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Izvleček
V doktorskem delu proučujem prehod med antiferomagnetno fazo in Kondov izolatorjem v modelu Kondove mreže na kubični mreži pri polovični zasedenosti pasu.
Za reševanje problema sem uporabil dinamično teorijo povprečnega polja, kjer sem
problem nečistoče reševal z numerično renormalizacijsko grupo. V lokalni spektralni
funkciji v antiferomagnetni fazi sem odkril dodaten vrh, spinsko resonanco. Pojavi
se zaradi nepopolne kvazi-lokalne kompenzacije med efektivnimi polji elektronov c
in f. V neinteragirajočem sistemu bi zaradi nepopolne kompenzacije imeli majhno
energijsko režo. Ker je sistem močno koreliran, namesto tega opazimo ozke vrhove
- spinske resonance - in ponore. Spinske resonance so zelo robustne: opazimo jih
tudi na ostalih mrežah, pri vključitvi magnetnega polja in v periodičnem Andersonovem modelu. Z upoštevanjem nelokalnih korelacij z dvomestno dinamično teorija
povprečnega polja skupkov se poveča reža v antiferomagnetni fazi in v Kondovem
izolatorju, vendar spinske resonance v antiferomagnetni fazi ostanejo.
Proučeval sem tudi dimeriziran Hubbardov model na kubični mreži, kjer je
(1)
prekrivanje med dimeri tx večje kot ostala prekrivanja t. Za U = 0 sistem preide
(1)
(1)
iz kovine v pasovni izolator pri tx > 5t, medtem ko v Hubbardovi limiti, tx = t,
opazimo prehod v Mottov izolator pri UcCDM F T /6 = 2.2. Med Mottovim in pasovnim
izolatorjem ni faznega prehoda.

Ključne besede: močno koreliran, elektron, model Kondove mreže, Hubbardov
model, dinamična teorija povprečnega polja skupkov, numerična renormalizacijska
grupa, spektralna funkcija
PACS: 71.27.+a, 71.30.+h, 71.38.Cn, 72.15.Qm, 73.21.Ac, 75.20.Hr, 75.30.Mb,
75.50.Ee

Abstract
I study the transition from the antiferromagnetic to the Kondo insulator phase in the
Kondo lattice model on the cubic lattice at half-filling using the dynamical meanfield theory with numerical renormalization group as an impurity solver, focusing
on detailed structure of the spectral function and self-energy. Additional structures
inside the antiferromagnetic phase due to violation of quasi-local compensation are
found; in a non-interacting system, violation of the quasi-compensation would result
into an opening of a gap but because the system is interacting, there are spectral
weight peaks - spin resonances - and dips instead. Spin resonances are very robust:
they are found in other lattices, persist when magnetic field is added and also appear
in the periodic Anderson model. Including non-local correlations using the 2-site
cluster dynamical mean field theory increases the gap both in the antiferromagnetic
and Kondo insulator phase due to antiferromagnetic correlations.
I also study the phase diagram of a dimerized Hubbard model on the cubic lat(1)
tice, where the hopping between dimers tx is larger than other hoppings t. For
(1)
(1)
interaction U = 0 the system is a band insulator for tx > 5t, while for tx = t,
the metal-Mott insulator transition occurs at UcCDM F T /6 = 2.2t in 2-site cluster
calculations. I find a smooth crossover between the Mott and band insulator as we
change t(1) at constant U .

Keywords: strongly correlated, electron, Kondo lattice model, Hubbard model,
DMFT, cellular DMFT, numerical renormalization group, fine structure, spectral
function
PACS: 71.27.+a, 71.30.+h, 71.38.Cn, 72.15.Qm, 73.21.Ac, 75.20.Hr, 75.30.Mb,
75.50.Ee
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Terms and constants
A list of conventions, abbreviations and constants:
• ~ = 1, c = 1 and kB = 1 - we use this convention throughout the thesis.
• σ - the vector of Pauli matrices, σ = (σ x , σ y , σ z ). Pauli matrices are Hermitian
and unitary and are connected to spin symmetries but can be more generally
used to decompose any 2x2 Hermitian operator.


0 1
 - the x Pauli matrix.
• σx = 
1 0


0 −i
 - the y Pauli matrix.
• σy = 
i 0


1 0
 - the z Pauli matrix.
• σz = 
0 −1
• DMFT - Dynamical Mean field theory.
• RG - Renormalization Group.
• NRG - Numerical Renormalization Group.
• DFT - Density Functional Theory.
• LDA - Local Density Approximation.
• QMC - Quantum Monte Carlo.
• PAM - Periodic Anderson Model.
• HM - Hubbard Model.
• KM - Kondo Model.
• KLM - Kondo Lattice Model.
• [A, B] = AB − BA - commutator.
• {A, B} = AB + BA - anti-commutator.
15

• z - the frequency or Matsubara frequency. The argument z is used to indicate
any complex number but in practise, only z = ω ± iδ for retarded/advanced
functions or z = iωn for Matsubara function is used.
• G(z) - Green’s function.
• A(ω) - spectral function - spectral representation of Green’s function.
• Σ(z) - self-energy.
• ∆(z) - hybridization function.
• Γ(ω) - spectral representation of the hybridization function.
• e0 - elementary charge, e0 = 1.6021766208(98) · 10−19 As.
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Chapter 1
Introduction
The physical properties of many solids can be described within the independent
valence electron picture. This is not the case in materials with narrow bands (due
to small overlap of neighbour atom orbitals) and large on-site repulsion between the
valence electrons, where correlation is important. The materials with partly filled dand f-orbitals have observable correlation effects: the properties of transition metals
differ by several tens of percent from predictions of the density functional theory
band structure calculations [1], transition metal oxides can exhibit high-temperature
superconductivity [2] and localization (Mott insulator) [3, 4]. Strong correlation can
also result in a giant magnification of quasi-particles masses (100 − 1000 times the
mass of a free electron), the effect known as heavy fermions [5].
Experiments with strongly-correlated materials are in many instances not fully
explained because the theoretical treatment of those systems is difficult. Direct
solution using the exact diagonalization cannot be performed in the thermodynamical limit and thus suffers from finite-size effects. One can reliably calculate the
properties of one-dimensional systems with density matrix renormalization group
(DMRG) [6] or even obtain the exact solution using the Bethe ansatz [7]. Most
materials are, however, two- and three-dimensional. Their properties differ considerably from those one-dimensional materials. The theoretical treatment requires
approximations which make it difficult to identify if a specific feature is an artefact
of the approximation or a real feature of the material. Because of the presence
of many energy scales in strongly-correlated materials (temperature, bare parameters in the model, dynamically generated scales such as the Kondo temperature,
...), it is also difficult to isolate different physical phenomena. Even the choice of
the model and parameters may be a problem. This is the reason why the origin
of high-temperature superconductivity and many other phenomena is not yet fully
explained and the compounds with strongly-correlated electrons remain in the focus
of modern solid-state research.
It is useful to be able to solve the partial problem of an interacting impurity
coupled to a non-interacting bath of electrons, also known as the quantum impurity
problem. The simplest realization is the Kondo problem, a spin impurity in a metal
[8]. The full solution was given by Wilson using a non-perturbative numerical renormalization group (NRG) [9]. At low temperatures, the spin and the non-interacting
electrons form a singlet and a Kondo peak in the spectral function at the Fermi level
occurs. Narrow spectral features are commonly observed in strongly-correlated materials [1], which makes the understanding of their formation even more important.
17
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Solving a quantum impurity problem is difficult and requires numerically intensive
calculations. There are several approaches: the most popular are the Quantum
Monte Carlo (QMC) impurity solvers [10, 11] that samples configurations in the
partition space, the NRG and also the exact diagonalization, which replaces the
bath with a finite number of states and thus suffers from finite-size effects.
Currently, one of the most successful methods for strongly-correlated systems is
the dynamical mean field theory (DMFT) and its extensions [12, 13, 14]. It maps
the lattice model, for example the Hubbard model [15] or the Kondo lattice model
[16], to a quantum impurity problem. The couplings of the impurity to the effective
bath are calculated self-consistently. Instead of solving the lattice model, we are
therefore left with solving the quantum impurity problem iteratively until the selfconsistency condition is satisfied. The quality of the DMFT result depends heavily
on the quantum impurity solver we use in a specific parameter regime.
The DMFT assumes that the self-energy is purely local (no momentum dependence, only frequency dependence). This is true in infinite dimensions, where the
DMFT is exact. It was, however, shown that it is a good approximation even for
three- and some two-dimensional materials [12]. The DMFT was able to predict the
metal-Mott insulator transition, the spectral weight transfer, transport regimes and
their crossover, critical behaviour and much more [17].
One can partially include momentum dependence by including more sites - a
cluster - as the impurity, thus including correlations inside the cluster exactly [18,
19]. In this work, I devise the cluster DMFT (CDMFT) approach with the NRG
as an impurity solver. This gives access to nonlocal correlations, and thus brings us
closer to the goal of describing systems in finite dimensions. The CDMFT with the
QMC as an impurity solver has been successfully implemented; it proved to be a
very powerful method in description of the pseudogap [20, 21] and superconductivity
in the Hubbard model, as well as for the properties of the periodic Anderson model
[22, 23]. The main advantages of the NRG over QMC as an impurity solver in the
CDMFT approach are: 1) we have access to spectral functions on the real axis,
thus there is no need for analytical continuation, 2) we have access to really low
temperatures of the system, 3) there is no fermion sign problem that makes some
problem untraceable with CDMFT(QMC). The main disadvantage of the NRG as
an impurity solver is that it does not scale well with the size of the impurity, so we
are limited to small clusters. This work presents the first working implementation
of the CDMFT with the NRG as the impurity solver.
In the thesis, I study the physical properties of strongly-correlated models using
the DMFT and CDMFT, focusing mostly on the the paradigmatic Kondo lattice
model (KLM). The model is the minimal model for heavy fermion compounds [24].
It includes two bands: a band of itinerant electrons coupled to immobile moments.
The coupling is local at each site. Even though there is no interaction between the
itinerant electrons nor between the moments, the spin exchange term leads to a
strongly correlated material. Two competing phenomena are present in the KLM.
A magnetic moment at specific location induces a wave of Friedel oscillations in
the electron spin density, giving rise to power-law decaying oscillatory interaction
between the spins, also know as the RKKY (Ruderman-Kittel-Kasuya-Yosida) [25,
26, 27]. Such type of interaction favours antiferromagnetic (AFM) ordering near
half-filling. At the same time, the Kondo screening effect is present at each site,
forcing the system into paramagnetic state. The competition has been extensively
18

studied with mean-field and with the DMRG in one-dimension [28]. Recently, the
DMFT calculations have also been performed [29, 30, 31]. One is able to produce
the phase-diagram with the Kondo insulator and the AFM regime. The effect of
nonlocal correlations in still an open question. In this work, we shed some light on
their importance.
The thesis is organized as follows. Chapter 2 describes what strongly correlated
materials are, and why they are difficult to treat theoretical. Various theoretical
models are discussed, with the emphasis on the KLM. The chapter is followed by two
more technical parts of the thesis. The NRG quantum impurity solver is explained
in details in chapter 3. The derivation is kept as general as possible so it can be used
with the CDMFT. I also provide recipes how to implement some sections of code,
leaning on the experience I have gained developing my solution. In chapter 4, the
cluster DMFT equations are derived. These equation map lattice problem on the
impurity model with an additional self-consistent equation. I use the NRG as an
impurity solver but in general one can use any other quantum impurity solver within
the same (very similar) formulation. The central part of the work are the results
for the KLM, described in section 5. I focus on the detail structure of the spectral
function at half-filling for various values of couplings, discuss the effect of an external
magnetic field and the effect of nonlocal correlations by comparing the DMFT and
CDMFT calculations. In section 6, results for the Hubbard model obtained with
the CDMFT(NRG) are shown: high-resolution spectral functions at T = 0 and
reproduction the phase diagram. Additionally, I also study the two-layered material
setup, where the hopping alternates in one direction. We summarize our findings in
chapter 7.
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Chapter 2
Strongly Correlated Materials
The physical properties of many solids can be described by assuming that the valence
electrons are independent of each other. In the simplest approximation, one starts
with one-electron states in the periodic potential induced by the atomic core and
an averaged potential of valence electrons. The system has N valence electrons.
Because the valence electrons do not interact with each other, and there can be at
most one electron for each available quantum state (the Pauli exclusion principle),
we fill the lowest N one-electron states to describe the state of the material, as
shown in figure 2.1. [32]
This simple picture helps us understand behaviour in many metals, insulators
and also semiconductors if we account for doping effects, but there are also many
systems where this description fails completely because we have made some crude
approximations. We state those approximations here explicitly because many times
they are forgotten during discussions. They might be the source of specific errors.
We argue why some are and some are not important:

E

Eg

k
Figure 2.1: Band structure of an insulator with an indirect gap Eg . Full circles
represent filled electronic states (with spin up and down). In a real solid, the states
are much denser (of order of 1023 states per band) and form continuous bands (red
curve). The gap energy is the smallest energy that is needed to excite an electron
from filled band to an unoccupied band.
21
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• Thermal excitations have been neglected. At finite temperature, T > 0, the
states near the Fermi level are not either occupied or unoccupied but can be
fractionally occupied. The occupation of state is given by the Fermi-Dirac
distribution,
1
ni = Ei −µ
,
(2.1)
e kB T + 1
where ni is the average number of fermions (electrons) in state i with energy Ei ,
and kB is the Boltzmann constant. Here, µ is the chemical potential that tells
us, how much energy it costs to add another electron to the system at constant
volume and entropy [33]. At the same time it is also an energy level that is at
temperature T = 0 located between the energy of the last occupied state and
the next available unoccupied state. At finite temperatures, all states below
it have occupation more than 1/2 and all states above more than 1/2. For
gapped systems, the chemical potential lies somewhere in the gap. Considering
a typical bandwidth is a few eV in metals and the room temperature kB T =
1/40eV, changes when we go from zero to room temperatures are small when
considering only electronic properties. This is, however, not necessarily the
case for gapped systems. When doping semiconductors with gaps around Eg =
1eV or more, the Fermi level also changes position inside the gap significantly,
and what is more, it is also significantly temperature dependent. This is
because we get additional states inside the gap that bring another, smaller,
energy scale to the problem. One can argue that we can expect some sort of
temperature dependence in correlated system as well, because gap size and
bandwidth are not the only energy scales. We will, therefore, always treat
systems with finite temperature formalism.
• Valence electrons and ion separation - because the quantum energy levels of
core electrons and nuclei are so much below the Fermi level, we can treat them
as an unbreakable unit - an ion.
• Adiabatic (Born-Oppenheimer) approximation - because electrons are much
lighter than protons, we solve the problem in two sub-problems. The Schrödinger
equation for the valence electrons is solved in a fixed (static) configuration of
ions. Mostly we just fix the ions to a known lattice. The ions are slowly
adapting to the (averaged) electronic state and we can treat them in after we
have solved the electron problem [34]. One of cases when we cannot use this
approximation is when there is a non-trivial degeneracy, or near degeneracy,
of two or more of the single particle electron energies [35].
• Disregard ionic degrees of freedom - the lattice also has vibrational degrees
of freedom - phonons. They provide effective attractive interaction between
electrons and result in the Cooper pair formation. This is the main mechanism
for superconductivity in conventional superconductors [36].
• Homogeneous system - we treated the system as a perfect crystal of ions with
the valence electrons. The real materials, however, have impurities which
account for additional resistivity. The problem of magnetic impurities in the
metal is actually a correlated phenomenon with non-perturbative solution at
low temperatures [9].
22
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• Infinite system with periodic boundary conditions - sometimes systems are
really small and the boundary conditions matter. Nonetheless, we are dealing
with macroscopic systems, where the surface is negligible and the boundary
conditions are irrelevant. This also means that canonical and grand-canonical
ensemble almost always give the same results.
• Independent electrons - we treat the electrons as if they have no interaction
with each other, they only experience an effective field. This means that the
current position of one electron is totally independent of the position of the
other electron. If electrons interact strongly, this is not true. For example,
when two electrons reside near each other (for example on the same atom),
they repel each other and the energy is raised. Such states are thus less frequent. If the repulsion is really strong and the system is at half-filling, the
electrons localize because all the neighbouring atoms have an electron already
present. This is known as the Mott insulator [3] and is driven by correlations. Many other phenomena also arise specifically from the correlations:
heavy fermions (very big effective mass of quasi-particles) [5], magnetic ordering, transport properties anomalies, high-temperature superconductivity [2],
interplay of electric and magnetic properties ...
We focus on the materials with strong correlations. We therefore relax only the first
and last approximation. We will see that including only these aspects still requires
approximations. The list of other approximations, however, serves as a reminder of
what we neglect when solving the model.

