z = D[ϕ(r)] exp − S[ϕ(r)] ,
(3.4)
with the field-action of the form:
Z
Z
1
3
2
S[ϕ(r)] =
β0 d r |∇ϕ(r)| + λ̃ d3 r exp (iβeϕ(r)) +
2
I
+ iβ d2 r σ0 ϕ(r).

(3.5)

Here, λ̃ is the absolute activity and will be obtained self-consistently. The above
field-action is universal in terms of the non-linear volume interaction term, the second term in the above equation corresponds exactly to the van’t-Hoff ideal osmotic
pressure of the counter ions. This is a well-known result [21], which on the weak
coupling mean-field level, using substitution ϕ → iφM F , gives the PB equation with
fixed charged density boundary condition n · ∇φM F = σ0 [10].
We now generalize this free energy ansatz so that it will contain also the surface
part, not necessarily linear in the surface fluctuating potential, by assuming that
the surface free energy in Eq. (3.5) can be modified as
I
I
2
i σ0 ϕ(r)d r −→ f (ϕ(r))d2 r,
(3.6)
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where f (ϕ(r)) is a general non-linear function of the local potential. The exact
form of this surface free energy is not universal and depends on the model of the
surface–ion interaction [117, 118]. Here, we will delimit ourselves to a surface lattice
gas model, which was introduced in a different context by Fleck and Netz [119], and
derive the corresponding free energy, as well as show that the same model in fact
corresponds exactly to the Ninham–Parsegian charge regulation theory [59]. The
surface lattice gas model of dissociable charged groups gives [119, 120]
f (ϕ(r)) = iσ0 ϕ(r) − kB T

| σ0 |
ln (1 + exp (βµS + iβe0 ϕ(r))),
e0

(3.7)

where µS is the free energy of dissociation. In the argument of the logarithm function
one can recognize the partition function for a system with uncharged ground state
and a charged state with an effective energy βµS +iβeϕ(r). It is possible to generalize
this model with other surface free energies [121, 122] that can capture other details
of the surface–ion interaction. Furthermore, in the limit of βµS −→ ∞, the sites
are completely undissociated, the bounding surfaces are uncharged and there is no
contribution to the surface free energy. In the opposite limit, βµS −→ −∞, the
bounding surfaces are completely dissociated and we are back to the fixed surface
charge f (ϕ(r)) = iσ0 ϕ(r).
The complete field action of the model at hand thus assumes the form
Z
Z
1
3
2
S[ϕ(r)] = β0 d r |∇ϕ(r)| + λ̃ d3 r exp (iβeϕ(r)) +
2
I
I
| σ0 |
2
ln (1 + exp (−βµS + iβe0 ϕ(r))).
i d rσ0 ϕ(r) − kB T d2 r
e0
(3.8)
While the bulk part presents an exact field-theoretic representation of the counterion
partition function, the surface part pertains to a specific model of the interaction
between the mobile charges and the bounding surfaces.

3.3

Mean-field approximation

The functional integral Eq. (3.4) with the field-action functional S[ϕ(r)] decomposed as
Z
I
3
S[ϕ(r)] =
fV (ϕ(r)) d r + fS (ϕ(r)) d2 r,
(3.9)
V

S

and can not be evaluated exactly, since it is in general not Gaussian. One thus has
to take recourse to various approximations of which the mean-field approximation,
being equivalent to the saddle-point approximation, is the most straightforward one.
The mean-field potential φMF (r) of the field-action Eq. (3.9) is defined as a solution
of the saddle-point equation corresponding to δS[ϕ(r)] = 0 at ϕ(r) = iφMF (r) where
φMF (r) is thus a solution of


∂fV (φMF (r))
∂fV (φMF (r))
−
= 0,
(3.10)
∇
∂∇φMF (r)
∂φMF (r)
and
−β0

∂φMF (r)
∂fS (φMF (r))
=
= σ(φMF (r)),
∂n
φMF (r)
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where n is the normal vector to the bounding surface(s), and σ(φMF (r)) is the
effective surface charge at the bounding surface(s). In extenso the first equation is
exactly the standard PB equation for the counterion-only system
∇2 φMF (r) = −

λ̃e
exp (−βeφMF (r)),
0

(3.12)

while the second saddle-point equation with f (ϕ(r)) from Eq. (3.7) reduces to the
boundary condition
−β0


σ0 
∂φMF (r)
=−
1 + tanh ( 12 (−βµS + βe0 φMF ) ) .
∂n
2
(3.13)

Obviously, the above surface charge density can span the interval [−σ0 , 0]. Assuming
that βµS = − ln 10(pH − pK), with pK = − log K and K being the dissociation
equilibrium constant while pH = − log [H+ ] with [H+ ] the concentration of the
protons in the bath, the above boundary condition coincides exactly with the charge
regulation boundary condition of the Ninham–Parsegian site-dissociation model [59].
Should there be more then one type of dissociable groups the proper generalization
was introduced in Ref. [79]. For the planar geometry the mean-field solution of
Eq. (3.12) depends only on the z coordinate and has the form
φMF (z) =

1
ln (cos2 (αz)),
βe

(3.14)

where α can be determined from the boundary condition Eq. (3.13) as
(1 + b)α tan (αD/2) + bα tan3 (αD/2) =

1
,
µ

(3.15)

with b being related to the dissociation free energy as ln b = βµS . Here µ is the
Gouy–Chapman length.

3.4

Second-order (Gaussian) correction

After solving the mean-field equations, one proceeds to analyze the fluctuations
around the mean-field potential by evaluating the partition function Eq. (3.4) for
the field-action functional S[φ(r) = φMF (r) + δφ(r)]. To the lowest Gaussian order
in the field fluctuations δφ(r) the field-action can be expanded
S[φ(r)] = S[φMF (r) + δφ(r)] = SMF [φMF ] + S2 [δφ(r)]

(3.16)

where
S2 [δφ(r)]

ZZ
1
δ2S
=
δφ(r)δφ(r 0 )d3 rd3 r 0 +
2
δφ(r)δφ(r) MF
I
1
+
CS (φ(r 0 ))|MF δφ(r 0 )2 d2 r,
2
41

(3.17)
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and obviously decomposes into a volume and a surface term just like the complete
field action. Above we introduced the Hessian of the volume part of the field-action
as
"
#
δ2S
β λ̃
1
1
−1
0
3
0
δ (r − r ) ;
(3.18)
= β u (r, r ) −
2 δφ(r)δφ(r) MF 2
cos2 (αz)
where CS is the surface capacitance due to the nonlinear coupling of surface charge
and surface electrostatic potential
CS (r) =

∂ 2 f (φMF (r))
∂σ
.
=
∂(βeφMF (r))2
∂(βeφMF (r))

(3.19)

We will show later on that in the original theory of KS interactions, it is this surface
capacitance that quantifies the thermal charge fluctuations [60].
The decomposition of the field action Eq. (3.17) induces a decomposition of the
partition function into a product of the saddle-point partition function and its first
order correction, so that finally

 1
Z = exp − ln (det βu(r, r 0 )) × exp (S[φMF (r)])
2
Z


× D[δφ(r)] exp S2 [δφ(r)] = ZMF × Z2 .
(3.20)
The last term is due to Gaussian fluctuation around the saddle point and thus
corresponds to the one-loop correction in the free energy. In order to proceed we
first introduce the appropriate field Green’s function


G δφ1 (r), δφ2 (r) =

 ZZ
Z δφ2
1
δ2S
3 0
0 3
δφ(r)δφ(r )d rd r
(3.21)
D[δφ(r)] exp
2
δφ(r)δφ(r) MF
δφ1
that describes the field, or better, the propagation of the fluctuations of the Gaussian
electrostatic potential. This will allow us to formally separate the bulk and the
surface terms in the calculation of the one-loop partition function. Since the kernel
u−1 (r, r 0 ) is isotropic in the transverse directions ρ = (x, y), one can introduce the
Fourier–Bessel transform of the fluctuating potential as
Z ∞
dQJ0 (Qρ)δφ(Q, z),
(3.22)
δφ(r) = δφ(ρ, z) =
0

where δφ(Q, z) depends only on the magnitude of the 2D transverse wave vector,
Q = |Q|. With this notation, the complete Green’s function can be presented as the
product




G δφ1 (r), δφ2 (r) = ΠQ GQ δφ(Q, z1 ), δφ(Q, z2 ) ,
(3.23)


where GQ δφ(Q, z1 ), δφ(Q, z2 ) can be furthermore derived in the form


GQ δφ(Q, z1 ), δφ(Q, z2 ) =

2 
 
Z z2  
Z δφ(Q,z2 )
d δφ
2α2
2
1
D[δφ(Q, z)] exp − 2 β0
dz
− Q +
δφ2 .
2
dz
cos (αz)
z1
δφ(Q,z1 )
(3.24)
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Obviously, this is nothing but the Feynman propagator of a harmonic oscillator
with time-depended frequency, where the z coordinate plays the role of time [123],
and the Wick’s rotation makes the action real instead of imaginary as in quantum
mechanics. The general method of solving this type of functional integrals was
described by Khandekar and Lawande [124] and was adapted to this particular case
as described in detail in Appendix A.
The partition function, or specifically the part stemming from Gaussian fluctuations, Eq. (3.20), around the mean-field can now be cast into the following form
Z
Z2 (D) = ΠQ
D[δφ1 (r)δφ2 (r)]





 1Z
d2 rCS1 (φMF )δφ1 2 (r) × GQ δφ1 (r), δφ2 (r)
G̃Q 0, δφ1 (r) × exp −
2 S1



 1Z
d2 rCS2 (φMF )δφ2 2 (r) × G̃Q δφ2 (r), 0 ,
× exp −
2 S2
(3.25)
where G̃Q stands for the Green’s function Eq. (3.24) but with α = 0, as there are
no counterions behind the two bounding surfaces. The exact form Eq. (A.18) thus
still remains valid but evaluated explicitily for vanishing α. Of course in that case
the functional integral can be evaluated directly in a trivial fashion. In addition,
one needs to take the dielectric constant as 0 for G̃Q (0, δφ1 (r)) and G̃Q (δφ2 (r), 0),
but as  for GQ (δφ1 (r), δφ2 (r)) in the definition Eq. (3.24).
One could see the above formula as describing fluctuations behind the surface at
z = z1 , described by G̃Q (0 ; 0, δφ1 (r); ∞), fluctuations behind the surface at z = z2 ,
described by G̃Q (0 ; δφ2 (r), 0); ∞), fluctuations in the space between the two surfaces
for z1 < z < z2 , described in their turn by GQ (; δφ1 (r), δφ2 (r); D), and finally all of
them coupled through the surface capacitance and the surface potential fluctuations
at the two surfaces at z = z1 and z = z2 corresponding to the two exponential terms.
After integration over the boundary electrostatic potential fluctuations the final
exact form of the partition function can be written as
s
Z2 (D) = ΠQ
s

2 exp (−DQ)Q(α2 + Q2 )
2π(α tan (αD/2) + Q)2 − (α tan (αD/2) − Q)2 exp (−2DQ))
1

CS1 CS2 +β0 0 (CS1 +CS2 )Q+(β0 )2 N 2 +(β0 0 )2 Q2 +(β0 )(CS1 +CS2 +2β0 0 Q)M

;

(3.26)
with the functions M and N defined as
Q(α tan (αD/2) + Q)2 + (α2 + α2 tan2 (αD/2))(α tan (αD/2) + Q))
M=
(α tan (αD/2) + Q)2 − (α tan (αD/2) − Q)2 exp (−2DQ)
Q(α tan (αD/2)−Q)2 −(α2 +α2 tan2 (αD/2))(α tan (αD/2)−Q)) exp (−2DQ)
−
(α tan (αD/2) + Q)2 −(α tan (αD/2) − Q)2 exp (−2DQ)
4 exp (−2DQ)Q2 (α2 + Q2 )2
N2 = M2 − h
i2 .
2
2
(α tan (αD/2) + Q) − (α tan (αD/2) − Q) exp (−2DQ))
(3.27)
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We have thereby derived the explicit and exact expressions of the partition function in the form of a mean-field term and the one-loop or Gaussian fluctuation
correction that has not been calculated before.
What remains now is the evaluation of the corresponding free energy and specifically the part of this free energy that depends on the separation between the bounding surfaces, i.e. the interaction free energy.

3.5

Second-order correction — interaction free energy

Knowing the partition function for Gaussian fluctuations around the mean-field, one
can straightforwardly calculate the second-order or the one-loop correction to the
free energy as
Z2 (D)
F2 (D)
= −kB T ln
,
(3.28)
S
Z2 (D → ∞)
where we subtracted the free energy corresponding to infinite separation, which contains the bulk free energy as well as the surface self-energies. Assuming furthermore
that the surfaces have identical properties, i.e., CS1 = CS2 = CS , we get the one-loop
correction as:
Z


kB T ∞
1
F2 (D)
2
=
QdQ ln
∆ (Q)
S
4π 0
(α2 + Q2 ) 11
Z


kB T ∞
2
QdQ ln 1 − ∆12 (Q) exp (−2QD) ,
+
(3.29)
4π 0
where we defined the following quantities
∆11 (Q) =

CS (α tan (αD/2) + Q) + β0 0 Q(α tan (αD/2) + Q)
+
CS + β0 Q(0 + )
β0 {[Q(α tan (αD/2) + Q) + (α2 + α2 tan2 (αD/2))]}
+
;
CS + β0 Q(0 + )

∆12 (Q) =
A =
−
B =
+

(3.30)

A
B
CS (α tan (αD/2)−Q)+β0 {0 Q(α tan (αD/2)−Q)
[Q(α tan (αD/2)−Q)−(α2 +α2 tan2 (αD/2))]};
CS (α tan (αD/2)+Q)+β0 {0 Q(α tan (αD/2)+Q)
[Q(α tan (αD/2)+Q)+(α2 +α2 tan2 (αD/2))]}.
(3.31)

The second-order correction free energy Eq. (3.29) consists of two integrals.
The first one corresponds to part of the self-energy of the two bounding surfaces
that depends on the inter surface separation, while the second integral represents a
generalization of the zero-frequency (classical) van der Waals–Lifshitz term [80]. In
fact, it can be easily seen that in the limit of no mobile ions between the surfaces,
corresponding to α = 0, it reduces exactly to the zero-frequency van der Waals term
with
 0 −  2
∆212 (Q) = 0
,
(3.32)
 +
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while the first term vanishes. With mobile ions present, the second order correction
is however very different from this limit. In the limit of fixed surface charge (CS1 =
CS2 = 0) and no dielectric discontinuity (0 = ), the integral reduces to the known
result [31]:

Z
 2Q̃ + 2Q̃2 + α̃2 + 1 2 
kB T ∞
1
F2 (D)
=
Q̃dQ̃ ln
×
S
4π 0
α̃2 + Q̃2
2Q̃


Z ∞


2
2
kB T
1 + α̃
+
Q̃dQ̃ ln 1 −
exp (−2D̃Q̃) ,
4π 0
2Q̃ + 2Q̃2 + α̃2 + 1
(3.33)
leading to the attractive pressure that scales as ln D̃ × D̃−3 in a system composed of
mobile counterions and fixed surface charge. At the end we also consider a formal
limit of the free energy corresponding to no dielectric discontinuity 0 = , as well as
no mobile ions α → 0, but nevertheless assuming a non-vanishing surface capacitance
C. While this limit is not meaningful in our model, we will nevertheless use it to
show how the KS result [64, 65], which is based on a linear response formalism and
considers no coupling between the mean-field solution and the corresponding values
of the capacitances, is obtained from our conceptual framework.
The KS limit could be obtained more directly if instead of a counterion-only
case dealt with here, one considers a monovalent salt as indeed was considered by
Kirkwood and Shumaker in their derivation of the long range interaction between
protein molecules with dissociable surface groups [64, 65]. Nevertheless, for α → 0
our general result reduces to
∆212 (Q)

2
C
,
=
C + 2β0 Q


(3.34)

which in its turn, to the lowest order in the surface capacitance leads to the disjoining
pressure
∂ h F2 (D) i
p=−
∼ C 2 D−1 .
(3.35)
∂D
S
As it depends quadratically on the surface capacitance, this interaction presents
the contribution of monopolar fluctuations in the surface charge to the free energy.
This can be easily confirmed by evaluating the free energy of two fluctuating charge
distributions in the Gaussian approximation explicitly. Let us now show that interaction pressure Eq. (3.35) corresponds exactly to the KS interaction between two
planar surfaces.
In fact, the disjoining pressure Eq. (3.35) starts to become more familiar when
we realize that a Hamaker-type summation [66] for two thin planar surface sheets
with a pair interaction of the KS scaling V(R) ∼ R−2 , gives the interaction pressure
as [64]
Z ∞
F (R)
∂
p=
=−
2πR dR V(R) ∼ D−1 .
(3.36)
S
∂D D
The two forms of the disjoining pressure, Eqs. (3.35) and (3.36), are thus identical,
meaning that the KS interaction is nothing but a monopolar fluctuation interaction. This is clear from the fact that the separation dependence of the fluctuation
interaction free energy between two surfaces is slower in the case of standard vdW
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interaction that stems from dipolar fluctuations between either two semi-infinite
media or two thin layers, scaling respectively as [66]
p=

F (R)
A(D)
=−
S
12πD2

and/or

−

2A(D)a2
.
πD5

(3.37)

The KS fluctuation forces thus originate in monopolar fluctuations and follow
a different scaling than in the case of dipolar fluctuations, either between point
particles, R−2 , or between fluctuating surface layers, D−1 . They arise directly from
surface capacitance that is non-zero only for the surface free energy that is nonlinear, i.e. at least quadratic, with respect to the local electrostatic potential.

3.6

Numerical results

It is convenient to introduce dimensionless quantities by using the Gouy–Chapman
length scale µ and σ02 /20 as the disjoining pressure scale. Hence, the length
scale (r, D), the free energy (F ), the disjoining pressure (p) and the surface capacitance (C)can all be rescaled
 2  into dimensionless variables r̃ = r/µ, D̃ = D/µ,
σ
σ02
3
F̃ = F/ 20 µ , p̃ = p/ 200 , and C˜ = µC respectively. We also introduce the
dielectric mismatch ∆ = ( − 0 )/( + 0 ). With these definitions, the mean-field free
energy becomes
F̃0 (D̃)
= α̃2 D̃ + 2 ln (1 + α̃2 ),
(3.38)
S̃
where α̃ = µα is the solution of the boundary condition
(1 + b)α̃ tan (α̃D̃/2) + bα̃ tan3 (α̃D̃/2) = 1.

(3.39)

The rescaled surface capacitance in terms of α̃ is then equal to
C˜S1 ,S2 = 2β0 b

1 + tan2 (α̃D̃/2)
,
[1 + b + b tan2 (α̃D̃/2)]2

(3.40)

which goes to zero for large values of b, limb−→∞ C˜S1 ,S2 → 0 as well as for vanishing
b, limb−→0 C˜S1 ,S2 → 0. We also invoke a coupling parameter Ξ, analogous to the one
introduced by Netz and Moreira [24], given as
Ξ=

e30 σ0
,
8π(0 kB T )2

(3.41)

for monovalent counterions. For a counterion-only system with fixed surface charge,
the magnitude of the coupling parameter defines a weak- and a strong-coupling
regime [10]. In our case, the existence of the surface free energy introduces also other
length scales that preclude a direct introduction of a unique electrostatic coupling
parameter and it is thus in general not possible to establish the presence of the weak
and the strong-coupling limits strictu senso as exact limits of the partition function.
While the weak-coupling limit can therefore not be derived as an exact limit, the
saddle-point can be defined for any field-action. As explained in detail in Ref. [10]
we thus use the saddle-point solution as the proxy for the weak coupling limit and
evaluate the contribution of the fluctuations around the saddle-point to the free
energy.
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Figure 3.2: (a) Rescaled mean-field disjoining pressure plotted as a function of
rescaled surfaces separation for different values of parameter b. The curve σ = σ0
corresponds to b = 0. (b) Rescaled mean-field pressure from (a) plotted in a log-log
plot. The two dotted lines represent the scalings D̃−1 and D̃−2 introduced solely to
guide the eye. Obviously the scaling D̃−1 for mean-field pressure sets in for small
and D̃−2 for large values of the dimensionless separation.
The surface interaction part of the Gaussian fluctuating free energy from Eq. (3.29),
in a dimensionless form is then given as:
1
F̃2 (D̃)
= Ξ
2
S̃

Z

∞



−2Q̃D̃

Q̃dQ̃ ln 1 − e
0


×

P
Q

2 

,

(3.42)

with
α̃D̃
α̃D̃
))(α̃ tan (
) − Q̃)
2
2
α̃D̃ 2
α̃D̃
α̃D̃
−(1 + b + b tan2 (
)) [2∆Q̃(α̃ tan (
) − Q̃) − (1 + ∆)(α̃2 + α̃2 tan2 (
))];
2
2
2
α̃D̃
α̃D̃
Q = 2(1 + ∆)b(1 + tan2 (
))(α̃ tan (
) + Q̃)
2
2
α̃D̃ 2
α̃D̃
α̃D̃
+(1 + b + b tan2 (
)) [2Q̃(α̃ tan (
) + Q̃) + (1 + ∆)(α̃2 + α̃2 tan2 (
))].
2
2
2
(3.43)
P = 2(1 + ∆)b(1 + tan2 (

We first investigate the surface separation dependence of the interaction free
energy and the disjoining pressure between the surfaces pertaining to that dependence. The mean-field rescaled pressure is shown in (Fig. 3.2) (a), as a function of
the surface dissociation energy ln b = βµS in a lin-lin and log-log plots. Clearly, the
higher the energy penalty for charge dissociation at the surface, b, the lower is the
interaction pressure between the two surfaces, until for large enough energy penalty
the interaction remains close to zero for all intersurface separations. The scaling of
the mean-field disjoining pressure with the separation is shown in (Fig. 3.2) (b). For
constant surface charge σ = σ0 , i.e., corresponding formally to b = 0, the asymptotic forms of the mean-field interaction pressure are limD−→∞ p̃0 (D) ∼ D̃−2 and
limD−→0 p̃0 (D) ∼ D̃−1 , see Ref. [41]. This is in fact also what we observe in the case
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Figure 3.3: (a) Rescaled fluctuation disjoining pressure as a function of rescaled
surface separation is plotted for different values of parameter b with a fixed dielectric jump ∆ = 0.95, and coupling parameter Ξ = 1. (b) Rescaled fluctuation
disjoining pressure from (a) plotted in a log-log plot to show the effective scaling
of the disjoining pressure with the intersurface separation. The scaling exponent is
typically comparable with the case of the counterion-only Coulomb fluid between
two surfaces with fixed charges, which is −3, but its exact value depends on b.
of charge regulation, with the proviso that the regime of validity of the two limits
depends additionally on the value of b; the smaller its value the more extended the
region of D̃−1 scaling.
Because the surface capacitance depends on the mean-field solution, the fluctuation correction to the free energy and the corresponding disjoining pressure also
depend on the surface dissociation energy, as can be discerned from (Fig. 3.3) (a).
This is very different from the standard vdW interactions that do not depend on the
mean-field solution, at least in the standard DLVO formulation [66]. The scaling of
the fluctuation part of the interaction pressure, (Fig. 3.3) (b), shows a robust value
of the scaling exponent close to −3, close to its value for the case of a counteriononly Coulomb fluid between two surfaces with fixed charges, where the fluctuation
disjoining pressure scales exactly as ∼ ln D × D−3 , see Ref. [10] for details. The
exact value of the scaling exponent in the charge-regulated case, however, depends
on the value of the surface interaction parameter b. Since the dielectric mismatch
in this case is not zero, the monopolar and vdW dipolar fluctuation interactions,
stemming from the surface capacitance and the dielectric mismatch respectively, are
always mixed together and can not be disentangled in the separation dependence of
the fluctuation pressure.
Adding the mean-field and the fluctuation contribution together, (Fig. 3.4),
we note that for large values of the surface dissociation energy, the fluctuation
contribution becomes dominant, a simple consequence of the fact that the mean-field
vanishes while the fluctuation part remains finite. While in general the fluctuation
part is always subdominant to the mean-field solution, in this case the matters are a
bit more complicated as the charge regulation can wipe out the mean-field entirely
but not the fluctuation part. The fluctuation disjoining pressure for a vanishing
mean-field again depends crucially on the presence of the dielectric mismatch at
the bounding surfaces and does not necessarily coincide with the standard vdW
interaction. In fact, for the case of complete dielectric homogeneity, ∆ = 0 see
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Figure 3.4: Rescaled total disjoining pressure as a function of the rescaled surface
separation plotted for different values of the parameter b, fixed dielectric jump
∆ = 0.95 and for the following values of the coupling parameter: (a) Ξ = 0.5; (b)
Ξ = 1.
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Figure 3.5: (a) Rescaled fluctuation disjoining pressure as a function of rescaled
surface separation is plotted for different values of the parameter b but without
any dielectric jump, ∆ = 0, and Ξ = 1. (b) The scaling exponent γ for the
effective scaling of the disjoining pressure with the intersurface separation is defined
as p̃2 ∼ D̃γ . For small separations it approaches −1 asymptotically, whereas for
large separations it tends to a value close but not equal to −3.

(Fig. 3.5), the interaction pressure scaling exponent is in general smaller then for
∆ 6= 0. Asymptotically for small separations in fact it approaches one, just as for
the KS interaction. For larger separations it tends to a larger value but does not
approach −3 as the fluctuations it corresponds to, being due to the presence of
counter ions between the surfaces, are never purely dipolar.
Finally, in order to get an idea about the strength of the attractive interaction
we compare the fluctuation disjoining pressure p2 with the pure vdW pressure given
as pvdW = −H(∆)/12πD3 [66], where H(∆) is a Hamaker coefficient, which for
illustration purposes we chose to be 4.3 zJ [125]. We choose a large dielectric inhomogeneity (∆ = 0.95), and a separation between the surfaces of 1 nm (D = 1 nm),
bearing maximal surface charge σ0 = 0.5 e0 /nm2 . With the given set of parameters,
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we calculate the fluctuation disjoining pressure pb=0 corresponding to a maximal
charge at the surfaces, and the fluctuating disjoining pressure pb=100 , corresponding to the case of electroneutral surfaces. One finds that for this specific choice of
parameters the fluctuating pressure is comparable to the vdW disjoining pressure:
pvdW = −1.1 bar while pb=100 = −1.3 bar and pb=0 = −0.8 bar.