2.1

Delocalised waves vs. localised particles

In band theory, the eigenstates are described with a wavevector k. If we look at
their wavefunction, each k state is delocalised over an entire solid,
Ψk ∼ eik·r uk (r),

(2.2)

where uk is a periodic function in the real space. The time spent near a specified
atom in the crystal lattice is very short. This goes hand in hand with broad energy
bands and large kinetic energies of the valence electrons. In such a situation, the
band theory works to a good approximation.
In some materials, however, the kinetic energy of the electrons is small (narrow
bands). This is a consequence of a small overlap between atomic orbitals,
trr0 ∼

Z

dr00 ξ ∗ (r00 − r0 )

~2 ∇2 00
ξ( r − r),
2m

(2.3)

where ξ(r − r0 ) are Wannier orbitals centred around the atom r0 . If the overlap t
between the nearest neighbours is small, electrons spend more time on a specific
atom. The average potential is no longer a good approximation because it depends
on the configuration of electrons on the lattice at that specific time. To estimate the
interaction between two electrons, we calculate the Columb interaction. It depends
23
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on distance, and is largest for two valence electrons with opposite spins on the same
site. We estimate it as
Z
U ∼ drdr0 |ξ(r − r0 )|2 Us (r − r0 )|ξ(r − r0 )|2 ,
(2.4)
where Us (r−r0 ) is the screened Columb interaction. The actual value of the screened
interaction is much lower than interaction because the valence electrons rearrange
themselves. The screening process is described by Lindhardt theory [32, 37]: for
non-interacting electron gas at T = 0 and weak perturbation, the effective potential
becomes
e0
e0 −r/rs
→
e
,
(2.5)
4π0 r
4π0 r
where rs is the screening distance and depends only on the density of states at the
Fermi level. The new form not only reduces on-site U , but reduces nearest neighbour
interaction even more significantly. This is the reason why it is reasonable to neglect
non-local interaction. One should also note that the screening only happens at low
energies, while the value of U at higher energies is larger and becomes unscreened
at high energies. We are therefore only modelling low-energy sector when using the
screened value.
The simplest Hamiltonian with correlations has a kinetic term that allows hopping
of the valence electrons between the atoms in the lattice and repulsion when the
electrons reside near each other. Written in the second quantization, it is [15]
X
X
X
H=−
trr0 c†ri cr0 i + 0
nri + U
nr↑ nr↓ ,
(2.6)
rr0 i

r

ri

where cri (c†ri ) annihilates (creates) an electron in Wannier state ξ(r0 − r) with spin
i =↑, ↓, 0 is the on-site energy of the electron, and nr0 i = c†ri cri . The first two
terms represent the kinetic energy and on-site energy, and can be diagonalized with
Fourier transform to
X
H0 =
(k + 0 )c†ki cki
(2.7)
ki

with
k = −

X

0

trr0 eik·(r−r ) .

(2.8)

r0

We have assumed translation invariance of the system here, trr0 = tr−r0 . The last
term in Eq. (2.6) represents on-site repulsion of the electrons. The model is schematically presented in Fig. 2.2.
The strongly correlated materials (low energy parts) may also include multiple
orbitals, spin-orbit coupling [38], Hund terms [39, 40], phonon coupling and repulsion
between different orbitals. Even the simplest model, the famous Hubbard model
(Eq. (2.6)), is not completely explored and we cannot reliably calculate physical
phenomena in all parameter ranges [1].

2.1.1

Materials with strong correlation and appropriate models

We would like to know what kind of materials have strong correlation. The basic
idea how to theoretically describe them is also outlined by assigning a typical model
to each category.
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2ε0+U

ε0

ε0

2ε0+U

ε0

0

0

t
t
t

ε0

ε0

2ε0+U

t

0

ε0

Figure 2.2: The Hubbard model in 2D. There are three possible on-site energies: 0
for unoccupied state, 0 for singly-occupied state (spin up or down) and 20 + U for
doubly-occupied state. Additional U is the result of the repulsion of the electrons
and is the source of correlation.
s
s

d
p

Figure 2.3: An example of a strongly correlated material; bond between transition
metal and oxygen. The overlap between partially filled d- (transition metal) and
p−orbital (oxygen) is small (small hopping, kinetic energy) and the electrons on d
orbital are not efficiently screened, resulting in strong correlations.

In 3d transition metals, 4s orbitals have lower energy than 3d and are filled first.
The overlap of 3d orbitals between neighbouring atoms is small because the lattice
spacing is given by largest filled orbitals, 4s, and 3d orbitals are further apart [1].
The 3d electrons are still itinerant and form a band. The screening in transition
metals is efficient because 3d band is not far in the energy form 4s band. Altogether,
the transition metals have correlation but it is not so extreme to produce locatisation. The standard band structure calculations for such materials show deviations
of order of a few ten percent for the width of the band [41]. Transition metals
also have magnetism below Curie temperature and fluctuating magnetic moments
in paramagnetic phase. There are all signatures of electronic correlations in such
materials. The Hubbard model (2.6) with small U can be used to describe such
materials [41, 42].
Transition metal oxydes are also correlated. The research in these compounds
exploded when high-temperature superconductivity (HTSC) has been found in BaLa-Cu-O in 1986 [2]. The unit cell has a transition metal with partly filled d-bands
that is coupled to oxygen’s p-orbital, see Fig. 2.3. There is no direct overlap
of transition metal’s orbitals. One can use the Hubbard model (2.6) to describe
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transition metal oxides in certain limits. This can be justified by taking an effective
hopping through oxygen as t ≈ t2pd /(d − p ) [1, 43], where tpd is hopping between
oxygen and transition metal and d,p are on-site energies. A somewhat more realistic
model is to also take into account oxygen p orbitals [43, 44]
H=−

X


X
X p
X
tpd d†ri pr0 i + H.c. + d
ndri + p
nr0 i + Udd
ndr↑ ndr↓ .

r,r0 ,i

ri

r0 i

(2.9)

r

One can trivially add direct oxygen-oxygen hopping tpp if necessary, as well on-site
repulsion on p-orbitals Upp or inter-site repulsion Upd .
The physics of strong correlations becomes even more apparent in materials with
partly filled f-shells, such as rare-earths (lanthanides, 4f is partly filled) and actinides
(5f is partly filled). These electrons tend to localise even more. These materials are
metals because other bands cross the Fermi level. An important class of materials,
named heavy fermions, is created by combining rare-earths (or actinides) with other
atoms, for example Ce3 Bi4 Pt3 , YbB12 , CeNiSn, SmB6 , and CeRh2 Si2 [45, 46, 47, 48].
The name of these compounds comes from extremely large effective masses of quasiparticles that ranges from 100-1000 times the mass of the free electron [48]. The
origin is the weak hybridization between the f- and broad conduction band. At high
temperatures, f electrons are asymptotically free, and act as immobile spins, i.e.
magnetic impurities. At low temperatures, however, the conduction electrons around
impurities form a singlet state with the f -moment (Kondo effect) [8], leading to the
formation of quasi-particle bands with mixed f- and conduction electron character
[5]. These bands have very flat dispersion. Altogether, the Fermi volume increases
because the f-electrons are also included in it, the effective masses is increased, and
interactions are changed significantly [5]. A minimal model that describes these
compounds is the Periodic Anderson Model (PAM) [49]
HP AM =

X
r,r0 i

trr0 c†ri cr0 i

+V

X

c†ri fri


X f
X f f
+ h.c. + f
nri + U
nr↑ nr↓ .

ri

ri

(2.10)

r

It describes the itinerant conduction band c with dispersion k , coupled with localized f states at each site with the coupling constant V . The screening in the
f-orbitals is inefficient so the repulsion (correlation) term U is retained. This model
can be further simplified when U  T and V is small, resulting in the paradigmatic
Kondo lattice model (KLM) [24],
HKLM =

X

trr0 c†ri cr0 i + J

r,r0 i

X
r

scr · sfr ,

(2.11)

P
where sc,f
scr = 12 ij c†ri σij crj
r is the spin of c or f electron on site r respectively, e.g. 

1
and the effective coupling J is connected to the PAM as J = V 2 |1f | + |U +
. For
f|
the symmetric Anderson model where double occupied and unoccupied states have
the same energy, i.e. f + U/2 = 0 , the coupling is J = 4V 2 /U . The model can
be derived by using the second order perturbation by projecting out unoccupied
and doubly occupied f states [50]. A one dimensional representation of the KLM is
given in Fig. 2.4.
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Figure 2.4: The Kondo lattice model on a chain. One unit cell is encircled. Blue
(and green) dots are coupled with t and represent the itinerant conduction band.
At each site, a dot is coupled to a spin with coupling constant J.

2.2

Dimensionality, lattices

Up until now, we have not considered the geometry of the model. It plays an essential
role: properties of one-dimensional (chain) lattices are qualitatively different from
the properties of 2D or 3D materials. We also focus on bipartite lattices, i.e. lattices
where we can label sites with A and B in such a way that A sites are only connected
to B sites and vice versa. If the lattice does not have this property, additional
frustration occurs when considering antiferromagnetic order, and we will not deal
with these phenomena.
A very common bipartite lattice structure used in theoretical calculations is the
d-dimensional cubic lattice with nearest neighbor hopping (trr0 6= 0 only for r and
r0 nearest neighbours). The coordination number, the number of links at each site,
is z = 2d. An important quantity is the density of states for the non-interacting
system, defined by
Z
dd k
δ( − k ),
(2.12)
ρ() =
(2π)d
where k is the energy with wave vector k,
k = −2t

d
X

cos ki .

(2.13)

i=1

One can obtain analytical expressions for many lattices, or calculate the sum
numerically for sufficient number of k points. ρ for cubic lattices are shown in
Fig. 2.5(left). One-dimensional lattice has sharp band edges, while two-dimensional
lattice has singularity at ω = 0. The three-dimensional lattice is more regular but
still has van-Hove singularities.
Theoretically, we can also calculate the density of states for more dimensional
cubic lattices. What one sees is they become smoother, and for d = ∞, the lattice
is Gaussian function due to central limit theorem. We are interested in model with
infinite number of neighbours because in that limit, Metzner and Vollhardt [12] have
shown that the self-energy is local. This greatly simplifies those problems and may
provide another limit for calculations. If we require that the kinetic term does not
diverge, we must scale the hopping as t → √t2d . The density of state is
ρ∞ () = √

1
2πt2

2 /2t2

e−

.

The graphical representation of the DOS is shown in Fig. 2.5(right).
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Density of states for hypercubic and Bethe
Density of states for 1D, 2D and 3D cubic
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Figure 2.5: (left) Density of states for cubic 1D, 2D and 3D lattice. (right) Scaled
density of states for Bethe and hypercubic lattice.
Another important artificial lattice in infinite dimensions is the Bethe lattice.
Each site
√ has infinite coordination (we have to scale hopping elements again as
t → t/ z) and there are no loops. The density of states is
ρBethe =

1 √ 2
4t − 2 , || < 2t.
2πt2

(2.15)

We now discuss why we can treat one-dimensional and infinite-dimensional systems easier than anything in between. In one-dimension, if the electron leaves one
site, it comes to the same site through the same path. The situation is the same
when we have many neighbours; hopping from site a → b → a has a prefactor zt2 ,
while path a → b → c → a has a prefactor zt3 and is negligable when we have
infinite number of neighbours after scaling the hopping. All loop paths are therefore
absent in one- and infinite-dimensions, what greatly simplifies the problem. The
absence of loops, however, does not mean that the solutions of one-dimensional or
infinite-dimensional systems are similar. One can expect that properties of three
dimensional system, for example cubic lattice with 8 nearest neighbours, are closer
to properties of scaled infinite-dimensional system than one dimensional system because the fluctuations are really strong in 1D systems (no phase transitions). In
these cases, the infinite dimensional system is therefore a starting point of calculation, which we try to improve by considering more processes on the lattice if we
need to.

2.3

Ensembles and additional interactions in the Hamiltonian

The system can be simulated at constant energy (microcanonical ensemble), constant particle number (canonical ensemble) or at constant chemical potential (grandcanonical ensemble). It is often easiest to work in grand canonical ensemble with a
fixed chemical potential instead of fixing the number of particles in the system. In
this case, the density operator is e−βKµ , where
X
Kµ = H − µ
c†rσ crσ .
(2.16)
r,σ
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and β = 1/kB T . One can calculate the average of operator O by
hOi =

Tre−βKµ O
.
Tre−βKµ

(2.17)

Even if we would like to simulate system at specific site occupancy n, we work
with chemical potential µ that results in the expected occupation hni(µ). We allow
fluctuations of particle number but they are negligible in the thermodynamic limit,
and the results in either the canonical or grand canonical ensemble are same in the
bulk system.
Magnetic field couples to magnetic moments of spins. The intrinsic magnetic moment µi of a spin-1/2 particle with charge −e0 , mass m, and spin angular momentum
S, is
gs e0
µi = −
s,
(2.18)
2m
where gs is the dimensionless g-factor that is equal to 1 for normal rotation but
is predicted to be gs ≈ 2 for electrons via quantum electrodynamics. Electrons in
certain orbitals have an additional magnetic moment equal to
µl = −

e0
L,
2m

(2.19)

where L is the orbital angular moment. The additional contribution to the external
magnetic field B is therefore equal to
HB = −(µi + µl ) · B.

(2.20)

We are usually dealing with s-orbitals or a system at fixed occupancy, where the
contribution from µl coupling is not relevant (just a shift in the energy). All the
constants can be included in B and the interaction is written as
HB = −s · B

(2.21)

for each spin in the system.
There are other very important interactions in solid state physics not mentioned
above. Some of them play a dominant role in real materials; for example, the effect
of the Hund rules (the effective Hund’s coupling) in a multi-orbital system is as
important as the interaction U away from half-filling [40]. Similarly, the spin-orbit
coupling is important in various systems [38].
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Chapter 3
Numerical Renormalization Group
The quantum impurity problem concerns a small interacting system coupled to
a non-interacting bath. The non-interacting part can be solved analytically but
the properties of the full problem are non-trivial. The nature of such problems is
non-perturbative so finite series expansion treatment results in divergences at finite
temperatures [8]. This is the problem of the wide range of energies that need to be
considered to reliably solve the problem [9]. A well known example is the Kondo
problem [49, 50, 51],
X †
k ckσ ckσ + Jsf · sc ,
(3.1)
H=
k,σ

where the conducting electrons (annihilated by ckσ ) are coupled to the impurity
spin sf with spin-exchange coupling J. The local spin is coupled
of the
P to the† spin
1
1
c
electrons at specific site. We can write the term as s = N k,k0 ,σ,σ0 ckσ 2 σσ,σ0 ck0 σ0 ,
where σ is the vector of Pauli matrices. The physics of Kondo model is governed
by a single energy scale TK , the Kondo temperature: well above TK , the spins
are asymptotically free while well below TK , a many body singlet state between
the spin and the conduction electrons is established, increasing the scattering and
thus decreasing conductance of the metal [8, 9]. The crossover region near TK is
the hardest to handle and requires the use of sophisticated numerical algorithms.
Perturbative treatments cannot obtain the analytical dependence of TK on J because
of its non-analyticity, namely ln TK ∝ −1/J [52], and thus one must employ other
methods to solve this problem in all parameter regions.
There exists a palette of numerical methods to solve the quantum impurity problem. One can use exact diagonalization of the impurity coupled to discretized bath
or even a solver based on equation of motion where one adds more and more equations to solve the impurity problem [53]. One of most used solvers is the Quantum
Monte Carlo (QMC) [54], especially the continuous-time QMC (CT-QMC) [55, 56].
It stochastically samples configurations in the imaginary time using the Metropolis
algorithm. There are, however, sign problems when the size of the impurity grows, or
when there are non-local interactions. It works well for high temperatures and scales
polynomially with the increasing number of the degrees of the impurity system. The
main problem of the QMC is that low-temperature behaviour is time-consuming to
simulate and, probably more importantly, the observables are only calculated in
the imaginary time. For example, to obtain the real-frequency spectral function,
analytical continuation techniques have to be used [57, 58, 59] that introduce new
uncertainties to the result.
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An efficient way to treat the quantum impurity problem is using the numerical
renormalization group (NRG) [9, 60, 61, 62, 63, 64]. It is the technique of choice
for low temperature but it also extends well to relatively high temperatures. In this
work, we have used the NRG Ljubljana framework. The NRG Ljubljana is an opensource implementation of the numerical renormalization group. It was developed
and is maintained by Rok Žitko. It is highly extensible and has been applied to
many different problems: the Kondo problem, single, double and triple quantum
dot problems [65], the Anderson model, Kondo lattice model and several extended
models. The framework is built on top of Mathematica library SNEG [66] that
allows easy specification of any general Hamiltonian (impurity, hybridization and
non-interacting bath part) in the second quantitization notation.
The basic idea of the NRG is outlined in the next section, followed by sections
about implementation details. We focus on aspects that are new or directly relevant
to this work and skip known or less important aspects. The derivation is sufficiently
general to be applicable to cluster problems discussed in the following chapter.

3.1

Basic algorithm

The Hamiltonian of the quantum impurity problem can be written in the form
H = Himp + Hbath + Himp−bath ,

(3.2)

where Himp is the part of the Hamiltonian containing only impurity creation (anhilation) operators d†i (di ), Hbath only bath degrees of freedom c†ki in a non-interacting
(quadratic) form, and Himp−bath mixes impurity and bath degrees of freedom and
must also be quadratic in operators, d†i ckj . The NRG can be applied to such a
system regardless of the form of Himp . This means that Himp can include Coulomb
repulsion term (quartic in operators, i.e. d†i d†j dk dl ) or any other non-quadratic form
that is prohibited in other parts of the Hamiltonian, as well as additional degrees of
freedom like phonons, spins, or electronic sites.
The influence of the bath on the impurity is completely determined by the hybridization function Γ(ω). This is done by integrating out the bath degrees of freedom
(section 3.2). The resulting impurity action contains only impurity operators and
Γ(ω). We have effectively transformed the problem to a one dimensional. All the
information about the couplings, energy levels in bath and the dimensionality of the
bath is contained in the hybridization function that only depends on the energy.
The NRG then works in several stages
1. Division of the hybridization function Γ(ω) into a set of logarithmic intervals
and reduction of the continuous Γ(ω) to discrete set of states with energy
levels and couplings to the impurity operators.
2. Transformation of the problem to a semi-infinite chain form.
3. Iterative diagonalization of the chain.
4. Analysis of the many-particle energy spectra, matrix elements etc. to calculate
static and dynamic properties of the quantum impurity model.
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Figure 3.1: The schematic NRG procedure. 1) The hybridization function is discretized in logarithmic intervals. 2) Discretization of intervals. 3) Mapping of the
problem to a semi-infinite chain.
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Figure 3.2: The NRG iteration. b) The Hamiltonian for the chain length N is first
scaled by Λ1/2 . c) A new site in added and the basis is extended by all possible
states (direct product). Then the Hamiltonian HN +1 is diagonalized, resulting in
a new set of eigenvalues and states. d) The new eigenstates are truncated to keep
the problem solvable for long chain lengths. Information about the system above
truncation is lost in further NRG iterations.

The first three parts of the procedure are shown in figure 3.1. The logarithmic
discretization is the core of the NRG. Quantum impurity models are often characterized by energy scales orders of magnitude smaller than the parameters inside the
model. An example is the Kondo temperature that is exponentially dependent on
J. In order to treat them, the standard uniform discretization would require too
many states. The NRG discretization parameter Λ defines a set of points on the
grid ±Λ−n , n = 0, 1, ...N and two successive points define an interval, as shown in
figure 3.1.1. The continuous function in each of the intervals is represented as a
single state (figure 3.1.2) that is coupled to the impurity; this is indeed an approximation as we would need to include all states for exact treatment. The Hamiltonian
is then mapped to the semi-infinite chain (figure 3.1.3), where the impurity is the
first (left-most) element. The hopping elements usually scale exponentially with the
distance from the impurity, tn ∝ Λ−n/2 . This is the direct result of the logarithmic
discretization. We cannot solve the semi-infinite chain directly because we could
only exactly diagonalize short chains due to the exponential growth of the Hilbert
space. The renormalization group principles help solve this problem: the chain at
certain length is a description of the system in certain energy window. Adding an
additional site provides better description of low lying energy states but does not
provide many changes to the high energy part of the problem; we can therefore crop
that part of the solution out. Given a solution of chain of length n, adding one√
site
corresponds to decreasing the low energy part of the window by a factor of Λ.
Adding a site increases the Hilbert space by a fixed factor (4 in case of a single
orbital). We can diagonalize the new problem of chain length n + 1 and keep only
the low-lying states to describe the problem in a new energy window. The size of
matrices we need to diagonalize is therefore kept fixed as one goes along the chain.
The properties of the impurity are calculated from many-body excitation energies
and matrix elements. [67]
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3.2

Hybridization function and discretisation

The first step is integrating out the bath and describing it with the hybridization
function. It provides mapping of several (similar) Hamiltonians to one another. If
two Hamiltonians have the same action, they are physically the same and solving
one is the same as solving the other. In the NRG, the action correspondence is
used to convert the lattice Hamiltonian to a one-dimensional Hamiltonian because
the logarithmic discretization in the energy space has to be performed in the energy
representation.
The derivation when the band hybridizes spin up and spin down separately has
already been given in [68]. Here, we show how to construct the coefficients for a
generic impurity Hamiltonian without any symmetries:

X
X
∗ †
H = Himp +
(3.3)
˜kij c̃†ki c̃kj +
Ṽkij d†i c̃kj + Ṽkij
c̃kj di ,
kij

kij

where ˜kij represent the on-site energies of the band operator c̃, while Ṽkij describe
the coupling of the impurity to the bath. The index i = 1, ..Ns in ci can represent
spin, sub-lattice, orbital and/or any other degrees of freedom, while the index j in
ckj represents the bath degrees of freedom. The number of i and j indices need not
be equal. The impurity Hamiltonian Himp can consist of any number of di operators,
but there must be no bath operators in the term.
The first transformation is the diagonalization of ˜kij since for each k, the matrix
˜
k is Hermitian:



0 ···
 k1



†
Uk ˜
k Uk =  0 k2 · · · .


··· ··· ···

(3.4)

Defining operators in a new basis, ck → Uk c̃k and c†k → c̃†k Uk† , and using Vk = Ṽk ·Uk ,
we get

X
X
†
†
∗ †
ki cki cki +
Vkij di ckj + Vkij ckj di .
(3.5)
H = Himp +
ki

kij

Hence the Hamiltonian can always be transformed in a form with diagonal onsite terms, while the coupling term keeps full matrix dependency. We define the
hybridization function in the matrix form,
Γij (ω) = π

X
kl

∗
Vkil Vkjl
δ(ω − kl ).

(3.6)

The hybridization describes how the electron hops from state j on the impurity to
bath and hops back on the impurity to state i, as we will see shortly in the derivation
where we integrate bath degrees of freedom and this expression replaces the bath.
Note, however, that the hybridization is a complex, positive definite quantity. We
can extend the function to the complex plane via
Z
∆ij (z) =

dω
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where z is a complex number off the real axis. It is usually the quantity of interest
in the dynamical mean field theory so we need a way to transcribe from and to it
from Γ. To obtain the representation on the real axis, one uses
Γij (ω) =

i
[∆ij (ω + iη) − ∆ij (ω − iη)] .
2

(3.8)

Note that we evaluate ∆ just above and below the real axis. This relation becomes
1
= P x1 − iπδ(x) if Γ is real.
Γij (ω) = −Im∆(ω + iδ) using x+iδ
We would like to find a mapping to a continuous band Hamiltonian,
H = Himp +

XZ
i

1

−1

dgi ()a†i ai

+

XZ
ij

1

−1



d hij ()d†i aj + h∗ji ()a†j di .

(3.9)

Here, we have introduced a one-dimensional energy representation of the states ai
with dispersion gi () and hopping to the impurity hij (). The energy cut-offs are
chosen to be in the interval [−1, 1]; we can simply rescale the energies to transform
it to this window. We would now like to relate the coefficients ki and Vkij (or the
hybridization) to functions gi () and hij ().

3.2.1

Mapping on a continuous problem

The coefficients are not unique but a general relation that must hold can be derived
using the action formalism. Because we deal with fermions, Grassmann algebra is
required to the write action. The partition function of the model (3.5) is
Z
Z1 =
imp

Z

†
Πki Dψki
Dψki eS1 ,

(3.10)

where the integration goes over all impurity Grassmann variables (χ+
i (τ ), χi (τ ) and
+
other impurity variables), and band Grassmann variables ψki
(τ ) and ψki (τ ). The
action is given by
S1 (χ, χ† , ψ, ψ † ) =Simp (χ, χ† , · · · )

Z β X
∂
†
− ki ψki
(τ )ψki (τ − )
+
dτ
∂τ
0
ki
Z β X

†
∗
−
dτ
(τ )χi (τ − ) .
Vkij χ†i (τ )ψkj (τ − ) + Vkij
ψkj
0

(3.11)

kij

We have replaced ordered operators with Grassmann variables in correct time slices
(cki → ψki (τ − ), c†ki → ψki (τ )). The Simp represents action on the isolated impurity
that depends on χ and maybe some other Grassmann numbers, but not on ψ. The
integration in Eq. (3.11) is actually representation for sum over Nβ time slices. We
are interested in the limit Nβ → ∞. We now explicitly write out the time slices,
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χi (τ ) ≡ χi,n and χi (τ − ) ≡ χi,n−1 (and the same for ψ),
S1 (χ, χ† , ψ, ψ † ) =Simp (χ, χ† , · · · )

Nβ
β XX
†
−
ψki,n−1
ki ψki,n
Nβ n=1 ki
Nβ

β XX
†
∗
−
Vkij χ†i,n ψkj,n−1 + Vkji
ψkj,n
χi,n−1
Nβ n=1 kij

+

Nβ
X
X
n=1 ki

†
ψki,n
(ψki,n−1 − ψki,n ).

(3.12)

The last term comes from the derivative. We have to integrate over the bath degrees
of freedom to obtain the action only concerning the impurity operators. Because the
bath Grassmann variables only appear in the expression linearly and quadratically,
we can use the Gaussian integral formula for Grassmann variables:
Z

#

"
Dψ † Dψ exp −

X

ψi† Gij ψj

+

X

ψi ζi†

+

X

i

ij

=

i

#

"
= (detG)−1/2 exp −

ψi† ζi

X

ζi† (G−1 )ij ζj .

(3.13)

ij

Reshaping the action (3.12) and integrating over all ψ, the effective action is

Seff,1

Nβ
β2 X X X
∗
Vkil Vkjp
χ†l,n χp,m (G−1
= Simp (χ, χ , · · · ) + 2
1,k )nl,mp ,
Nβ k n,m=1 ij,lp
†

(3.14)

with


−I

0

···







G1,k = I − β/Nβ k −I · · · .


···
··· ···

(3.15)

The first subscript of G1,k signals that G is part of action Seff,1 , while the second
index is k-dependence; there is a different matrix for each k. The matrix indices are
(n, l) for rows and (m, p) for columns; the l, p indices are represented using matrix
(bold) notation inside the matrix G1,k . Also, note that k is diagonal in the internal
space.
The derivation of the effective action for the Hamiltonian (3.9) is derived in a
similar way
Z Z
†
(3.16)
Z2 =
Πki Dψki
Dψki eS2 ,
imp
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with
S2 (χ, χ† , ψ, ψ † ) =Simp (χ, χ† , · · · )
Nβ
Z
β XX
†
−
dgi ()ψi,n
()ψi,n−1 ()
Nβ n=1 i
Nβ
Z


β XX
†
†
∗
−
d hij ()χi,n ψj,n−1 () + hji ()ψj,n ()χi,n−1
Nβ n=1 ij
+

Nβ
X
XZ
n=1

i

dψi,n ()(ψi,n−1 () − ψi,n ()).

(3.17)

The effective action is
Seff,2

β2
= Simp (χ, χ , · · · )+ 2
N
†

with

Z
d

Nβ
X
X

hil ()h∗jp ()χ†l,n χp,m (G−1
2 ())nl,mp , (3.18)

n,m=1 ij,lp



−I

0

···







G2 () = I − β/N g() −I · · · ,


···
··· ···

(3.19)

where g() is a diagonal matrix. To compare actions, we first use that G1 and G2
are diagonal in l, p index, and we can rewrite the sum over l, p to only sum over l
in both effective actions (3.14) and (3.18). We can also rewrite the sum over k in
(3.14) using the relation
Z
X
X
−1
∗
∗
Vilk Vjlk (G1,k )nl,ml = d
Vilk Vjlk
δ( − kl )(G1, )−1
(3.20)
nl,ml .
k

k

Because G1,k only only depends on k through k , we can change the notation to
G1 (k ) ≡ G1,k . We now require (G1 (gl ())−1 = (G2 ())−1 : there might be other
possibilities but we can fix this condition and try to find a correspondence of actions
in this form. If we want the action to be the same, all the coefficients must be the
same for every i, j, n, m, , and we get
Z
Z
X
X
−1
∗
∗
Vilk Vjlk
δ( − kl )(G1 ())−1
d
hil ()hil ()(G1 (gl ()))nl,ml = d
nl,ml , (3.21)
l

l,k

where gl and hil are functions to be determined. Changing the order of sum and
integration, and for each sum, changing the integration variable of the left side,
xl = gl (), one obtains
XZ
∂fl (xl )
dxl
hil (fl (xl ))h∗jl (fl (xl ))(G1 (xl ))−1
nl,ml =
∂x
l
l
Z
X
∗
Vilk Vjlk
δ(x − kl )(G1 (x))−1
= dx
(3.22)
nl,ml ,
l,k
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with fl (x) the inverse of gl (x).
Comparing both sides, we arrive at the equation that must hold for all i, j and
x:
X ∂fl (x)
1
hil (fl (x))h∗jl (fl (x)) = Γij (x),
(3.23)
∂x
π
l
where we have used the definition of the hybridization (3.6) for the right part. We
are now free to choose hil (x) and fl (x) in any way to satisfy this equation.
Probably the simplest scheme is to choose linear dispersion in the continuous
model, gl (x) = x, meaning that fl (x) = x. The matrices hil and Γij are Hermitian,
and we can use eigenvalue decomposition
h(x)h† (x) =

√ 1
1
1 √
1
Γ(x) = UDU† = (U √
D)( D √ U† )
π
π
π
π

(3.24)

where D is diagonal with nonegative elements because Γ is positive definite, Γ > 0,
therefore we take the square root of D element-wise. Γ > 0 follows from the definition in Eq. (3.6); it is constructed by VV† that is positive definite by construction
for each k, and because each part of the sum is positive definite, the final expression
is also positive definite. The numerics sometimes gives non-positive definite values
in certain points, so we must perform clipping by adjusting negative eigenvalues to
0. We can therefore express h(x) as
1 p
Γ(x).
h(x) = √
π

(3.25)

1−n−z
, where the
We now perform logarithmic discretization of energies x±
n = ±Λ
corresponding intervals In± are [−xn , −xn+1 ] and [xn+1 , xn ]. The Λ paramater is
typically around 2 for high precision single band calculations but it can be as high
as 8 and still give reliable results, especially for static properties. Decreasing Λ
increases the computation cost exponentially. The parameter z in range [0, 1) is
used to create many different discretizations; this is often more effective way to the
desired continuum limit Λ → 1 as we can easily perform many NRG procedures in
parallel and average over the result [69, 70]. Even though this is not the same as
reducing the Λ, it is a very efficient way to increase precision of the calculations
because it scales linearly with the number of the discretizations used, Nz . We
typically use Nz = 8 (z = 0, 1/8, 2/8, 3/8, 4/8, 5/8, 6/8, 7/8) different discretizations
and average the results over them, but values as high as Nz = 64 are useful. One
can think of z-averaging (or twist averaging) as taking a different set of intervals
with the same hybridization function, and averaging over those realizations to avoid
finite size effects. In each interval, we only allow constant wave function created by
an operator a†nσα . We set hij by averaging over the interval, and obtain
!
!
Z ±,n
Z ±,n
X ±,n ±,∗n
X
1
1
±,∗
±
d
hil ()hjl () d =
dΓij () (3.26)
hil hjl
=
dn
πdn
l
l

where we have just taken the average value of h in each of the integrals. Using the
relation (3.25), we can express it using the hybridization,
s
Z ±,n
1
±
hn = √
dΓ().
(3.27)
πdn
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The approximation made in this discretization scheme is that we neglect all nonconstant wave functions at each interval (p 6= 0). In most NRG discretization
schemes this is justified by saying that the impurity does not couple to those states,
and they are therefore a correction in the next order. In our scheme, the impurity
states couple also to p 6= 0 states that we simply drop out of the calculation, so we
can expect further artifacts compared to other schemes. These artefacts, however,
still go to zero in the continuum limit Λ → 1.
We can now rewrite the discretized conduction energy part of Eq. (3.9) on a
specific interval as
Z
Z
±,n

±,n

dgi () →

 · d,

(3.28)

Combining all the above expression, we get a logarithmically discretized Hamiltonian

X
+ †
− †
H = Himp +
ξni
ani ani + ξni
bni bni +
ni
"
#

1 X †X +
−
√
γnij anj + γnij
d
bnj + h.c.
π ij i n

with
±
γnij

Z

1/2

±,n

dxΓ(x)

=

(3.29)

(3.30)
ij

and
±
ξn,i

1
=
dn

Z

±,n

x · dx.

(3.31)

Note that linear dispersion is not the only possible way to discretize. A more
sophisticated approach is to first set h to a constant value in each interval (step functions) and the try to find best possible candidate for gl (). This way, the impurity
really couples directly only to kept states, and we recover the usual NRG argument
why we can leave those states out. We formulated this method as a least square
minimization with the constraint that gl () is bijective but have had limited success.
The major problem is that the least square minimization sometimes converges to
local minimum, and the overall coefficients do not always respect the symmetries
of the hybridization. At the time of writing the thesis, an alternative approach to
discretization in eigenvector basis, possibly with less artefacts, has been presented
in Ref. [71].