3.7

Conclusions

In this Chapter, we derived a theory describing electrostatic interactions between
macromolecular surfaces bearing dissociable charge groups immersed in an aqueous
solution of dissociated counterions. Introducing a surface free energy corresponding
to a simple model of charge regulation, and formulating it in a field-theoretic language, we derived the mean-field solution related to the Ninham–Parsegian charge
regulation theory and also obtained an exact solution for the second-order fluctuations around the mean-field. The fluctuation contribution to the total free energy
is related to vdW interactions but is fundamentally modified by the presence of
dissociable charges on the bounding surfaces as well as the counterions dissolved in
the space between them.
While for the model discussed, containing an additional surface term usually not
present in Coulomb fluids with fixed charges on interacting surfaces, a weak-coupling
approximation can not be consistently defined, we proceed from the observation that
the saddle-point and the fluctuations around the saddle-point can be defined for any
field action [10]. The range of validity of this approximation should eventually be
ascertained once compared with detailed simulations of the same microscopic model.
What our methodology also clearly identifies, is the monopolar nature of the fluctuation interactions between charge-regulated surfaces that singles them out from
the dipolar fluctuation interactions as is the case for vdW fluctuation interactions.
This sets the two types of interactions fundamentally apart as the range and scaling
characteristics of the two are vastly different. It also emerges quite straightforwardly
that the two types of fluctuation interactions are not additive but are fundamentally
intertwined and can only be decoupled in extreme limiting cases of either no dielectric discontinuity or in the case of no surface capacitance. More specific predictions
regarding the role of monopolar fluctuation interactions between dissociable charge
groups corresponding to deprotonated and protonated molecular groups, as is the
case for proteins, will be forthcoming once the model considered is generalized to
include the intervening salt solution at a set value of the solution pH, which is going
to be a subject of the Chapter 4.
Suffice it to say at this point that in an appropriate limit our theory is related to
the KS interactions known to be relevant in the protein context. More importantly
though, it allows to consistently generalize the theory of KS interactions, or indeed
any electrostatic interaction that presumes charge regulation, in such a way that
one can use advanced concepts and methods of the Coulomb fluid theory to solve
it approximately. In this way, we pave the way to new developments in the theory
of KS and related interactions that would not be conceivable within their original
theoretical framework [64, 65].
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salt solution
In Chapter 3 we set a proper theoretical framework for describing charge-regulation
interactions, where we solved a problem of counterion-mediated interactions between
charge-regulated surfaces. In biological systems, it is more common situation to have
proteins in a solution where the salt ions are ubiquitous components (as in a physiological solution, where the concentration of monovalent salt is approximately 0.1 M).
So now we proceed with studying a system, more related to the one also found in
nature. Again, we start from the simplest model, that takes two spherical macroions
with dissociable groups immersed in monovalent salt solution, corresponding more
closely to the original KS model.
The aim of this Chapter is to present an improved theory of fluctuation interaction for two small and distant spherical macroions subject to charge regulation.
The problem will be formulated in the way that allows for decoupling of the charge
regulation part and the interaction part, of which the former can be treated exactly
while the latter can be described on the DH level. This allows us to derive a closed
form expression for the total interaction and compare it with various approximate
forms, including the original KS expression. Furthermore, we will be able to go beyond the KS result and derive realistic pH and ionic strength dependent interactions
between protein macroions with known amino acid composition.

4.1

Model

We consider a model system composed of two charged spherical macroions in a 1:1
salt solution (Fig 4.1). The charge of the macroions is not constant, but is described
by a dissociation surface free energy density cost corresponding to the ParsegianNinham charge regulation model, as discussed in Chapter 3, of the general lattice
gas form

σ0 
(4.1)
f0 (ϕ(r)) = iσ0 ϕ(r) − αkB T ln 1 + b exp (iβe0 ϕ(r)) ,
e0
where α quantifies the number of dissociation sites and ln b = − ln 10(pH − pK) =
βµS , where pK is the dissociation constant and µS is the free energy of charge
dissociation. Here ϕ(r) is the local fluctuating potential that needs to be integrated
over to get the final partition function. The mean-field PB approximation is obtained
by identifying ϕ(r) −→ iφ = iφPB [126]. The total dissociation free energy for a
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Figure 4.1: Shematic representation of the model: two charge-regulated ions immersed in 1:1 salt solution.
spherical macroion of a radius a0 , sufficiently small so that one can assume that
the electrostatic potential is uniform over its surface, ϕ(|r| = a0 ) = ϕ, and can be
written in the form
I
f (ϕ) =
f0 (ϕ(r))d2 r −→
S

−→ iN e0 ϕ − αkB T N ln (1 + b exp (iβe0 ϕ)),
(4.2)
R
where N is the number of absorption sites satisfying dSσ0 = N e0 , and α > 1
is a coefficient of asymmetry, determining the width of the interval spanned by the
particle’s effective charge e(φ) as a function of the mean-field potential on its surface
φ = φ(a0 ):
∂f (φ)
=
e(φ = φ(a0 )) =
∂φ

 α
 1

α
e0 N
− 1 − tanh − (ln b − βe0 φ) .
2
2
2

(4.3)

The effective charge of the macroion can thus fluctuate in the interval −N e0 <
e < (α − 1)N e0 , α > 1. When α = 2 the charge interval is by definition symmetric [−N e0 , N e0 ]. All of the expressions for the charge regulation referred to
above are just variants of the surface lattice gas free energies [126] with a variable
number of dissociation sites that describe the dissociation of the charge moieties
on the surface of the macroions. In addition, we have taken the limit of small
macroions, a0 H→ 0, implying that the surface potential on the macroions is a constant, f (ϕ) = |r|=a0 f0 (ϕ(r))d2 r.
While the approximation of treating the macroion as a point-like particle is a
convenient analytical device to make the calculations tractable, it obviously entails
some additional limitations to their validity. The most severe one is the disregard of
non-spherically symmetric charge fluctuations, or equivalently of fluctuating higher
order multipoles. A macroion of finite extension, with an angular distribution of
surface dissociable sites, will typically show fluctuating monopoles, dipoles etc. that
depend on the local electrostatic potential. The point-particle simplification retaining only the monopolar fluctuations can be argued to be the most important
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contribution in the large separation limit, while the higher order multipoles are subdominant. In addition, higher order multipoles - starting with the dipole - would
invariably couple the charge fluctuation interaction with the standard van der Waals
interaction.
In addition, the point macroion approximation disregards the electrostatic interaction between dissociable groups, as they are represented by a single point-like
charge regulated moiety. A finite size of the macroion with angular dependence of
the dissociation site distribution would bring in also the electrostatic interactions
between the sites on the same macroion, which could furthermore lead to potentially
important new facets in the interaction between two macroions. While this line of
reasoning can certainly be pursued, and will be in the future, it is important to have
the “baseline“ point-macroion results first in order to assess the importance of other
contributions.
Assuming that the fluctuating electrostatic potential of one macroion is φ1 (a) =
ϕ1 and of the other one is φ2 (a) = ϕ2 , located at r 1 and r 2 , respectively, the
partition function of the system can be derived in the field-theoretic form, see Appendix B:
ZZ
Z=
dϕ1 exp (−βf (ϕ1 ))G(ϕ1 , ϕ2 ) exp (−βf (ϕ2 ))dϕ2 ,
(4.4)
where the partition function has already been normalized by dividing with the bulk
system partition function [127], obtained for f (ϕ) = 0. G(ϕ1 , ϕ2 ) is the propagator
of the field, defined with the values of the potential ϕ1 and ϕ2 at the location of the
first and the second particle respectively, derived in Appendix B:

G(ϕ1 , ϕ2 ) = exp

β
−
2



ϕ1
ϕ2

T




G(r 1 , r 1 ) G(r 1 , r 2 )
G(r 1 , r 2 ) G(r 2 , r 2 )

−1




ϕ1


,

ϕ2
(4.5)

where the matrix of Green’s functions for the bulk composed of a 1:1 electrolyte in
the DH approximation is given as:

 

G(r 1 , r 1 ) G(r 1 , r 2 )
(exp (−κa)/4π0 a) (exp (−κR)/4π0 R)

=
,
G(r 1 , r 2 ) G(r 2 , r 2 )
(exp (−κR)/4π0 R) (exp (−κa)/4π0 a)
(4.6)
Here we assumed that the √
two macroions can not come closer than a = 2a0 . The DH
screening is given as κ = 8πlB c, where c is the salt concentration. Variations on
the above form are possible that would contain the factor exp (−κ(R − a))/R(1+κa)
for the separation dependence of G(r, r). We will comment on the detailed choice
of the form for the DH interaction later.
The charge regulation energy term exp (−βf (ϕ)) can now be expanded as a
binomial [128]:
exp (−βf (ϕ)) = exp (−iβN e0 ϕ)[1 + b exp (iβe0 ϕ)]αN =

αN 
X
αN
bn exp (−iβN e0 ϕ) exp (iβe0 nϕ).
n
n=0
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The integral (4.4) then becomes:
1
Z=
Z0

ZZ
dϕ1 dϕ2

αN X
αN
X
n

an an0 exp (−iβe0 (N − n)ϕ1 ) ×

n0

−1





T
ϕ1
G(r 1 , r 1 ) G(r 1 , r 2 )
β ϕ1


exp (−iβe0 (N − n0 )ϕ2 )
exp −
2 ϕ2
ϕ2
G(r 1 , r 2 ) G(r 2 , r 2 )
(4.8)

where an (α) =

αN


bn for any α.

n
Introducing the dimensionless variables R̃ = R/lB, ã = a/lB and κ̃ = κlB,
one can rewrite the partition function for two equal macroions with both charges
allowed to vary in the interval [−N e0 , N e0 ] in the form:
Z=

2N X
2N
X
n



an (2)an0 (2) exp − βFN,N (n, n0 , R̃) ,

(4.9)

n0

where we introduced FN,N (n, n0 , R̃) as:
)
(
−κ̃R̃
−κ̃ã
1
e
e
FN,N (n, n0 , R̃) =
[(N − n)2 + (N − n0 )2 ] + 2
(N − n)(N − n0 ) .
2
ã
R̃
(4.10)
Clearly, we have incorporated exactly the charge regulation free energy for each
of the macroions, while the electrostatic coupling between the two macroions is
included approximately via the DH propagator. The configuration of this particular
example is symmetric, as the two macroions are identical and are descibed by the
same charge regulation free energy. The asymmetric configuration, corresponding
to unequal charge regulation free energies for the two macroions, is addressed next.
In order to describe two equal macroions with a regulated charge in the interval
−N e0 < e < 0 we take as a model expression Eq. (6) with α = 1, i.e.,
f (ϕ) = iM e0 ϕ − αkB T N ln (1 + b exp (iβe0 ϕ)),

(4.11)

where M = N and with the partition function
Z=

N
N X
X
n



an (1)an0 (1) exp − βFN,N (n, n0 , R̃) .

(4.12)

n0

Furthermore, charge regulation in the interval 0 < e < N e0 is described by
f (ϕ) = −kB T N ln (1 + b exp (iβe0 ϕ)),

(4.13)

corresponding to the protonation of neutral state (M = 0), with the partition function for two equal macroions obtained in the form:
Z=

N X
N
X




an (1)an0 (1) exp − F0,0 (n, n , R̃) .

n=0 n0 =0
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4.2. Symmetric–asymmetric charges on proteins
Finally, for an asymmetric case, where the two macroioins are different, one with
charge in the allowed interval [0, N e0 ] and the other one spanning the interval
[−N e0 , 0], the partition function is obviously obtained in the form
Z=

N X
N
X



an (1)an0 (1) exp − FN,0 (n, n0 , R̃) ,

(4.15)

n=0 n0 =0

These results for the partition function derived above can be written succinctly in
a single formula as:
Z=

αN X
αN
X
n




an (α)an0 (α) exp − βFN,M (n, n , R̃) ,
0

(4.16)

n0

where one can distinguish three different cases:
• M = N , α = 2 - full symmetric system (the macroions are identical, both with
charge spanning the symmetric interval [−N e0 , N e0 ]);
• M = N , α > 2 - semi-symmetric system (the macroions are identical, both
with charge spanning the asymmetric interval [−N e0 , αN e0 ]);
• N 6= 0, M = 0, α = 1 - asymmetric system (one particle is positive, with
charge fluctuating [0, N e0 ], the other negative with charge spanning the interval [−N e0 , 0]).
The partition function Eq. (4.16) can be evaluated exactly only numerically, as we
will do as well, in addition to providing two explicit analytical approximations.

4.2

Symmetric–asymmetric charges on proteins

We proceed to calculate the average value of the charge of the macroions he1,2 i,
charge cross correlation he1 e2 i and auto-correlation function he1 − he1 ii2 for all three
systems. The thermodynamic averages can be written as
αN


1 X
0
h. . .i =
an (α)an0 (α) . . . exp − βFN,M (n, n , R̃) .
Z n,n0

(4.17)

In this way, we can write e.g. the dimensionless average charge of the particle,
hẽ1 i = he1 i/e0 as:
hẽ1 i = h(n − M )i.

(4.18)

In a similar way, other averages are calculated exactly from the full partition function
and are plotted as functions of R̃ and pH − pK, for different values of the number
of absorption sites N and salt concentration c, keeping fixed the diameter of the
macroions ã, see (Figs. 4.2, 4.3, 4.5 and 4.6).
In a fully symmetric system (Fig. 4.2) (solid lines), the average charge is allowed
to vary in a symmetric interval, reaching the point of zero charge (PZC) for pH = pK.
Away from PZC, the average charge changes almost linearly until it reaches saturation and stays constant for any value of pH − pK (Fig. 4.2(a)). The charge autocorrelation function is positive with the maximum centered at the PZC, being larger
55

Chapter 4. Titrating macroions in monovalent salt solution

3.5

30

3.0
2

20

c = 10 mM
c = 10 mM
c = 70 mM
c = 70 mM

e1

N = 15
N=7
N = 15
N=7

e1

10

2.0
1.5

e1 2

0
10
20

2.5

1.0
0.5

6

4

2

0

2

4

0.0
15

6

10

5

0

5

10

pH pK

pH pK

(a)

(b)

Figure 4.2: Symmetric system: (a) The average charge of macroions; (b) Autocorrelation function. All averages are obtained by exact evaluation of the partition
function. Solid lines correspond to a fully-symmetric system (α = 2), while dashed
lines represent the semi-symmetric case which takes asymmetry coefficient to be
α = 3. Each color corresponds to a choice of parameters (number of adsorption
sites N and salt concentration c) as described in panel (a). The dimensionless
diameter of the macroions is ã = 1 and separation between them R̃ = 1.5.
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Figure 4.3: Charge cross-correlation function for fully-symmetric system (solid lines)
and semi-symmetric system (dashed lines): (a) pH-dependence at R = 1.5; (b) Rdependence at pH − pK = 0. All averages are obtained by exact evaluation of
the partition function. Each color corresponds to a choice of parameters (number
of adsorption sites N and salt concentration c) as described in Fig. 4.2 (a). The
dimensionless diameter of the macroions is taken as ã = 1.
for larger number of adsorption sites and salt concentration (Fig. 4.2(b)). The charge
cross correlation function, being negative close to the PZC, indicates that even in
the fully symmetric system the macroion charges prefer to fluctuate asymmetrically:
charge fluctuation on one macroion being accompanied with a fluctuation of the opposite sign on the other macroion (Fig. 4.3)(a). This is a robust property of the
system, fully discernable also in the 1-dimensional exact solutions [128]. Considering
the charge cross correlation function as a function of distance between macroions,
plotted for fixed pH = pK (Fig. 4.3)(b), one can observe that at the PZC, fluctua56

4.2. Symmetric–asymmetric charges on proteins

0.5

2.0

0.0

1.5
- 0.5

F

~

F

1.0
0.5

- 1.5

0.0

- 2.0

0.5
1.0

0.5

0.0

0.5

1.0

N = 15
N=7
N = 15
N=7

- 1.0

- 2.5
1.0

1.2

1.4

1.6

1.8

2.0

c = 10 mM
c = 10 mM
c = 70 mM
c = 70 mM

2.2

2.4

~

pH pK

R

(a)

(b)

Figure 4.4: The interaction force for fully-symmetric system (solid lines) and semisymmetric system (dashed lines), plotted as: (a) pH-dependence at R = 1.5; (b)
R-dependence at pH − pK = 0. All averages are obtained by exact evaluation of
the partition function. Each color corresponds to a choice of parameters (number
of adsorption sites N and salt concentration c) as described in panel (b). The
dimensionless diameter of the macroions is taken as ã = 1.
tion asymmetry effect decreases as separation increases, and it is the strongest for
larger number of adsorption sites and smaller values of salt concentration.
Finally, the interaction force is calculated as
F̃ (R̃) = −

d
[− ln Z(R̃)],
dR̃

and it is shown in (Figs. 4.4 and 4.7). Two identical macroions repel for most
values of the parameters, but show a net attraction in the vicinity of the PZC. This
attraction is of purely fluctuational origin, stemming from the asymmetric charge
cross-correlation. At the same value of dimensionless separation, the strength of this
fluctuation attraction is larger in systems with a larger number of adsorption sites
and smaller salt concentration.
Concerning the semi-symmetric system of macroions with both charges spanning
the same asymmetric interval (Figs. 4.2 - 4.4) (dashed lines), one discernes similar
behavior of all averages as in the fully symmetric system. However here, the PZC is
no longer determined by pH = pK, but is shifted, meaning that the concentration
of the positive ions close to the macroion surfaces is different from the concentration
of protons in the bulk. The auto-correlation function as a function pH − pK is not
centered anymore on the PZC, but the asymmetric fluctuations do again appear at
the PZC, (Fig. 4.3), where one can observe net attraction between the macroions,
(Fig. 4.4) (dashed lines).
The behavior of the completely asymmetric system is shown in (Figs. 4.5- 4.7).
Here, away from PZC, the first macroion is positive, the second neutral, or the
first can be neutral, while the second can be negatively charged, depending on
the value of pH − pK. In the region −3 . pH − pK . 3 both macroions carry
nonzero charge of opposite sign, and at pH = pK, the system is electroneutral as
a whole, i.e. the sum of average charges is equal to zero, Fig 4.5(a). The charge
cross correlation function is always negative (Fig. 4.6)(a) and one can observe only
57

Chapter 4. Titrating macroions in monovalent salt solution

0

N = 15
N=7
N = 15
N=7

10

-1

e2

e1

~

5

c = 10 mM
c = 10 mM
c = 70 mM
c = 70 mM

F

15

0
5

-2

-3

10
-4
1.0

15
6

4

2

0

2

4

6

1.5

2.0

2.5

3.0

3.5

4.0

~

pH pK

R

(a)

(b)

Figure 4.5: Asymmetric system: (a) The average charge of one particle (solid lines)
and the other (dashed lines); (b) the interaction force at pH = pK. All averages are
obtained using the exact evaluation of full partition function. Each color corresponds
to a choice of parameters (number of adsorption sites N and salt concentration c)
as described in (a). The dimensionless diameter of the macroions is ã = 1 and the
separation between them R̃ = 1.5.
attraction (Fig. 4.5)(b). The number of adsorption sites has the biggest influence
on the intensity of interaction.
The fluctuation effect shows an interesting twist in this system: the interaction
force as a function of separation shows attraction also when one of the macroions is
charged and the other one reaching its point of zero charge, see (Fig. 4.7)(a). The
origin of that attraction comes from the mean charge-induced charge interaction,
see (Fig. 4.7)(b), where one can observe non-zero product hẽi i2 h(ẽj − hẽj i)2 i of
non-zero charge hẽi i2 and autocorelation function of zero charge hẽj i. As it is the
case in the symmetric system, here also for the same separation the attraction is
significantly stronger in a solution with larger number of adsorption sites and smaller
salt concentration.

4.3

Discussion

In the previous section we showed results obtained numerically using the exact evaluation of the full partition function [129]. The aim of this section is to seek an
analytical approximation that will provide a better intuition about the behavior
of the attractive interaction arising between identical macroions with fluctuating
charge, so that it can be compared with the original KS result for the attractive
components as well as the DH result for the repulsive component, respectively. In
order to do so, we will evaluate the partition function, Eq. (4.16), introducing two
different approximations, the saddle-point approximation and the “Gaussian“ approximation, comparing the ensuing approximative results with the exact ones. The
approximations refer to the evaluation of the partition function Eq. (4.4) and not
to the evaluation of the field Green’s function, G(ϕ1 , ϕ2 ), which is always assumed
to be of the DH form. All the approximations detailed below thus refer to the
evaluation of the charge regulation part of the partition function.
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(b) hẽ1 i2 h(ẽ2 − hẽ2 i)2 i (solid lines) and hẽ2 i2 h(ẽ1 − hẽ1 i)2 i (dashed lines). All averages are obtained using the exact evaluation of full partition function. Each color
corresponds to a choice of parameters (number of adsorption sites N and salt concentration c) as described in (a). The dimensionless diameter of the macroions is
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4.3.1

Saddle-point approximation

The saddle-point approximation consists of finding the dominant contribution to the
partition function, corresponding to the minimum of the field action, which is then
expanded around the minimum to the second-order in deviation. The saddle-point
approximation is usually referred to also as the mean-field approximation, but we
need to distinguish the mean-field in the treatment of the charge regulation free
energy with the PB mean-field, which refers to the interaction part. The procedure
is detailed in Appendix C, where we derive expressions for the saddle-point free energy, as well as the fluctuation induced free energy from the second-order correction
Eq. (C.9). With respect to that decomposition, one can distinguish the saddle-point
interaction force, F̃0 , and the fluctuation component of the interaction force, F̃2 ,
with magnitudes given by:
1 + κ̃R̃ 2
ã exp (2κ̃ã − κ̃R̃)
2
R̃

 ih

 i
h
φ∗1 − R̃ã exp κ̃(ã − R̃) φ∗2 φ∗2 − R̃ã exp κ̃(ã − R̃) φ∗1
×
h

i2
1 − ( R̃ã )2 exp − 2κ̃(R̃ − ã)

F̃0 =

(4.19)

and:


2
ã
exp
−
2κ̃(
R̃
−
ã)
1 + κ̃R̃

.
F̃2 = −
R̃3 h1 (φ∗1 )h2 (φ∗2 ) − ã22 exp − 2κ̃(R̃ − ã)
R̃

(4.20)

Here h1 (φ∗1 ) and h2 (φ∗2 ) are defined by:
ã
∗
exp (κ̃ã) exp (−φ∗1 )(b + eφ1 )2 ;
αbN
ã
∗
∗
exp (κ̃ã) exp (−φ∗2 )(b + eφ2 )2 ,
h2 (φ2 ) = 1 +
αbN
h1 (φ∗1 ) = 1 +

(4.21)

with φ∗1 and φ∗2 the solutions of the saddle-point equations, Eqs. (C.3) and (C.4),
given in the Appendix C. Since they are obtained numerically, this method does not
give us a transparent analytical solution for the free energy and interaction force.
The sum of the saddle-point interaction force, F̃0 , and the fluctuation force, F̃2 ,
for symmetric, semi-symmetric and asymmetric systems are plotted as functions of
separation R̃ and compared with results obtained with exact evaluation of the full
partition function, (Fig. 4.8). One can notice that there is a good agreement between both results obtained using these different methods. The saddle-point method
decouples the total force into a saddle-point part and a fluctuation part, one being
repulsive and the other attractive, respectively, except for the asymmetric system,
where there is no repulsion whatsoever and where the agrement is not so good as
in the previous two cases, (Fig. 4.8)(c). They can be differentiated based on the
separation scaling of the interaction free energy. In the first case it decays exponentially with R̃, while in the second it decays exponentially with 2R̃. The repulsive
force decreases as the system is approaching the PZC, where it is identically equal
to zero. In this regime the fluctuation component to the interaction force becomes
the dominant one.
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Figure 4.8: Total interaction force, obtained using the saddle-point approximation
to evaluate the full partition function, (dashed lines) compared with numerical results, obtained using the exact evaluation of the full partition function, (solid lines).
(a) fully symmetric system (α = 2); (b) semi-symmetric system with α = 3; (c)
asymmetric system. Each color corresponds to a different choice of parameters (salt
concentration c and pH − pK) as indicated. The dimensionless diameter of the
macroions is ã = 1 and number of adsorption sites N = 7.

4.3.2

Gaussian approximation

In this case the analytical evaluation of the partition function Eq. (4.16), is based
on a Gaussian approximation for the binomial coefficient, and it is presented in
Appendix D.
The partition function in this case also decouples into two separate contributions,
of which one decays exponentially with R̃, and the other one decays exponentially
with 2R̃. We will again refer to them as the “mean“ and the “fluctuation“ part of
the interaction force, using the same notation as for the saddle-point approximation.
One should note here that on this approximation level there is no real decoupling
into the mean and fluctuation part. We differentiate them purely based on their
scaling with separation.
The mean interaction force, F̃0 , can be obtained as:
F̃0 =

[(pH − pK) ln 10]2
1 + κ̃R̃ 2
ã exp (2κ̃ã − κ̃R̃) h

i2
R̃2
1 + 2 Nã exp (κ̃ã) + R̃ã exp − κ̃(R̃ − ã)
(4.22)

and the fluctuation force, F̃2 , as:
F̃2 = −

1 + κ̃R̃
R̃3 (1 +

4ã
αN



ã2 exp − 2κ̃(R̃ − ã)

.
2
exp (κ̃ã))2 − R̃ã 2 exp − 2κ̃(R̃ − ã)

(4.23)

Again both F̃0 and F̃2 are obtained in the same way and the separation into “mean“
and “fluctuation“ part is arbitrary. Nevertheless, the separation scaling of the two
is the same as for the mean-field and fluctuation contribution in the case of the
saddle-point approximation, making the nomenclature reasonable.
The general form of mean interaction force is given in Eq. (D.4), valid for all three
systems considered: fully symmetric, semi-symmetric and asymmetric. Because of
its complexity, we display here only F̃0 for the fully symmetric system, Eq. (4.22).
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Figure 4.9: Analytical results for the total force, obtained using approximative evaluation of full partition function, (dashed lines) are compared with numerical results,
obtained using exact evaluation of full partition function, (solid lines). (a) fully
symmetric system (α = 2); (b) semi-symmetric system with α = 3; (c) asymmetric
system. Each color suits to the corresponding choice of parameters (salt concentration c, and pH − pK) as it is shown at figures. The dimensionless diameter of the
macroions is ã = 1 and number of adsorption sites N = 7.
On the other side, the fluctuation force, Eq. (4.23), has the same, universal form
for all three types of systems. One can compare these results, Eqs. (4.22), (4.23),
with those obtained using the saddle-point approximation, Eqs. (4.19) (4.20).
Clearly, the fluctuation force in the Gaussian approximation corresponds exactly
to the fluctuating force in the saddle-point approximation, if the saddle-point is
taken at the PZC, pH = pK, and the mean-potentials are φ∗1 = φ∗2 = 0. However,
in general the two approximations do not coincide and thus we can not claim that
F̃2 is purely fluctuational in origin.
The mean and the fluctuation part to the interaction force are plotted as functions of dimensionless separation R̃ in (Fig. 4.9). The total interaction force obtained in this way is compared with the one obtained using the exact evaluation of
the partition function. For the fully symmetric system, the Gaussian approximation
fits perfectly the exact results (Fig. 4.9)(a). A good agreement is found in a semisymmetric system (Fig. 4.9)(b), while the analytical results do not work quite well
in the region away from PZC in the asymmetric system (Fig. 4.9)(c).
In the fully symmetric system, the mean part of the interaction force is repulsive,
decreasing on approach to the PZC, while in the asymmetric system, it is actually
attractive as the macroions are on the average oppositely charged. On the other
hand, the fluctuation component to the interaction force is attractive no matter
what the symmetry of the system and the pH of solution, while it does depend on
the salt concentration. Interestingly enough, on the Gaussian approximation level
for the binomial coefficient the pH-dependence of the auto-correlation function again
drops out completely, which is contrary to the full numerical evaluation of the charge
auto-correlation function.

4.3.3

Comparison with Debye – Hückel and Kirkwood – Shumaker forms

We now set our results against the mean-field DH theory of interactions between
point-like macroions, and against the KS theory of charge fluctuation forces. Obviously, without charge regulation the charge of both interacting macroions is fixed
62

4.4. Protein-like macroions
and the DH form of the interaction should be recovered. Setting α = 0 and M = N
in Eq. (4.16), one indeed gets the DH interaction force between two well separated
like-charged macroions in a salt solution:
F̃ ≈ N 2

exp (−κ̃R̃)
.
R̃

(4.24)

Charge regulation, besides inducing attraction at the PZC, also introduces significant modifications in the mean-field interaction force, Eq. (4.22), leading to its
vanishing at the PZC. In the limit of large separations, the charge-regulated interaction force Eq. (4.22), in fact scales as:
[(pH − pK) ln 10]2
1 2
F̃0 ≈ ã exp (2κ̃ã − κ̃R̃)
2 ,
R̃
1 + 2 Nã exp (κ̃ã)

(4.25)

clearly showing a strong dependence on the solution pH.
As for the fluctuation component of the interaction force for two spherical pointlike macroions, we can cast its form in the Gaussian approximation, going to a limit
of large separation, Eq. (4.23), as
κ̃ ã2 exp (−2κ̃(R̃ − ã))
.
F̃2 ≈ −
R̃2 [1 + 2 Nã exp (κ̃ã)]2

(4.26)

The charge auto-correlation function for the two macroions, h∆ẽ21 i = h(ẽ1 − hẽ1 i)2 i,
is calculated analytically using the same Gaussian approximation and the following
form is obtained:
ã2 exp (2κ̃ã)
h∆ẽ21 ih∆ẽ22 i ≈
.
(4.27)
(1 + 2 Nã exp (κ̃ã))2
With this result the fluctuation component of the interaction force assumes the
asymptotic form:
κ̃ exp (−2κ̃R̃)
F̃2 ≈ −
h∆ẽ21 ih∆ẽ22 i.
(4.28)
2
R̃
This actually coincides exactly with the original Kirkwood Shumaker result [64, 65]
if we take into account the fact that they take the DH Green’s function for two point
charges with a finite size-scaling factor exp (κ̃ã)/(1 + ã), so that we would have to
multiply Eq. (4.28) by exp (−2κ̃ã)(1+ã)2 . Again we note that on this approximation
level the pH-dependence of the auto-correlation function drops out completely, but
is retained in the full numerical evaluation of the charge auto-correlation function.

4.4

Protein-like macroions

The general theory formulated above can be straightforwardly applied to the interaction of protein-like macroions at large separations. In a protein, the amino acids
Asp, Glu, Tyr and Cys can be negatively charged, while Arg, Lys and His can carry
a positive charge, all depending on the solution conditions. The respective pKs for
the dissociation of the various amino acids are given at the Table 1.1.
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Figure 4.10: Generalized system: (a) The average charge of macroions; (b) charge
auto-correlation function. All results are obtained by using the exact numerical
evaluation of the full partition function. Solid lines correspond to a system of two
proteins, each of which consists of 2 Asp, 2 Glu, 2 Lys, 2 His, while dashed lines
represent the system which has additional 2 Tyr and 2 Arg. Blue color corresponds
to the value of salt concentration c = 10 mM, while the red color corresponds to the
c = 70 mM. The dimensionless diameter of the macorions is ã = 1 and separation
between them R̃ = 1.5.
In order to describe a protein macroion composed of these amino acids, one
should write down the charge regulation free energy in the form:
X
X
fp (ϕ) = i
Nj Mj e0 ϕ − kT
Nj Mj ln (1 + bj exp (iβe0 ϕ)) −
j

−kT

X

j

Nk Mk ln (1 + bk exp (iβe0 ϕ)),

(4.29)

k

where j stands for negative AAs j = {Asp, Glu, Tyr, Cys}, while k stands for positive ones k = {Arg, His, Lys}. Nj , Nk are the numbers of absorption sites on each
positive and negative AAs and since each of these AAs has one adsorption site it
will be set to 1. Mj , Mk count how many times each of AAs occurs in the protein,
and bj , bk stand for bn = exp (−(pH − pKn ) ln 10), where pKn for each AA is given
in Table 1.1. For point-like macroions the spatial distribution of AAs on the surface
of the protein is irrelevant and the above approximation is thus admissible.
The partition function for the system of two point-like proteins immersed in
monovalent salt solution and containing seven types of dissociable AAs, negatively
charged {Asp, Glu, Tyr, Cys} and positively charged {Arg, His, Lys}, can be written
as:
M ` ,M `

Z=

i
i0
Y X

`=1,7

i` ,i0`

i +i0`

b``



Mi`0 !
Mi` !
exp
−
βF
.
pp
i` !(Mi` − i` )! i0` !(Mi`0 − i0` )!
(4.30)

where ` runs through {Asp, Glu, T yr, Cys} and {Arg, His, Lys}, with:
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Figure 4.11: Generalized system: charge cross correlation function - (a) pH dependence; (b) R-dependence. All results are obtained by using the exact numerical
evaluation of the full partition function. Solid lines correspond to a system of two
proteins, each of which consists of 2 Asp, 2 Glu, 2 Lys, 2 His, while dashed lines
represent the system which has additional 2 Tyr and 2 Arg. Blue color corresponds
to the value of salt concentration c = 10 mM, while the red color corresponds to the
c = 70 mM. The functions bearing R̃-dependence are plotted at isoelectric point of
two systems: pH = 5.15 and pH = 8 respectively, while the function bearing pHdependence are plotted at fixed separation R̃ = 1.5. The dimensionless diameter of
the macroions is ã = 1.

Fpp =
"
#
o
X
X
e−κ̃R̃ X m
1 n e−κ̃ã X m
m
m
0
2
0 2
(Mi0 −i ) ,
(Mi0 −i ) + 2
(Mi −i)
(Mi −i) +
2
ã
R̃ m
m
m
m
(4.31)
where the unprimed/primed notations referred to the two protein macroions. Mi`
counts how many times each of these seven amino-acids occurs in a protein, while
Mim is restricted on counting only negative amino acids. b` refer to the chemical
energy of dissociation: b` = exp (−(pH − pK` ) ln 10), where the intrinsic pK` for
the seven dissociable amino-acids are given in the Table 1.1.
Since the evaluation of Eq. (4.30), is computationally time consuming, we consider only the behavior of two model systems, one (system I) composed of protein-like
macro-ions consisting of 2 Asp, 2 Glu, 2 Lys, 2 His, and the other (system II) having 4 AAs more - 2 Tyr and 2 Arg. The results are shown in (Figs. 4.10 - 4.12).
The protein charge, as a function of pH, spans a symmetric interval with constant
plateaus in the pH regions, that correspond to charging up an additional AA. The
cross-correlation function in general follows the pattern of plateaus of the average
charge, being positive everywhere except at the PZC, where asymmetric charge distribution appears. The auto-correlation function and the charge cross-correlation
show opposite signs, with one being positive and the other negative, respectively.
Analyzing the behavior of the interaction force, one can see that two identical
proteins mutually repel and that the strength of the interaction depends on pH in
the solution, following closely the behavior of the charge cross-correlation function.
The repulsion is smaller in a solution of higher salt concentration, since the salt
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Figure 4.12: Generalized system: interaction force - (a) pH-dependence; (b) Rdependence. All results are obtained by using the exact numerical evaluation of
the full partition function. Solid lines correspond to a system of two proteins, each
of which consists of 2 Asp, 2 Glu, 2 Lys, 2 His, while dashed lines represent the
system which has additional 2 Tyr and 2 Arg. Blue color corresponds to the value
of salt concentration c = 10 mM, while the red color corresponds to the c = 70 mM.
The functions bearing R̃-dependence are plotted at isoelectric point of two systems:
pH = 5.15 and pH = 8 respectively, while the function bearing pH-dependence are
plotted at fixed separation R̃ = 1.5. The dimensionless diameter of the macroions
is ã = 1.

screens the protein charge and reduces the interaction. The repulsion disappears
at the PZC, where the attraction sets in, increasing with salt concentration at a
fixed dimensionless separation between the proteins. The attractive interaction is
negligible for proteins composed of a larger number of amino-acids, which is not in
correspondence with our previous results, where the attraction is larger for a larger
number of adsorption sites. This can be explained by analyzing the average charge
of the protein, (Fig. 4.10) (a), where one can observe a plateau of zero charge for
the system II, which is not the case in system I, so it can be concluded that the
strength of the fluctuation interaction depends on the rate of change of the charge
of the macroion with pH, which of course depends on the type of the protein.
This can be derived also formally by following Lund and Jönsson [60]. The
fluctuation part of the interaction force, Eq. (4.28), is approximately proportional
to the charge variance, which in its turn follows from the macroion capacitance C,
as
h(ẽ − hẽi)2 i ∼ C =

1 ∂ẽ(φ)
∂ẽ(φ)
=−
,
∂(βe0 φ)
ln 10 ∂pH

(4.32)

as is clear also from Eq. (4.3). The strength of the fluctuation interaction therefore
depends on the rate of change of the mean charge of the macroion with pH, i.e. its
capacitance. This can be clearly discerned from (Fig. 4.10)(b), where we observe
that the system II has zero capacitance at its PZC, while system I has a non-zero
capacitance at its PZC.
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4.5

Conclusions

We presented a theory describing electrostatic interaction between two spherical
macroions, with non-constant, fluctuating charge, surrounded by a monovalent bathing salt solution. The macroion charge fluctuations are described with the Parsegian–Ninham model of charge regulation, which effectively corresponds to the lattice gas surface dissociation free energy. Our theory is based on two approximations:
one assumes the macroions as point-like, in the sense that the electrostatic potential on the surface of the macro-ion is uniform, whereas the other one treats the
intervening salt solution on the DH level, assuming the electrostatic potential to be
small, such that the PB equation can be linearized. Choosing the proper charge
regulation energy, we analyzed the behavior of three different systems that differ in
the symmetry of charge distribution. These are: a symmetric system composed of
two identical macroions with a symmetric as well as asymmetric charge regulation
intervals, corresponding to the fully symmetric and semi-symmetric cases, and an
asymmetric system, composed of oppositely charged macroions, allowing the case of
having one charged and one uncharged particle.
We have shown that in charge-regulated systems, asymmetrical charge fluctuations appear near the PZC, engendering strong attractive interactions of a general
Kirkwood–Schumaker type, but with different functional dependencies as argued in
their original derivation. The fluctuational nature of the KS interaction is consistent
also with the fact that it arrises even between a charged and a charge-neutral object,
in the vicinity of the pH where the charged macroion becomes neutral itself. This is
the case studied also in the context of the PB theory within the constant charge regulation model, in fact corresponding to a linearized form of the full charge-regulation
theory [68, 98]. In this limit too, the effects of charge regulation are crucial and lead
to attraction. However, in the context of our approximations, the attractive interaction between a charged and a neutral surface stemms from the coupling between the
net charge of one, and charge fluctuations of the other surface. Off-hand one would
tend to see the attraction in the constant charge regulation model as being grounded
in the mean-field level but caution should be exercized here. In our case too the
Green’s function pertains to the DH mean-field level, and the attraction actually
comes from the surface charge regulation. Constant charge regulation model must
obviously capture some of the same physics.
The bathing solution with its pH and ionic strength therefore plays an important
role in charge regulated systems, and the interactions to which they are subject. In
all cases studied, the fluctuation attraction is larger for smaller salt concentration
in solution at the same dimensionless separation, as well as the repulsion, which is
actually reduced at a fixed separation by increasing the salt concentration, consistent
with the electrolyte screening effect. Furthermore, a stronger attraction is found in
systems composed of identical macroions having a larger number of adsorption sites,
giving rise to larger charge fluctuations.
The theory, developed for toy models, was then applied to the case of protein-like
macroions, with different dissociation constant for different chargeable amino acids.
For protein electrostatic interactions their strength depends on the rate of change
of the charge of the macroion with respect to the solution pH, i.e. the molecular
capacitance of the macroion, which is protein specific and connected with the capacitance of the protein charge distribution. Apart from this, salt concentration reduces
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the attraction between protein-like macroions, as is noted also in simulations and
experiments in the case of e.g. lysozyme in monovalent salt solutions [69]. In fact,
understanding the details of the protein–protein interaction is our main motivation
for developing further our theoretical approach, specifically the relation between
the KS interaction, the patchiness effects and vdW interactions between proteins in
electrolyte solutions.
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Titrating macroions in polyvalent
salt solution
We now change the perspective and consider a case where the bathing solution contains not only a weakly coupled monovalent salt but also polyvalent ions that are
strongly coupled to the charged macroions, mediating the interaction between them.
A possible realization would correspond to a mixture of multivalent ions in a bathing
solution of monovalent ions, a situation rather typical in the context of semiflexible
biopolymers, where multivalent ions are believed to play a key role in their condensation [34, 35]. With the presence of polyvalent ions in the system, the weak-coupling
paradigm in general breaks down and the existence of KS interactions becomes dubious [10]. However, there exists the dressed ion theory based on an asymmetric
treatment of the different components of the bathing electrolyte solution that allows
to analyze the effect of charge reguation of macroions also in the presence of polyvalent mediating ions in the bathing solution [29, 34, 35, 77]. It is based on the fact
that one can use the weak coupling DH approach in order to describe the monovalent
salt ions, while a strong-coupling approach is preferable for the polyvalent ion part.
This combined weak/strong-coupling approach [34, 35] effectively leads to dressed
interactions between polyvalent ions and thus also affects the interactions mediated
by polyvalent counterions between two like charge-regulated macroions. The ensuing effective interactions between macroions would then correspond to a generalized
KS interaction, mediated by strongly coupled salt ions and not by weakly coupled
monovalent salt. This generalized KS interaction would consequently also cease to
be fluctuational in nature, i.e. of the type proposed in the original work of Kirkwood and Shumaker [64, 65], but would show a different behavior stemming from
the polyvalent ion mediated interactions coupled to the charge regulation response
of the dissociation equilibrium at the macroion surfaces.
Our approach is composed of disjoined parts brought together to describe this
new type of generalized KS interaction, and a short guided tour through the conceptual and calculational flowchart is thus in order. The dissociable surfaces of the two
identical macroions are described with a charge-regulation surface free energy that
allows the effective charge to vary between a positive and negative maximal value.
We then contract the macroion to a point particle merely as a calculational device,
since we can then disregard the angular distribution of the dissociable groups along
the surface, remaining solely with the monopolar charge as the only characteristics
of the macroion. The bathing solution for the macroions, assuming to be an ionic
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mixture of monovalent salt and polyvalent ions, is then treated within the dressed
ion theory, i.e. the monovalent salt is described within the weak-coupling and the
polyvalent ions within the strong-coupling paradigm, an approximate approach that
has already proved valuable in different contexts [34, 35]. We then further approximate the non-linear surface charge regulation free energy with a Gaussian expansion
proved to be a good description on the weak-coupling level (Chapter 4). Finally,
we introduce another (admittedly optional) saddle-point approximation to evaluate
the partition function in an analytic form, though exact numerical quadratures are
easily available. We finally study the obtained expressions for the effective generalized KS interaction between the macroions in the various parts of the parameter
space and comment on the results.
The dressed ion theory, as a variant of the strong-coupling theory [10], does
not hold the same status as the original strong-coupling theory, valid exactly for a
counterion-only system in the limit of large coupling constant [56, 83, 130]. In fact
the regime of validity of this approach can be only checked against explicit-ion Monte
Carlo simulations, showing that the dressed ion theory can indeed give quantitatively
accurate results in a wide range of realistic parameter values [34, 35, 36].

5.1
5.1.1

General formalism
Model

The system under consideration consists of two equal titratable macroions immersed
in a bathing solution, itself composed of a mixture of monovalent salt ions as well
as polyvalent ions of valency q, see (Fig. 5.1). Two macroions, representing two
titratable proteins, are located at r 1 and r 2 so that their separation is equal to
|r 1 −r 2 | = R. The macroions are assumed to be identical with a radius of a/2 and can
have either sign. Furthermore, the macroions are charge-regulated with adsorption
sites which can exchange a proton from the environment, and are described with
the lattice gas free energy, see below, with a site number coefficient of α = 2. This
implies that there are twice as many proton adsorption/dissociation sites as there
are negative fixed charges. This allows the total charge of the macroion to span
negative as well as positive values, a basic tenet of our charge regulation model.
The macroion charge is thus not fixed, but responds to the local solution conditions. We also assume that the macroions are “small“ in the specific sense that the
angular variation of the local electrostatic potential along their surface is negligible.
This implies that we only deal with effective monopolar fluctuations, disregarding
the subdominant higher multipolar fluctuations that would correspond to a generalization of the full vdW interaction potential [131]. The higher multipolar KS
interactions remain as a possible future topic of our investigation.

5.1.2

Charge regulation

For charge-regulated titratable macroions we have already introduced several models
in Chapter 4, based on a charge dissociation free energy that generalizes the law of
mass action charge-regulation approach of Ninham and Parsegian [59]. In these
models the charge regulation is described by a surface free energy fS (r) = fS (φ(r))
that depends on the surface electrostatic potential φ(r). For each macroion the
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Figure 5.1: Shematic representation of the model: two charge regulated macroions,
representing two proteins with titratable surface groups, immersed in a mixture
of monovalent/polyvalent salt solution. The microscopic model (left) shows the
different types of ions and the surface dissociation equilibrium on the surface of
the macroion. The coarse-grained dressed ion model (right) shows the effective
DH potential (light coloured corona) of the macroioin as well as the polyvalent
solution ions. In a cylindrical coordinate system with the z-axis connecting the two
macroions, having its origin in the middle between the macroions, the macroions are
located at r 1 = (0, 0, −R/2), and r 2 = (0, 0, R/2), respectively.
total charge regulation free energy F [φ(r)] would thus be a functional of the surface
potential amount to
I
fS (φ(r))d2 r,

F [φ(r)] =

(5.1)

S

where S is the surface area of the macroion. At this point we simplify matters by
furthermore assuming that the macroions are spherical and of vanishing radius, i.e.
they are point particles. Of course this approximation will only work for sufficiently
large separations between them and small separation regime would need to be analyzed separately. It will soon become clear why this type of approximation simplifies
the calculation substantially.
Assuming then that the macroion is located at (r 0 ) and has a vanishing radius
a −→ 0, the integral of the dissociation free energy over the surface of the macroion,
Eq. (5.1), simply gives a total dissociation energy of the point-like macroion as a
function of the local potential at the point r = r 0 . The point-like approximation
for the macroion therefore disregards the angular variation of the local electrostatic
potential along the surface of the macroions and can describe only monopolar charge
regulation, while higher multipoles are ignored.
In the next step one needs to assume a model for fS (φ(r)). We already invoked
several models Eq (4.16) related to the original Ninham-Parsegian model [59]. Focusing on a simple two-parameter model we introduce the following ansatz for a
charge regulated point-like macroion
I
F (φ(r 0 )) = lim fS (φ(r))d2 r −→
a→0 S


−N e0 φ(r 0 ) − αN kB T ln 1 + b exp (−βe0 φ(r 0 )) ,
(5.2)
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where φ(r 0 ) is now the local electrostatic potential at the position of the ion, while N
and α are two parameters characterizing the dissociation process. The site number
coefficient α quantifies the number of dissociation sites, and ln b = βµS , incorporates
the free energy of charge dissociation µS .
In the case of protonation of the titratable surface charge, it furthermore follows that ln b = (pH − pK) ln 10, where pK is the dissociation constant and pH =
− log [H+ ] is the proton concentration in the bulk, differing from the local value of
pH at the dissociation site. It is straightforward to see that the free energy Eq. (5.2)
is composed of the electrostatic energy of N fixed negatively charged sites with the
total charge −N e0 and αN lattice gas sites, that can be filled with adsorbing protons
from the solution; in fact 1 + eµ is nothing but the lattice gas partition function for
single occupation sites, with zero energy for the empty site and µ for the filled site,
while ln (1 + eµ ) is just the corresponding grand canonical surface pressure.
The form of the charge regulation free energy then allows us to derive the effective charge of the charge-regulated macroion as a function of the local electrostatic
potential in the form
∂F (φ)
(5.3)
e (φ) =
∂φ
where F (φ) is the dissociation free energy Eq. (5.2) yielding
h α
 α
i
1
e (φ) = e0 N
− 1 − tanh (− 2 (ln b − βe0 φ)) .
2
2

(5.4)

The effective charge of the macroion then varies in the interval −N e0 < e(φ) <
(α − 1)N e0 . Choosing the site number coefficient to be α = 2, one thus remains
with a symmetric charge regulated macroion whose effective charge varies within
the interval −N e0 < e(φ) < +N e0 . This is the generic charge regulation model that
we will consider as a simple description of the protein charge regulation in what
follows.

5.1.3

Field-theory – general formalism

We proceed by writing the partition function through the Hubbard-Stratonovich
transform for the Coulomb potential as explained in detail in Chapter 2. This leads
to a field theory, where the classical partition function is represented as a functional
integral over the fluctuating electrostatic potential. Two explicit exact limiting
results are then obtainable from this representation in the case of a counterion-only
system [10]: the saddle-point of this field theory in fact corresponds to the mean-field
PB approximation, while the Gaussian fluctuation correction together with the PB
theory constitutes the weak-coupling theory; the first order virial expansion of the
partition function then constitutes the strong-coupling theory, unrelated to the PB
approximation. The latter can be further generalized in the case of a mixed system
by treating the monovalent salt on the weak-coupling level while the polyvalent ions
are described on the strong-coupling level, i.e. their contribution to the partition
function is written as a second-order virial expansion theory. This approximation
was dubbed the “dressed ion theory“ [34, 35].
Assuming that the fluctuating electrostatic potential of the macroions is φ(r =
r 1 ) = ϕ1 and of the other one is φ(r = r 2 ) = ϕ2 , located at r 1 and r 2 respectively,
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the partition function of the system within the dressed ion theory can be derived in
the field-theoretic form as:
ZZ




Z=
dϕ1 exp − βF (ıϕ1 ) G(ϕ1 , ϕ2 ) exp − βF (ıϕ2 ) dϕ2 ,
(5.5)
where F (ıϕ) is charge regulation free energy, Eq. (5.2), evaluated at imaginary
values of the fluctuating electrostatic potential, and the field propagator or the
Green function, giving the probability of field configurations with φ(r = r 1 ) = ϕ1
and φ(r = r 2 ) = ϕ2 , is given by
Z


G(ϕ1 , ϕ2 ) = D[ϕ(r)] exp − βH[ϕ] δ(ϕ(r 1 ) − ϕ1 )δ(ϕ(r 2 ) − ϕ2 )
(5.6)
with the bulk field action:
Z
−βH[ϕ] = −βH0 [ϕ] +λc



dr exp iβqeϕ(r) ,

(5.7)

where λc is the fugacity of the polyvalent ions with valency q and H0 [ϕ] is the DH
interaction kernel
Z
1
0
0
0 drdr 0 ϕ(r)u−1
−βH0 [ϕ] =
DH (r, r )ϕ(r )
2
Z
1
= 0 [(∇ϕ(r))2 + κ2 ϕ2 (r)]dr.
(5.8)
2
Here we have assumed that the monovalent salt is weakly coupled to the rest of the
charges and can be treated on the DH level. The inverse square of Debye length was
introduced as κ2 = 4π`B nb , with `B the Bjerrum length and nb = 2n0 + qc0 , where
n0 is the bulk concentration of the monovalent salt and c0 is the bulk concentration
of the multivalent ions, assumed to originate in dissociation of a q:1 salt. The above
interaction kernel implies a screened effective DH interaction potential
1
1 exp (−κ|r − r 0 |)
=
ũDH (r, r 0 )
uDH (r, r ) =
0
4π0
|r − r |
4π0
0

(5.9)

between the polyvalent ions and the macroions. On this level the polyvalent ions
are thus treated explicitly, but their interactions with the macroions are described
with a dressed electrolyte-mediated effective DH potential.
The strong asymmetry in the system, implied by the presence of polyvalent
mobile ions, together with their small concentration leads straightforwardly to the
expansion for their contribution to the partition function that yields to the lowest
order [34, 35, 36]


 1 Z
h
0
0
0
exp − βH[ϕ] = exp − β drdr ϕ(r)uDH (r, r )ϕ(r ) 1 +
2
Z


i
λc
dr 0 exp iβqeϕ(r 0 ) + ... ,
(5.10)
V

furthermore implying that the propagator G(ϕ1 , ϕ2 ) can be decomposed into
Z
G(ϕ1 , ϕ2 ) = G0 (ϕ1 , ϕ2 ) + λc
dr 0 G1 (ϕ1 , ϕ2 ; r 0 ).
(5.11)
V
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The propagator G1 (ϕ1 , ϕ2 ; r 0 ), describes the field propagation from macroion at r 1
to macro-ion at r 2 mediated by the presence of the polyvalent ion q at r 0 integrated
over the fluctuating potential at the positions of both macroions. Formally this can
be expressed as
Z


G1 (ϕ1 , ϕ2 ; r 0 ) = D[ϕ(r)]δ(ϕ(r 1 ) − ϕ1 ) exp − βH1 [ϕ; r 0 ] δ(ϕ(r 2 ) − ϕ2 ),
(5.12)
where the effective field action H1 [ϕ; r 0 ] can be decomposed into the DH part due
to the weakly coupled monovalent salt ions and the part that originates in screened
electrostatic interactions mediated by the polyvalent ion of valency q located at r 0 ,
i.e.
Z
βH1 [ϕ; r 0 ] = βH0 [ϕ] − iβ ρ(r 0 )ϕ(r)dr
(5.13)
The last term describes the interaction with the polyvalent ion with density
ρ(r 0 ) = qδ(r − r 0 ).

(5.14)

This formal expression for the propagator G1 (ϕ1 , ϕ2 ; r 0 ) is thus identical to the
partition function of two macroions at positions r 1,2 with set values of the fluctuating
potential ϕ1,2 interacting via the DH interaction with an additional point particle
of charge qe0 at r 0 at the positions of the two point-like macroions. The functional
integral in Eq. (5.5) simply indicates the summation over all fluctuating potentials
that satisfy these constraints.
With these definitions the full dressed ion partition function can then be cast
into the form
ZZ

h
Z =
dϕ1 exp − βF (ϕ1 ) G0 (ϕ1 , ϕ2 )
Z
i


+ λc
dr 0 G1 (ϕ1 , ϕ2 ; r 0 ) exp − βF (ϕ2 ) dϕ2
V

= Z0 + λ c Z1

(5.15)

with obvious definitions. Z0 and Z1 thus give the zero order and the first order
polyvalent ion virial expansion terms in the partition function. Z0 has been already
analyzed in the Chapter 4, and Z1 will be evaluated below. The above decomposition
of the full partition function Z = Z(R) is the essence of the dressed ion theory
and the corresponding free energy will describe the interactions between the two
macroions as a function of their separation and model parameters.