3.3

Semi-infinite chain

The next step is to map the problem on semi-infinite chain - construct the Wilson
chain. We introduce matrix notation for operators an ,


an,1






 an,2 
 and a†n = a†n,1 , a†n,2 , ..., a†
an = 
(3.32)
n,N ,


 ··· 


an,N
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and similarly for b and semi-infinite chain operators f . They all obey the anticommutator relations

(3.33)
an , a†n = 1.
Using new definitions, we can rewrite the Hamiltonian in the matrix form,
X

H = Himp +
a†n ξn+ an + b†n ξn− bn
n


1 X † +
+√
d γn an + d† γn− bn + a†n (γn+ )† d + b†n (γn− )† d .
π n

(3.34)

Note that γn± and ξn± are all Hermitian N × N matrices. Known derivations deal
with real matrices but they can be complex as well: magnetic field or any cluster
computation have complex coefficients.
We now define the semi-infinite chain using a transformation
X
X

†
fn =
(Unm am + Vnm bm ) ,
fn† =
a†m U†nm + b†m Vnm
,
m

m

an =

X

bn =

X

U†mn fm ,

a†n =

X

†
Vmn
fm ,

b†n

X

m

†
fm
Umn

m

=

†
fm
Vmn ,

(3.35)

m

m

where fn are vectors with N components. In the matrix form, we can write the
above expression as
 


a
f = U V ·  .
(3.36)
b
There is an orthogonality relation
X

†
Umn U†mn + Vmn Vmn
=I

(3.37)

n

present for each m because they represent transformation to a new basis and the
normalization of the wavefunction must be preserved. The matrices Unm and Vnm
depend on 4 indices; two for the internal space: i, j = 1, ...N , an index that is
connected to the number of f states: m = 0, 1, 2, ..., Nf represents index in the chain,
and an index that represents the interval in the star Hamiltonian, n = 0, 1, ..., Nint .
The Hermitian U† conjugation is performed only on the internal space. The impurity
couples directly to f0 . It is therefore equal to (from Eq. (3.34)),
p −1 X

f0 =
(3.38)
ζ
γn+ an + γn− bn ,
n

where
ζ=

X
n


γn+ · γn+ + γn− · γn− .

(3.39)

We can take the matrix square root of ζ because it is positive definite and invertible.
The coefficients of unitary transformation are
p −1
p −1
U0n =
ζ
γn+ ,
V0n =
ζ
γn− .
(3.40)
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This transformation is unitary (first row of matrix coefficients sums to an identity matrix) due to proper normalization. Together with the transformation of the
conduction band using Eqs. (3.35), the Hamiltonian has the form
H = Himp +

X

fl† Uln ξn+ U†mn fm

+

†
fm
fl† Vln ξn− Vmn

n,m,l



r 

ζ
+
d† f0 + f0† d . (3.41)
π

We are looking for a transformation to the semi-infinite chain form, explicitly written
as

 rζ 
X
†
†
†
†
d† f0 + f0† d .
(3.42)
H = Himp +
fn n fn + fn tn fn+1 + fn+1 tn fn +
π
n
We can now compare these two equations. We treat the f0 operator separately
because it is at the end of the chain. The comparison gives us the equality

X †
†
+ †
− †
fl Uln ξn U0n + fl Vln ξn V0n = f0† 0 + f1† t†0 .
(3.43)
n,l

By taking the left anti-commutator {f0 , ·} and using the relation {f , f † A} = A, we
obtain

X
†
0 =
U0n ξn+ U†0n + V0n ξn− V0n
.
(3.44)
n

We can now express f0† 0 with operators an and bn . In Eq. (3.43), we can rewrite
left fl† operators back to an and bn , insert the expression of f0†  and get



X 
† †
†
†
†
+ †
†
− †
f1 t0 =
an ξn U0n − U0n 0 + bn ξn V0n − V0n 0 .
(3.45)
n

By anti-commutation of
 the †above expression with Hermitian conjugate of itself,
and using the relation Bf , f A = BA, where A, B are matrices, t0 is obtained:
t0 t†0

=

X h

U0n ξn+†

n

+



V0n ξn−,†

−

−

†0 U0n

†0 V0n



†
+ †
ξn U0n − U0n 0 +


i
†
− †
ξn V0n − V0n 0

(3.46)

All the matrices entering in the above equation are Hermitian, therefore the result
is also a Hermitian matrix. The hopping matrix t0 is positive definite, so we just
take the matrix square root to obtain it. We do not show that t > 0 is given by
construction but it seems to be the case in all our simulations (this is the same as
t > 0 in NRG chain construction).
Expanding the left side of Eq. (3.45) into operators an and bn and comparing
the coefficients, the U1n and V1n are expressed as

  −1
U†1n = ξn+ U†0n − U†0n 0 t†0
,

  −1
†
†
†
V1n
= ξn− V0n
− V0n
0 t†0
.
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With the same procedure, we now treat operators fm , m > 0. Comparing the
semi-infinite chain Hamiltonian in Eq. (3.42) and Eq. (3.41) yields

X †
†
†
†
− †
†
+ †
m + fm−1
tm−1 + fm+1
t†m .
(3.48)
fl Uln ξn Umn + fl Vln ξn Vmn = fm
n,l
†
, ·}, the on-site energy matrix is obtained
Again taking the anti-commutator {fm
X

m =
Umn ξn+ Umn + Vmn ξn− Vmn .
(3.49)
n

We proceed by writing the Eq. (3.48) in term of operators an , bn ,
X
 X † †

†
a†n ξn+ U†mn + b†n ξn− Vmn
=
Umn an + Vmn b†n m
n

n

+

X

+

X

U†m+1,n a†n

+

Vm+1,n b†n



t†m

n


U†m−1,n a†n + Vm−1,n b†n tm−1 .

(3.50)

n
† †
Expressing fm
tm and calculating the anti-commutator between it and its Hermitian
form allows us to calculate tm (one additional term compared to Eq. (3.46)),


X h
†
†
†
†
+†
+ †
†
tm tm =
Umn ξn − 0 Umn − tm−1 Um−1,n ξn Umn − Umn m − Um−1,n tm−1 +
n



i
†
†
†
−,†
− †
†
Vmn ξn − 0 Vmn − tm−1 Vm−1,n ξn Vmn − Vmn m − Vm−1,n tm−1
(3.51)

New coefficients are expressed as


−1
U†m+1,n = ξn+ U†mn − U†mn m − U†m−1,n tm−1 t†m
,


−1
†
†
†
†
Vm+1,n
= ξn− Vmn
− Vmn
m − Vm−1,n
tm−1 t†m
.

(3.52)

Altogether, a set of recursive relations for the orthogonal transformations has been
derived. In the implementation, it is important to calculate in high precision (using
arbitrary precision arithmetic). A good value is more than 3000 mantissa bits.
We also force normalization (unitary) of transformation, Eq. (3.37)), after each
iteration. Another important strategy is to enforce the symmetries, especially for
bigger matrices. We use mask of zeros and ones to enforce zero entries in matrices ξn
for the parts that should be 0. This is important because small errors can escalate
exponentially in Wilson chain iterative procedure. It is important to check that
no such symmetery breaks occur for the chain lengths considered. As a rule of a
thumb, one can simulate chain lengths of around 65 for 4 active complex coefficients
(for example full 2 × 2 matrices) and around 25 for 8 coefficients (for example 4 × 4
matrices with half elements enforced to 0 due to symmetry). This seems to be
sufficient in practice because we do not need many coefficients due to large Λ in big
problems.
We have tested the program by comparing the eigenvalues of initial and transformed Hamiltonian with Himp = 0; they match to arbitrary precision.
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H1

Λ1/2H2

ΛH3

Λ3/2H4

EF

Figure 3.3: A schematic energy description of iterative diagonalization of HN .
Longer chains with truncated basis (truncation is indicated by stripes) describe
system in lower energy range.

3.4

Iterative diagonalization

The exact diagonalization of the discretized Hamiltonian (3.29) for long chain lengths
would be prohibitive. For a single-channel (single conduction band index) calculations, the number of states in the chain of length N is 4N and soon becomes
unsolvable.
The renormalization group concepts enter the problem. The chain Hamiltonian
can be viewed as a series of Hamiltonians HN (N = 0, 1, 2, 3...) which approach H
in the limit N → ∞ as
H = lim HN
(3.53)
N →∞

where we have defined a finite chain Hamiltonian corresponding to the Eq. (3.42)
of the chain lenght N :
√

X ξ ij  †
†
√
di f0j + f0j di +
HN = Himp +
π
ij
Nβ
X
ijn=0

†
nij fni
fnj

+

N
−1
X

tnij



†
fni
fn+1j

+

†
fn+1j
fni



.

(3.54)

ijn=0

The hopping terms tn scale as Λ−(N −1)/2 , and the Hamiltonian series adds more
and more lower energy degrees of freedom in each step. The physics at the energy
scale Λ−(N −1)/2 is well described by HN . In the RG, we typically check how model
parameters scale upon renormalization and look for their fixed points. In the NRG,
we characterize the flow with the energies EN (r),
HN |riN = EN (r)|riN , r = 1, ...NNs .

(3.55)

We have introduced NNs eigenstates |riN corresponding to eigenvalues EN (r).
To avoid the exponential growth of the Hilbert space while diagonalizing HN ,
we introduce an iterative scheme. Let us assume that we have solved HN and
obtained the eigenstates |riN . The HN +1 will better describe the system but the
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difference between HN and HN +1 will be essentially only at low energy. It is a direct
consequence of the logarithmic discretization, as such energy seperation does not
appear when the semi-infinite chain is built on uniformly discretized band. To solve
HN +1 , we build a basis |riN +1 using the eigenstates of HN and add an additional
site:
O
|riN +1 = |riN
|f i,
(3.56)
where |f i are the possible states of the additional f site. For the KLM with two
conduction chains, we have S = 16 possible states (2 electrons per site, two sites). In
this basis, we diagonalize the HN +1 and obtain eigenstates EN +1 (r) and eigenvalues
|riN +1 . Because of the energy-scale separation we can truncate the basis
{|riN +1 , r = 1, 2, ...NNs · S} → {|riN +1 , r = 1, 2, ...NNs +1 }

(3.57)

and only focus on the low energy states, thus avoiding the Hilbert space growth.
There are several ways to control the truncation: we limit the maximum number
for states kept (usually not the limit but just a precaution, we set this value to
8000), we also specify the minimum number of kept states, and most importantly,
we truncate states based on an adaptive technique where we keep states with energy
criterion
EN (r) < Ecutoff ,
(3.58)
where Ecutoff = 10Λ−(N +1)/2 appears to be a good value. Additionally, the truncation
is never made between degenerate or nearly degenerate states because they should
be included in blocks.

3.4.1

Using symmetries of Hamiltonian

Using symmetries in the NRG is important not only to significantly speed up the
computation but also to prevent artificial symmetry breaking that tends to occur
due to numerical precision issues [9, 72, 73]. In this section, we describe how to
add symmetries to NRG iteration procedure and show how to calculate the required
coefficients for a practical example when charge and z-component of spin are good
quantum numbers, and extend this symmetry to a two-site cluster.
Example: QSZ symmetry for one channel chain
Let us assume that we are at iteration N , where the Hamiltonian HN is already
diagonalized. We can divide eigenvalues at iteration N to sectors (multiplets) with
conserved quantum numbers (Q, S z ), and we label the states using |Q, Sz , riN notation, where r = 1, ...rmax indicates the indices of the block/multiplet. Q describes
the charge relative to the half-filling case

X †
†
Q=
fi↑ fi↑ + fi↓ fi↓ − 1 ,
(3.59)
i

while Sz is the projection of the total spin to z axis

X †
†
Sz =
fi↑ fi↑ − fi↓ fi↓ .
i
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Adding an impurity in N + 1 iteration expands the Hamiltonian by the factor of 4
as we add states |0i, | ↓i = fN† +1,↓ |0i, | ↑i = fN† +1,↑ |0i and | ↓↑i = −fN† +1,↓ fN† +1,↑ |0i.
We have explicitly written out the construction since the order of operators is very
important, as well as the chosen signs. We use the SNEG Mathematica package to
construct the basis and choose the signs according to qszbasis built by this package.
We would like to construct possible states on the chain of length N + 1, again
with conserved (Q, Sz ), by combining the sectors and a new site. The following
combinations are possible for (Q, Sz ):
|Q, Sz , r, 1i ≡ |Q + 1, Sz , riN
|Q, Sz , r, 2i ≡ |Q, Sz + 1, riN
|Q, Sz , r, 3i ≡ |Q, Sz − 1, riN
|Q, Sz , r, 4i ≡ |Q − 1, Sz , riN

⊗ |0i
⊗ | ↓i
⊗ | ↑i
⊗ | ↑↓i

(3.61)

We now construct the matrix of HN +1 = HN + hdN +1 + hoN +1 , where
hoN +1 =

X


†
tN σ fN,σ
fN +1,σ + H.c. ,

σ

hdN +1

=

X


N +1σ fN† +1,σ fN +1,σ + H.c. ,

(3.62)

σ

and HN is the Hamiltonian of the chain length N . In each sector, the HN +1 can be
written in (Q, Sz ) basis (3.61). The previous iteration eigenvalues EN (Q, Sz , r) are
diagonal elements of HN +1 ,
hQ, Sz , r, 1|HN |Q, Sz , r, 1i = EN (Q + 1, Sz , r)
hQ, Sz , r, 2|HN |Q, Sz , r, 2i = EN (Q, Sz + 1, r)
hQ, Sz , r, 3|HN |Q, Sz , r, 3i = EN (Q, Sz − 1, r)
hQ, Sz , r, 4|HN |Q, Sz , r, 4i = EN (Q − 1, Sz , r).

(3.63)

We copy those values back to the matrix from previous iteration. Additionally, we
need to add on-site elements of hoN +1 . They contribute as an additional constant
blocks on the diagonal, namely
hQ, Sz , r, 1|hdN +1 |Q, Sz , r0 , 1i = 0

hQ, Sz , r, 2|hdN +1 |Q, Sz , r0 , 2i = N +1↓

hQ, Sz , r, 3|hdN +1 |Q, Sz , r0 , 3i = N +1↑

hQ, Sz , r, 4|hdN +1 |Q, Sz , r0 , 4i = N +1↑ + N +1↓ .

(3.64)

The last terms are the hopping terms from site N to N + 1 that contribute in
diagonal block sectors. They mix the operators from previous and current iteration.
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There are only a few non-zero combinations:
hQ, Sz , r, 1|hoN +1 |Q, Sz , r0 , 2i =

†
|Q, Sz + 1, r0 iN · tN ↓ h0|fN +1,↓ | ↓i
hQ + 1, Sz , r|N fN,↓

hQ, Sz , r, 1|hoN +1 |Q, Sz , r0 , 3i =

†
hQ + 1, Sz , r|N fN,↑
|Q, Sz − 1, r0 iN · tN ↑ h0|fN +1,↑ | ↑i

hQ, Sz , r, 2|hoN +1 |Q, Sz , r0 , 4i =

†
hQ, Sz + 1, r|N fN,↑
|Q − 1, Sz , r0 iN · (−tN ↑ )h↓ |fN +1,↑ | ↓↑i

hQ, Sz , r, 3|hoN +1 |Q, Sz , r0 , 4i =

†
|Q − 1, Sz , r0 iN · (−tN ↓ )h↑ |fN +1,↓ | ↑↓i
hQ, Sz − 1, r|N fN,↓

(3.65)

A special care must be taken considering the order of the operators. The minus
sign in the above expression comes from permuting the left h↑ | = h0|fN +1,↑ over
†
operator fN,↓
. Because all additional site operators come in pairs, we can move them
outside to the right side and evaluate them separately. The right brakets can be
easily evaluated, h↑ |fN +1,↓ | ↓↑i resulting in −1, and all other resulting in 1. These
coefficients constitute the second part involving operators fN +1 . We still need to
evaluate the first terms in Eq. (3.65). They depend on the operators fN in the
representation of the previous iteration |iN . As in this stage we do not know how
the operators fN appear in these states, we have to calculate these coefficients for
all possible pairs in the previous iteration where the local states indices are not yet
collapsed to a single index within a symmetry group, (r̄, ī) → r. A state at N − 1-th
iteration is again composed of a direct product of N − 1-th states (indexed by Q̄, S¯z
and r̄) and a local state, again labelled by ī = 1, 2, 3, 4. In this representation, we
can calculate the coefficients as fN operators only appear in the local states:
0
†
hQ̄, S¯z , r̄, ī|N fN,↓
|Q̄0 , S¯z , r̄0 , j̄iN =
0
†
hQ̄ − q̄i , S¯z − s̄i,z , r̄|Q̄0 − q̄j , S¯z − s̄j,z , r̄0 i · hī|fN,σ
|j̄i.