5.1.4

Dressed ion theory and charge regulation

The first order virial expanded Green function G1 (ϕ1 , ϕ2 ; r 0 ) can be reduced to
Gaussian functional integrals (Appendix F), and can be derived in an explicit form


exp 21 Φ̃i (r 0 )G−1 ij (r 1 , r 2 )Φ̃j (r 0 )
p
(5.16)
G1 (ϕ1 , ϕ2 ; r 0 ) =
det Gij (r 1 , r 2 )
where we introduced
Φi (r 0 ) = iϕ1 + qe0 uDH (r 0 , r i ),
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and


Gij (r 1 , r 2 ) = kB T 

a

−1

uDH (r 1 , r 2 )

uDH (r 1 , r 2 )
a−1


,

(5.18)

for i, j = 1, 2. From the above expressions it is clear that the macroions interact
with themselves as well as with the polyvalent ion whose position within the system
will be finally integrated over. The diagonal terms describe the self-interaction1 of
the macroions of diameter a, while the interaction between the macroions as well as
between the macroions and the polyvalent ion are given by the DH screened interaction potential. In a cylindrical coordinate system with the z-axis connecting the
two macroions, having its origin in the middle between the macroions, themselves
separated by R, the positionpof the polyvalent ion with respectp
to both macroions
2
2
can be written as |r 0 −r 1 | = ρ0 + (R/2 + z0 ) , and |r 0 −r 2 | = ρ20 + (R/2 − z0 )2 ,
respectively.
Going back to the definition of the partition function Z1 , Eq. (5.15), one can
finally write
Z
Z

h
i


Z1 =λc dr 0 dϕ1 exp − βF (ϕ1 ) G1 (ϕ1 , ϕ2 ) exp − βF (ϕ2 ) dϕ2 . (5.19)
V

In order to proceed with explicit evaluation of this expression, we first expand the
charge regulation free energy of the macroions with α = 2, as


exp − βF (ϕ) = exp (−iβN e0 ϕ)(1 + b exp (iβe0 ϕ))2N =

2N 
X
2N
n=0

exp (−iβN e0 ϕ)bn exp (iβe0 nϕ).

(5.20)

n

Note that this choice of parameter α implies that the effective macroion charge can
be regulated in the symmetric interval −N e0 < e(φ) < +N e0 .
While the expansion Eq. (5.20) could in principle be used for a direct numerical
evaluation of the partition function, we have already shown in Section 4.3.2, that an
additional approximation, simplifying the calculation extensively, yields an accurate
result that compares well with the exact summation [132]. This further step relies
on the Gaussian approximation for the binomial coefficient


2N
2N
(N −n)2

 ' √2
e− N ,
(5.21)
πN
n
valid strictly in the limit of N  1, i.e. in the limit of a large number of adsorption
sites. Introducing the auxiliary fields x1 = N − n and x2 = N − n0 , summation in
Eq. (5.20) can be replaced with an integral, so that the partition function becomes
1

In Chapter 4 we used screened interaction for macroion’s self interaction, exp (−κa)/a, while
here we find Coulomb interaction as a more suitable choice. The results do not crucially depend on
the choice of self interaction, especially in the approximation which takes macroions as point-like
particles.
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Z

Z

Z

Z1 = λ c

dr 0 dϕ1 dϕ2 dx1 dx2

exp s(q 2 ; r 1 , r 2 ) + ln 10 (pH − pK)(x1 + x2 ) −
p
×
det Gij (r 1 , r 2 )


1
−1
× exp − ϕi G ij (r 1 , r 2 )ϕj + ıβe0 ϕi (−xi + qyi ) .
2
V

x21
N

−

x22
N



(5.22)
Here the effective interaction matrix Gij (r 1 , r 2 ) has been already defined in Eq.
(5.18), while G−1 ij (r 1 , r 2 ) is its matrix inverse. We also introduced two additional
auxiliary fields with no other role but to make the notation more compact,


1
a2
exp (−κR)
y1 =
ũDH (r0 , r1 ) −
ũDH (r0 , r2 )
2
R
1 − Ra 2 e−2κR a

(5.23)



a2
1
exp (−κR)
y2 =
ũDH (r0 , r1 ) − ũDH (r0 , r2 ) ,
2
R
a
1 − Ra 2 e−2κR

(5.24)

and

The effective self-energy of the polyvalent ion, s(q 2 ; r 1 , r 2 ), mediated by both macroions,
is proportional to the square of the polyvalent ion charge and is given by
lB a
1
s(q 2 ; r 1 , r 2 ) = q 2
2 1 − (a/R)2 exp (−2κR)


a
× ũ2DH (r 0 , r 1 ) + ũ2DH (r 0 , r 2 ) − 2 exp (−κR)ũDH (r 0 , r 1 )ũDH (r 0 , r 2 ) .
R
(5.25)
After integrating out the xi -auxiliary fields and the fluctuating potentials of the two
macroions, ϕ1 , ϕ2 , one obtains the final result in the form


q`B N (pH−pK) ln 10 [ũDH (r 0 , r 1 )+ ũ(r 0 , r 2 )]
Z1 = Z0 λc dr 0 exp
×
2 + N (lB /a)[1 + (a/R) exp (−κR)]
V

i
1 2 2h
2
2
exp
q ` C11 ũDH (r 0 , r 1 ) + C22 ũDH (r 0 , r 2 )−2C12 ũDH (r 0 , r 1 )ũDH (r 0 , r 2 ) .
2 B
(5.26)
Z

where Z0 is the partition function of a system of two isolated charge-regulated
macroions on the weak-coupling approximation level, already derived within the
context of the weakly coupled macroions in monovalent salt solution Eqs. (4.22)
and (4.23) and given by
exp
Z0 = q

4
N2

+

h

N [(pH−pK) ln 10]2
2+N (lB /a)[1+(a/R)e−κR ]

2 lB
N a

+

2
lB
[1
a2
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−

a2
R2

i

exp (−2κR)]

.

(5.27)

5.1. General formalism
Above we also introduced the generalized self and mutual capacitances as
C11 = C22 = 
l

B

a

C12 = 
lB
a

+

+

lB
+ N2
a
;

exp (−2κR)
2 2
−
2
2
N
R /lB

exp (−κR)
R/lB
.

exp (−2κR)
2 2
−
2
N
R2 /lB

(5.28)

While they do not have the standard form of the capacitances, since they both
contain also contributions from mutual interactions, in the limit of large separations between the macroions they do reduce to the expected values. The difference
in the definition of capacitances is a consequence of the fact that the dressed ion
theory is not Gaussian as far as the fluctuating potential is concerned, in contrast
to the weak-coupling case analyzed before Eq. (4.27), but is a non-linear strongcoupling theory. Capacitance is a weak coupling concept, pertaining to Gaussian
fluctuations and thus does not have a direct equivalent in the strong-coupling theory.
We now write down the free energy difference between the state where the two
macroions are at a finite spacing R and the state corresponding to two isolated
macroions with R −→ ∞. This SC free energy difference, Eq (5.15), finally assumes
the form:
Z1
= F̃0 + c0 F̃1 .
(5.29)
βF = − ln (Z0 ) − λc
Z0
In the grand canonical ensemble, the fugacity λc is identical to polyvalent ion concentration in the bulk c0 , and
F̃0 = − ln (Z0 ),

(5.30)

where Z0 is defined in Eq. (5.27), and extensively analyzed in Chapter 4. For the
sake of completeness we nevertheless write it down in an explicit form
N [(pH − pK) ln 10]2
2 + N (lB /a)[1 + (a/R) exp (−κR)]


2
1
lB
lB
a2
2
+
ln 1 + N
+
N [1 − 2 exp (−2κR)] .
2
2a (2a)2
R

F̃0 = −

(5.31)
On the other hand, F̃1 yields the final result as

 
Z
qN (pH−pK) ln 10 [uDH (r 0 , r 1 )+uDH (r 0 , r 2 )]
F̃1 = dr 0 exp
×
2 + N (lB /a)[1 + (a/R) exp (−κR)]
V

i 
1 2h
2
2
q C11 uDH (r 0 , r 1 )+C22 uDH (r 0 , r 2 )−2C12 uDH (r 0 , r 1 )uDH (r 0 , r 2 ) −1 .
exp
2
(5.32)
with explicitly subtracted free energy value of two isolated macroions with R −→ ∞.
The structure of this complicated expression is as follows: the first exponent corresponds to the screened DH interactions of the q-valent polyvalent ion with both
macroions whose charge is determined by the bulk pH of the solution and is proportional to pH − pK, while the second exponent corresponds to the electrostatic
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self-interaction of the polyvalent ion in the presence of both macroions. Finally the
product of the two expressions needs to be integrated over all the possible positions
of the polyvalent ion. The constants C11 and C22 , Eq (5.28), can be interpreted as
generalized self-capacitances and mutual capacitance C12 of the macroions, originating in the interaction between the three charged particles. At the end, we subtracted
the non-interacting part of two isolated macroions proportional simply to the volume
of the system V .
In addition, we note that both F̃0 (R) as well as F̃1 (R) contain parts which
are due to polyion mediated interaction between the macroions, proportional to
qN (pH − pK), as well as polyion self-interaction mediated by the macroions and
proportional to q 2 . The division into a “mean interaction“ and “fluctuations“ is thus
not possible due to the fact that our theory is not of a mean-field type that would
allow for fluctuations around the mean-field configuration.
In the case of absent charge regulation, where the system consists of two macroions with fixed charge N e0 , immersed in the same bathing solution with a strongly
coupled oppositely charged polyvalent ion, one can repeat the above analysis and
obtain the free energy in the form

F̃0 + c0 F̃1 =

 



Z
1 exp (−κR)
2
N lB
+
−c0 dr 0 exp qN [uDH (r 0 , r 1 ) + uDH (r 0 , r 2 )] − 1 .
a
R
V
(5.33)
This is very instructive, since obviously without charge regulation the self-interaction
contributions proportional to q 2 is absent, and the interaction energy reduces to the
macroion-macroion repulsion proportional to the charge squared, (N e0 )2 , and a
contribution stemming from the interaction of macro-ions with the polyvalent ion,
proportional to the product of both charges, q(N e0 ). The above equations represent
the final result of the dressed ion theory for the interaction between two identical
point-like charge regulated macroions in the presence of small concentrations of a
polyvalent salt and they have to be evaluated numerically. In general they have
to be evaluated numerically, but we will derive a simple analytical approximation
below. While it is nice to have an explicit analytical form for the interaction, the
final volume integration is simple enough and leads directly to numerical results.

5.1.5

Approximate macroion interaction free energy

The volume integration in Eq. (5.32) has to be done numerically. However, one
can obtain an approximate form of this integral by evaluating it at the saddle-point
level, amounting to Gaussian fluctuations around the most probably position of the
polyvalent ion.
The partition function Eq (5.32) can then be approximated as


Z


exp − S(a)
(5.34)
F̃1 = dr 0 exp − S(r 0 ) ' r 

V
2
det ∂ S(r = a)/(∂r∂r)
78

5.1. General formalism
the most probable position of the polyvalent ion corresponds to the equilibrium
configuration of zero “force“ defined by
∇S(a) = 0.

(5.35)

One could refer to ∇S(a) also as the generalized force on the polyvalent ion at
the dressed ion theory level. Generalized because it is not of standard electrostatic
nature but contains terms due to the charge regulation of both macroions amounting
to self-interaction of the ions, i.e. terms proportional to q 2 . The solution of this
condition is trivial, amounting to a = 0, in the case when when the macroions and
the polyvalent ion bear charges of opposite sign, i.e. q(pH−pK) ≥ 0. If they are of
the same sign, the minimum configuration does not exist. In the former case
exp (− 12 κR)
4qN (pH − pK) ln 10 lB
2 + N (lB /a)[1 + (a/R) exp (−κR)]
R
2
3
2 [(lB /a) + (2/N )] (exp (−κR)/R ) − lB (exp (−2κR)/R )
+ 4q 2 lB
(4/N 2 ) + (4/N )(lB /a) + (lB /a)2 [1 − (a/R)2 exp (−2κR)]
(5.36)

S(r 0 = a) =

The Gaussian correction to the saddle-point solution is calculated in Appendix F
and is given symbolically by
− ln F̃1 (R) ' S(r 0 = a) + 21 ln det

∂ 2 S(r = a)
.
∂r∂r

(5.37)

The corresponding force F (R) between macroions can then be derived via F (R) =
with F̃1 (R) written above, and contains two terms, stemming from the saddle point configuration S(r 0 = a) and from the Gaussian fluctuations in the position
of the polyvalent ion around the saddle-point, when it exists. We present here only
the force stemming from the saddle point configuration, which contains a term linear
in q and corresponding to the interaction between charged macroion and the polyvalent ion, and the one quadratic in q corresponding to electrostatic self-interaction of
the polyvalent ion in the presence of the macroions. It is straightforward to derive
also the asymptotic forms of this interaction. The former has the asymptotic form
d
F̃ (R)
dR 1

(1)
Fsp
≈−

κ exp (−κR/2)
4qN (pH − pK) ln 10
+ . . . (5.38)
2 + N (lB /a)[1 + (a/R) exp (−κR)]
R/2lB

and the latter as
(2)
Fsp
≈ −2q 2 (C1 + C2 )

κ exp (−κR)
+ ...
(R/lB )2

(5.39)

where the capacitances have been defined in Eq. (5.28). The scaling of the force
between the macroions on the level of the strong-coupling dressed ion theory is
thus easily discernible. For the above expression to remain valid q(pH − pK) ≥ 0
condition has to be fulfilled. Nevertheless, the approximation introduced does not
work well, as it could be seen in (Fig. 5.2), and we will proceed with numerical
evaluation of the full formula Eq. (5.32).
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Figure 5.2: Comparison of the exact interaction force contribution F̃1 (R) (calculated
from Eq. (5.32)) (blue/red lines) with the saddle-point interactionforce (Eqs. (5.38)
and (5.39) (black lines). (a) q = 3; (b) q = 4. Solid lines correspond n0 = 150 mM,
dashed n0 = 300 mM, while dotted stand for n0 = 500 mM. Macroions diameter is
a = 1 nm, number of adsorption sites N = 7 and c0 = 1 mM and pH − pK = 3.

5.2

Results and disccussion

The effective interaction free energy between the charge-regulated macroions is obtained directly from Eq. (5.27) after performing the numerical integration over
volume in Eq. (5.32). We calculate the total interaction free energy, βF(R), as a
function of the separation between the macroions as
βF(R) = F̃0 (R) + c0 F̃1 (R),

(5.40)

We study the separation dependence of the force:
F̃ (R̃) = −

dF̃1 (R̃)
dF̃0 (R̃)
− c0
= F̃0 (R̃) + F̃1 (R̃),
dR̃
dR̃
(5.41)

for different values of the parameters, differentiating in particular the case of PZC
(pH − pK = 0) corresponding to macroions that are on the average uncharged. In
spite of this, the self-energy of the polyvalent ion in this case still contains the nonvanishing electrostatic self-interaction of the polyvalent ion mediated by both charge
regulated macroions.
We first analyze the term F̃1 (R) from Eq. (5.32), which corresponds to the interaction free energy mediated by the polyvalent q-ion only, as seen in (Fig. 5.3(a),
this interaction free energy leads to an attractive contribution to the force at PZC,
stemming solely from the self-interaction of the polyvalent ion, mediated by the
charge regulation of the macroions, whose magnitude depends quadratically on q.
The screening effect of the monovalent salt is clearly discernible. In summary, the
polyvalent self-interaction at PZC yields an attractive interaction that gets stronger
and more long-ranged on increase of the valency q of the polyvalent ion and on
decrease of the monovalent salt concentration n0 . We should note that this PZC
polyvalent ion-mediated attraction in the strong-coupling dressed ion approach is
much stronger then the residual weak-coupling (KS) attraction between charge regulated macroions in a monovalent salt solution (black lines) (Fig. 5.3)(a). We should
80

5.2. Results and disccussion

0.0

- 0.2

-1

- 0.2

- 0.4

-2

- 0.4

-

~

F1

~

F1

0

F1

0.0

- 0.6

-3

- 0.8

-4

- 0.6

- 0.8
- 1.0

1.2

1.4

1.6

1.8

2.0

2.2

2.4

-5

2

3

4

5

1.5

2.0

2.5

3.0

4.0

4.5

5.0

R

R

(a)

3.5

~

~

~

R

(b)

(c)

Figure 5.3: Interaction force contribution F̃1 (R), calculated from Eq. (5.32), originating in the presence of polyvalent ions, for (a) pH − pK = 0; (b) pH − pK = 3
and (c) pH − pK = −3. Blue lines q = 3, red lines q = 4, black lines q = 0 (standing
for the attraction coming from Eq. (5.31)). Solid lines correspond n0 = 150 mM,
dashed n0 = 300 mM, while dotted stand for n0 = 500 mM in (b) and (c), while in
(a) monovalent salt concentration is chosen as n0 = 100 mM solid lines and n0 = 150
mM dashed lines. Macroions diameter a = 1 nm, number of adsorption sites N = 7
and c0 = 1 mM.
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Figure 5.4: The total interaction force for pH − pK = 3 (solid lines) and pH − pK =
−3 (dashed lines), at fixed values of parameters as shown in legend. Macroions’
diameter is a = 1 nm, with the number of adsorption sites N = 7 and salt concentration c0 = 1 mM.
stress out that these conclusions do not work for divalent ions. This is not a thing to
worry about, since the strong-coupling theory is ion specific and it does not always
work for divalent ions.
We have not specified yet the sign of the q polyvalent ion. In fact the product q(pH − pK) can have either sign. In (Fig. 5.3) we thus study how the sign
of polyvalent ions modifies the polyvalent ion-mediated contribution to the total
interaction free energy. For both cases, q(pH − pK) positive, (Fig. 5.3)(b), and
for q(pH − pK) negative, (Fig. 5.3)(c), the interaction free energy corresponds to
attractive polyvalent ion-mediated forces but of vastly different magnitude, being
much larger in the former case then in the latter. In both cases the attraction is
again larger in the weak screening regime (smaller n0 , large q).
The total interaction free energy between the two titratable macroions, F̃ (R̃) =
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Figure 5.5: Total interaction force between macroions with small pH − pK values at low salt concentration compared with the total interaction free energy in
concentrated salt solutions between macroions with large pH − pK. Dotted lines
correspond to q being a counter ion, dashed q is coion, while solid lines stand for
q = 0. Macroions’ diameter is a = 1 nm, number of adsorption sites N = 7 and
c0 = 1 mM.
F̃0 (R̃) + F̃1 (R̃), is presented in (Figs. 5.4 and 5.5). Obviously, the interaction
force is attractive when q(pH − pK) ≥ 0, due to the strongly coupled polyvalent ion
mediated interaction, and is in general screened by the monovalent salt. Interestingly
enough, in this case even the interaction at small separations remains attractive
and the bare macroion repulsion is not observed. The reason for this is not the
polyion mediated electrostatic attraction but its size: in fact for small separation the
polyvalent counterion cannot enter the space between the macroions and thus exerts
an additional effective osmotically generated attraction between them in general akin
to the depletion effect, already noticed in a similar context for net-neutral surfaces
at small separations [36]. In the opposite case, when q(pH − pK) < 0, the repulsion
in general prevails, except at large separations where one can detect a small residual
attraction, possibly as a consequence of an asymmetrical charge fluctuation due to
charge regulation. At smaller separations the bare repulsion between macroions
is reduced partly due to the charge regulation effects and partly due to depletion
effects. In (Fig. 5.5) one can additionally notice how the two cases, one with
small pH − pK, immersed in a solution of low salt concentration, and the other
one with large pH − pK, but immersed in concentrated salt solution, have quite
similar behavior, indicating that the valency of the polyion and the screening of the
monovalent salt somehow act in parallel.
In (Fig. 5.6) the total interaction energy is now compared for the two cases with
and without charge regulation, Eq. (5.32) and Eq. (5.33), respectively. The charge
non-regulated case corresponds to fixed values of the macroion charge equal to N e0 .
Here, one can notice the important effect of charge regulation through the polyvalent
mediated interaction, ruled by the pH value, which determines the overall strength
of the charge regulation interaction that can then appear as either smaller or larger
than the one corresponding non-regulated interaction energy. This non-monotonic
effect of charge regulation hinges on the two terms in the dressed ion free energy
that respond differently to titration of the macroion charges.
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Figure 5.6: (a) The comparison of the interaction force F̃1 for non-regulated case
(calculated from Eq. (5.33) and presented with: q = 4 black lines and gray lines
standing for q = 3) with regulated interaction force (calculated from Eq. (5.32) for
pH − pK = 3 and presented with blue lines for q = 3 and red lines for q = 4).
Solid lines correspond n0 = 150 mM, dashed n0 = 300 mM, while dotted stand for
n0 = 500 mM. (b) The comparison of the total interaction force for non-regulated
case (black lines) with total regulated interaction force at pH − pK = −2, −4
(dotted lines) and pH − pK = 2, 4 (dashed lines), at fixed values of parameters as
shown in legend. Macroions have diameter a = 1 nm, with the number of adsorption
sites is N = 7 and salt concentration c0 = 1 mM.
The dressed ion theory obviously predicts an attractive interaction between
charge regulated macroions, which can sometimes dominate the overall interaction.
This is different from the weak-coupling case (Chapters 3 and 4), where the fluctuation attraction, or the KS interaction, is subdominant to the DH repulsion, except
close to the PZC, where it indeed becomes dominant. In the strong-coupling dressed
ion theory the attraction can clearly become dominant either with or without the
charge regulation, though it can be stronger in the latter case and remains important
for any value of pH. The salt effect acts mostly to quench the correlation polyvalent
ion-mediated attraction and diminish its spatial range.
The attraction between two identical charge regulated macroions, seen in the
dressed ion theory, has a different origin from the weak-coupling KS interactions,
where they are due to thermal monopolar charge fluctuations around the mean-field
solution, enabled by the dissociation equilibrium of the surface of the macroion.
In the dressed ion theory, the polyvalent ion-mediated attraction could be seen
as being due to the electrostatic bridging interaction involving the polyvalent ion.
This should in general not be confused with the so-called salt bridging interaction
sometimes invoked even in weakly coupled monovalent salt solutions.
The mesoscale model of charge regulation introduced depends only on the difference pH − pK as a free parameter and the value of pK should be taken from
other considerations. The physical dimensions of the interaction force can be obtained by multiplying the dimensionless force with kB T /lB . Since kB T is 4.114
pN nm and lB is 0.7 nm this then leads to the physical force of the order ∼ 1 pN
at nanometer-ranged separations. The interaction force of that order of magnitude
is found quite recently in the experiments with charge–regulated silica particles in
dilute aqueous electrolyte solutions containing multivalent counterions, using direct
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force measurements as described in Ref. [133]. Moreover, the similar experiments
based on direct force measurement, confirmed that multivalent coions do not play
an important role on charge regulation and the interaction of two symmetrically
charged sulfate/amidine latex particles can be well described with standard PB theory [106]. Residual attraction at distant separation, our theory proposed, is not
observed in mentioned experiments.

5.3

Conclusions

The main goal of this research was to present a theoretical description for the phenomenon of charge regulation as affected by the presence of polyvalent ions. We
formulated a strong-coupling dressed ion theory, describing the electrostatic interactions between macroions undergoing charge regulation processes, in a mixture of
monovalent-polyvalent salt solution. Using the proper description of charge regulation, suitable for treating it in the field theoretical framework, the partition function
is derived in the form of a virial expansion valid for small concentration of the polyvalent salt. The first term in such expansion corresponds to the direct interaction
between titratable macroions in a monovalent salt solution, while the first order correction, stems from the interaction of the polyvalent ion with each macroion. The
asymmetry in the ionic solution allowed us to decouple the system into the monovalent salt component, addressed on a week-coupling level, while the polyvalent ion
component was assumed to be strongly coupled with macroions. In both cases,
titration of the macroions is treated on the Gaussian approximation level involving
an expansion of the exact charge regulation free energy valid in general for highly
charged macroions
We have shown that the presence of polyvalent ion brings about a strong attraction between two symmetrically charged macroions. In the case when polyvalent ion
acts like a counterion, the attraction is large enough to overcome repulsion between
the macroions, while in the opposite case, the repulsion between macroions turns
into a small attraction at large separations due to the asymmetric charge fluctuations at macroions surface, induced by the presence of the polyvalent salt. The
polyvalent-ion mediated attraction remains appreciable even at conditions, when
macroions reach the point of zero charge. From the derived expressions for the free
energy of interaction, it is clear that the polyvalent ion-mediated attractive contribution stems from the charge – induced charge type of the interaction, since it is
proportional to the square of the polyvalent ion charge. Our results show that the
polyvalent ion-mediated attraction is significantly stronger than the KS interaction,
obtained for the same system described in the weak-coupling regime, i.e. without
any polyvalent salt. We therefore derived a generalized form of the KS interaction,
with the range of validity extended to the regime, where their original KS derivation
fails.
By calculating the interaction between point-like charge regulated macroions
in the weak-coupling and strong-coupling approximations, based within the field
representation of the partition function, we have opened a new way to analyze the
interactions between proteins in ionic solutions. Our approach brings together the
charge regulation theory as well as the general weak-coupling and strong-coupling
dichotomy of the field representation of the partition function of Coulomb fluids.
The results seem interesting and we will endeavor to compare them with detailed
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Monte Carlo simulations in the near future.
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Chapter 6
Salt-mediated interactions of planar
charge regulated surfaces
In Chapter 5 we derived the dressed ion theory for charge regulated point-like particles immersed in a mixture of salt ions [134]. Here, we continue with the analysis of
the influence of polyvalent ions on charge regulation in order to complete our analytical journey through the charge regulation phenomena. To do so, we will first define
another tractable system set in a planar geometry in order to complete the analysis
of the system we had started from: the double layer problem with titration sites
immersed in a salt mixture. Bathing ions will be treated in conceptually the same
way as we in Chapter 5: we take the monovalent salt as weakly coupled with the
surfaces while the polyvalent ions are strongly coupled. Within this model we then
proceed to derive the dressed ion theory for charge regulated planar bounding surfaces. Contrary to the point-like macroion case, here we investigate the case where
the titration sites span an infinite surface and thus analyze the thermodynamic limit
of finite surface densities of all the quantities analysed. The obtained results will
be relevant for systems where the separation between charged macromolecules is
much smaller than their size. The non-vanishing size of the titrating macroion will
introduce additional formal difficulties and one of the goals of this Chapter is to
find a way to overcome them and arrive at the understanding of how the spatial
distribution of charge fluctuations at the surfaces affects their mutual interaction in
the presence of polyvalent ions.
As we have seen in Chapter 1, the double layer problem has never stopped to be
an interesting calculational device for theoretical physicists. The hundred years long
history of different attempts to understand it includes also the successful description
of diverse biological phenomena on one side, but also testifies to the challenging
nature of some problems that needed decades to be solved on the other. This is
certainly the case with the attraction of similarly-charged surfaces in the presence
of polyvalent ions. We saw that its proper theoretical description was given in 2010.
by Matej Kanduč and coworkers [34], and this Chapter will provide an extension of
their work, broadening it to include also the charge regulation phenomenon in its
formalism.
Since the problem of charge regulated surfaces affected by salt has not been
studied before in a field-theoretic manner, we start from a uniform distribution of
titrating sites spread over the planar parallel plates, immersed in a monovalent salt
solution, and then extend the theory to the case where the mixture of monovalent
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Figure 6.1: Schematic representation of two charged planar surfaces at a separation D with charge dissociation sites distributed uniformly along the surfaces with
dissociable groups (AC) undergoing the reaction AC ↔ A− + C+ . In between the
surfaces there is a mixture of monovalent/polyvalent salt.
and polyvalent salt is present. As a final outcome we will obtain a generalized KS
interaction for planar geometry and it will be possible to compare it with the ever
present vdW interaction. The chosen model will allow us also to understand how
the charge regulation affects the like-charge attraction.

6.1
6.1.1

General formalism
Model

The system of interest consists of two flat plates, bearing the surface charge which
can fluctuate due to the absorption/dissociation of ions at the surface. The number
of adsorption sites is equal on both surfaces and it is uniformly distributed accross
the surfaces. The system is immersed in a water described with dielectric constant .
Both a monovalent 1:1 and polyvalent salt q:1 ions are dissolved in between. Behind
the surfaces there is a medium of dielectric constant 0 , where one cannot find any
ions (Fig. 6.1). The plates are separated by a distance D.

6.1.2

Charge regulation

To describe a charge regulation at the surface, we again start from the surface lattice
gas model, corresponding to the Ninham–Parsegian charge regulation theory [59]
where the surface free energy assumes the form:

|σ| 
ln 1 + exp (βµS + iβe0 ϕ(r)) ,
(6.1)
f (ϕ(r)) = iσϕ(r) − αkB T
e0
We kept the same notation for the parameters: σ is maximal density of negative
surface charge, uniformly distributed over surface, ϕ stands for the electrostatic
potential, the asymmetry coefficient is α = 2 , chemical dissociation energy is µS =
−(pH − pK) ln 10 and b = exp (βµS ). The total charge at the surface is consequently
able to fluctuate in the interval −σS ≤ e ≤ σS. The total free energy Eq. (6.1) is
then obtained from the integral over the surface:
I
F [ϕ(r)] =
fS (ϕ(r))d2 r,
(6.2)
S
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so that F [ϕ(r)] is a functional of the surface potential. It enters the partition
function as exp (−βF [φ(r)]), so that it becomes equal:


exp − βF [ϕ(r)] =

Z
Z


2
2 σ
exp −iβ d ρσϕ(ρ, z1/2 )+α d ρ ln 1 + b exp (iβe0 ϕ(ρ, z1/2 )) .
e0
(6.3)
For the purpose of further analysis, it is going to be suitable to switch to the
discrete representation in the following way:
 Z



2
exp − d ρfS (ϕ1 (ρ)) → Πρ exp − fS (ϕ1 (ρ)) ,
(6.4)
so that one can use the same trick as already used in Chapters 4 and 5:

ασ̃ 
 X
ασ̃
exp − βfS (ϕ1 (ρ)) =
bn exp (−iβe0 σ̃ϕ) exp (iβe0 nϕ),
n
n=0


(6.5)
where σ̃ = σ/e0 . The binomial coefficient will be treated on the level of the Gaussian
approximation, as explained before:


ασ̃ 
n

 (ασ̃ − 2n)2 
2ασ̃
√
=
exp −
.
2ασ̃
πασ̃

(6.6)

We now introduce the notation x̃ = ασ̃ − 2n, and switch from the summation to
integration, obtaining:


exp − βfS (ϕ1 (ρ)) =
Z
 1 x̃2



1

1
1
dx̃ exp −
− x̃[iϕ̃(ρ) + ln b] exp − i[σ̃ − ασ̃]ϕ̃(ρ) exp
ln bασ̃ .
2 ασ̃ 2
2
2
(6.7)
Going back to the full surface free energy, one can write it as a functional integral
over the new variable x̃(ρ):


Πρ exp − βfS (ϕ1 (ρ)) =
Z
Z
 1Z

2
1
2 x̃ (ρ)
Πρ D[x̃(ρ)] exp −
dρ
−
d2 ρx̃(ρ)[iϕ̃(r) + ln b]
2
ασ̃
2
 Z


1
1
× exp − i d2 ρ[σ̃ − eασ̃]ϕ̃(r) exp
ln bασ̃ .
(6.8)
2
2
For further developments, it is going to be suitable to deal with the above evaluation in the Fourier-Bessel representation. The Fourier–Bessel transform of the
functions g = {x, ϕ} can be written explicitly as:
Z
1
g(ρ, z) =
QdQJ0 (Qρ)g(Q, z).
(6.9)
2π
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Therefore, the surface free energy term can be transformed as:


Πρ exp − βfS (ϕ1 (ρ)) →
Z
Z
Z


1
1
2
ΠQ D[x(Q)] exp −
QdQx (Q) − ln b dQx(Q)δ(Q)
2ασ
2
Z
1


h1
1
δ(Q) i
exp
ln bασ̃ ,
× exp − i QdQϕ(Q) x(Q) + (σ̃ − ασ̃)
2
2
Q
2
(6.10)
where the following identities have been used [135]
Z ∞
1
ρdρJ0 (ρQ)J0 (ρQ0 ) = δ(Q − Q0 ),
Q
0
and

Z

∞

ρdρJ0 (ρQ) =
0

6.1.3

δ(Q)
.
Q

Dressed ion theory

To describe such system, we again start from partition function written as a functional integral over the local fluctuational potential:
Z






Z = D[ϕ(r)] exp − βF [ϕ(r)] exp − βH[ϕ(r)] exp − βF [ϕ(r)] , (6.11)
with the field Hamiltonian Eq. (5.10):
Z
1
H[ϕ] =
drdr 0 ϕ(r)u−1 (r, r 0 )ϕ(r 0 )
2
Z
Z
Z
λ+
λ−
λc
−
dr exp (−iβe0 ϕ(r))−
dr exp (iβe0 ϕ(r))−
dr exp (−iβqe0 ϕ(r)).
β
β
β
(6.12)
Taking the monovalent salt as weakly coupled to the rest of the charges, one can
decompose the bulk field Hamiltonian as:
Z
−βH[ϕ] = −βH0 [ϕ] +λc dr exp (iβqeϕ(r)),
(6.13)
where the monovalent salt is treated on the DH level so that the interaction kernel
is given as the screened effective DH interaction potential:
Z
0
0
1
−βH0 [ϕ] = 2 0 drdr 0 ϕ(r)u−1
DH (r, r )ϕ(r )
Z
1
= 2 0 ((∇ϕ(r))2 + κ2 ϕ2 (r))dr.
(6.14)
Here we again introduced the inverse square of Debye length as κ2 = 4π`B nb and
nb = 2n0 + qc0 , where n0 is the bulk concentration of the monovalent salt and c0 is
the bulk concentration of the multivalent ions, assumed to originate in dissociation
of a q:1 salt.
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We now invoke the dressed ion approximation for the rest of the system. Assuming that the fugacity of polyvalent salt is small enough, one is then allowed to
use the following expansion:
Z


 βZ

−1
0
0
0
Z =
D[ϕ(r)] exp − βFS1 [ϕ(r)] exp −
drdr ϕ(r)uDH (r, r )ϕ(r )
2


Z




× 1 + λc dr 0 exp − iβqe0 ϕ(r 0 ) + . . . exp − βFS2 [ϕ(r)] .
(6.15)
Thus we obtained a decomposition of the partition function into the part corresponding to the monovalent salt system and the part due to the one particle polyvalent
ion contribution:
Z = Z0 + λ c Z 1 .
(6.16)
We proceed by calculating the partition function Z0 first.

6.2
6.2.1

Planar surfaces in presence of monovalent salt
Derivation of partition function

When the bathing solution is composed of only the monovalent salt, the partition
function for a weakly coupled system is then given as:
Z


Z =
D[ϕ(r)] exp − βFS1 [ϕ(r)]



 βZ
−1
0
0
0
drdr ϕ(r)uDH (r, r )ϕ(r ) exp − βFS2 [ϕ(r)] .
× exp −
2
(6.17)
Due to the symmetry of the system it is going to be more suitable to deal with
the problem in the Fourier–Bessel space. So we again write the Fourier–Bessel
representation of the potential ϕ:
Z
1
QdQJ0 (Qρ)ϕ(Q, z),
(6.18)
ϕ(ρ, z) =
2π
where Q stands for 2D transverse wave vector, Q = |Q| and then the partition
function becomes:
Z


Z0 =
D[ϕ(Q, z)] exp − βFS1 [ϕ(Q, z1 )]
Z
Z h
1
i


dϕ(Q, z) 2 2 2
× exp β0 QdQ dz
+p ϕ (Q, z) exp − βFS2 [ϕ(Q, z2 )] ,
2
dz
(6.19)
p
where p = Q2 + κ2 . From the above equation one can easily identify the field
propagator:


Gp ϕ(Q, z1 ), ϕ(Q, z2 ) =

2

Z ϕ(Q,z2 )
Z z=z2  
1
d ϕ(Q, z)
2
2
2
D[ϕ(Q, z)] exp − β0
dz
+ (Q + κ )ϕ
,
2
dz
ϕ(Q,z1 )
z=z1
(6.20)
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where the complete Green’s function can be represented as the product over the
wave vector:




G ϕ1 (r), ϕ2 (r) = ΠQ Gp ϕ(Q, z1 ), ϕ(Q, z2 ) .
(6.21)


The propagator GQ δφ(Q, z1 ), δφ(Q, z2 ) can be now identified as the Feynman
propagator of a harmonic oscillator with constant frequency, where the z coordinate
plays the role of time [123], and the Wick’s rotation makes the action real instead
of imaginary as in quantum mechanics. This type of integral is straightforward to
solve [124], obtaining:
s


β0 p
Gp ϕ(Q, z1 ), ϕ(Q, z2 ) =
2π sinh (pD)



 

ϕ(Q, z1 ) T
p coth (pD) −p/ sinh (pD) h ϕ(Q, z1 ) i
1
.
exp − β0
2
ϕ(Q, z2 )
−p/ sinh (pD) p coth (pD)
ϕ(Q, z2 )
(6.22)
Now we can proceed with the calculation of the partition function, which takes
the form:
ZZ
Z = ΠQ
dϕ1 (Q)dϕ2 (Q)

 



exp − fS (ϕ1 (Q, z1 )) Gp ϕ(Q, z1 ), ϕ(Q, z2 ) exp − fS (ϕ2 (Q0 , z2 )) .
(6.23)
Invoking next the result obtained for the surface part of the partition function,
Eq. (6.10), we remain with:



 ZZ
0
exp − fS (ϕ1 (Q, z1 )) exp − fS (ϕ2 (Q , z2 )) =
D[x1 (Q)]D[x2 (Q)]
Z

 Z


1
1
2
2
QdQ[x1 (Q) + x2 (Q)] exp − i QdQ[ϕ1 (Q) + ϕ2 (Q)][σ̃ − ασ̃]
exp −
2ασ̃
2
 1Z

exp −
dQδ(Q) [x1 (Q)(ln b + iϕ1 ) + x2 (Q)[ln b + iϕ2 ]] .
2
(6.24)
Integrating the partition function Eq. (6.23) over the x–variable, one is left with
the integral over all possible values of the surface potentials ϕ1 and ϕ2 :
s


T
ZZ
β0 p
β0 ϕ1 (Q)
Z = ΠQ
dϕ1 (Q)dϕ2 (Q)
exp −
2π sinh (pD)
2 ϕ2 (Q)


p coth (pD) + (ασ̃(βe0 )2 )/(4β0 )

−p/ sinh (pD)

p coth (pD) + (ασ̃(βe0 )2 )/(4β0 )


1
1
× exp iβe0 δ(Q)[ϕ1 (Q) + ϕ2 (Q)][ ln b ασ̃ − (σ̃ − ασ̃)] .
4
2
−p/ sinh (pD)



ϕ1 (Q)



ϕ2 (Q)

(6.25)
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Eventually the partition function assumes the final form:
 
2

ασ̃
α
κ̃ coth (κ̃D̃) + ασ̃π + κ̃/ sinh (κ̃D̃)
Z = exp −
ln b − (σ̃ − σ̃)
4
2
κ̃2 + 2πασ̃κ̃ coth (κ̃D̃) + (ασ̃π)2
s
s
p̃
1
ΠQ̃
,
(2π) sinh (p̃D̃) (p̃ coth (p̃D̃) + απσ̃)2 − (p̃/ sinh (p̃D̃))2
(6.26)
2
where we introduced dimensionless quantities D̃ = D/lB , κ̃ = κlB and σ̃ = σ̃lB
, and

F(D) = −kB T ln

Z(D)
.
Z(D −→ ∞)

(6.27)

After subtraction of the bulk free energy ln Z(D −→ ∞), one obtains the interaction free energy F(D)00 = F(D)01 + F(D)02 as the sum of two contributions:
2
ασ̃
α
κ̃ coth (κ̃D̃) + ασ̃π + κ̃/ sinh (κ̃D̃)
βF01 /S =
ln b − (σ̃ − σ̃)
,
4
2
κ̃2 + 2πασ̃κ̃ coth (κ̃D̃) + (ασ̃π)2
(6.28)


and
1
βF02 /S =
2

Z

"



Q̃dQ̃ ln 1 −

ασ̃π − p̃
ασ̃π + p̃

2

#
exp (−2p̃D̃) .

(6.29)

The first term gives the interaction between two equally-charged plates with
fluctuating charge, while the second one leads to the attraction, which becomes
dominant at the point of zero charge where the first term vanishes.

6.2.2

Comparison with van der Waals and Kirkwood – Shumaker interactions

The above results are obtained by neglecting the (dielectric) region behind the surfaces where in principle the electrostatic field can propagate. Allowing the field to
propagate behind the surfaces, the dielectric jump at the boundary comes into play
and the partition function for such a system becomes
ZZ




Z = ΠQ
dϕ1 (Q)dϕ2 (Q)Gp ϕ(Q, z1 ), 0 exp − fS (ϕ1 (Q, z1 ))



 

× Gp ϕ(Q, z1 ), ϕ(Q, z2 ) exp − fS (ϕ2 (Q, z2 )) Gp 0, ϕ(Q, z2 ) ,
(6.30)
where the Green’s functions describing the propagation of the field in the semiinfinite region behind the surfaces are obtained from the general propagator Eq. (6.22):







 1
GQ ϕ(Q, z1 ), 0 = exp − β0 0 Qϕ21 and GQ ϕ(Q, z2 ), 0 = exp − 21 β0 0 Qϕ22 ,
2
(6.31)
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Figure 6.2: The interaction pressure, obtained form the derivative of the free energy,
at PZC. (a) pressure calculated according to Eq. (6.32) (solid lines) is compared
with the KS pressure calculated from Eq. (6.29) (dashed lines). (b) KS pressure is
compared with the vdW interaction Eq. (6.34) (black line).
where we assumed that there is no salt behind the surfaces, so that p = Q and
D → ∞. The free energy for such a system then yields the expression:
2

α
κ̃ coth (κ̃D̃) + ασ̃π + κ̃/ sinh (κ̃D̃)
ασ̃
ln b − (σ̃ − σ̃)
βF(D̃)/S =
4
2
κ̃2 + 2πασ̃κ̃ coth (κ̃D̃) + (ασ̃π)2


#2
"
Z
0
1
ασ̃π +  Q̃/ − p̃
+
QdQ ln 1 −
exp (−2p̃D̃).
(6.32)
2
ασ̃π + 0 Q̃/ + p̃
The first interaction term, corresponding to repulsion stayed unchanged but the attractive term is strongly modified. It can be said that the attraction in the previous
case, Eq. (6.29), corresponds to the KS fluctuation interaction, while here we have
the case of intertwined KS and vdW interaction acting in parallel.
In the case of no charge regulation α = 0, the attraction reduces to the van der
Waals interaction:


"
#2
Z
0
 Q̃ − p̃
1
Q̃dQ̃ ln 1 −
exp (−2p̃D̃),
(6.33)
βFvdw /S =
2
0 Q̃ + p̃
which is solvent dependent [136]. Taking the limit of no salt between the plates, one
can get the zero order van der Waals– Lifshitz interaction in the famous form [21]:
!

2
Z
 − 0
1
exp (−2Q̃D̃) .
(6.34)
βFvdw /S =
Q̃dQ̃ ln 1 −
2
 + 0
The results are shown in (Fig. 6.2). The comparison of two attractive contributions,
Eq. (6.29) and Eq. (6.32), is shown in (Fig. 6.2)(a). One observes that the pure KS
attraction is slightly bigger than the one calculated for the system with a dielectric
jump. In other words, in the system with charge regulation the contribution of
image forces reduces the attraction! Also, the non-additivity of the two type of
forces becomes obvious, while the sensitivity to parameters change is quite small.
What is not expected is that both types of attraction are smaller than the standard
vdW attraction, Eq. (6.34).
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6.3

Planar surfaces in presence of polyvalent salt

6.3.1

Derivation of partition function

The presence of polyvalent ions in the bathing solution decouples the total partition
function into the weak-coupling one Z0 , and the one particle contribution Z1 , as we
showed in Eq. (6.15), where we obtained Z1 in the following form:
Z
Z




Z1 = λc dr 0 D[ϕ(r)] exp − βFS1 [ϕ(r)] exp − βFS2 [ϕ(r)]


Z
Z
β
−1
0
0
0
× exp −
drdr ϕ(r)uDH (r, r )ϕ(r ) − iβ drρ(r; r 0 )ϕ(r) .
2
(6.35)
The integration dr 0 should be performed over all the available polyvalent ion positions in the slab between the surfaces. The point charge qe0 is given as a integral
over the density ρ(r; r 0 ) = qe0 δ(r − r 0 ), or indeed by writing it in cylindric coordi0)
nates ρ(r) = qe0 δ(ρ−ρ
δ(ϕ − ϕ0 )δ(z − z0 ). In the Fourier–Bessel representation the
ρ
partition function becomes:
Z
Z
Z


Z1 = 2π dρ0 ρ0 dz0 ΠQ D[ϕ(Q, z)] exp − β f˜S1 (ϕ(Q, z1 ))

Z
nh dϕ(Q, z) i2
o
1
β0 dz
+ p2 ϕ2 (Q, z)
× exp
2
dz

Z


− iβqe0 dzJ0 (Qρ0 )δ(z − z0 )ϕ(Q, z) exp − β f˜S2 (ϕ(Q, z2 )) .
(6.36)
The field propagator in this case has a more complicated form, given by:
Z D/2 nh


o
1
dϕ(Q, z) i2
Gp ϕ(Q, z1 ), ϕ(Q, z2 ) =
β0
dz0
+ p2 ϕ2 (Q, z)
2
dz
−D/2
Z D/2
− iβqe0
dzJ0 (Qρ0 )δ(z − z0 )ϕ(Q, z).
−D/2

(6.37)
and is analogous to the 1D forced harmonic oscillator with constant frequency and
with imaginary ’time’, with an explicit solution in the form [124]:


Gp ϕ(Q, z1 ), ϕ(Q, z2 ) =
β0 p
[(ϕ(Q, z1 )2 + ϕ(Q, z2 )2 ) cosh (pD) − 2ϕ(Q, z1 )ϕ(Q, z2 )]
2 sinh (pD)
Z D/2
ϕ(Q, z2 )
−i
dz sinh (p[z + D/2])βqe0 J0 (Qρ0 )δ(z − z0 )
sinh (pD) −D/2
Z D/2
ϕ(Q, z1 )
−i
dz sinh (p[D/2 − z])βqe0 J0 (Qρ0 )δ(z − z0 )
sinh (pD) −D/2
Z
Z
(βqe0 J0 (Qρ0 ))2 D/2 z
+
dz du sinh (p[u+D/2]) sinh (p[D/2−z])δ(z −z0 )δ(u−z0 ).
β0 p sinh pD −D/2 0
(6.38)
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where z1 = −D/2, z2 = D/2, are the positions of the first and second plate, respectively, while z0 is the position of the polyvalent ion. For ϕ(Q, z1 ) and ϕ(Q, z2 ) we
will now use the notation ϕ1 and ϕ2 . Then:


β0 p
[(ϕ21 + ϕ22 ) cosh (pD) − 2ϕ1 ϕ2 ]
Gp ϕ(Q, z1 ), ϕ(Q, z2 ) =
2 sinh (pD)
βqe0 J0 (Qρ0 ) sinh (p[D/2 + z0 ])
βqe0 J0 (Qρ0 ) sinh (p[D/2 − z0 ])
−i
ϕ2 − i
ϕ1
sinh (pD)
sinh (pD)
(βqe0 J0 (Qρ0 ))2 sinh (p[D/2 + z0 ]) sinh (p[D/2 − z0 ])
.
+
β0 p sinh (pD)
(6.39)
Going back to the partition function and introducing the surface parts, one can
derive the following expression:
Z
Z
Z1 = 2π dρ0 ρ0 dz0 ΠQ


[βqe0 J0 (Qρ0 )]2 sinh (p[D/2 + z0 ]) sinh (p[D/2 − z0 ])
× exp
β0 p sinh pD


T
Z
1 ϕ(Q, z1 )
×
dϕ(Q, z1 )dϕ(Q, z2 ) exp −
2 ϕ(Q, z2 )

×

β0 p coth (pD)+(ασ̃βe0 )2 /4
−β0 p/ sinh (pD)


× exp

−β0 p/ sinh (pD)

β0 p coth (pD)+ασ̃(βe0 )2 /4



ϕ(Q, z1 )



ϕ(Q, z2 )


ϕ(Q, z1 ) iT −iβqe0 J0 (Qρ0 ) sinh (p[D/2 + z0 ))/ sinh (pD)
ϕ(Q, z2 )

−iβqe0 J0 (Qρ0 ) sinh (p[D/2 + z0 ))/ sinh (pD)
+iβe0 δ(Q)[ln b ασ̃/4 − (σ̃ − (α/2)σ̃)]


.

(6.40)

+iβe0 δ(Q)[ln b ασ̃/4 − (σ̃ − (α/2)σ̃)]
After the integration over the surface potential we obtain:
Z
Z
Z1 = 2π dρ0 ρ0 dz0 Z0
i
h
κ̃D̃ 
κ̃D̃

ασ̃
α cosh (κ̃z̃0 ) απσ̃+κ̃ coth ( 2 ) csch(κ̃D̃) sinh ( 2 )
ln b−(σ̃− σ̃)]
× exp q[
4
2
κ̃2 + απσ̃κ̃ coth (κ̃D̃) + (απσ̃)2
 Z

απσcsch(p̃D̃)−cosh (2p̃z̃0 )[p̃+απσ coth (p̃D̃)]
2
2
× exp q Q̃dQ̃[J0 (Qρ0 )] csch(p̃D̃)
p̃2 + απασ̃ p̃ coth (p̃D̃) + (ασ̃π)2
 Z

cosh (p̃D̃) − cosh (2p̃z̃0 )
2
2
× exp q
Q̃dQ̃[J0 (Qρ0 )] csch(p̃D̃)
.
p̃
(6.41)
Total free energy is then decomposed into:
βF = − ln Z0 − λc
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Z1
,
Z0

(6.42)
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so that one can identify the one particle contribution to the free energy as:
 h
Z
Z D/2 
ασ̃
α i
dz̃0 exp q
βF1 = −2πc0 dρ̃0 ρ̃0
(pH−pK) ln 10−(σ̃− σ̃)
4
2
−D/2
i
h
cosh (κ̃z̃0 ) απσ̃ + κ̃ coth (κ̃ D̃2 ) csch(κ̃D̃) sinh (κ̃ D̃2 ) 
×
κ̃2 + απσ̃κ̃ coth (κ̃D̃) + (απσ̃)2
 Z

απσcsch(p̃D̃)−cosh (2p̃z̃0 )[p̃+απσ coth (p̃D̃)]
2
2
×exp q Q̃dQ̃[J0 (Qρ0 )] csch(p̃D̃)
p̃2 + απασ̃ p̃ coth (p̃D̃) + (ασ̃π)2


 Z
h
cosh (p̃D̃) − cosh (2p̃z̃0 ) 1 i
2
2
−
−1 .
×exp q Q̃dQ̃[J0 (Qρ0 )] csch(p̃D̃)
p̃
p̃
(6.43)
Above we subtracted the bulk term as well as the polyvalent ion self-energy term
Wself which is given by:
Z
[J0 (Qρ0 )]2
2
Wself = q
.
(6.44)
Q̃dQ̃
p̃
Written in the Q representation, it is not entirely obvious that this corresponds
exactly to the ion self-energy, so an explicit proof is given in Appendix G.
The two terms in the final expression, Eq. (6.43), can then be differentiated,
leading to one term that corresponds to the linear coupling between the charge of
the polyvalent ion and the surface charge and the other term being proportional to
the square of the charge of the polyvalent ion. The first term thus corresponds to
the direct electrostatic interaction, while the second one stands for the interaction
of the type charge-induced charge electrostatic interaction.
At the point of zero charge (pH = pK, α = 2), the first term vanishes and one
is left with the fluctuating charge interaction due to the charge regulation in the
presence of a strongly coupled polyvalent ion. Since the fluctuations of the surface
charge at PZC are inhomogeneous along the plate, the integral in the exponent
depends on the position vector ρ0 which runs over the whole plate.

6.3.2

Comparison with fixed charge results

The problem of polyvalent ion mediated interaction between the flat plates with
fixed charge was solved by Matej Kanduč and coworkers [34]. We are first going to
check whether our theory reduces to that limit.
If one considers only the term stemming from ths ion-surface interaction and
take the limit α = 0, corresponding to no charge regulation in the system, then one
is left with:


Z D/2
exp (−κD/2)
,
(6.45)
βF1 = −Sc0
dz̃0 exp − qσ cosh (κz0 )
κ[1 − exp (−κD)]
−D/2
which reduces exactly to the known result if neglecting the term exp (−κD) in the
denominator. This difference has its origin in the different models studied. Namely,
contrary to our model, the one with the fixed charge was developed for the system
where the salt is allowed to penetrate into the region behind the surfaces, but in
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Figure 6.3: The interaction pressure at PZC, stemming from the presence of the
polyvalent ions, with (a) c0 = 1 mM and (b) c0 = 10 mM. The values of other
parameters are given in the inset. Black lines stand for the vdW interaction.
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Figure 6.4: The interaction pressure p̃1 , calculated from Eq. 6.43, plotted for (a)
pH − pK = 4 and (b) pH − pK = −4. The values of other parameters are given in
inset.
our model there are no salt ions behind the surface, neither does the field penetrate
into the region behind the surfaces. The difference is due solely in order to reduce
the complexity of the problem.