(3.66)

The left term can be calculated using available matrices from previous iteration
(from eigenvectors), while the coefficients of the right term must be supplied. This
are indeed the same coefficients as in the case of the second term in Eq. (3.65),
but without the minus sign because there are no unpaired operators we need to
propagate fN though. Using these coefficients, the NRG code calculates all possible
irreducible coefficients at the end of each iteration. The system uses local site
quantum numbers to match all possible subspaces, and then uses the coefficients
based on ī and j̄ indices to produce the correct factors. These can then be used in
new iteration if needed. This closes the NRG iteration, and one is able to calculate
static quantities at each iteration step.
To compute additional operators, however, one needs coefficients for each of them
as well. The evaluation is very similar to the procedure described above.
Example: QSZ symmetry, two site cluster
We now extend the discussion to a two site cluster with conserved charge and spin z
projection. The new states now get an additional index, s = A/B, and we construct
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the basis:
|Q, Sz , r, 1i ≡ |Q + 2, Sz , riN
|Q, Sz , r, 2i ≡ |Q + 1, Sz + 1, riN
|Q, Sz , r, 3i ≡ |Q + 1, Sz + 1, riN
|Q, Sz , r, 4i ≡ |Q + 1, Sz − 1, riN
|Q, Sz , r, 5i ≡ |Q + 1, Sz − 1, riN
|Q, Sz , r, 6i ≡ |Q, Sz + 2, riN
|Q, Sz , r, 7i ≡ |Q, Sz , riN
|Q, Sz , r, 8i ≡ |Q, Sz , riN
|Q, Sz , r, 9i ≡ |Q, Sz , riN
|Q, Sz , r, 10i ≡ |Q, Sz , riN
|Q, Sz , r, 11i ≡ |Q, Sz − 2, riN
|Q, Sz , r, 12i ≡ |Q − 1, Sz + 1, riN
|Q, Sz , r, 13i ≡ |Q − 1, Sz + 1, riN
|Q, Sz , r, 14i ≡ |Q − 1, Sz − 1, riN
|Q, Sz , r, 15i ≡ |Q − 1, Sz − 1, riN
|Q, Sz , r, 16i ≡ |Q − 2, Sz , riN

⊗ |0iA ⊗ |0iB
⊗ |0iA ⊗ | ↓iB
⊗ | ↓iA ⊗ |0iB
⊗ |0iA ⊗ | ↑iB
⊗ | ↑iA ⊗ |0iB
⊗ | ↓iA ⊗ | ↓iB
⊗ |0iA ⊗ | ↓↑iB
⊗ | ↓iA ⊗ | ↑iB
⊗ | ↑iA ⊗ | ↓iB
⊗ | ↓↑iA ⊗ |0iB
⊗ | ↑iA ⊗ | ↑iB
⊗ | ↓iA ⊗ | ↓↑iB
⊗ | ↓↑iA ⊗ | ↓iB
⊗ | ↑iA ⊗ | ↓↑iB
⊗ | ↓↑iA ⊗ | ↑iB
⊗ | ↓↑iA ⊗ | ↓↑iB

(3.67)

There are 16 possible ways to construct |Q, Sz i state from the previous iteration. The
global hases of states are not important but must be used consistently! The ordering
†
†
†
†
of new site operators in states |iA |iB is fA↑
fA↓
fB↑
fB↓
. This is very important to get
all the signs correct.
The Hamiltonian for N + 1 chain is written as HN +1 = HN + hdN +1 + hoN +1 , where
the hopping from site N to N + 1 and the on-site terms are now more complicated,


X
†
hoN +1 =
ts1 ,s2 ,σ fN,s
f
+
H.c
(3.68)
N
+1,s
,σ
2
1 ,σ
s1 ,s2 ,σ

and
hdN +1 =

X



s1 ,s2 ,σ fN† +1,s1 ,σ fN +1,s2 ,σ + H.c .

(3.69)

s1 ,s2 ,σ

The indices s1,2 = A/B refer to sub-lattices; there can be hopping between sites
A/B, but the Sz component of spin is still conserved as there is no hopping between
the up and down subspaces (They are diagonal in σ space). Otherwise, if there is
hopping between up and down spins, only Q is conserved, and the calculations are
significantly slower.
The coefficients that involve s1 6= s2 are not diagonal in block indices, as an
electron with spin index σ can hop to the other site with the same σ. The hopping
†
part consists of operators in the form ts1 ,s2 ,σ fN,s
f
, which we can again split
1 ,σ N,s2 ,σ
into two parts:
†
hQ, Sz , r, i|N +1 ts1 ,s2 ,σ fN,s
f
|Q, Sz , r0 , jiN +1 = ts1 ,s2 ,σ ·
1 ,σ N +1,s2 ,σ

†
hQ − qi , Sz − si,z , r, i|N fN,s
|Q − qj , Sz − si,z , r0 , jiN
1 ,σ

(−1)qi hi|fN +1,s2 ,σ |ji
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(3.70)

3.5. Static properties
The local states |ii are defined with appropriate signs, according to the labelling in
Eq. (3.67), and have quantum numbers qi and si,z The factor (−1)qi comes from
permutating the fN +1 operators over fN† (the only one not appearing in pairs). From
the left term, non-zero values are possible if qj − qi = 1 and sj,z − si,z = σ. What
†
is left is the matrix element hQ − qi , Sz − si,z , r, i|N fN,s
|Q − qj , Sz − si,z , r0 , jiN ,
1 ,σ
which we calculate in the previous iteration.

3.5

Static properties

We use energy scale separation to calculate static properties. The lowest-lying excitations for each HN are of order Λ(−N −1)/2 . For a given temperature T , the contribution to static properties is suppressed by the Boltzmann factor for all states that
satisfy:
EN (r) − EN (0)  Λ(−N −1)/2 .
(3.71)
Thus, for temperature T , it is permissable to approximate the full Hamiltonian H
with HN that contains energy scale near T that contribute. We define the effective
temperature TN for each HN as
Λ−(N −1)/2
= β̄,
kB TN

(3.72)

where β̄ is of order 1, usually in the range 0.5 − 1.
The value of local observable O is computed as
Ns

N
X
1
hOi(TN ) =
e−EN (r)/kB TN × hr|N O|riN ,
ZN (TN ) r=0

(3.73)

where the partition is
s

ZN (T ) =

NN
X

e−EN (r)/kB TN .

(3.74)

r=0

We can calculate the full temperature dependence of a static quantity. It should
be noted that the calculation of matrix elements hr|N O|riN is necessary. They are
specially simple for the energy, hr|N HN |OiN = EN (r). For other observables, they
can be calculated iteratively.

3.6

Dynamic properties

In the Lehmann (eigenvalue) representation, the spectral function is written as
RG
AN
(ω, T ) =
ij



1X
0
∗
Mr,r0 ,i Mr,r
e−E(r)/kB T + e−E(r )/kB T × δ(ω − (Er − Er0 )),
0 ,j
Z r,r0

(3.75)
with |ri eigenvalues with energies E(r) and the matrix elements Mr,r0 ,i = hr|fi |r0 i.
We first consider T = 0 case. We can set the ground state E0 = 0. The spectral
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function is calculated in the truncated basis as
1 X
RG
∗
(ω,
T
=
0)
≈
δ(ω + EN (r))+
AN
Mr,0,i Mr,0,j
ij
ZN (0) r
1 X
∗
0
M0,r0 ,i M0,r
0 ,j δ(ω − EN (r ))
ZN (0) r0

(3.76)

√
for ω in the interval [TN , ΛTN ]. The matrix elements Mr,r0 ,i are also calculated in
the truncated basis.
For finite temperatures, there are additional contributions from excitations between the states, and the calculation should use the full form. NRG Ljubljana
supports calculation of the finite-temperature spectral function using the full density matrix approach [63, 74, 75] that is more accurate but not explained here due
to its complexity. These approaches eliminate the double counting of excitations.
The resulting spectral function is a sum of delta peaks, and needs to be made
continuous using broadening techniques explained in greater detail in Appendix B.
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Cluster Dynamical Mean Field
theory
Mean field calculations (MF) of strongly correlated systems are a useful starting
point but the correlations are taken into account only on average. For classical
Hamiltonians, the MF becomes exact in infinite dimensions (infinite number of nearest neighbours). For a quantum system, the mean field treatment, also known under
the name Hartree-Fock approximation if the interaction is factorized, is not exact in
the limit of infinite dimensions [12]. It might still provide useful insight into strongly
correlated materials.
A range of methods that work only in one-dimensional models are available, most
notably the Bethe ansatz [7, 76], bosonization and density matrix renormalization
group (DMRG) [6]. All these methods use special properties of one-dimensional systems and cannot be formulated for two- or three-dimensional models. Fluctuations
in one-dimensional models are very strong, and this is the reason that there are no
phase transitions at finite temperatures for models with only short-range interactions. The physical properties of 3D (and some 2D) systems are usually closer to
those computed in the infinite dimensions than to those in 1D.
For any model, one can calculate quantities of interest on a small cluster of a few
sites and use finite-size scaling to extract what happens in the thermodynamical
(TD) systems. The problem with this method - the exact diagonalization (ED) - is
mainly that we are limited to a very small number of sites because of the exponential
scaling of the Fock space when increasing the size of the system [77, 78, 79, 80]. No
more than 30 sites can be considered for the spin models when all symmetries are
taken into account, and the number is even worse for more complex models. For
example, for the Hubbard model, the limit is around 23 sites [81]. This is clearly
still far from TD limit and we cannot reliably say what happens in the TD limit.
A set of very successful methods for specific ground state properties of specific problems are variational methods (Gutzwiller [82, 83], variational Monte Carlo) [84]; they
postulate a form of the wavefunction and optimize the coefficients to minimize the
energy. Their main drawback is that which states to include is relatively arbitrary
(guided by intuition) and they still work on a finite lattice.
Lattice quantum Monte Carlo simulations (lattice QMC) of electrons (fermions) can
stochastically simulate systems of size 100 or even more but in many cases have the
famous sign problem for fermions at low temperatures. This is still far from TD
limit and what is more, we want to obtain properties of the system at low temper51
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atures where we cannot compute them reliably. This is a method of choice if one is
to simulate bosonic systems [85], where the sign problem does not appear without
magnetic field, such as the bosonic ultra-cold atom setups [86].
There exists a wide variety of schemes that work in the thermodynamic limit. The
density functional theory (DFT) can take into account correlations if we know their
functional form [87, 88]. This is not possible for strongly correlated materials and
such calculations must be carried out within some sort of an approximation, such
as the local density approximation, which does not take correlations into account
correctly.
A successful method for the strongly correlated materials is the Dynamical Mean
Field Theory (DMFT) and its variants [12, 17, 89, 90, 91, 92]. It maps the lattice
problem to an an impurity problem with a self-consistency condition. It accounts for
all the time-dependent correlations but neglects non-local correlations. This works
for some materials where non-local correlations are not so important. If non-local
correlations are important, there are extensions to partially take the space correlations into account, namely the cluster DMFT [93, 94, 95]. Dynamical cluster
approximation extends the DMFT by adding discrete Brillouin zone k dependence
to the self-energy [96], while the cellular dynamical mean field theory extends the
number of sites in the impurity and thus account for correlations inside the cluster
exactly [97]. Both of these two methods become exact when we either increase the
number of k points or the size of the cluster. The CDMFT methods are able to reproduce the pseudo-gap in the Hubbard model [20, 98, 99], obtain phase diagram [100],
renormalized spectral functions [21] and even account for d-wave superconductivity
[101]. Additionally, one can include non-local correlation using a transformation to
dual set of variables that accounts for long-range correlation - dual fermion method
[102]. A combination of ab-initio DFT calculations with the CDMFT is also a
promising method for treating correlated and less-correlated orbitals at the same
time [103, 104].
The chapter is organized as follows: in the section 4.1, we describe clusters, set the
notation and show how the operators look in the cluster basis. We then explain
the cluster DMFT in section 4.2. The DMFT is just a special case of CDMFT. We
also argue the validity of the CDMFT approximation. In the last part, in section
4.3, we discuss some technical details, i.e. how to efficiently perform the CDMFT
specifically with the NRG as an impurity solver, how to avoid numerical problems
and improve convergence.

4.1

Lattice and clusters

A lattice defines the arrangement of atoms in the model. A lattice is defined by
vectors, a1 , a2 and a3 , that define infinitely repeating cells in all directions. Each
atom’s position can therefore be uniquely described by its position,
Rjn = R0j + rn ,

rn = n1 a1 + n2 a2 + n3 a3 ,

(4.1)

where R0j is the relative position j-th atom inside the unit cell, and n1 , n2 and n3
are integers. If we assume translational invariance and no symmetry breaking, every
observable quantity f (the electronic density, magnetization) is a periodic function:
f (x) = f (x + rn ).
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(4.2)

4.1. Lattice and clusters
Usually it is easier to work in Fourier space. We define reciprocal lattice with vectors:
b1 , b2 and b3 , where bi · aj = 2πδij for every i and j. The vectors b define unit
cell in k space. We now turn to finite lattice with size N1 · N2 · N3 and impose
periodic boundary conditions, f (x) = f (x + Nl al ), in all directions. Because there
are N1 · N2 · N3 number of rn values, there are the same number non-equivalent
points in k space. We define them as
km =

m2
m3
m1
b1 +
b2 +
b3 ,
N1
N2
N3

(4.3)

where ml is an integer goes from −(Nl )/2 + 1 to Nl /2. These give us all nonequivalent values for e−irn ·km ; any larger or smaller ml is equivalent in all points of
the lattice to one of the values in this range.
One can now transform annihilation (and similarly creation) operators from
Fourier basis
X
1
e−ikm ·rn cj,km .
(4.4)
cj,rn = √
N1 N2 N3 m
This transformation diagonalizes any constant off-diagonal parts of Hamiltonians,
for example the kinetic part of the Hubbard model (2.6):
X †
(4.5)
Hk = −t
cj,rn cj,rn0 ,
j,hn,n0 i

where the sum goes through n and n0 that
neighbours. Inserting the
P are nearest
0 0
expression (4.4) and using the identity N1 n,n0 eikn e−ik n = δk,k0 , one transforms the
kinetic part to
X †
Hk =
k cj,k cj,k ,
(4.6)
j,k

where we have omitted index m, i.e. k ≡ km and k is the dispersion relation that
depends on lattice. For cubic lattice, it is equal to
k = −2t (cos k1 + cos k2 + cos k3 ) ,

(4.7)

where kl = (k · a)l are in the range [−π, π).
Sometimes, we expect or want to check if there is symmetry breaking such that
properties are the not same for all the cells. For the anti-ferromagnetic order on
bipartite lattices, for example, we expect A and B sites to have different magnetizations. In this case, we define a bigger cell - supercell or cluster - that includes both A
and B sites. The cluster now contains twice as many atoms, is tileable with the new
basis vectors and the observable properties do not change between supercells of the
system if the order is indeed anti-ferromagnetic [17, 29, 90, 105, 106, 107, 108, 109].
The choice of supercell defines what kind of order is allowed. For example, if model
is expected to have charge-density wave (CDW) order with period every 7 unit
cells, one should use supercell of size 7 to support the order. Another reason why
one might want to create supercell is because some methods, namely the CDMFT,
treat interaction inside the cluster exactly, while interactions between clusters are
treated in approximate way. Increasing the size of the supercell therefore increases
the accuracy of those methods [17, 93, 110].
Formally, we define the supercell with vectors A1 , A2 and A3 . An example with
the AFM order is shown in Fig. 4.1. We label the number of unit cells in the cluster
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Figure 4.1: A square lattice tiled with clusters with 2 atoms per site. The green
labelled sites are part of the unit cell.
with L, i.e. the cluster has L times more atoms than unit cell. A position of each
atom is now defined with
rαjn = R0j + R̃α + Rn ,

Rn = n1 A1 + n2 A2 + n3 A3 ,

(4.8)

where the site now has an additional cluster index α = 1, .., L that labels unit cells
inside the cluster where R̃α are their relative positions inside the cluster. For the
antiferromagnetic case, α = A, B and the supercell contains two unit cells.
As with unit cell, we can also define reciprocal lattice B1 , B2 and B3 , where
again defined by condition Bi · Aj = 2πδij . The size of cell is L times smaller than
the size of the unit cell. The cluster momenta are
Km =

m2
m3
m1
B1 +
B2 +
B3 ,
Ñ1
Ñ2
Ñ3

(4.9)

where the number of cluster momenta is smaller than normal momenta, Ñ1 · Ñ2 ·
Ñ3 · L = N1 · N2 · N3 . The values Ñl depend on how the clusters are tiled, while
ml = − Ñ2 + 1, ... Ñ2l for each l. The transformation of annihilation operator to the
cluster momenta basis is
r
X
L
eiKm ·Rn cα,i,Km .
cα,i,rn =
(4.10)
N1 N2 N3 m
We now check how the kinetic part transforms in the cluster momenta basis.
As we show most results for the Néel order in the cubic lattice, we will derive the
representation for this specific case. The cluster vectors are
A1 = a(1, 1, 0),
A2 = a(1, −1, 0),
A3 = a(1, 0, 1),
where a is the lattice constant. One plane of this representation is shown in Fig.
4.1, while planes in z-direction are shifted so that A sites lie below B sites. The
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reciprocal space vectors are
π
B1 = (1, 1, −1),
a
π
B2 = (1, −1, −1),
a
π
B3 = (0, 0, 2).
a
The kinetic Hamiltonian with subcluster indices α = A, B and the only internal
index corresponding to spin, j = σ =↑, ↓ is

X  †
†
Hk = − tx
cσ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 ,n3 + cσ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 −1,n3 + H.c.
σ,n1 ,n2 ,n3

− ty
− tz

X




c†σ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 −1,n3 + c†σ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 ,n3 + H.c.