6.3.3

Results and discussion

/S
,
After the numerical evaluation of Eq. (6.43), the interaction pressure, p = − ∂F
∂D
is plotted as a function of the plate separation, (Figs. 6.3–6.8).
First we analyze one particle contribution to the interaction pressure, originating
in the presence of polyvalent ions. At the PZC (Fig. 6.3), the attractive contribution arrises due to the fluctuations of surface charge enhanced by the strongly
coupled polyvalent ion in the intervening solution. As we have seen from the formula Eq. (6.43), this is the charge-induced charge type of electrostatic interaction.
As expected, this attraction increases for larger ion valencies and smaller screening. It can be either smaller or larger than the vdW interaction, depending on the
concentration of the polyvalent ions.
When the system is not in the vicinity of the PZC, two scenarios are possible:
one, where the surface and polyvalent ions are oppositely charged, (Fig. 6.4) (a),
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Figure 6.5: The total interaction pressure p̃0 + p̃1 , plotted for (a) q = 3 and q = 4.
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Figure 6.6: Total interaction pressure p̃0 + p̃1 , plotted for (a) q = 3; (b) q = 4. The
values of other parameters are given in the inset. q is counterion with respect to
macroions’ charge.

and the other, where they bear the charge of the same sign, (Fig. 6.4) (b). In
both cases the interaction is attractive, but with obvious differences in the overall
behavior. Namely, when q is a counterion with respect to macroions’ charge, the
strong attraction arises in the regime of high valency and small screening, which
has its maximum at small surface separations and is then fast reduced as the plates
become more distant. Here, polyvalent ions successfully screen the plate charge and
tend to bring them closer. The monovalent salt also plays a significant role, since its
concentration can drastically affect this kind of behavior: for larger concentration of
monovalent salt, all the charges can be completely screened, so that the attraction
is neutralized. On the other hand, if q is a coion with respect to macroions’ charge,
a small attraction arises, but it is not so sensitive to changes of the parameters such
as pH of the solution, monovalent salt concentration, or ion valency.
How this affects a total interaction can be seen from (Figs. 6.5–6.8). Polyvalent
ions always reduce the mutual repulsion of two equally-charged plates. Except at the
point of zero charge, where the repulsion vanishes and attractive fluctuation forces
become dominant, the overall repulsion can be overcome in the case of strongly
coupled polyvalent ions with oppositely charged surfaces. While this is not always
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Figure 6.7: The total interaction pressure p̃0 + p̃1 , plotted for (a) q = 3 and q = 4.
The values of other parameters are given in the inset. q is coion with respect to
macroions’ charge.
8

8

n0 = 100 mM
n0 = 200 mM

6

6

c0 = 0 mM solid
c0 = 1 mM dotted
c0 = 5 mM dashed

4
~

ptot

c0 = 0 mM solid
c0 = 1 mM dotted
c0 = 5 mM dashed

4

~

ptot

pH - pK = - 4
q=3
σ = 0.5 e0/nm²

pH - pK = - 4
q=4
σ = 0.5 e0/nm²
n0 = 100 mM
n0 = 200 mM

2

2
0

0
1

2

3

4

5

6

7

8

-2
1

2

3

4

5

~

6

7

8

~

D

D

(a)

(b)

Figure 6.8: The total interaction pressure p̃0 + p̃1 , plotted for (a) q = 3 and q = 4.
The values of other parameters are given in the inset. q is coion with respect to
macroions’ charge.
the case, it is the usual state of affaires for smaller monovalent salt screening, larger
polyvalent ion valencies and of course, larger concentration of polyvalent ions, see
(Fig. 6.5). Interestingly enough, the repulsion can be more easily overcome if the
surfaces bear larger charge density, (Fig. 6.6), which is due to the stronger coupling
with polyvalent salt and dominant correlation effects.
In the other case, when the polyvalent ions bear charge of the same sign as the
surfaces, the mutual repulsion is slightly reduced, irrespective of the ion valency or
the surface charge, (Figs. 6.7 and 6.8). It thus appears that in the presence of polyvalent coions, the interaction can be described sufficiently well by the weak-coupling
theory. This phenomenon was experimentally discovered recently in the labaratory of Michal Borkovec [106]. Nevertheless, for bigger concentrations of polyvalent
salt ions, the derived theory predicts also that repulsion at large separations can
be turned into a small attraction as a consequence of charge regulation, when the
asymmetric charge fluctuations can result with the attraction in the regime when
the surfaces are far apart.
The appearance of the pure attraction between same-charge surfaces is observed in the experiments with atomic force microscope when measuring the direct
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force between negatively charged interfaces in the presence of cationic multivalent
oligoamines [137]. The attraction is proved with charge-reversal effect, since the
highly charged counterions attract strongly to the surface leading to the occurrence
of the attraction. A better experimental insight into charge regulation phenomenon
is given by the same research group [103, 133, 138] measuring the force between
planar silica substrate having the possibility to adsorb an ion from solution and
reduce its charge. They find that charge regulation effect has the important role at
short surfaces’ separations, i.e. 1 nm distances if immersed in a monovalent salt solution, while the presence of multivalent counterions increases this range 2-3 times.
Beyond this range their results agree with standard PB theory even for the multivalent electrolytes, which contradicts to the many theoretical and computational
studies [10, 18]. All this requires a more detailed investigations to address the range
of validity of theories standing for multivalent ions.
The mentioned experiments provide a strong guarantee for the reasonableness
of a qualitative outcome that our theories predict [139]. For validity distinction it
is necessary to employ Monte Carlo simulations. As far as the comparison of our
theoretical results with the case of proteins is concerning, nowadays experimental
techniques allow only indirect protein-protein interaction measurements through
determination of the second virial coefficient in dilute solution conditions, which
can only tell us about if the attraction or repulsion prevails. But even on that level,
the charge regulation phenomena in a form of attraction between proteins at PZC
is experimentally observed when studying therapeutical monoclonal antibodies at
different solution conditions, using both dynamic and static light scattering [140,
141].

6.4

Conclusions

The aim of this Chapter is to draw final conclusions from the study of the dressed
ion strong-coupling theory, describing the electrostatic interactions between charge
regulated planar surfaces. The dressed ion theory is generally based on the decomposition of the system’s partition function into the strong-coupling part due to the
presence of polyvalent ions and the weak-coupling part due to the monovalent salt
ions. This decomposition eventually leads to two additive terms in the free energy,
one based on the weakly-coupled partition function and the other one based on the
strong-coupling one particle partition function. Both terms take equally into account the exact form of the surface free energy which describes the surface charge
regulation.
The weak-coupling partition function describes the repulsion between two equallycharged surfaces. It exhibits a pronounced pH-dependence, so that it vanishes at
the PZC. Moreover, it also gives an attractive contribution which then becomes
dominant at the PZC, and representing an intertwined vdW-KS interaction. One
can decouple these two parts by first taking the limit of vanishing dielectric jump
in the system, when the KS interaction remains intact, or equivalently by taking
the no charge regulation limit in the system, when it is the vdW interaction turn to
become dominant.
The one particle dressed ion contribution to the partition function was calculated to describe the effect of polyvalent ions on the charge-regulated systems. That
was the tricky part of the problem, since the polyvalent ions induce intensive charge
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fluctuations at the surfaces that are not homogeneously distributed over the plates,
which then brings fourth additional formal difficulties into the mathematical developments. Nevertheless, the problem can be solved in the Fourier-Bessel space
employing a Feynman path integral in the form of a forced harmonic oscillator and
all the following relations are then basically exact.
The results showed that two electroneutral surfaces at the PZC can attract in
monovalent salt solutions as well as when polyvalent ions are in addition present
in the bathing medium. In the first case, the attraction stems from the monopolar
charge fluctuations induced by charge regulation, while in the second case, the attraction follows as a result of the charge-induced charge type of interaction, again, as
a consequence of the surface charge regulation. Increasing the valency of the polyvalent salt ions, or increasing their concentration, leads to the attraction becoming
more pronounced.
The theory derived in this section describes in particular the attraction of two
equally-charged surfaces undergoing the charge regulation processes in the presence
of polyvalent ions. We obtained pH-dependent properties of such interaction and
we showed how it behaves as a function of different parameters. The underlying
weak-coupling repulsion can be overcome by the polyvalent ion mediated attraction
only when the surfaces and polyvalent ions bear charges of opposite sign, i.e. when
the polyion is also the counterion. In the opposite case, the polyvalent ions do not
have a significant influence on the strength of electrostatic interaction which then
remains mostly repulsive. Only in the regime where their concentration is large
enough, does the attraction appears at large plate separations, where the repulsion
disappears and the asymmetric charge fluctuations become the dominant feature
of the interaction. This is an additional interesting twist of the strong-coupling
behavior of the unpredictable charge regulation phenomenon.
To conclude, we have made an important contribution and uncovered an important new regime of the double layer theory, by going beyond the standard description
with the charge regulation model and at the same time also broadened its range of
validity to polyvalent salt solutions. In this Chapter we completed our analysis
of strongly coupled charge regulated objects in the dressed ion theory as well as
proposed a new formulation to the charge regulation theory in general.
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Concluding remarks
In conclusion, it is important to indicate that this work represents an extension of
a century-long history of the theory of electrostatic interactions in the colloid milieu. Coulomb fluids composed of macromolecules in an ionic solution represent a
quintessential many-body problem, and are as such challenging to analyze, especially due to the long-range nature of the electrostatic interactions. This made a
strong imprint on the development of this scientific area, since usually the theoretical approaches proposed had to be limited to the narrow parameter space, where
the relevant approximations retain their validity, thus making the overall progress
in the knowledge difficult and stepwise. Introducing the tools from a field-theoretic
description of Coulomb fluids, significant formal progress was made possible and the
era of the modern theoretical description of Coulomb fluids was ushered in. Nevertheless, even such modern theories are necessarily restricted to the parameter space
corresponding to fixed colloidal or macromolecular charges. As is well recognized,
this assumption is usually not realistic, especially in the world of proteins with
dissociable protonable–deprotonable amino acids, where pronounced charge regulation effects enabling fluctuating surface charges are the general rule. This Thesis is
devoted entirely to the generalized theory of colloidal electrostatic interactions, describing the effects brought upon by relaxing the fixed macroion charge restraint and
leading to charge regulated macroions. Of course, it can only be based on additional
approximations but we believe that it nevertheless describes the salient fundamental
features of the behavior of charge-regulated macroions in colloidal ionic solutions.
This general endeavour was partitioned into the analysis of four model systems, chosen to represent some fundamental general features of the charge regulated systems.
The first advance was achieved by introducing the free energy that corresponds
exactly to the Ninham–Parsegian chemical equilibrium description of charge regulation, and by formulating the field-theoretic description of charge regulation in the
case of two planar charge regulated bounding surfaces, immersed in a counteriononly solution. It is exactly this reformulation of the charge regulation problem
that opened up the way to new developments such as going beyond the mean field
Ninham–Parsegian solution, and to calculate exactly and analytically the contribution of Gaussian fluctuations and the inhomogeneous distribution of counterions
between the bounding surfaces. The one-loop Gaussian correction to the mean-field
solution brought forth an attractive contribution stemming from the intertwined
monopolar KS fluctuation interaction and the dipolar vdW fluctuation interaction,
which can in fact be decoupled for certain limiting cases. A similar situation was
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identified also when the interaction between the bounding surfaces was mediated
not only by counterions but also by the addition of monovalent salt ions. In this
case the salt ions were treated on the DH level, while the contribution of charge regulation of the bounding surfaces was calculated exactly. This in general shows that
the solution of the full statistical-mechanical problem can be achieved with different
levels of approximation for the bulk part and for the surface charge regulated part.
In the case of two small spherical charge-regulated macroions in a monovalent
salt solution, based on the approximation of point-like macroions, we based our
theoretical approach on treating the salt on a weak-coupling level, while the surface
charge regulated part was included exactly. The ensuing electrostatic interaction
showed pronounced pH-dependent behavior, with attraction dominant at the PZC.
Since this system is related to the original KS model, the obtained attraction in
this limit corresponds to the original KS result. Moreover, we also showed that this
attraction stemms from an asymmetric charge fluctuations which appears strictly
at the PZC. The charge regulation part of the free energy did not take into account
the details of the distribution of dissociable sites along the macroion surface but
assumed an uniform distribution of sites, each of which has an equal probability
to be neutralized. This theoretical approach was then generalized to the system
of protein-like macroions, characterized with an assumed amino acid composition,
where each of the dissociable amino acids is defined by its neutralization point pK.
In this way, more realistically describing the real system, the resulting theory was
able to describe an additional phenomenon concerning the attraction at the PZC,
viz. the attraction does not appear always exactly at the PZC, pending on the
details of the protein composition. The attraction is in fact proportional to the
protein capacitance, i.e., the rate of change of its charge with the local electrostatic
potential in the vicinity of the PZC, which in its turn depends on the details of the
amino-acid composition. All these are also well known and experimentally confirmed
facts.
A special theoretical challenge was to broaden the charge regulation theory to be
valid also in the strong electrostatic coupling regime. In that case, the original KS
result is inapplicable, and no other approximate results were available. The problem was formulated and solved for two model systems, one based on the point-like
macroions in a mixture of monovalent and polyvalent salt solution and the other
based on two charge regulated flat plates immersed in the same type of an asymmetric ionic solution. The dressed ion theory was taken as the point of departure
and reformulated for the charge regulated component of the solution, by decoupling the salt components into a weak-coupling part (monovalent salt ions) and the
strong-coupling part (polyvalent salt ions). In both cases the macroion charge or the
bounding surface charge is regulated with the local solution conditions, allowing the
local charge to fluctuate. The effects of the polyvalent ions are conceptually related
in both model systems: the first order correction to the mean-field weak-coupling
solution gives rise to an attractive force, where two types of attraction can be in
general distinguished: one describes the attraction as stemming from the coupling
of the polyvalent ions with the charged surfaces and the other stemming from the
charge-induced charge type of interaction, relevant in the vicinity of the PZC. They
have significantly different behavior depending on whether the polyvalent ions enter
as a counterions or as a coions. In the first case, strong attraction appears, which
may overcome repulsion between same-charged objects, while in the latter case, the
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attractive contribution is not strong enough to modify the dominant repulsion. Only
at larger separations, a small attraction may arise, due to the asymmetric surface
charge fluctuations. The attraction at the PZC is larger for higher ion valency and
smaller salt screening. A generalized KS attraction, however, different from the
original formulation, is therefore obtained also for strongly coupled systems in these
two geometries.
In this Thesis we presented a theoretic framework for the description of charge
regulated systems in an ionic solution, and was strongly motivated by the challenges
of the protein-protein electrostatic interactions. Though the advances achieved are
non-negligible, there remains a lot of room for improvement and generalizations.
First, the validity of the theoretical approaches presented should be checked by the
Monte Carlo simulations, which is already planned in the near future. Furthermore,
the macroions were described either within the simplest possible model as point-like
macroions, neglecting the spatial distribution of adsorption sites, or within the flat
infinitely extended surface model, with uniform distribution of dissociation sites.
Both these models can be generalized and ammended. Especially interesting would
be to see how the patchy charge distributions affect the charge regulation interaction. It would be also possible to go deeper into the numerics and implement the
results to the interactions between concrete proteins. Concerning further theoretical
development, the inclusion of multipolar moments as well as polarization effects is
particularly called for. This will allow for a deeper and more complete understanding
of the protein-protein interactions.
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Appendix A
Exact evaluation of Feynman path
integral
The path integral in Eq. (3.24) can be written in the form [124]:


Gp δφ(Q, z1 ), δφ(Q, z2 ) =
r

 1Z d Z 1
1
dµR(z, z, µ)
dz
exp −
2π
2 −d
0
 β h
i
0
× exp −
δφ(Q, z2 )f 0 (z2 ) − δφ(Q, z1 )f 0 (z1 ) ,
2
(A.1)
where f (z) is a solution of the equation of motion given by:
h
¨
f − µ Q2 +

2α2 i
f = 0,
cos2 (αz)

(A.2)

where f = f (z; µ). The Green’ s function equation is:
h
d2
2α2 i
0
2
Q(z, z |µ) − µ Q +
Q(z, z 0 |µ) = −δ(z − z 0 ),
2
2
dz
cos (αz)

(A.3)

with Q(−d, z 0 |µ) = Q(d, z 0 |µ) = 0. The resolvent R(z, z 0 |µ) obeys the equation:
h
d2
2α2 i
0
2
R(z, z |µ) − µ Q +
R(z, z 0 |µ) =
2
2
dz
cos (αz)
h
i
2
2α
δ(z − z 0 ) Q2 +
,
cos2 (αz)

(A.4)

0
0
0
with
h R(−d, z2 |µ)i = R(d, z |µ) = 0. We can see that the resolvent satisfies R(z, z |µ) =
0
0
− Q2 + cos2α
2 (αz 0 ) Q(z, z |µ). The Green’s function Q(z, z |µ) has the form:

0

Q(z, z |µ) =



g(z, µ)h(z 0 , µ)/∆(µ), z < z 0
g(z 0 , µ)h(z, µ)/∆(µ), z > z 0
(A.5)
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where g(z, µ) and h(z, µ) are two linearly independent solutions of Eq. (A.2) satisfying the conditions:
g(−d; µ) = h(d; µ) = 0,
(A.6)
and
∆(µ) = ġ(−d, µ)h(−d, µ) = −g(d, µ)ḣ(d, µ).

(A.7)

The integration of the resolvent operator yields:
Z

d

d

2α2 
Q(z, z|µ)dz =
cos2 (αz)
−d
Z
h
1 i dh 2
2α2 i
−
g(z, µ)h(z, µ)dz.
Q +
∆(µ) −d
cos2 (αz)
Z

R(z, z|µ)dz = −
−d



Q2 +

(A.8)
Consider now the equation satisfied by function g:
2α2 i
g̈ − µ Q +
g = 0,
cos2 (αz)
h

2

(A.9)

and differentiating it with respect to µ, we have:
h
− Q2 +

h
2α2 i
2α2 i
2
g
=
g̈
+
µ
Q
+
gµ .
µ
cos2 (αz)
cos2 (αz)

(A.10)

Inserting this into the resolvent integral and integrating by parts, one can get:
Z

d

i
1 ih
R(z, z|µ)dz =
−
ġµ (−d, µ)h(−d, µ) − ḣ(d, µ)gµ (d, µ) =
∆(µ)
−d
gµ (d, µ) ġµ (−d, µ)
−
,
−
g(d, µ)
ġ(−d, µ)
(A.11)
h

from which it follows that:
Z 1 Z d
 g(d, µ) 
dµ
dzR(z, z|µ) = ln
ġ(−d, µ)
0
−d

1

= ln
0

 g(d, 1) ġ(−d, 0) 
.
ġ(−d, 1) g(d, 0)
(A.12)

As g(d, 0)/ġ(−d, 0) = 2d = D, we have:
1
exp −
2


Z
0

1

d

 h ġ(−d, 1) i 12
dµ
dzR(z, z|µ) = D
.
g(d, 1)
−d
Z

(A.13)

Now, the solution of the equation of motion is given as a linear combination of the
solutions g and h as:
f (z, 1) = δφ2

g(z, 1)
h(z, 1)
+ δφ1
,
g(d, 1)
h(−d, 1)
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so the exponent in the propagator Eq. (A.1) becomes:
 β h
i
0
exp −
δφ(Q, z2 )f 0 (z2 ) − δφ(Q, z1 )f 0 (z1 ) =
2
 β h
ġ(d, 1)
0
δφ2 (Q, d)
−
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2
g(d, 1)
−2δφ(Q, d)δφ(Q, −d)

ḣ(−d, 1) i
ġ(−d, 1)
− δφ2 (Q, −d)
.
g(d, 1)
h(−d, 1)
(A.15)

Finally the propagator can be written as:


Gp δφ(Q, −d), δφ(Q, d) =
s
 β h
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(A.16)

Solutions g(z, 1) and h(z, 1), which satisfy equation Eq. (A.2) when µ = 1 and
boundary conditions Eq. (A.6), are given by:
sinh (Q[d + z])[Q2 cot (αd) + α2 tan (αz)]
α(Q2 + α2 )
αQ cosh (Q[d + z])[1 + cot (αd) tan (αz)]
+
;
α(Q2 + α2 )
sinh (Q[−d + z])[Q2 cot (αd) − α2 tan (αz)]
h(z) =
α(Q2 + α2 )
αQ cosh (Q[−d + z])[−1 + cot (αd) tan (αz)]
+
.
α(Q2 + α2 )
g(z) =

(A.17)
After inserting these solutions back into the equation Eq. (A.16), one obtains the
final result in the explicit form:

D
D 
GQ δφ(Q, − ), δφ(Q, ) =
2
2
r

nh
A
β0
D
D i
D
D o
exp −
δφ2 (Q, − )+δφ2 (Q, ) C −2δφ(Q, − )δφ(Q, )A ,
2πB
2B
2
2
2
2
(A.18)
where z2 = D/2, z1 = −D/2 while A, B and C are defined by
A = Q(α2 + Q2 ) cot2 (αD/2)
B = 2αQ cosh (DQ) cot (αD/2) + [α2 + Q2 cot2 (αD/2)] sinh (DQ)
C = Q cosh (DQ)[2α2 + (α2 + Q2 ) cot2 (αD/2)] +
+ 2α[α2 + Q2 + Q2 cos (αD)] csc (αD) sinh (DQ).
(A.19)
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Appendix B
Derivation of field propagator
G(ϕ1, ϕ2)
The field propagator at points r 1 and r 2 is defined by:
Z

ϕ(r 2 )=ϕ2

D[ϕ(r)]δ(ϕ(r 1 ) − ϕ1 )δ(ϕ(r 2 ) − ϕ2 )


Z
1
0
−1
0
drdr ϕ(r)G (r, r)ϕ(r ) ,
× exp −
2

G(ϕ1 , ϕ2 ) =

ϕ(r 1 )=ϕ1

where G−1 (r, r 0 ) is the usual Debye-Hückel kernel of the form [10]:


G−1 (r, r 0 ) = −ε0 ∇ε(r)∇ − ε(r)κ2 δ(r − r 0 ),

(B.1)

(B.2)

where κ is the inverse Debye length. Using the delta function in integral representation:
δ(ϕ(r 1 ) − ϕ1 ) =
Z
Z

 Z dk


dk
exp ik[ϕ(r 1 ] − ϕ1 =
exp − ikϕ1 + ik drρ1 (r)ϕ(r) ,
2π
2π
(B.3)
where ρ1 (r) = δ(r − r 1 ), one can rewrite the propagator as:
Z
Z
Z
0
0
G(ϕ1 , ϕ2 ) = dk exp (−ikϕ1 ) dk exp (−ik ϕ2 ) D[ϕ(r)]


Z
Z
1
0
−1
0
3
exp −
drdr ϕ(r)G (r, r)ϕ(r )+i t(r)ϕ(r)d r ,
2
(B.4)
where t(r) stands for t(r) = kρ1 (r) + k 0 ρ2 (r). After integration over the field, one
obtains:
Z

Z


1
0
0
dk exp − ikϕ1
dk exp − ik ϕ2
G(ϕ1 , ϕ2 ) =
det G−1 (r, r 0 )


Z
1
× exp −
drdr 0 t(r)G(r, r 0 )t(r 0 )
2
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=

Z

1

+∞Z +∞



dkdk 0 exp − ikϕ1 − ik 0 ϕ2

det G−1 (r, r 0 ) −∞ −∞
 1

 1



× exp − k 2 G(r 1 , r 1 ) exp − k 02 G(r 2 , r 2 ) exp − kk 0 G(r 1 , r 2 ) .
2
2
(B.5)
If one introduces a 2D vector (k k 0 ), this integral can be rewritten as:

G(ϕ1 , ϕ2 ) =

ZZ

1
det G−1 (r, r 0 )

× exp

1
−
2



k

 
 

ϕ1 T k
dkdk exp − i
ϕ2
k0
0

T 

k0

G(r 1 , r 1 ) G(r 1 , r 2 )
G(r 1 , r 2 ) G(r 2 , r 2 )

k



k0


.
(B.6)

Since this is a Gaussian integral, it can be evaluated explicitly:

G(ϕ1 , ϕ2 ) = exp

β
−
2



ϕ1

T 

ϕ2

G(r 1 , r 1 ) G(r 1 , r 2 )
G(r 1 , r 2 ) G(r 2 , r 2 )

−1 

ϕ1


.

ϕ2
(B.7)
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Appendix C
Saddle-point approximation
The partition function Eq. (4.16) can be evaluated using the saddle-point method,
consisting of minimization of the field action ∂A/∂φ = 0, where the action can be
written in the form:
A(φ1 , φ2 ) = f1 (φ1 ) + g(φ1 , φ2 ) + f2 (φ2 ),

(C.1)

with g the logarithm of the Green’s function, given by:
1
g(φ1 , φ2 ) = −
2



φ1

T 

φ2

G̃(r 1 , r 1 ) G̃(r 1 , r 2 )
G̃(r 1 , r 2 ) G̃(r 2 , r 2 )

−1 

φ1


.

(C.2)

φ2

The saddle-point equations are obtained as:
N − αN

b exp (−φ1 )
4π0
1
exp (−ã)
+ φ1 2
1 + b exp (−φ1 )
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2
ã

4π0
1
exp (−R̃)
= 0;
(C.3)
2
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2
R̃
b exp (−φ2 )
4π0
1
exp (−ã)
M − αN
+ φ2 2
2
2
1 + b exp (−φ1/2 )
βe0 κ exp (−2ã)/ã − exp (−2R̃)/R̃
ã

−φ2

−φ1

4π0
βe20 κ

1
e−2ã
ã2

−

e−2R̃
R̃2

e−R̃
= 0.
R̃

(C.4)

Solutions of these equations are denoted as φ∗1 and φ∗2 . If one sets M = 0, α = 1,
one deals with an asymmetric system, for M = N , α = 2, one deals with a fully
symmetric system, while the choice M = N , α > 2 defines a symmetric system with
an asymmetric interval of fluctuating charge, i.e. a semi-symmetric system.
The action can be expanded around the saddle-point solution up to the second
order in deviation from φ∗1 and φ∗2 , yielding:
A(φ1 , φ2 ) = f1 (φ∗1 ) + g(φ∗1 , φ∗2 ) + f2 (φ∗2 )
1 ∂ 2 A(φ1 , φ2 )
∂ 2 A(φ1 , φ2 )
2
+
+
δφ
1
2
∂φ21
∂φ1 ∂φ2
φ∗ ,φ∗
1

2

δφ1 δφ2 +
φ∗1 ,φ∗2

1 ∂ 2 A(φ1 , φ2 )
2
∂φ22

δφ22 ,
φ∗1 ,φ∗2

(C.5)
where f1/2 (φ∗1/2 ) are given as:
f1/2 (φ∗1/2 ) = −M φ∗1/2 − αN ln (1 + b exp (−φ∗1/2 )).
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If we denote second derivatives in the equation above as A11 , A12 and A22 respectively, we will have:
exp (−ã)/ã
exp (−φ∗1 )
4π0
−
∗ 2
2
[1 + b exp (−φ1 )]
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2
exp (−ã)/ã
exp (−φ∗2 )
4π0
= −αN b
−
∗ 2
2
(1 + b exp (−φ2 ))
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2

A11 = −αN b
A22

exp (−R̃)/R̃
4π0
,
2
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2

A12 =

(C.7)

so that the saddle-point and the fluctuation free energy are equal to:
βF0 = −[f1 (φ∗1 ) + g(φ∗1 , φ∗2 ) + f2 (φ∗2 )],

(C.8)

and
βF2 = − ln

det A0
,
det A

(C.9)

where A0 is a matrix, related to the partition function of the unperturbed system,
with the elements:
A011
A022

4π0
exp (−ã)/ã
∂ 2 A0 (φ1 , φ2 )
= − 2
=
2
∂φ1
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2
∂ 2 A0 (φ1 , φ2 )
4π0
exp (−ã)/ã
=
= − 2
2
∂φ2
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2

A012 =

4π0
exp (−R̃)/R̃
∂ 2 A0 (φ1 , φ2 )
=
.
2
∂φ1 ∂φ2
βe0 κ exp (−2ã)/ã2 − exp (−2R̃)/R̃2

(C.10)

Finally, the saddle-point interaction force and the force due to the fluctuations
around the saddle-point are given as:
F̃0 =

F̃2

4π0 1 + R̃ 2
ã exp (2ã − R̃)
βe20 κ R̃2
(φ∗ − ã/R̃ exp (ã − R̃)φ∗2 )(φ∗2 − ã/R̃ exp (ã − R̃)φ∗1 )
× 1

2
1 − (ã/R̃)2 exp (−2(R̃ − ã))

1 + R̃
ã2 exp (−2(R̃ − ã))
= −
,
R̃3 h1 (φ∗1 )h2 (φ∗2 ) − (ã2 /R̃)2 exp (−2(R̃ − ã))

(C.11)

(C.12)

where:
4π0 ã
exp (ã) exp (−φ∗1 )(b + exp (φ∗1 ))2
βe20 κN αb
4π0 ã
h2 (φ∗2 ) = 1 + 2
exp (ã) exp (−φ∗2 )(b + exp (φ∗2 ))2 .
βe0 κN αb
h1 (φ∗1 ) = 1 +
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Appendix D
Gaussian approximation
The partition function Eq. (4.16) can be evaluated analytically, if one takes a
Gaussian approximation for the binomial coefficient:
αN





n

 (αN − 2n)2 
2αN
=p
exp −
.
2αN
παN/2

(D.1)

After substitution x = αN − 2n and x0 = αM − 2n0 , summation can be transformed
into the integral, when one assumes N  1, so that the partition function becomes:
Z ∞
Z ∞


Z =
dx
dx0 exp − βF(x, x0 , R̃)
−∞

× exp

−∞

1
2



[x + x0 ][pH − pK] ln 10 exp −


1
[x2 + x02 ] ,
2αN

(D.2)

where
o
 exp (−κa) n
2
0
2
[x + N (2 − α)] + [x + M (2 − α)]
F(x, x , R̃) =
a/lB

exp (−κR)
+2
[x + N (2 − α)][x0 + M (2 − α)] .
R/lB
0

(D.3)
This is a general Gaussian-type integral and can be calculated analytically, but since
the solution is too cumbersome, it is not displayed here. The interaction force then
follows as a sum of the mean contribution to the force and the fluctuation force as:
1 + κ̃R̃
[(pH − pK) ln 10]2


2
R̃2
1 + 2ã/N exp (κ̃ã) + ã/R̃ exp − κ̃(R̃ − ã)


(α − 2)ã2 exp 2κ̃ã − κ̃R̃ 1 + κ̃R̃  2α(N + M )(pH − pK) ln 10
+ 2
− 
2
α N (1 + ã exp (κ̃ã)/αN )2 R̃2
(ã/R̃) exp (−κ̃(R̃−ã))
1 + (1+(4ã
2
exp (κ̃ã)/αN ))
h
i
4αM (αN −1)(pH−pK) ln 10 exp (−κ̃(R̃ − ã))/(1 + (4ã/αN ) exp (κ̃ã))
+

 2

F̃0 = ã2 exp (2κ̃ã − κ̃R̃)

(ã/R̃)2 exp

1 −

−2κ̃(R̃−ã)

(1+4ã exp (κ̃ã)/αN )2
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h
i
(4αM −8) 1 + [(ã/R̃)2 exp (−2κ̃(R̃ − ã))/(1 + 4ã exp (κ̃ã)/αN )2 ]
+

 2

(ã/R̃)2 exp

1 −

−2κ̃(R̃−ã)

(1+4ã exp (κ̃ã)/αN )2



2

(α−2)(1 + α M
)(4N/[1 + (4ã exp (κ̃ã)/αN )])(ã/R̃) exp (−κ̃(R̃ − ã))
N2
−

 2

(ã/R̃)2 exp

1 −



−2κ̃(R̃−ã)

(1+4ã exp (κ̃ã)/αN )2





ã2 exp − 2κ̃(R̃ − ã)

F̃2 = −

1 + κ̃R̃

.
R̃3 (1 + (4/α)(ã/N ) exp (κ̃ã))2 − (ã2 /R̃)2 exp − 2κ̃(R̃ − ã)
(D.4)

We note that the nomenclature “mean“ and “fluctuation“ do not have the same
meaning in the context of the Gaussian approximation as they do in the saddlepoint approximation. In fact in the former the interaction free energy can not be
consistently separated into a mean and fluctuation types. We use this separation
based on the dimensionless separation scaling.
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Appendix E
Derivation of field propagator
G1(ϕ1, ϕ2)
The propagator G1 (ϕ1 , ϕ2 ), describing how the electrostatic potential propagates
from one macroion to another in the presence of a polyvalent ion q at r 0 , is given
as::
Z
G1 (ϕ1 , ϕ2 ) = D[ϕ(r)]δ(ϕ(r 1 ) − ϕ1 )δ(ϕ(r 2 ) − ϕ2 )
Z
 1Z

0
−1
0
0
exp −
drdr ϕ(r)G (r, r )ϕ(r ) + iβ
ρ(r)ϕ(r)dr ,
(E.1)
2
V
with ρ = qδ(r−r 0 ). The delta function entering the above expression can be written
via a Fourier integral representation as:
δ(ϕ(r i ) − ϕi ) =
Z
Z

 Z


dk exp ik(ϕ(r i ) − ϕi ) = dk exp − ikϕi + ik drρi (r)ϕ(r) ,(E.2)
where ρi (r) = δ(r − r 1 ), i = 1, 2. One notes that this is an ordinary and not
a functional Fourier integral representation, as the propagator is defined for two
vertex points in the real space. Our strategy now will be to first evaluate the
functional integral over the fluctuating electrostatic potential field ϕ(r) and then
calculate the remaining integral over the auxiliary fields stemming from the Fourier
representation of the delta functions. Therefore it follows that
Z
Z
Z
0
G1 (ϕ1 , ϕ2 ) = dk exp (−ik1 ϕ1 ) dk exp (−ik2 ϕ2 ) D[ϕ(r)]
Z
 1Z

0
−1
0
0
exp −
drdr ϕ(r)G0 (r, r )ϕ(r )+i [t(r) + βqe0 δ(r − r 0 )]ϕ(r)d3 r ,
2
(E.3)
with the field t(r) denoting
t(r) = k1 ρ1 (r) + k2 ρ2 (r).
The above integral is a general Gaussian functional integral for the fluctuating potential ϕ(r) and can be evaluated explicitly and exactly. The result is then an
ordinary Gaussian integral over the variables k1 and k2 .
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One has in fact
δ(ϕ(r 1 ) − ϕ1 )δ(ϕ(r 2 ) − ϕ2 ) =
Z

Z


dk1 exp ik1 (ϕ(r 1 ) − ϕ1 )
dk2 exp ik2 (ϕ(r 2 ) − ϕ2 ) ,

(E.4)

after which one can derive
1

Z

Z

dk1 exp (−ik1 ϕ1 ) dk2 exp (−ik2 ϕ2 )
G1 (ϕ1 , ϕ2 ) =
0
det G−1
0 (r, r )
 1Z

exp −
drr 0 [t(r) + βqe0 δ(r − r 0 )]G0 (r, r 0 )[t(r 0 ) + βqe0 δ(r 0 − r 0 )]
2
Z +∞ Z +∞
1
dk1 dk2 exp (−ik1 ϕ1 − ik2 ϕ2 )
=
0
det G−1
−∞
0 (r, r ) −∞

 1
1
× exp − k12 G0 (r 1 , r 1 ) − k22 G0 (r 2 , r 2 ) − k1 k2 G0 (r 1 , r 2 )
2
2
 1

1
× exp − β 2 q 2 e20 G0 (r 0 , r 0 ) − βqe0 [2k1 G0 (r 0 , r 1 ) + 2k2 G0 (r 0 , r 2 )] . (E.5)
2
2
The fluctuating electrostatics potential propagator has thus been reduced to
simple integrals in the variable k = (k1 , k2 ).
−1/2
The vacuum fluctuations term, det uDH (r, r 0 ), as well as the polyvalent ion
bare self-interaction term exp (− 21 β 2 q 2 e20 uDH (r 0 , r 0 )), will be neglected since they
do not depend on the separation between the point-like macroions and thus make
no contribution to the interactions between them. If the macroions had finite di−1/2
mensions det uDH (r, r 0 ) would describe the thermal Casimir (vdW) interactions
between them.
If one introduces a 2D wave-vector k, together with the Einstein summation
convention, this integral can be rewritten simply as
ZZ
G1 (ϕ1 , ϕ2 ) =
d2 k exp (−f (k)),
(E.6)
where we introduced the function f (k) as
f (k) = kj [iϕj + βqe0 uDH (r 0 , r j )]+ 21 kj uDH (r j , r l )kl .

(E.7)

Since this is a Gaussian integral, it can be evaluated explicitly as
−1/2

G1 (ϕ1 , ϕ2 ) = det uDH (r, r 0 )


exp 12 [iϕi + βqe0 uDH (r 0 , r i )] u−1
(r
,
r
)
[iϕ
+
βqe
u
(r
,
r
)]
.
i
j
j
0 DH
0
j
DH
(E.8)
The above expressions typically involve the Coulomb or the DH self-interaction
uDH (r, r), or indeed its inverse. This quantity is not unambiguously defined because
the field representation does not describe the sizes of the charges in a consistent
description. However, one usually assumes that the finite size can be approximately
included as an ultraviolet cutoff in the Fourier space, or indeed by assuming that
one has the Coulomb self-energy uDH (r, r) ∼ 1/4πεε0 a, where a is the radius of the
charge; to be consistent one needs to take κa −→ 0 in the DH expression, which
gives its bare Coulomb limit.
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Appendix F
Saddle-point and Gaussian
fluctuations of volume integral F
We now approximate the free energy F̃1 by its saddle point and Gaussian fluctuations
around the saddle point. This leads to the well known expression


Z


exp − S(a)
F̃1 = dr 0 exp − S(r 0 ) ' p
,
(F.1)
det(∂ 2 S(r = a)/∂r∂r)
V
where the most probable position of the polyvalent ion r 0 = a corresponds to the
equilibrium configuration of zero “force“ defined by
∇S(a) = 0.

(F.2)

It than follows straightforwardly that the determinant of the Hessian is
∂ 2 S(r = a)
∂ 2 S(r = a) ∂ 2 S(r = a) ∂ 2 S(r = a)
=
,
∂r∂r
∂x2
∂y 2
∂z 2
where at the saddle point
det

S(a) =
1 2
+ q 2 lB
2

(F.3)

exp (− 12 κR)
4qN (pH − pK) ln 10 lB
2 + N lB exp (−κa)/a[1 + a/R exp (−κ(R − a))]
R
2
((lB /a) exp (−κa) + 2/N ) 8 exp (−κR)/R − 8lB exp (−2κR)/R3
4
N2

+

4 lB
N a

exp (−κa) +

2
lB
a2

exp (−2κa)[1 −

a2
R2

,
exp (−2κ(R − a))]
(F.4)

while the Hessian gives
∂ 2 S(r = a)
∂ 2 S(r = a)
=
=
∂x2
∂y 2


exp (− 12 κR)
exp (− 12 κR)
−
8
qN (pH − pK) ln 10 lB −16
R3
R2
2 + N lB exp (−κa)
[1 +
 a
1 2
+ q 2 lB
2
1 2
+ q 2 lB
2

lB exp (−κa)
a

4
N2

+

4
N2

+

a
R

exp (−κ(R − a))]


exp (−κR)
κ exp (−κR)
2
+N
−64 R4
− 32
R3

2
2
lB
exp (−2κa)[1 − Ra 2 exp (−2κ(R
a2
64lB exp (−2κR)
+ 32lB κ κ expR(−2κR)
4
R5
2
2
l
l
4 B
exp (−κa) + aB2 exp (−2κa)[1 − Ra 2 exp (−2κ(R
N a

4 lB
N a

exp (−κa) +
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− a))]
;
− a))]
(F.5)
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F

2



1
exp (− 12 κR)
exp (− 21 κR)
2 exp (− 2 κR)
+
16κ
+
4κ
qN (pH − pK) ln 10 lB 32
R3
R2
R

∂ S(r = a)
=
∂z 2
[1 + Ra exp (−κ(R − a))]
2 + N lB exp (−κa)
a



exp (−κR)
κ exp (−κR)
κ2 exp (−κR)
lB exp (−κa)
2
+N
192 R4 +128
+32
−64lB exp (−2κR)
a
R3
R2
R5
1 22
+ q lB
.
2
2
l
4
4 lB
2
exp (−κa) + B2 exp (−2κa)[1 − a 2 exp (−2κ(R − a))]
2 +
N

N a

a

R

(F.6)
This finally leads to the expression
− ln F̃1 (R) ' S(r 0 = a) + 12 ln det
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∂ 2 S(r = a)
.
∂r∂r

(F.7)

Appendix G
Self energy of polyvalent ion
In Eq. (6.43), it is stated that the following form
Z
[J0 (Qρ0 )]2
2
Wself = q
Q̃dQ̃
,
p̃

(G.1)

corresponds exactly to the polyvalent ion self–energy Wself = q 2 /κ. To prove that,
we start from the expression for DH interaction energy of two flat plates in a 1:1
salt solution. In Q representation it is:
 p



p
Z
2
2
2
2
exp − Q + κ z
exp − κ ρ + z
p
p
QdQJ0 (Qρ)
=
.
(G.2)
Q2 + κ2
ρ2 + z 2
If one sets z = 0 one get identity:
Z
J0 (Qρ)
exp (−κρ)
QdQ p
,
=
ρ
Q2 + κ2

(G.3)

which is going to be used further on in derivation. To continue, we use the identity
from Ref. [142]:
Z
1 π
2
J0 (2x sin (Q))dQ.
(G.4)
J0 (x) =
π 0
With this two equalities, Eqs. (G.3) and (G.4), one can write:
Z
[J0 (Qρ)]2
QdQ p
=
Q2 + κ2
Z π
Z ∞
Z
J0 (2Qρ sin (Q))
1 π
exp (−2κρ sin (Q))
dQ
QdQ p
=
dQ
= F (ρ, κ).
2
2
π 0
2ρ sin (Q)
Q +κ
0
0
(G.5)
Let’s take now the derivative over κ:
Z
Z
∂F
1 π
2ρ sin (Q) exp (−2κρ sin (Q))
1 π
=−
dQ
=−
dQ exp (−2κρ sin (Q)).
∂κ
π 0
2ρ sin (Q)
π 0
(G.6)
Introducing a function
1
I0 (z) =
π

Z

π

dQ exp (−z cos (Q)),
0
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so that it becomes:

∂F
∼ I0 (2κρ).
(G.8)
∂κ
Since this expression corresponds to the self-energy of an isolated ion, with the
bounding walls removed to infinity, it should not depend on its position and we can
simply take ρ → 0, so that one obtains:
Z κ
I0 (2κρ)dκ ∼ κ,
(G.9)
Fρ→0 =
0

which is then the final expression for the self-energy of the ion.
One should note here that this convoluted route to the subtraction of the selfenergy in Eq. (6.43) is basically due to the introduction of the Fourier–Bessel transform that assumes a delta function distribution for the ion charge in the z–direction.
In the infinite space, on the other hand, it is clear that the Fourier transform would
lead to exactly the same expression in the limit of a finite but small size of the ion.
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Razširjeni povzetek
H.1

Uvod

Elektrostatične interakcije igrajo pomembno vlogo pri procesih v bioloških sistemih
na molekularnem nivoju ter določajo obnašanje mehke snovi. Tako biološki sistemi kot mehka snov so tipično sestavljeni iz makromolekul kot so polimeri, koloidi,
proteini, itd. Te makromolekule običajno pridobijo naboj, ko se nahajajo v polarni
raztopini, kot je denimo voda. Do tega pride zahvaljujoč disociaciji kemijskih skupin
na površinah makromolekul, ki sproščajo mobilne ione v raztopino. Druga možnost
za pridobitev naboja je adsorpcija majhnih nabitih molekul ali ionov soli, ki se fizično ali kemijsko vežejo na površino makromolekul in jim s tem prinesejo efektivni
površinski naboj. V raztopini soli je posamezna makromolekula obdana z oblakom
nevtralizirajočih, nasprotno nabitih ionov, ki jih imenujemo protiioni, ter tudi z
ioni enakega predznaka – koioni. Za razumevanje obnašanja makromolekul je tako
potrebno razumeti predvsem obnašanje ionskih oblakov s katerim so obkrožene.
Teoretični opis takšnih večdelčnih Coulombskih sistemov se je pričel v prejšnjem stoletju, ko sta Louis Georges Gouy in David Leonard Chapman definirala
problem dvojne plasti, ki se nanaša na porazdelitev protiionov blizu nabite ravne
površine [11, 12]. Z nadaljevanjem Petra Debyea in Ericha Hückla [13] je prišlo
do razvoja znane DLVO teorije (Boris Derjaguin, Lev Landau, Evert Verwey, and
Theodoor Overbeek) [15, 16], ki je uspešno opisala stabilnost koloidov s kombinacijo
Poisson-Boltzmannovega elektrostatičnega odboja in van der Waalsovega privlaka.
Temelječ na uporabi teorije povprečnega polja, ki zanemari ionske korelacije, pa
teorije dvajsetega stoletja vseeno niso zmogle opisati močno koreliranih sistemov,
kot je denimo makroion v raztopini polivalentne soli.
Simulacije in eksperimenti so pokazali, da lahko prisotnost polivalentnih protiionov privede do privlaka med enako nabitimi površinami [18, 19]. Slaven primer
tega je denimo kondenzacija DNK [38, 39, 40]. Kot nenehen teoretični izziv so ti
pojavi morali počakati na razvoj modernih teorij coulombskih tekočin, ki temelje
na izpeljavi statistične vsote kot tudi funkcionalnega integrala fluktuirajočega elektrostatičnega polja [20]. Rudolf Podgornik in Boštjan Žekš sta pokazala, da pristop
razvoja teorije polja v sedelni točki ustreza Poisson-Boltzmannovi enačbi [21]. To je
utrlo pot k posplošitvi teorij, ki obravnavajo več pojavov iz elektrostatike koloidov
in hkrati podajo ustrezen teoretični opis eksotičnega privlaka med enako nabitimi
delci. Teorije polja so pokazale, da v primeru velikih nabojev prevladujejo enodelčni
prispevki, ki so poglavitni člen opisa v limiti močne sklopitve [24, 29, 77, 83, 84],
medtem ko po drugi strani v limiti šibke interakcije prevlada teorija poprečnega
polja. Ali Naji, Matej Kanduč in Rudolf Podgornik sta razvila ustrezen teoretični
opis te dihotomije, ki je hkrati pokril tudi asimetrične ionske raztopine s teorijo odetih ionov [10], in na ta način prispevala k fundamentalnemu razumevanju coulomb123

skih tekočin.
Kljub temu koraku so moderne teorije ostale omejene na ozek del parametrskega
prostora, kjer se naboj na površini makromolekul obravnava kot stalen. Na ta način
te teorije ne morejo opisati sistemov s fluktuirajočim nabojem, kot so na primer
proteini. Proteini namreč izkazujejo nenavadno obnašanje, ki se ga ne da zaobjeti
v znanih teoretičnih opisih. Iskanje ustrezne teorije, ki bi opisala ta zapleteni ples
proteinov, je bila zato moja glavna motivacija pri nastanku pričujoče disertacije.

H.1.1

Proteini, regulacija naboja in interakcija KirkwoodShumakerja

Proteini so makromolekule, sestavljene iz aminokislin, ki svojo biološko funkcijo
(kot so replikacija DNK, kataliza metabolnih reakcij, celično signaliziranje, imunski
odziv, ipd.) najpogosteje opravljajo v kompaktni kvartarni strukturi. V tej strukturi, vódeni z elektrostatičnimi interakcijami, lahko tvorijo proteinske komplekse,
kot so proteasom, DNK/RNK polimeraze, virusne kapside, . . . Za razumevanje vseh
teh pojavov je najbolj pomembno razumeti elektrostatiko, ki določa zapleteno obnašanje proteinov. To, kar proteine uvršča v posebno skupino eksotičnih delcev,
katerih obnašanja se ne da opisati s standardnimi teorijami coulombskih tekočin, je
njihova kompleksna struktura, ki vodi do spremenljivega naboja na njihovih površinah. Proteini so namreč amfoterične molekule zahvaljujoč aminokislinam iz katerih so sestavljeni. Vsaka aminokislina vsebuje poleg spremenljive stranske verige
(ki določa vrsto aminokisline) tudi karboksilno skupino −COOH, ki se obnaša kot
kislina (lahko donira proton raztopini), ter amino skupino −NH2 , ki se obnaša kot
baza (lahko sprejme proton iz raztopine). Ko se protein nahaja v raztopini, naboj
na njegovi površini fluktuira zavoljo sledečih procesov:
• deprotonizacija karboksilne skupine na stranski verigi asparaginske in glutaminske kisline, RCOOH −→ RCOO− + H+ ;
• deprotonizacija hidroksilne skupine v fenilni skupini tirozina,
ROH −→ RO− + H+ ;
+
• protonizacija amino skupine arginina in lizina, RNH+
2 −→ RNH + H in
+
+
RNH3 −→ RNH2 + H ;

• sekundarna amino skupina histidina lahko prav tako prispeva naboj,
+
RNH+
2 −→ RNH + H ;
• končne skupine: deprotonacija karboksilne skupine,
RCOOH −→ RCOO− + H+ , in protonacija α-amino skupine,
RNH2 + H+ −→ RNH+
3;
• tudi cistein lahko prispeva k naboju proteina, saj je njegova stranska veriga
tiol šibka kislina, vendar ga običajno ne upoštevamo, ker stranska veriga tvori
disulfidne vezi.
Zaradi protonizacije in deprotonizacije je naboj proteina odvisen predvsem od pH
vrednosti raztopine in je lahko pozitiven ali negativen. Vrednost pH pri kateri je
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protein elektronevtralen se imenuje izoelektrična točka. Sprememba pogojev v raztopini tako privede do spremembe naboja na proteinu; ta pojav se imenuje regulacija naboja. Kljub temu, da je Linderstróm-Lang uvedel ta koncept že pred
stotimi leti [89], moderne teorije ne upoštevajo regulacije naboja v svoji formulaciji
in tako izvzemajo proteine iz svojega okvira obravnave. Na ta način eksotični elektrostatični pojavi, kot je privlak med elektronevtralnima proteinoma, ostanejo brez
ustrezne razlage.
Pred petdesetimi leti sta Kirkwood in Shumaker prva prišla do tega pojava v
okviru klasične teorije statistične mehanike na nivoju preprostega perturbacijskega
razvoja [64, 65]. Brez upoštevanja regulacije naboja sta preučevala dva sferična
proteina s predpostavko, da ima en protein ν1 skupin intrinzičnega naboja ei , drugi
pa ν2 skupin intrinzičnega naboja ek . Tako je naboj na vsakem proteinu enak:
(1)

= ei + e0 xi ,

(2)

= ek + e0 xk ,

qi

qk

(1)

(1)

(2)

(2)

(1)

in sicer lahko fluktuira ter interagira elektrostatično kot
V =

ν1 X
ν2
(1) (2)
X
q q
i

k
(12)
i=1 k=1 Rik

.

(2)

Perturbacijski razvoj da neničelni prispevek v točki ničelnega naboja proteinov
(hq (1) i = hq (2) i = 0) v obliki:
2

W

(11)

2

1
h∆q (1) ih∆q (2) i
6= 6 .
(R) = −
2
2
2 R kB T
R

(3)

Tako imenovana Kirkwood–Shumakerjeva (KS) interakcija ima drugačno obnašanje
od van der Waalsove interakcije, ki je tipična za elektronevtralna telesa. Kirkwood–
Shumakerjeva interakcija ni univerzalna in obstaja samo v sistemih s fluktuirajočim
nabojem, skalira pa z nižjo obratno potenco razdalje, tako da je daljšega dosega od
van der Waalsove interakcije.
Teorija Kirkwooda in Shumakerja je bila kasneje potrjena z eksperimenti in
simulacijami, vendar je bilo fundamentalno razumevanje teh pojavov še vedno pomanjkljivo. Glavni cilj moje disertacije je predstaviti posplošen teoretični okvir, v
katerem je možno opisati pojave, ki nastopijo kot posledica regulacije naboja, in
na ta način teoretično zajema vso zapleteno koreografijo, ki nam jo predstavljajo
proteini plešoči po glasbi ionske raztopine v biološki snovi.