σ,n1 ,n2 ,n3

X



c†σ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 ,n3 −1

+

c†σ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 −1,n3 +1



+ H.c.

σ,n1 ,n2 ,n3

(4.11)
One now inserts the cluster Fourier transform (4.10) and arrives at

 

† 
X cj,A,K
c
0 ζK
 ·  j,A,K  ,

 ·
H=
∗
cj,B,K
0
cj,B,K
ζK
j,K

(4.12)

where

ζK = t 1 + ei(K1 +K2 ) + eiK1 + eiK2 + eiK3 + ei(K1 +K2 −K3 ) ,

(4.13)

and Kl ≡ (K · Al ) is in range (−π, π]. There are a few important points here:
• the choice of cluster unit cell changes the representation of the hopping term,
i.e. they are different for cluster cell that supports the stripe phase or the Néel
antiferromagnet.
• The kinetic operator is no longer diagonal but is block-diagonal in this basis.
One can check the correctness of procedure by calculating non-interacting Green’s
function in cluster basis. Before proceeding, we aggregate j and α indices into a
single index, I = (j, α) and I 0 = (j 0 , α0 ). The hopping in K basis, when written in
the matrix form, is


t(K) = 

0

ζK

∗
ζK

0

,

(4.14)

and the non-interacting Green’s function is
G−1 (K, z) = z − t(K).

(4.15)

The trace of the spectral function, A(K) = − π1 G(K, ω + iη) corresponds to density
of states for non-interacting case,
ρ(ω) =

X
1
Tr
A(K, ω).
N1 N2 N3
K
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Figure 4.2: Reconstruction of the density of states for cubic lattice with hopping
Eq. (4.14) for different value of points in one direction (the actual number is K 3 )
and broadening parameter η.
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We compare ρ(ω) to analytically known function for the cubic lattice in Fig. 4.2.
We estimate how many K points are required for a good enough approximation; in
our case, we find around 170 points in each direction (around 5 million points) and
η = 10−2 gives us relative error below 1 percent for frequencies ω near zero. Because
we expect the impurity solver errors are larger than that, we estimate that this
precision is good enough. The overall integrated difference is also around 1 percent.
Lowering η also requires increasing the number of K points to avoid oscillations.
We may significantly reduce the number of points we take into account using
symmetries. The actual number of points is in the case of cubic AFM reduced by
a factor of 8. Because we calculate the function ρ(ω) in many ω, we can trivially
parallelize procedure for each ω value. What is more, if the desired grid of ω points
is too dense, we also calculate the value on a coarser grid and interpolate values to
other points on the grid.

4.2

Cluster DMFT

In the cluster DMFT (CDMFT), we choose the cluster that tiles the complete lattice
as we have done in the previous section for the Néel AFM case for cubic lattice. We
focus on Green’s function matrix Gjα,j 0 α0 (Rn , Rn0 , z), where j are spin or other
indices inside a cell and α is cell index inside a cluster. This Green’s function that
describes single-particle dynamics in the system.
In the CDMFT, one assumes the self-energy, that in full form describes all interactions, has a specific form [93, 97]
Σjα,j 0 α0 (Rn , Rn0 , z) = Σjα,j 0 α0 (z) · δn,n0 ,

(4.17)

Σjα,j 0 α0 (z, K, K0 ) = Σjα,j 0 α0 (z) · δK,K0 .

(4.18)

or in K-space
In other words, the self-energy is block diagonal, translation invariant, and describes
the interaction within the cluster exactly, while the interaction between the clusters
is treated in a mean-field way. The DMFT is just a special case of CDMFT with
α taking only one value, i.e. with only one unit cell per cluster. The assumption
that the self-energy is local is actually exact when the number of nearest neighbours
is infinite [12] (see section 2 for more details). On lattices with a finite number of
neighbours z, this is just an approximation. Its success depends greatly on the model
and lattice. Generally speaking, increasing the number of neighbours increases the
validity of the CDMFT approximation. At the same time, increasing the size of the
cluster also increases the size of the self-energy blocks and the spatial extent of the
correlations that we take into account, therefore usually increasing the accuracy.
Additionally, we also treat all the interaction terms between the clusters in a
mean-field way if they exist (This is not the case for the Hubbard and the KLM
model, where the interaction is only local) [93, 111]. Again increasing the cluster
size retains more and more of the interactions terms if they are present, therefore
decreasing the error of the approximation.
The K-resolved Green’s function of a lattice model, written in matrix notation
with aggregated indices I = (jα) and I 0 = (j 0 α0 ), is then
G−1 (K, z) = zI − t(K) − Σ(z).
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Note that Σ(z) has no K dependence in the CDMFT! The local lattice Green’s
function is the sum over K points,
1 X
G(R, R, z) =
G(K, z),
(4.20)
N K
where N = N1 NL2 N3 are number of all clusters.
There are many possible ways to derive the CDMFT equation [17, 93]. We
follow Ref. [112] that is closest to the CDMFT spirit. One envisions replacing the
interacting lattice model by non-interacting medium with a propagator specified by
the local self-energy. The action of this medium is therefore
Z
Z
X †
(4.21)
cK (τ )G−1 (K, τ − τ 0 )cK (τ 0 ),
Smed = − dτ dτ 0
K

where the integrals are actually path sums in the imaginary time, cK (τ ) is a vector
of Grassmann number at imaginary time slice τ and G(K, τ ) is the Green’s function
from Eq. (7.22) but in the imaginary time instead of frequency domain. We choose
one cluster, and for convenience rename the operators at chosen cluster index n0 :
d ≡ cn0 . At that cluster site, one replaces the effective medium self-energy with
the the local interaction. The interaction is actually causing the effective medium,
therefore we require the actions are the same. The action of embedded interacting
cluster reads
Z
Z
Semb = Smed + Sint − dτ dτ 0 d† (τ )Σ(τ − τ 0 )d(τ 0 ),
(4.22)
where Sint is the action of interaction at chosen cluster and has generally a nonquadratic form. The Semb is quadratic in operators except for d, and we can sum
over them exactly using Gaussian integrals (check section 3.2.1 for more details on
integration) to obtain an effective action for that cluster:
Z
Z
Sef f = − dτ dτ 0 d† (τ )W−1 (τ − τ 0 )d(τ 0 ) + Sint ,
(4.23)
with W in the frequency space
X
W−1 (z) = (z + µ)I −

R,R0 6=R0

t(R0 , R) · G(0) (z, R, R0 ) · t(R0 , R0 ),

(4.24)

where G(0) is the Green’s function without the cluster d, and the sum goes through
all sites except the chosen cluster site n0 . We now relate the Green’s function with
and without the R0 . One can write the full lattice Green’s function in a matrix
block form and its calculate its inverse using the block inversion formula [113]

−1
G(R
,
R
,
z)
G(R
,
R)
0
0
0
 =
G−1 (z) = 
0
G(R, R0 )
G(R, R )


···
···
,
=
−1
· · · [G(R, R0 , z) + G(R, R0 , z)G−1 (R0 , R0 , z)G(R0 , R0 , z)]
(4.25)
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where G(R, R0 , z) represents a matrix block where rows go through all lattice sites
except R0 and column is fixed to indices corresponding to site R0 . Other matrix
blocks are interpreted in the same way. This inverse is also equal to block composition, i.e. adding the chosen cluster to the rest of the system and coupling it with
hopping:


−1
(0)
G (R0 , R0 , z)
V
G−1 (z) = 
(4.26)
−1  ,
V†
G(0) (R, R0 , z)
where V is a rectangular matrix composed of hoppings between the chosen cluster and the rest, G(0) (R0 , R0 ) is the Green’s function of the chosen cluster and
G(0) (R, R0 ) of the decoupled system.
For bottom right block, equating matrix forms gives us
G(0) (R, R0 , z) = G(R, R0 , z) − G(R, R0 , z)G−1 (R0 , R0 , z)G(R0 , R0 , z),

(4.27)

that holds all R, R0 6= R0 . This expression generally allows connecting Green’s
function without some part with the Green’s function of the full system! We express
W in terms of the full Green’s function
X
W−1 (z) =(z + µ)I −
t(R0 , R) · G(z, R, R0 ) · t(R0 , R0 )
R,R0 6=R0

+

X
R,R0 6=R0

t(R0 , R) · G(R, R0 , z)G−1 (R0 , R0 , z)G(R0 , R0 , z) · t(R0 , R0 )
(4.28)

The above equation can be further simplified using Fourier transform
X
W−1 (z) =(z + µ)I −
t(K) · G(K, z) · t(K)
K

!
+

X
K

!

t(K) · G(K, z) G−1 (R0 , R0 , z)

X
K0

G(K0 , z) · t(K0 ) .
(4.29)

One can use matrix version of the fraction expansion with ξ(z) = (z + µ)I − Σ(z),
namely the equations
tK (ξ − tK )−1 = −I + ξ(ξ − tK )−1 .

(4.30)

(ξ − tK )−1 tK = −I + (ξ − tK )−1 ξ.

(4.31)

and
One obtains relations (and similiar for the second equation)

and

1 X
1 X
tK (ξ − tK )−1 = −I + ξ
(ξ − tK )−1
N K
N K

(4.32)

1 X
1 X
tK (ξ − tK )−1 tK = ξ
(ξ − tK )−1 tK ,
N K
N K

(4.33)
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P
where we used K tK = 0 that is true for particle-hole
symmetric density of states.
P
Using above relation, and labelling X = N1 K (ξ − tK )−1 , W is simplified to
W−1 =(z + µ)I − ξ(−I + Xξ) + (−I + X) · X−1 (−I + Xξ) =
= (z + µ)I − ξ + X

−1

=

1 X
1
N K z + µ − t(K) − Σ(z)

!−1
+ Σ(z). (4.34)

One identifies that the action in Eq. (4.23) corresponds to the action of the
impurity problem in Eq. (3.14) with the hybridization function equal to
∆(z) = (z + µ)I − t − W−1 (z)

(4.35)

where t represents local terms inside the cluster, like hopping inside the cluster or
on-site energies. Inserting Eq. (4.34) into last equation, and using the local lattice
Green’s function in Eq. (4.20), one obtains
∆(z) = (z + µ)I − t − G−1 (R, R, z) − Σ(z).

(4.36)

Note that G(R, R, z) depends on the self-energy as well.
Instead of solving the lattice model, one can solve the impurity model with
hybridization ∆(z) and obtain the self-energy at the impurity site, Σimp (z). That
impurity self-energy is equal to the medium or lattice self-energy, Σ(z) = Σimp (z),
as it is generated by the interaction - this is done by construction. Because the
hybridization ∆(z) indirectly depends on the self-energy Σ(z), one performs the
calculations iteratively.
The CDMFT procedure is illustrated in Fig. 4.3. We start with an initial hybridization, for example one based on a flat density of states. The initial hybridization is important especially for symmetry breaking phases because the converged
result often depends on the initial guess, or the convergence depends on the initial
guess. We discuss more about the choices on per problem basis. The impurity
solver is used to calculate the self-energy on the impurity that is equal to the lattice
self-energy on all clusters. It is the numerically most intensive part of the calculation. A local lattice Green’s function is calculated using Eq. (4.20), where we
sum over many K points. A new hybridization using Eq. (7.30) then enters the
impurity solver in the next iteration. We stop when the local Green’s function does
not change significantly between sequent iterations.
A final remark about the CDMFT must be made; it breaks the translation invariance. For instance, if we have a cluster of two sites, we are not treating processes
between sites inside the cluster in the same way as between sites in neighbouring
clusters. For ordered phases, breaking translation invariance is physically correct
but the problem is apparent when one simulates paramagnetic phases where translation invariance is expected. There are ways to partially correct the situation: one
may periodize the result to restore translation invariance, or increase the cluster size
if that is technically possible to reduce the effect. We do not use any periodization
but there is substantial literature on this topic [114, 115]. The single-site DMFT
does not break the translation invariance because all sites are equal; only on-site
interaction is retained.
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Σi+1 (z) = Σimp (z)

∆i (z)

Impurity
solver

Figure 4.3: CDMFT loop.

4.3

Technical aspects of using the CDMFT with
NRG

Up until now, the derivations have been very general: we did not assume what
kind of impurity solvers we use, nor address the issue how to make the iteration
converge or speed up the convergence. While these aspects are more technical, they
are essential to make the programs run efficiently and without numerical issues. In
this section, we assume that we are using the numerical renormalization group as
an impurity solver.

4.3.1

CDMFT on the real axis

In contrast to the most popular quantum Monte Carlo impurity solver that calculates
the local Green’s function in the Matsubara frequencies, z = iωn , the numerical
renormalization group works on the real axis, z = ω ± iη, more specifically with the
spectral representation of objects. This means that the hybridization function must
be calculated in the spectral representation (already described by the Eq. (3.8) in
the NRG section) as
Γ(ω) =

i
(∆(ω + iη) − ∆(ω − iη)) .
2

(4.37)

The spectral representation of the hybridization Γ(ω) is, in general, Hermitian, and
one thus needs both the retarded ∆(ω+iη) and the advanced ∆(ω−iη) hybridization
to calculate it so we need to calculate both in the CDMFT.
The more detailed CDMFT loop with the NRG is represented in Fig. 4.4. One
start with the initial guess in the spectral representation, Γinitial (ω). At initial stage,
no postprocessing (Broyden, mixing, occupancy control) occurs, but in all sequent
steps, these help to achieve or accelerate the convergence by using the values of
61

Chapter 4. Cluster Dynamical Mean Field theory
hybridization from previous iterations. We describe these steps separately in the
subsection 4.3.2.
The NRG impurity solver then computes the spectral representation of the
Green’s function. This procedure is explained in details in the previous chapter
3; the impurity solver is always the most important and the hardest part of the
CDMFT. Here, we treat it as a black-box that, for a given hybridization and local
Hamiltonian, returns Aimp (ω). The impurity’s Green’s function is therefore
Z
Aimp (ω 0 )dω 0
imp
G (ω ± iη) =
,
(4.38)
ω ± iη − ω 0
that can be explicitly written per-component using the Kramers-Kronig relations
Z
ReAimp (ω 0 )dω 0
imp
ReG (ω ± iη) = P
± πImAimp (ω),
ω − ω0
Z
ImAimp (ω 0 )dω 0
imp
∓ πReAimp (ω),
(4.39)
ImG (ω ± iη) = P
ω − ω0
R
where P stands for the principal value integral. Note that in the single-site DMFT
case, Aimp (ω) is usually real and the relations are greatly simplified.
The self-energy calculated as
−1
Σimp,bad (ω ± iη) = (z ± iη)I − t − ∆(ω ± iη) − Gimp (ω ± iη)
,
(4.40)
has severe artefacts because of the broadening (for more details, check Appendix
B) and errors because we are potentially subtracting two big numbers. Instead, we
introduce correlator [60]
Z ∞
o
n
†
iωt
(4.41)
Fij (ω) = i
e h [di , Hint ] (t), dj i,
0

where Hint is the on-site interaction part of the model1 . In the NRG, we calculate
its spectral representation, AF (ω), similarly to the spectral function, described in
3.6. One calculates retarded and advanced correlator, F(ω + iη) and F(ω − iη) using
Eq. (4.44) from spectral representation AF , and the self-energy is calculated as the
matrix ratio:
Σ(ω ± iη) = F(ω ± iη)G(ω ± iη)−1 .
(4.42)
The self-energy trick works well because the oscillatory NRG artefacts cancel out
upon division, even for large values of discretization, for instance Λ = 7.
At this point we also perform clipping. Due to numerical, truncation or selfenergy trick issues, we may produce non-positive definite spectral representation of
the self-energy at one iteration, AΣ (ω) < 0. This breaks causality requirement. If
the positive definite requirement is violated at one iteration, it usually gets pronounced in the next one, leading to convergence problems. After calculating the
self-energy, we calculate its spectral representation
AΣ (ω) =

i
(Σ(ω + iη) − Σ(ω − iη)) .
2π

1

(4.43)

What is more, if we include also any other local terms like on-site energies, hopping and even
chemical potential, they are also correctly resolved and included in the self-energy.
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Figure 4.4: CDMFT loop.
For each frequency, we make AΣ (ω) positive-definite. We find that the best procedure is to first make all diagonal elements positive, Aii > clip . We then follow it
by making all the eigenvalues positive, thus making the complete matrix positive
definite. We use clipping value clip = 10−4 in most cases. One recalculates the
clipped self-energy using Eq. (4.44) for the self-energy, where one should not forget
that the self-energy has a finite value in infinity. We extract it from high frequency
asymptotic of Σ(ω ± iη) by fitting tails on left and right side with A± + B ± /z, and
then using Σ(∞ ± iη) = (A+ + A− )/2. The reconstructed value is therefore
Z
Aclipped
(ω 0 )dω 0
clipped
Σ
Σ
(ω ± iη) =
+ Σ(∞ ± iη).
(4.44)
ω ± iη − ω 0
One can also perform clipping on other objects but we have found it to be most
useful on the self-energy.
The retarded and advanced local lattice Green’s functions are given by Eq.
(4.20). The K-summing is actually a non-trivial numerical step because a lot of
K points are needed (a few million). We use symmetries to speed up the computation. Because we need to calculate local lattice Green’s function on many ω
points, we trivially paralellize these independent calculations; in our instance we use
OpenMP library with up to 32 threads and calculate the local Green’s function in
a matter of minutes.
In the last step, the hybridization function for the next iteration is extracted
using Eq. (4.35) and the loop is complete. We check for the convergence of the
iteration using the local lattice Green’s function,
Z
=
dω [Gnew (R, R, ω) − Gprev (R, R, ω)] ,
(4.45)
where Gnew is the newly calculated Green’s function, the Gprev is that from the
previous iteration, |G| is matrix norm, and we end the loop when  < c . For high
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precision DMFT(NRG) calculations, the c can be set as low as 10−11 [116]. For the
CDMFT with 2 sites per cluster and Λ = 7, we have found out that values around
c = 10−4 is usually what can be achieved.
It is important to also check that the impurity Green’s function Gimp (ω + iη)
and local lattice Green’s function G(ω +iη) match when the convergence is achieved
[93]. In the NRG with large Λ, there are discrepancies between those two objects
because of (severe) broadening problems on Gimp but it is instructive to still crudely
compare those two functions; we usually check if we can link main features and if
those two Green’s functions are in the same phase. If we cannot connect them, the
solution either converged to metastable point or is not converged yet.
There is another important property of the NRG; it not only allows calculation
of the spectral object but also any other static or dynamic local quantity. One can
therefore use the NRG to directly calculate magnetization, instead of calculating
it through Green’s function, thus avoiding broadening artefacts. Also, some values
cannot be easily calculated from G(R, R, z). For example, in the context of DMFT,
the KLM can be represented as an impurity of one site that is coupled to spin,
where the impurity is coupled to a non-interacting bath. There are no spins on bath
sites, so the Green’s function has no direct information about them, just how they
affect the behaviour. We can still calculate the (local) electon-spin correlation on
the impurity, as well as the spin susceptibility.