H.2

Interakcije površin reguliranega naboja v prisotnosti protiionov

Razumevanje pojava regulacije naboja je ključnega pomena za opis obnašanja proteinov. Kljub temu, da je ta tema področje raziskovanja že eno stoletje [59, 67, 68,
89, 93, 94, 95, 96, 97, 98, 99, 100], ostaja izziv njena vključitev v splošen teoretični
okvir zajemajoč interakcijo med proteini pri različnih pogojih. Zato v delu začnem z
najbolj preprostim modelom, ki ohranja najpomembnejše lasnosti regulacije naboja,
in sicer s študijo interakcij posredovanih preko protiionov, ki se nahajajo med dvema
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ravnima vzporednima površinama z enakomerno porazdelitvijo adsorbirajočih točk.
Enovalentni protiioni se nahajajo v vodi in so posledica disociacije na površini plošč.
Voda je opisana z dielektrično konstanto , medtem ko je prostor za ploščama opisan
z dielektrično konstanto 0 , tako da sistem vsebuje dielektrični skok, ki je tipičen
za biološke sisteme, kjer imamo običajno makromolekule z dielektrično konstanto
0 ∼ 2−5 in vodo z  = 80 pri sobni temperaturi. Obstoj dielektrične nehomogenosti
lahko privede do sil med ionskimi slikami [31]. Problem bomo obravnavali v sistemu
z dielektričnim skokom, pa tudi v primeru, ko sta dielektrični konstanti enaki, tako
da bomo dobili določen občutek o vseh vrstah interakcij, ki lahko vplivajo na obnašanje sistema. Ideja je formulirati ustrezen teoretičen okvir, ki uporablja orodja
iz teorije polja in s tem dovoljuje posplošitev na bolj komplicirane sisteme.
S formulacijo ustrezne statistične vsote kot funkcionalnega integrala elektrostatičnega potenciala smo dobili znano obliko, izpeljano za coulombske tekočine [21,
31], s prepoznavnim volumskim členom ter površinskim členom, ki potrebuje ustrezno posplošitev, da bi lahko opisal disociacijo na površini plošč. Do tega smo
dospeli s predpostavko, da namesto linearne sklopitve površinskega naboja z elektrostatičnim potencialom mora biti le-ta nelinearna funkcija potenciala, oziroma ima
obliko sledečega nastavka za površinski del:
I
I
2
i σ0 ϕ(r)d r −→ f (ϕ(r))d2 r,
(4)
kjer je f (ϕ(r)) splošna nelinearna funkcija lokalnega potenciala. Točna oblika
površinske energije ni univerzalna, ampak je odvisna od uporabljenega modela za
interakcijo med površino in ioni [117, 118]. Tukaj obravnavamo ’lattice-gas’ model,
ki sta ga v različnih kontekstih uvedla Fleck in Netz [119]. Naša površinska energija
dobi naslednjo obliko:


| σ0 | 
ln 1 + exp βµS + iβe0 ϕ(r) ,
(5)
f (ϕ(r)) = iσ0 ϕ(r) − kB T
e0
kjer je µS energija disociacije. V argumentu logaritma je moč prepoznati vsoto za
sistem nenabitega osnovnega stanja ter nabitega stanja z efektivno energijo βµS +
iβeϕ(r). V limiti βµS −→ ∞ so adsorpcijske točke povsem nedisociirane, površini
sta nenabiti in ni prispevkov k površinski energiji. V nasprotni limiti βµS −→ −∞
sta površini popolnoma disociirani in sistem se nahaja v režimu fiksnega naboja
f (ϕ(r)) = iσ0 ϕ(r).
Vsota celotnega sistema je obravnavana v limiti šibke sklopitve, kjer smo na
nivoju poprečnega polja dobili Poisson–Boltzmannovo enačbo z robnim pogojem,
ki točno ustreza Ninham–Parsegianovemu modelu regulacije naboja [59]. Limita
poprečnega polja da ravnovesno porazdelitev protiionov, ki ustreza minimumu celotne
volumske in površinske vsote. Pri odmiku iz povprečnega polja smo izračunali prvi
popravek v obliki Gaussovih fluktuacij in to je bil glavni izziv, saj smo pričakovali, da
bo eksotična elektrostatika skrita v popravkih na več zankah. Zaradi neenakomerne
porazdelitve protiionov v povprečnem polju, je bil to tudi zahteven matematični
izziv. To je uspelo izračunati tako, da smo pridobljene popotne integrale obravnavali analogno Feynmanovemu propagatorju polja za harmonski oscilator s časovno
odvisno frekvenco, in tako uspeli dobiti analitični in eksaktni prvi popravek k rezultatom povprečnega polja.
Izkaže se, da energija povprečnega polja privede do odboja med enako nabitimi
površinami. Vendar je ta odboj odvisen od kemijske energije disociacije, tako
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da lahko gre proti nič v primeru popolnoma adsorbiranih protiionov, ko površini
postaneta elektronevtralni. V tem primeru privlak, ki se dobi kot prvi popravek,
postane dominanten, tako da je celokupna interakcija privlačna. V primeru sistema
s fiksnim nabojem je prvi popravek vedno subdominanten v primerjavi z rezultati v
povprečnem polju. Na tem primeru vidimo, da ima regulacija naboja nezanemarljiv
vpliv na odboj v povprečnem polju ter vpliva na privlak v prvem popravku. Poleg
tega je izpeljana oblika fluktuacijskega privlaka splošen opis termalno-fluktuacijskih
prispevkov, kjer sta van der Waalsov privlak in Kirkwood–Shumakerjeva interakcija
neposredno vpeljana kot sklopljena prispevka, ki se lahko razklopita samo v primeru
določene limite. Van der Waalsov privlak se tako dobi v limiti ničte koncentracije
protiionov, medtem ko se Kirkwood–Shumakerjeva interakcija dobi v limiti ničtega
dielektričnega skoka.
Izpeljana teorija omogoča predvsem posplošen okvir, v katerem je moč obravnavati širok spekter lastnosti coulombskih tekočin. Ena izmed novosti, ki je posledica nelinearne površinske energije, je neničelna kapacitivnost. Dosedanje moderne
teorije coulombskih elektrolitov so obravnavale sisteme, kjer je kapacitivnost makromolekule enaka nič, kar je posledica približka fiksnega naboja. V našem primeru je
površinska kapacitivnost odvisna od rešitve v povprečnem polju ter vpliva na rezultate fluktuacijskega privlaka. Zaradi tega so dobljeni rezultati predvsem različni
od standarnega DLVO opisa, kjer van der Waalsov privlak nikoli ni bil odvisen od
rešitve v približku povprečnega polja [66].
Eksponent skaliranja fluktuacijskega tlaka kot funkcije razdalje med površinami
ima približno vrednost okrog −3 v režimu, ki ustreza površini s fiksnim nabojem
v raztopini protiionov; tam fluktuacijski tlak skalira točno po zakonu ∼ log D ×
D−3 [10]. Točna vrednost eksponenta skaliranja v primeru regulacije naboja zavisi
od površinsko-interakcijskega parametra b. V prisotnosti dielektričnega skoka sta
monopolni Kirkwood–Shumakerjev prispevek in dipolni van der Waalsov prispevek
sklopljena skupaj v fluktuacijskem tlaku. Če je sistem dielektrično homogen, ∆ 6= 0,
lahko določimo asimptotsko obliko skaliranja Kirkwood–Shumakerjevega prispevka.
V limiti majhnih razdalj gre ta eksponent proti −1, kot se pričakuje od Kirkwood–
Shumakerjeve interakcije. Za večje razdalje gre eksponent proti večjim vrednostim,
vendar ne pride do −3, kot se zgodi v primeru sistema s fiksnim nabojem.
Da dobimo občutek o moči privlačnega prispevka, primerjamo izpeljan fluktuacijski tlak s standardnim van der Waalsovim interakcijskim tlakom, pvdW =
−H(∆)/12πD3 [66], kjer je H(∆) Hamakerjev koeficient, za katerega vzamemo
vrednost 4.3 zJ [125]. V primeru velike dielektrične nehomogenosti (∆ = 0.95),
razdalje med ploščami D = 1 nm ter površinskega naboja gostote σ0 = 0.5 e0 /nm2 ,
dobimo naslednje vrednosti za tlake: van der Waals pvdW = −1.1 bar, fluktuacijski
tlak v primeru elektronevtralnih površin pb=100 = −1.3 bar ter fluktuacijski privlak
v primeru maksimalne nabitosti površin pb=0 = −0.8 bar. Kot je razvidno, so za
izbrani nabor parametrov tlaki primerljivi z van der Waalsovo interakcijo.
Za zaključek je potrebno omeniti, da naša metodologija jasno pokaže monopolno
naravo interakcije, ki nastane kot posledica regulacije naboja, in jo jasno razlikuje
od van der Waalsove dipolne fluktuacijske interakcije. Izpeljana oblika fluktuacijske
interakcije pokaže tudi, da te dve interakciji nista aditivni, ampak sta fundamentalno spojeni skupaj, tako da se lahko razklopita samo v ekstremnih limitah, ki
sta bodisi primer ničelnega dielektričnega skoka, bodisi primer ničelne površinske
kapacitivnosti. Bolj specifične napovedi, ki se nanašajo na disociabilne molekulske
127

skupine pri proteinih, so možne pri študijiu modelov, ki vključujejo vpliv interventne
soli v sistemih z regulacijo naboja. To bo tema naslednjih poglavij.

H.3

Interakcije točkastih makroionov reguliranega
naboja v prisotnosti monovalentne soli

Sistem vzporednih ravnih površin v raztopini protiionov je služil kot dober model
za postavitev ustreznega teoretičnega okvira za študiranje pojava regulacije naboja.
Zdaj se bomo osredotočili na vpliv soli na ta pojav in tako zajeli tudi pogoje, ki
so bolj podobni biološkim, kjer imamo ponavadi raztopine s tipično koncentracijo
monovalentne soli od 0.1 M in več, kot je primer za fiziološke raztopine.
Obravnali smo model dveh titracijskih sferičnih makroionov v raztopini monovalentne soli. Naboj na površini ni konstanten, ampak je opisan z preprosto energijo
disociacije, ki ustreza Nihnam–Parsegianovemu modelu, ki smo ga uvedli v prejšnjem poglavju, in sicer:
f0 (ϕ(r)) = iσ0 ϕ(r) − αkB T

σ0
ln (1 + b exp (iβe0 ϕ(r))),
e0

(6)

kjer α določa število disociabilnih mest, kemijska energija disociacije µ je vpeljana
kot ln b = −(pH − pK) ln 10 = βµS , kjer je pK disociacijska konstanta. Tu je
ϕ(r) lokalni fluktuacijski potencial, ki ga je potrebno integrirati iz enačbe, da bi
dobili končno površinsko vsoto. Poisson–Boltzmannov (PB) približek povprečnega
polja se dobi tako, da prepoznamo ϕ(r) −→ iφ = iφPB [126]. Celotna prosta
energija disociacije sferičnega makroiona s polmerom a0 je dovolj majhna, da lahko
predpostavimo enakomeren elektrostatični potencial na površini, ϕ(|r| = a0 ) = ϕ,
tako da lahko zapišemo
I
f (ϕ) =
f0 (ϕ(r))d2 r −→
S

−→ iN e0 ϕ − αkB T N ln (1 + b exp (iβe0 ϕ)),
(7)
R
kjer je N število adsorpcijskih mest, ki zadosti enačbo dSσ0 = N e0 , α > 1 je
koeficient asimetrije, ki določa širino intervala v katerem fluktuira efektivni naboj
delca e(φ) kot funkcija elektrostatičnega potenciala povprečnega polja na njegovi
površini, φ = φ(a0 ):
∂f (φ)
∂φ

 1

α
α
= e0 N ( − 1) − tanh − [ln b − βe0 φ] .
2
2
2

e(φ = φ(a0 )) =

(8)

Efektivni naboj makroiona tako fluktuira v intervalu −N e0 < e < (α−1)N e0 , α > 1.
V primeru α = 2 je interval v katerem naboj fluktuira simetričen [−N e0 , N e0 ]. Podani izrazi za regulacijo naboja so ekvivalentni ’lattice-gas’ modelu z variabilnim
številom disociacijskih mest. Ti izrazi bodo uporabljeni v izpeljavi celotne statistične vsote. Poudariti je treba, da ta oblika preproste površinske energije temelji
na približku majhnih makroionov,Htako da površinski potencial ni funkcija kotnih
spremenljivk, ampak velja f (ϕ) = |r |=a0 f0 (ϕ(r))d2 r.
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Ko fiksiramo fluktuacijski potencial na enem makroionu kot φ1 (a) = ϕ1 ter na
drugem kot φ2 (a) = ϕ2 , oba makroiona pa se nahajata v točkah z vektorjema r 1
in r 2 , lahko izpeljemo propagator polja v Debye–Hücklovi limiti, ki opiše dinamiko
elektrostatičnega polja med enim in drugim makroionom. Z upoštevanjem površinskih prispevkov na eksaktni ravni lahko izpeljemo statistično vsoto kot funkcional
vseh možnih vrednosti fluktuacijskega potenciala na makroionih ϕ1 in ϕ2 .
Tako smo izpeljali teorijo, ki temelji na dveh približkih: prvič, makroione obravnavamo kot točkaste (porazdelitev elektrostatičnega potenciala na površini je uniformna), in drugič, obdajajoča raztopina je obravnavana na Debye–Hücklovem nivoju
(potencial v raztopini soli je dovolj majhen, da lahko Poisson–Boltzmannovo enačbo
lineariziramo. Upoštevajoč različne vrednosti parametra asimetrije α smo obravnavali tri primere: simetrični sistem, sestavljen iz dveh identičnih makroionov z
nabojem, ki fluktuira v simetričnem intervalu; semi-simetričen sistem, pri katerem
naboj fluktuira v asimetričnem intervalu; ter asimetrični sistem, sestavljen iz dveh
nasprotno nabitih makroionov.
Izkaže se, da regulacija naboja privede do privlaka med makroioni tako v simetričnem kot v semi-simetričnem sistemu, in sicer za vrednost pH raztopine, kjer makroiona
dosežeta točko ničelnega naboja. Teorija je pokazala, da je ta privlak posledica
asimetrične fluktuacije naboja v režimu nevtralizacije naboja. Privlak je opažen
tudi v asimetričnem sistemu v primeru, ko je en makroion nabit, nabitost drugega
pa izgine. Pokazali smo tudi, da je privlak posledica sklopitve fluktuacije naboja na
enem ter celotnega naboja na drugem makroionu. Rezultati so dobljeni numerično
z izračunom izpeljane particijske vsote. Z Gaussovim približkom za binomski koeficient pri opisu disociacije na površini makroionov dobimo analitično interakcijsko
prosto energijo kot vsoto dveh prispevkov. Prvi opisuje odboj med enako nabitimi
makroioni in je odvisen od pH raztopine, tako da izgine v točki ničelnega naboja.
Takrat postane dominanten drugi člen, ki podaja fluktuacijski privlak. Izkaže se, da
ta privlačni člen v približni analitični obliki točno ustreza originalnemu Kirkwood–
Shumakerjemu rezultatu.
Parametri obdajajoče raztopine, kot sta pH ter koncentracija soli, tako igrajo
pomembno vlogo v sistemih z reguliranim nabojem in pri interakcijah delujočih
v teh sistemih. V vseh obravnavanih primerih je fluktuacijski privlak manjši v
raztopinah z večjo koncentracijo monovalentne soli, zmanjšan pa je tudi odboj med
enako nabitimi makroioni. To je skladno z učinkom senčenja. Večji privlak je opažen
v sistemih z večjim številom adsorpcijskih mest, kar povzroča močnejše fluktuacije
naboja.
Teorijo, izpeljano na tem modelu smo na to uporabili na sistemu makroionov,
ki so bolj podobni proteinom. To smo naredili tako, da smo v površinski energiji
disociacije upoštevali disociacijske konstante za nabite aminokisline, ki prinesejo
naboj proteinu: Z analizo dveh simetričnih sistemov, različnih v izbiri aminokislin,

pK

ASP

GLU

TYR

ARG

HIS

LYS

CYS

3.71

4.15

10.10

12.10

6.04

10.67

8.14

Table H.1: Vrednosti pK aminokislinskih funkcionalnih skupin v razredčeni raztopini [57].
smo prišli do rezultata, ki nam pove, da privlak v točki ničelnega naboja ni odvisen
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zgolj od števila adesorpcijskih mest, ampak tudi od kapacitete makroiona. Kakor
sta pokazala Mikael Lund in Bo Jönsson [60], se kapaciteta makroiona lahko zapiše
kot
1 ∂ẽ(φ)
∂ẽ(φ)
=−
.
(9)
h(ẽ − hẽi)2 i ∼ C =
∂(βe0 φ)
ln 10 ∂pH
Če je sprememba predznaka naboja kot funkcija pH raztopine dovolj počasna, da
se ustvari plato konstantnega naboja, to ustreza ničelni kapacitivnosti, ki ima za
posledico, da privlak v točki ničelnega naboja izgine. Pojav, da je kapaciteta specifična za vsak protein ter da je privlak premo sorazmeren kapaciteti, je bil tako
eksperimentalno opažen kot tudi potrjen s simulacijami [69]. Zdaj smo dobili tudi
ustrezni pionirski teoretični opis, na katerem lahko gradimo nadaljnje raziskovanje
interakcij med proteini.

H.4

Interakcije točkastih makroionov reguliranega
naboja v prisotnosti polivalentne soli

Sedaj se bomo osredotočili na problem interakcij, ki jih posredujejo polivalentni ioni.
Eksperimenti so pokazali, da prisotnost polivalentnih protiionov privede do dodatnega privlaka, tako med enako nabitimi makromolekuli kot med makromolekulami
reguliranega naboja v točki ničelnega naboja [133]. Kljub temu, da imajo v bioloških sistemih multivalentni ioni pomembno vlogo (denimo pri kondenzaciji semifleksibilnh biopolimerov [34, 35]), predstavlja ta problem poseben izziv, saj pred
tem ni obstajal noben teoretičen opis, ki bi napovedal obnašanje sistema reguliranih
nabojev v prisotnosti polivalentnih ionov.
Ob prisotnosti polivalentnih ionov v sistemu se šibka sklopitev zlomi, obstoj
Kirkwood–Shumakerjeve interakcije pa postane dvomljiv. Vendar obstaja teorija,
t.i. teorija odetih ionov [34, 35], ki temelji na asimetrični obravnavi različnih komponent sistema, ki jo bomo tu posplošili, tako da bo zajela tudi sisteme s spremenljivim
nabojem. Bistvo teorije oblečenih ionov je uporaba Debye Hückel pristopa šibke sklopitve za opis monovalentne soli, medtem ko se za multivalentno sol uporabi pristop
močne sklopitve. Na ta način dobimo odeto efektivno interakcijo med polivalentnimi
ioni.
Za model smo izbrali dva majhna sferična makroiona v raztopini monovalentne
soli ter polivalentne soli nizke koncentracije. Fluktuacija naboja na površini makroionov je opisana z enako površinsko prosto energijo kot v prejšnjem primeru, en. (7),
ki je veljavna v približku točkastih makroionov. Analogno teoriji oblečenih ionov
smo izpeljali ustrezno teorijo veljavno za pojave regulacije naboja. Prvi člen v tem
virialnem razvoju ustreza direktni interakciji med titracijskima makroionoma v raztopini monovalentne soli, medtem ko je prvi popravek k temu prispevek polivalentnih
ionov.
Izpeljana teorija pokaže, da prisotnost polivalentnih ionov privede do privlačnega
prispevka v celotni prosti energiji. V primeru, ko so makroion in polivalenti ioni
nasprotno nabiti, je ta privlak dovolj velik, da premaga odboj med enako nabitimi
makroioni. To se zgodi, ker so nasprotno nabiti delci močno sklopljeni, tako da se
znak takšnega sklopitvenega kompleksa spremeni. Ta fenomen je eksperimentalno
opažen v primeru silikonskih delcev z reguliranim nabojem [133]. V nasprotnem
primeru, ko so makroion in polivalentni ioni enako nabiti, ta privlačni prispevek
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ni dovolj močan, da bi premagal odboj. Dominanten postane zgolj na velikih razdaljah, ko odboj oslabi ter postanejo asimetrične fluktuacije naboja na površini
makroionov opazne. Eksperimenti so pokazali, da interakcije med delci reguliranega
naboja, posredovane z multivalentnimi koioni, nimajo velikega vpliva na DLVO
rezultate [106]. Najbolj pomemben rezultat naše teorije je opis interakcije v točki
ničelnega naboja. Takrat odboj kot rezultat šibke sklopitve izgine, prvi popravek
postane dominanten in prinese močan privlak med elektronevtralnimi makroioni.
Izpeljana oblika proste energije nam pove, da je ta privlak posledica interakcije med
ioni in induciranimi ioni. Tudi iz dobljenih rezultatov vidimo, da je ta vrsta interakcije precej močnejša od rezultata šibke sklopitve za Kirkwood–Shumakerjevo
interakcijo. Na ta način smo dobili splošno obliko za opis Kirkwood–Shumakerjeve
interakcije, posplošeno tako, da je veljavna tudi v režimu močne sklopitve, ter tako
utemeljili pot za bolj podrobno raziskavo elektrostatičnih interakcij med proteini.

H.5

Interakcije površin reguliranega naboja v prisotnosti polivalentne soli

Za razliko od modela točkastih nabojev, je v tem poglavju tema našega raziskovanja interakcija med površinami, kjer titracijska mesta zavzemajo neskončno ploščo,
tako da v termodinamski limiti dobimo končno porazdelitveno gostoto naboja na
površini. Takšen model bo pomemben za sisteme, pri katerih je razdalja med
nabitimi makroioni manjša od njihove velikosti. Končna velikost titracijskega makroiona bo privedla do dodatnih formalnih matematičnih težav, tako da bo naš cilj najti
načine, kako jih premagati ter priti do razumevanja, kako prostorska porazdelitev
fluktuirajočega naboja vpliva na skupno interakcijo takšnih površin v prisotnosti
polivalentih ionov.
Problem interakcij dvojnih plasti, posredovanih z multivalentnimi ioni, je bil
dolgo časa izziv za teoretike, ustrezen teoretični opis pa sta prva podala Matej
Kanduč in Rudolf Podgornik, leta 2010 za sistem s fiksnim nabojem, tako formulirajoč teorijo oblečenih ionov. Tukaj bomo razširili njuno teorijo tako, da bomo v
naš okvir vključili pojav regulacije naboja. Ker v literaturi ne obstaja teoretični
model za problem interakcije regulacijsko-nabitih delcev v prisotnosti multivalentih ionov, smo začeli s preprostim modelom, ki privzame enakomerno porazdelitev
adsorpcijskih mest na površinah ter predpostavi, da ni interakcije med sosednjimi
titracijsko nabitimi delci na površini. Plošče so potopljene v raztopini monovalentnih
in polivalentnih ionov. Cilj je dobiti posplošeno obliko za Kirkwood–Shumakerjevo
interakcijo, ki jo lahko primerjamo z van der Waalsovo interakcijo.
Naša izpeljava teorije temelji na dekompoziciji particijske vsote na nivoju virialnega razvoja, analognega teoriji oblečenih ionov. En del privede do opisa proste
energije med titracijskimi površinami v prisotnosti monovalentne soli na nivoju šibke
sklopitve, medtem ko drugi člen ustreza prvemu popravku, ki je prispevek polivalentnih ionov, obravnavanih na nivoju močne sklopitve. Oba člena upoštevasta
točno formo površinske proste energije, ki ustreza regulaciji naboja, podobno kot
v en. (5). Prvi prispevek smo definirali v obliki popotnega integrala v Fourier–
Besselovem prostoru ter dobili obliko podobno Feynmanovemu vzbujanemu harmonskemu oscilatorju. To je bil zapleten del računa zaradi nehomegenih fluktuacij
naboja na površinah, ki so prinesle dodatne matematične težave. Uporabljajoč
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metode iz teorije polja [124] smo dobili točno analitično obliko proste energije.
Vsota šibke sklopitve (ki opisuje sistem brez polivalentnih ionov v raztopini)
se loči na dva člena: prvi opisuje odboj med enako nabitimi površinami in je
odvisen od pH raztopine, medtem ko drugi opisuje privlak, ki postane dominanten v točki ničelnega naboja. Ta privlak predstavlja prepleteno van der Waalsovo in
Kirkwood–Shumakerjevo interakcijo. Interakciji se lahko ločita v limiti dielektrično
homogenega sistema, ko dobimo Kirkwood–Shumakerjevo interakcijo, ali pa v limiti
fiksnega naboja, ko ostane van der Waalsova interakcija. Intenziteti obeh interakcij
sta primerljivi.
Statistična vsota pri močni sklopitvi (ki opisuje prispevek polivalentnih ionov)
nam je dala privlačen prispevek k prosti energiji. V odvisnosti od predznaka naboja
na površinah je celotna interakcija lahko odbojna, če se polivalentni ioni obnašajo kot
koioni, ali pa privlačna, če se polivalentni ioni obnašajo kot protiioni. V primeru
koionov se lahko opazi privlak samo na velikih razdaljah, ko odboj oslabi zaradi
senčenja ter asimetrične fluktuacije naboja imajo večji vpliv. V primeru protiionov
je privlak močnejši za večje vrednosti naboja na površinah, pri večji koncentraciji
polivalentne soli ter manjšemu senčenju.
Kadar površini dosežeta točko ničelnega naboja pride do privlaka. Rezultati so
pokazali, da je ta privlak precej močnejši od privlaka v monovalentni soli. Razlog
za to je, da v monovalentni soli privlak izhaja iz monopolarnih fluktuacij naboja.
Tu polivalentni ioni prinesejo dodaten privlak, ki je posledica interakcije med ioni
in induciranimi ioni, kjer polivalentni ioni močneje inducirajo fluktuacije naboja na
površinah. Te fluktuacije so nehomogeno razporejene na površinah, zaradi česar
dobimo zapleteno obliko te interakcije.
Z izpeljano teorijo smo pokrili široko območje parametričnega prostora ter prispevali k bolj podrobnemu razumevanju problema dvojnih plasti, in s tem presegli
standardni opis, ki temelji na približku fiksnega naboja na površinah. Naša teorija
omogoča tudi razumevanje problema interakcije med proteini v močno koreliranih
sistemih, ki so pogosti v bioloških pogojih.

H.6

Zaključek

Za zaključek moramo izpostaviti, da naše delo predstavlja razširitev stoletja dolge
zgodovine teorij elektrostatičnih interakcij v fiziki koloidov. Coulombske tekočine,
sestavljene iz makromolekul v ionski raztopini, predstavljajo pomemben večdelčni
problem, zahteven za analizo zaradi dolgega dosega elektrostatičnih interakcij. To
je pustilo močan pečat pri razvoju znanstvenega področja, saj so teorije morale
biti omejene na majhen del parametrskega prostora, da bi relevantni približki obdržali svojo veljavnost, s tem pa je bil celoten postopek pridobivanja novih spoznanj počasen in postopen. Z uvedbo orodij iz teorije polja smo naredili pomemben korak pri modernem razumevanju coulombskih tekočin. Kljub temu so tudi
te moderne teorije ostale omejene na prostor parametrov, ki ustreza konstantnemu
naboju na makromolekulah. Ta približek je seveda daleč od resničnosti, še posebej v
svetu proteinov z disociabilnimi protoniranimi–deprotoniranimi aminokislinami. V
takšnih sistemih pridejo do izraza učinki regulacije naboja s fluktuirajočim površinskim nabojem kot glavnim vodilom. Pričujoča disertacija je namenjena posplošitvi
modernih teorij coulombskih elektrolitov z namenom razumevanja pojavov, ki nastanejo kot posledica regulacije naboja. Motivirani z izzivi iz fizike proteinov je v
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disertaciji predstavljen teoretični okvir, v katerem smo obravnali štiri probleme, ki
se nanašajo na regulacijo naboja makromolekul v ionski raztopini. Seveda so nekateri približki še vedno prisotni, vendar predstavljene teorije zajemajo vse osnovne
pojave, ki so prisotne med proteini ali pa katerimi drugimi objekti s spremenljivim
nabojem.
Kljub temu, da je napredek razumevanja eletrostatičnih interakcij med proteini
nezanemarljiv, je ostalo dovolj prostora za izboljšave in posplošitve. Kot prvo, veljavnost predstavljenih teoretičnih rezultatov je potrebno preveriti z računalniškimi
simulacijami, kar je načrtovano v bližnji prihodnosti. Poleg tega so obravnavani
makroioni opisani bodisi v limiti točkastih nabojev, zanemarjujoč prostorsko porazdelitev adsorpcijskih mest, bodisi z neskončnimi ravnimi površinami enakomerne
porazdelitve adsorpcijskih mest, kjer so interakcije med njimi zanemarjene. Oba
modela sta lahko še izboljšana in posplošena. Posebej zanimivo bi bilo videti, kako
krpaste porazdelitve naboja vplivajo na regulacijo naboja. Lahko bi se šlo globlje
v numeriko, kjer bi morali implementirati dobljene rezultate na primeru konkretnih proteinov. Kar se tiče nadaljnjega teoretičnega razvoja, bi bil naslednji korak
v našem opisu vključitev multipolnih momentov ter polarizacijskih učinkov, kar bi
prispevalo k boljšemu razumevanju osnovnih elektrostatičnih interakcij med proteini.
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