4.3.2

Convergence control

The above procedure usually works for simple problems but may have issues near
phase transitions for more complicated models. The problem is very similar with
the iteration method for finding roots in one-dimension; often, we make too drastic
changes (overshoot) with one iteration. The simplest option to remedy this situation
is to perform mixing on the hybridization function
Γactual (ω) = αΓnew (ω) + (1 − α)Γprev (ω),

(4.46)

where the Γnew (ω) is the new hybridization, Γprev (ω) is the hybridization from the
previous iteration, Γactual (ω) is the hybridization that will be actually used in the
NRG, and α controls how we mix the solution. Smaller values of α are used to
slowly converge to a solution without overshooting or instabilities. Many problems
do not converge without mixing.
We use an extension of mixing, where the information from all previous iterations
is taken into account: Broyden mixing [116, 117]. It especially improves the convergence near the correct solution. What is more, it can be used to stabilize metastable
phases to study their properties. Otherwise, when the solution converges, one has to
remove the mixing and use normal iteration to check whether the solution is stable
or compare the total (free) energies of possible (meta) stable solutions to find the
one with the lowest energy.
We also use the postprocessing step to control the occupancy. Often, we would like
to calculate values at a fixed occupancy ngoal instead of fixed chemical potential.
We therefore use the information of occupancy nprev (µprev ) and current iteration
nnew (µnew ) to calculate the new chemical potential using the secant method:
µactual = µprev −

(nprev − ngoal )(µnew − µprev )
.
nnew − nprev
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(4.47)
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The chemical potential converges in a few iterations, and is stable if we start with
a good enough guess.
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Chapter 5
Spectral structures in the Kondo
lattice model
The Kondo lattice model consists of a lattice of local moments (representing the 4f
or 5f orbitals) coupled to the conduction-band electrons (spd bands) through the
on-site exchange coupling J [24, 118],
HKLM =

X

trr0 c†rσ cr0 σ + J

r,r0 σ

X
r

scr · sfr .

(5.1)

At high temperatures, the f electrons act as nearly free spins, while the itinerant electrons are effectively decoupled, thus the material behaves as a conventional
metal. Upon cooling, however, the itinerant electrons tend to screen the localized
moments, a process known in quantum impurity physics as the Kondo effect [9].
The lattice version of the Kondo effect leads to a coherent state which is a strongly
renormalized Fermi liquid with the f states included in the Fermi volume (“large
Fermi surface” ground state). [5, 119, 120]
In this chapter, we focus on the half-filling case, where at low temperatures,
the chemical potential lies in the gap between the resulting effective bands and the
system is insulating. A finite doping, the chemical potential lies in a band with very
flat dispersion, giving rise to heavy-fermion behaviour.
Despite its simplicity, the KLM has a complex phase diagram which is not
fully unraveled yet. On a bipartite lattice at half-filling (that is, for exactly one
conduction-band electron per lattice site), the system is an antiferromagnet for
J < Jc and a paramagnet for J > Jc ; in both cases it is an insulator. This quantum
phase transition results from the competition between the lattice RKKY interaction
and the Kondo effect [24]. In the antiferromagnetic DMFT solution the local moments are itinerant for all values of J and they never decouple from the conduction
band (i.e., there is no itinerant-localized transition when the system turns antiferromagnetic) [121], thus Kondo physics actually plays an important role throughout
the antiferromagnetic (AFM) phase, too.
In this chapter, I study the cross-over from the weak-coupling (band/Slater antiferromagnet) to the strong-coupling (Kondo antiferromagnet) regime and transition to the Kondo paramagnet, focusing on the detailed structure of the spectral
function, the self-energy Σ(z) and other dynamic quantities. The CDMFT in combination with the NRG impurity solver allows us to calculate fine structure in the
spectral functions. What is more, we compare the A/B sublattice DMFT results
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with the 2-site cluster CDMFT results, and estimate the importance of non-local
correlations in the KLM. This chapter represents the work published in Ref. [122],
and now extended with the CDMFT.
The chapter is organized as follows: in section 5.1 we explain the generic features
of the self-energy in the hybridization picture. The DMFT and CDMFT implementation details are discussed in section 5.2. Next, we show results for both DMFT
and CDMFT frameworks; in section 5.3 we discuss the fine structure found in the
spectra, followed in 5.4 by an estimation of what is not captured by the hybridization
picture. We discuss accuracy of the CDMFT in 5.5.

5.1

Dominant features of the self-energy in the hybridization picture

Before we numerically tackle the model, it is instructive to solve it in a Fermi liquid
theory of renormalized bands. Instead of the KLM, we start with the periodic
Anderson model (PAM) [49, 118]
X †
HP AM =
k ck,σ ck,σ +
k,σ

X

†
fr,i + U
f fr,i

†
†
fr,↑
fr,↑ fr,↓
fr,↓ +

r

r,i

X

X

†
V fr,σ
cr,σ + H.c,

(5.2)

r,r0 ,σ

where f electrons correspond to the localized spins in the KLM, k is the dispersion
relation for band ck,σ , U is the interaction on the f sites and V is the hybridization
between the f and c sites. In the limit of large U , small V and equal energies of the
double and zero occupancy of f states, f + U/2 = 0, the PAM maps to the KLM
using the Schrieffer Wolff transformation, with the coupling J in the KLM as [50]
J=

4|V |2
.
U

(5.3)

In these limits, the double and zero occupancy of f sites is frozen out.
We assume a paramagnetic, translation invariant phase, and explicitly write out
the Green’s functions in matrix form

−1 

ff
cf
G
Gk
z + µ − f − Σ(ω, k)
−VK
 k
 =

(5.4)
∗
Gfkc Gcc
−V
z
+
µ
−

k
K
k
Only the self-energy on the f sites because the c sites have no interaction. If the
interaction on the f sites is also turned off, U → 0, the non-interacting Green’s
function of f electrons is
Gfkf (ω) =

1
,
ω + µ − f − |Vk |2 /(ω − k )

(5.5)

Assuming Σ(ω, k) can be expanded in a Taylor’s series around a point on the Fermi
surface, ω = −µ, k = kF , and keeping only the first order terms, we can define a
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quasi-particle Green’s function G̃fkf (ω) [123],
G̃fkf (ω) =

1
,
ω + µ − ˜f,k − |Ṽk |2 /(ω − k )

(5.6)

such that Gfkf (ω) = zkF · G̃fkf (ω) near the Fermi surface, where
˜f,k = zkF (f + µ + Σ(−µ, kF ) + (k − kF )∇Σ(−µ, kF )) ,

|Ṽk |2 = zkF |Vk |2
and


zkF =

1−

∂Σ(ω, kF )
∂ω



(5.7)
(5.8)

!−1
.

(5.9)

ω=−µ

Comparing Eq. (5.5) and (5.6), one can see that the form is the same, and we have
thus incorporated the effect of interaction in the renormalization of constants in the
non-interacting problem. Similarly to the f electrons, the quasi-particle Green’s
function for the conduction electrons reads
G̃cc
k (ω) =

1
,
ω + µ − k − |Ṽk |2 /(ω + µ − ˜f,k )

(5.10)

cc
and G̃cc
k (z) = Gk (z) in the region near the Fermi surface. [123]
From this equation, one can read out the effective self-energy on the conduction
sites due to interaction with f states. Setting the self-energy k-independent as in
the DMFT approximation, the effective self-energy for the c sites is

|Ṽ |2
.
Σ(z) =
z + µ − ˜f

(5.11)

In the Kondo insulator, ˜f = −µ. The excitation branches correspond to the
poles of Eq. (5.10), i.e. are given by the solution of the quadratic equation,


q
1
2
2
E(k) = ± k ± k + 4Ṽ .
(5.12)
2
The indirect spectral gap is between the k = −D and k = D, where D is the
half-bandwidth. Taylor expanding for small Ṽ /D, the difference is between upper
and lower branch is approximately given by [109]
∆≈

Ṽ 2
.
D

(5.13)

Another important quantity is the direct band gap Ω; it corresponds to the position
where the momentum-resolved spectral function crosses K = 0 line (K = (π, π, π)
point for cubic lattice) [109], and is thus given by
Ω = 2Ṽ .

(5.14)

We can introduce a new frequency scale corresponding to direct gap:
ω ∗ = ReΣ(ω ∗ ),
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where Ω = 2ω ∗ = 2Ṽ . It has clear consequences in the optical conductivity because
an additional peak occurs there.
We now discuss antiferromagnetic order in the KLM. The f moment at position
0 (or immobile spin in the KLM) induces a wave of Friedel oscillations in the conducting electron spin density. The second moment at the relative position x with
respect to the first couples to those oscillations, giving rise to the RKKY effective
interaction [25, 27, 118]:
HRKKY = JRKKY · S0 · Sx ,

(5.16)

cos(2kF · x)
.
kF · x

(5.17)

where
JRKKY ∼ −J 2

This effective interaction therefore aligns moments ferromagnetically or antiferromagnetically, depending on the occupancy. At half-filling, the effective interaction
produces the AFM order [124]. The competing phenomenon is the Kondo effect
between the immobile spins and conduction electrons that prefers singlet formation,
therefore destroying magnetic order. The two competing scales, characterized by
[24]
TK ∼ exp−1/(2J)
(5.18)
and
TRKKY ∼ J 2 ,

(5.19)

suggest the following qualitative picture: for small J, the RKKY wins over the
exponentially suppressed Kondo effect; for larger J, the Kondo effect takes over,
making the system paramagnetic.
At low J and low temperatures, the regime is well described by a mechanism
similar to the Slater antiferromagnetism in the Hubbard model (although in the
KLM, the system would be insulating even in the absence of unit cell doubling
and consequent gap opening due to magnetic order) [125, 126]. One expects spins
of f sites almost completely polarized, while the conducting band is weakly antipolarized. At higher J, the Kondo effect kicks in and the system is no longer
described adequately with the Slater AFM theory. This is the region we are most
interested in.
We now extend the hybridization picture for the AFM phase. If the f electrons
remain itinerant, as indicated by the DMFT calculations, one expects it to remain
approximately correct in the ordered phase, but one needs to incorporate the effects
of the exchange fields in the lattice. Writing these fields as hα = ±h for the c-band
and Hα = ±H for the f -band, respectively (plus sign for sublattice A, minus sign
for sublattice B), one then expects the following form of the self-energy
Σασ (z) = ασh +

Ṽ 2
,
z − ασH

(5.20)

where on the right-hand side α and σ are to be understood as ±1 factors. This leads
to excitation branches given by


q
1
E(k) = ± (k + h + H ± (k + h − H)2 + 4Ṽ 2 .
(5.21)
2
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Previous work based on the continuous-time QMC solver suggested that the relation
h = −H

(5.22)

(named “quasilocal compensation”) is satisfied [121]. This constraint was said to result from Kondo physics and lattice coherence, since the effective energy levels in the
hybridization picture for itinerant antiferromagnetism in the KLM are determined
not by local exchange fields, but by long-ranged molecular fields involving distant
conduction band electrons [121]. In case of perfect quasilocal compensation, the
quasiparticle branches intersect at k = 0 and the local spectral functions are quite
similar to those for the Kondo insulator, only with staggered spin polarization.
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Figure 5.1: (Color online) Local spectral functions Aσ (ω) (top row) computed for
self-energies Σσ (ω) (bottom row) approximated by a single pole on or near the real
axis for bipartite lattice that allows AFM order. In the Kondo insulator, there is
no spin splitting and the pole is located in the center of the gap at ω = 0 on the
real axis. In the antiferromagnetic state with “quasilocal compensation”, the poles
are located symmetrically on the real axis at ω = ±H and the real parts of Σ are
additionally shifted by ±h = ∓H. In generic Kondo antiferromagnet, the values of
h and −H are not exactly the same and the poles are shifted away from the real
axis (i.e., ImΣ is non-zero).
If the quasilocal compensation, Eq. (7.37), is violated, there is an avoided crossing
between the quasiparticle branches. This should in principle lead to an opening of
additional gaps, however, since this is a strongly interacting system, the self-energy
has non-zero imaginary part and the pole in Eq. (5.20) can lie away from the real
axis. This immediately implies that there will be some additional structure inside
the bands at energies E = ±ω ∗ where ω ∗ is now approximately (assuming h ≈ −H)
p
ω ∗ ≈ h2 + Ṽ 2 .
(5.23)
The combination of inelastic scattering (imaginary part of the Σ, i.e. broadening)
and the avoided crossings of quasiparticle bands result in asymmetric resonance
curves in the local spectral functions (“spin resonances”), as shown in the schematic
plots in Fig. 5.1.
These analytical considerations thus suggest that fine structures are expected
quite generically in the DMFT solution. In previous DMFT(QMC), they were not
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visible, presumably due to difficulties in performing analytic continuations. In the
following, we test how well the hybridization picture captures the competition between the RKKY and the Kondo effect, and what are other necessary ingredients to
capture the physics in the KLM. We also investigate if additional features around
ω ∗ truly exist, and how they differ when treating system within the DMFT and
CDMFT approximation.

5.2

Formulation of the DMFT and CDMFT

In its simplest form, the DMFT approach is applied to homogeneous phases where
all lattice sites are equivalent, Σi = Σ, but it can also be used to study phases with
commensurate antiferromagnetic long-range order [127]. In a bipartite lattice, for
example, Néel order can be described by two different self-energy functions, ΣA and
ΣB , for lattice sites belonging to either sublattice. The self-energy in matrix form
in the supercell is therefore


ΣA 0
.
(5.24)
Σ(z) = 
0 ΣB
The DMFT approach therefore neglects the spatial correlations between sites A and
B, ΣAB (z) and ΣBA (z), as well as correlations between supercells.
Working in the reduced Brillouin zone for an enlarged unit cell consisting of one
A site and one B site, the kinetic part of the Hamiltonian is [127]


X
HK =
K c†Akσ cBkσ + H.c. .
(5.25)
σ,K∈RBZ

The inverse lattice Green’s function matrix is


z + µ − ΣAσ (z)
−k
,
Gσ (k, z)−1 = 
−k
z + µ − ΣBσ (z)
thus
Gσ (k, z) =



1
ζAσ ζBσ −

2k



ζBσ −k
−k ζAσ

(5.26)


,

(5.27)

where ζασ (z) = z + µ − Σασ (z), α = A, B. The local Green’s functions are then
obtained through integration. The out-of-diagonal elements are zero due to the
particle-hole symmetry of the band (this is the case also at finite doping). The
diagonal Green’s functions are given by
Z
ρ0 ()d
,
(5.28)
Gασ (r, r, z) = ζᾱσ (z)
ζAσ (z)ζBσ (z) − 2
where ρ0 (ω) is the density of states, and the spectral function is given through
1
Aασ (ω) = − ImGασ (r, r, ω + i0+ ).
π
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Using partial fraction expansion, the integrals can be expressed in closed form. This
gives
√
√
G0 ( ζAσ ζBσ ) − G0 (− ζAσ ζBσ )
√
Gασ (r, r, z) = ζᾱσ
,
(5.30)
2 ζAσ ζBσ
where G0 are the Green’s function of the non-interacting model. This is the point
where the information about the lattice comes in. In our calculations, we mostly
focus on cubic and Bethe lattice. The DMFT loop is then closed via a site (A/B)
and spin-dependent self-consistency equation


∆ασ (z) = z + µ − Gασ (r, r, z)−1 + Σασ (z) .
(5.31)
The hybridization matrix is diagonal. For each sublattice, we solve the Kondo
impurity model with an impurity part
X
Himp = 0
d†σ dσ + Jsd · sf ,
(5.32)
σ

where dσ annihilates fermion on the impurity with spin σ, sd is the spin on the
impurity and sf is an additional spin degree of freedom. The hybridization describes
coupling of the d states to the bath. In the absence of transverse external magnetic
field, one can thus use simple U(1)spin NRG code with spin-dependent Wilson chains.
A further simplification in this case is provided by the symmetry relations GAσ =
GB σ̄ and ΣAσ = ΣB σ̄ . In general, however, one must use the full 2×2 matrix structure
in the spin space and properly handle the discretization of the hybridization matrix
with out-of-diagonal elements (sections 3.2 and 3.3). The self-consistency condition
(k-summing) can be given in a closed form for a 2 × 2 structure in spin space. These
details are discussed in Appendix A.
The 2-site CDMFT is a natural extension of the sublattice DMFT approach. In
Néel cubic cluster basis (section 4.1), the band Green’s function has the form


z + µ − ΣAA (z) −ζK − ΣAB (z)
,
(G(K, z))−1 = 
(5.33)
∗
−ζK − ΣBA (z) z + µ − ΣBB (z)
with ζK defined in Eq. 7.18. For the corresponding impurity problem, we have a
two-site cluster, each coupled to an additional spin degree of freedom

X
X
X †
Himp =
0,α d†ασ dασ − t
dAσ dBσ + H.c + J
sdα · sfα ,
(5.34)
ασ

α

σ

where dασ annihilates particle at impurity index α = A, B with spin σ, 0,α are onsite energies, t is hopping between sites A and B, sdα is the spin at site α and sfα is
the additional spin degree coupled to site α. The hybridization function also has α
and σ indices and is a 4×4 matrix, diagonal in spin indices when calculating without
spin-breaking symmetry (like magnetic field perpendicular to the magnetic order).
The corresponding Wilson chain (sections 3.2 and 3.3)) contains two channels with
inter-channel mixing coefficients. The self-consistency condition is given via Eq.
(4.20) and (7.30).
If not said otherwise, the results are presented for the cubic lattice with halfbandwidth D, therefore hopping is t/D = 1/6 for both DMFT and CDMFT. We
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often also show results for the Bethe lattice with the same bandwidth in the DMFT
(The Bethe lattice has no natural CDMFT analogy). We use the NRG discretization
parameter Λ = 7 and keep up to 4500 states in each iteration in the CDMFT; this
produces energy truncation artefacts but much higher values are not accessible due
to memory constraints. Λ is the same for the DMFT results for consistency (we can
go as low as Λ = 2 in that case and the results remain qualitatively the same). All
calculations use the self-energy trick, Nz = 8 different interleaved meshes to reduce
finite size effects and broadening with parameter up to b = 0.35. The CDMFT
calculations, as well as the DMFT calculations with full 2 × 2 spin structure use
discretization scheme described by Eq. (3.29), while the DMFT calculations diagonal
in spin use adaptive discretization without artefacts [62].

5.3

Spin resonances

At low temperatures and for J in the parameter range of strong Kondo effect but
still in the antiferromagnetic phase we find an additional structure detached from
band edge: “spin resonance”. We first discuss the DMFT results for J/D = 0.3
presented in the right column in Fig. 5.2. In the occupied band, there is a dip for
minority spin and a sharp peak for majority spin; the resonance is also visible in the
spin-averaged spectral function, A = A↓ + A↑ shown in Fig. 5.2(d).
The origin of these features can be traced to he momentum-resolved spectral
function A(k, ω), plotted as a function of k in the first row of Fig. 5.3. The closeups on the regions where the quasiparticle branches should intersect reveal that the
spectral dip is associated with a reduced spectral weight between the branches, i.e.,
an avoided crossing, while the peak corresponds to an enhancement between two
branches.
These features can be described in the extended hybridization picture in Eq.
(5.20) if we allow the violation of quasi-local compensation (H 6= −h) and shifts of
the poles away from real axis, as shown in the right panel in Fig. 5.1. The shape of
the self-energy in Fig. 5.2(f) is in at least qualitative agreement with the one-pole
structure, while the imaginary part in Fig. 5.2(h) is nearly delta-function at the
band edge as expected. There are, however, small deviations from the hybridization
picture, and we will look into them in more details in 5.4. The DMFT results confirm
that there are additional features detached from band around energy ω ∗ .
In the left column on Fig. 5.2, we show how the results change in the CDMFT:
the spin resonances become broader and obtain a Fano-resonance shape [128]. The
DMFT results also suggest that the resonances have asymmetric shape but the
resonance width is so small that we often do not see the dip associated with the peak.
The agreement between the CDMFT and DMFT is also seen from the self-energies
that have the same features but are different in magnitude (the DMFT results in
Fig. 5.2 for self-energies are scaled by 3). This is directly related to increased gap in
the CDMFT compared to the DMFT due to additional dynamic antiferromagnetic
correlations we take into account in the CDMFT; the same mechanism is responsible
for gap widening in the Hubbard model [20]. Note that in the CDMFT, self-energy
also has non-zero component ΣAB (z). Its effects are further analysed later in section
5.4. K-resolved spectral function (second row in Fig. 5.3), shows very similar
structure to the DMFT, i.e. the spin resonances are associated with the (π, π, π) K
point, corresponding to K = 0 in the DMFT. The slices of the K-resolved spectral
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Figure 5.2: Comparison of the CDMFT (left) and DMFT (right) results for J/D =
0.3 for cubic lattice at half-filling.

function (third row in Fig. 5.3) emphasize the similarities in the structure with one
difference: the CDMFT results have broader peaks, especially for K = (π, π, π).
There are two effects that can attribute to broader peaks: interactions taken into
account in the CDMFT exactly compared to the mean-field treatment in the DMFT
and the energy truncation artefacts in the CDMFT. Truncation artefacts broaden
all features and are probably the main contribution to the decreased sharpness of
the spin resonances (further discussed in section 5.5).
The spin resonances appear around J/D ≈ 0.15; at lower values, they are either
not present or cannot be distinguished from band edge. The build up of spin resonances is shown in Fig. 5.4. For J/D = 0.2, one can clearly see an additional feature
for ω < 0 for both DMFT and CDMFT results while the enhancement for ω > 0 is
not yet detached from the band. Up to J/D ≈ 0.2, the gap ∆ is still linear in J in
the DMFT results (dashed lines in Fig. 5.5)(a). This is not fully supported by the
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Figure 5.3: (first row) -resolved spectral function AA↑ (ω, k ) for J/D = 0.3 (strong
coupling regime) with the DMFT. The left graph is full range, with closeup around
K = 0 showing spectral density enhancement and reduction origins. (second row)
K-resolved spectral functions for J/D = 0.3 with the CDMFT, with close-ups to
region around (π, π, π) responsible for spin resonances. (third row) Spectral function
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lines) for cubic lattice at half-filling.
CDMFT results, namely because we cannot capture small gaps with the k-summing
procedure.
The f spins are almost fully polarized for small J in the DMFT. The CDMFT
suggest the same result if we extrapolate magnetization values to J → 0, knowing
that the result for J/D = 0.1 already has errors due to k-summing. The magnetization of c band also goes to 0 as J → 0 in the DMFT, as predicted by Slater AFM
[125].
As J is increased, the spin resonances become visible for both ω ≈ ω ∗ and
ω ≈ −ω ∗ . In the DMFT, they are very sharp, while the CDMFT shows broader
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structure. The self-energy trick in the DMFT formulation recovers really sharp
features even for Λ = 7.
Interestingly, the gap has a plateau, or at least increases slower with J for intermediate J/D in range [0.2, 0.3] (Fig. 5.5(a)). The sublattice magnetization of
c band increases up to J/D ≈ 0.2 (and 0.25 in the DMFT case), while the spin
magnetization is continuously decreased. The plateau is even more apparent for the
Bethe lattice (not shown).
The position of spin resonance is well defined in intermediate region in the
DMFT. It is hard to fit it in the CDMFT solution due to narrow window of its
appearance and broad structure, so we only fit in for the DMFT data (Fig. 5.5(a)):
ωsr = 0.68J − 0.05.

(5.35)

This linearity is inherited from the Kondo insulator phase, where it holds for ω ∗ .
This further emphasizes the continuous nature of the AFM-KI phase transition and
the persistence of itinerancy.
The DMFT results suggest the continuous phase transition from magnetic to
C
paramagnetic phase occurs at JDM
F T = 0.45D (Fig. 5.5(b)): the magnetization
continuously drops to zero, and the gap is continuous through the transition. The
CDMFT has convergence difficulties for 0.35 < J/D < 0.45, and we could not converged solutions in this region (further discussed in 5.5). We estimate that because
the magnetization decreases faster than in the DMFT calculations, the phase transition probably occurs at lower J (the best guess is around J/D = 0.4D). On the
Bethe lattice in the DMFT, the transition is also continuous and occurs for larger
J/D = 0.56.
For J > JC , the system is a paramagnetic Kondo insulator. In Fig. 5.4, one can
see that all spin resonances disappear as soon as staggered order disappears. There
are, however, small features left in the CDMFT around ω ∗ in the paramagnetic
region. Interestingly, the gap in the Kondo insulator for same J is substantially
larger than in DMFT solution (Fig. 5.5). Dynamic antiferromagnetic correlations
between neighbouring sites are large, and thus increase the gap size as in the AFM
phase [20].

5.3.1

Temperature dependence

The staggered magnetization decreases with increasing temperature until at the
Néel temperature TN the system undergoes a transition to the paramagnetic phase,
Figs. 5.6 and 5.7. The J/D = 0.3 on the cubic lattice with the DMFT, we obtain
the transition around TNDM F T ≈ 0.018D. The evolution of the spectra confirms the
relation of the spin-resonance peaks with the magnetic order, since the peak intensity
follows the staggered magnetization. Interestingly, the peak position itself does not
depend much on the order parameter. It is also noteworthy that the overall structure
of the effective bands does not change across the transition [121]. A sign of this is
the persistence of a reduced density of states (a hybridization-induced “pseudo-gap”)
around ω = 0 to temperatures well above TN , where the order parameter is already
zero and the spin resonance structure eliminated.
We are unable to accurately capture the Néel phase transition with the CDMFT.
The phase transition when one starts with polarized solution and increases the
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DOS) lattices. Note that the figure axes are scaled in terms of the effective bandwidth Deff and that the same rescaled parameter J/Deff has been used in all four
DMFT calculations.
temperature (Fig. 5.6) in fact show higher transition temperature that the DMFT
solution, which is not physical. We discuss CDMFT artefacts further in section 5.5.

5.3.2

Universality and robustness

In the DMFT the most important characteristic of the non-interacting density of
states (DOS) of the lattice is its effective bandwidth, defined through the second
moment of the DOS,
Z
2
Deff
=

2 ρ0 ()d,

(5.36)

which sets the scale of the kinetic energy. It is equal to D for the Bethe lattice and
2D cubic (square) lattice, 0.816D for 3D cubic lattice, and 1.41D for the hypercubic
lattice. Indeed, it has been found that the Mott metal-insulator-transition at T = 0
in the paramagnetic phase of the Hubbard model occurs at roughly the same value
of the rescaled electron-electron repulsion parameter U/Deff [129], which reflects the
nature of the transition: competition between the delocalizing effect of the kinetic
energy and the localizing effect of the electron-electron repulsion.
For the AFM-KI phase transition in the DMFT the critical coupling is given by
essentially the same ratio of Jc /Deff (we obtain Jc /Deff ≈ 0.56 for the Bethe lattice,
2D and 3D cubic, and Jc /Deff ≈ 0.54 for the hypercubic lattice). This can again be
rationalized in terms of a competition between kinetic and exchange terms: kinetic
terms promote delocalization of c electrons, while the exchange terms enhance their
localization by generating localized Kondo singlet states. This essentially agrees
with Doniach’s picture of competing RKKY and Kondo ground states.
The scaling in terms of Deff is valid even more generally. The comparison of
spectral functions computed for different lattice types, Fig. 5.8, shows that despite
significant differences in details, the main features of appropriately rescaled spectral
functions are common to all cases: a) they have essentially the same quasiparticle
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constant while V and U increase, the AFM order is suppressed, the spin resonance
disappears, yet the gap remains constant. Here J/D = 0.08.
gap ∆, b) they exhibit a spin resonance structure, and c) the spin resonance appears
at roughly the same frequency ωsr and has comparable spectral weight (with the
exception of square lattice which has a van Hove singularity at  = 0 that enhances
the spin resonance peak).
The spin resonance is also present in closely related models which have itinerant AFM order: high-spin Kondo lattice model (explicitly tested for S = 1 KLM,
also in presence of magnetic anisotropy term DSz2 , for both axial D < 0 and planar D > 0 anisotropy) and the periodic Anderson model (PAM) with parameters
chosen so that the model is particle-hole symmetric and in the Kondo limit (large
U and f + U/2 = 0). In PAM, if hybridization V and f -level charge repulsion U
are increased while keeping the effective Kondo coupling J ∝ V 2 /U constant, the
hybridization is increased in comparison with the exchange energy. The result is
that the staggered magnetization decreases and the spin resonance gradually disappears, yet the spectral gap remains roughly constant, see Fig. 5.9. Interestingly, as
V increases at constant J, the charge fluctuations on the f level actually decrease
due to increasing U .
We expect similar things to appear for the CDMFT on other lattices: spin
resonances obtain a Fano shape, the phase transition occurs at lower J and the gap
is wider. We compare the results of square lattice with the cubic lattice in Fig. 5.10.
While the spin resonances are not yet clearly detached from the gap edge, there is
a minor dip as in the cubic lattice left of the band edge for ω < 0 that is associated
with the Fano resonance. More clearly, one can see additional structures for ω > 0.
square
cubic
The gap are almost the same because Def
.
f ≈ Def f

5.3.3

Magnetic field

We now consider the effect of an external magnetic field on the antiferromagnetic
state. There are no magnetic anisotropy terms in our Hamiltonian, thus in the
ground state the staggered magnetization always reorients itself perpendicular to
the applied field to preserve the exchange energy generated by the antialignment of
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Figure 5.10: Comparison of square and cubic CDMFT calculation for J/D = 0.3
spins in c and f bands 1 . Likewise, when magnetic field is applied on the Kondo
insulator, it induces an antiferromagnetic spin correlations transverse to the external
field [130, 131]. In this work we will follow the convention that the direction of the
field is taken to be along the x axis (we denote this as the “longitudinal” direction)
and the staggered magnetization along the z axis (this is the “transverse” direction).
Because the magnetic field is not aligned with the spin orientation, we lose
spin symmetry, rendering the cluster computation numerically too expensive. We
therefore only treat magnetic field within the DMFT framework. The calculation are
done for Bethe lattice instead of cubic but one expects similiar behaviour because of
the universality discussed in the previous section. We present results for J/D = 0.5
(effective J/D = 0.4 for cubic lattice), where resonances are well detached from
band edge.
f electrons have higher magnetic susceptibility than c electrons, thus their uniform magnetization rapidly increases with the applied field, while the c electrons at
first anti-align due to the strong local Kondo coupling J  B and only for very
strong fields (of order J) in the same direction as the f orbitals, see upper panel
in Fig. 5.11. For weak fields, the staggered magnetization first increases, see lower
panel in Fig. 5.11. This can be explained as the suppression of the Kondo effect by
breaking the local singlets through magnetic field, which leads to stronger spin polarization of the orbitals. The staggered magnetization is maximal for B = Bm ≈ 0.1D
and then slowly decreases towards 0 as the gap is closing. The charge gap becomes
exponentially small in the large-B limit [130], thus at non-zero temperature the
system is effectively a strongly spin-polarized paramagnetic metal. The results in
Fig. 5.11 can be qualitatively reproduced using a simple exact calculation on a twosite cluster with suitable molecular fields for AFM order put in by hand. The only
small discrepancies are due to the stronger itinerancy of c electrons in the full lattice.
The spectra undergo significant changes as the field is applied, see Fig. 5.12.
Local spectral functions (top panel) reveal that the spin resonances are resilient
to small fields and that their position remains roughly constant as B is increased.
They are washed away at higher fields when the AFM order itself becomes strongly
suppressed. This is in line with the interpretation of the spin resonance as a mani1

If the external magnetic field is applied in the direction of stagerred magnetization, a metastable
solution with no transverse magnetization can be obtained in the DMFT calculations. We do not
consider this case here.
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festation of the staggered magnetization. The width of the resonances is, however,
strongly field dependent, reaching a maximum for values of order Bm where the staggered magnetization peaks. When B increases further, the resonance is suppressed
at the same time as the staggered magnetization tends toward 0, as expected. The
behavior of spectral functions near the band edges is equally interesting. In particular, we note the reemergence of the structure characteristic for the weak-coupling
case with square-root and inverse-square-root singularities.
The field-dependence can be better understood through the momentum-resolved
spectral functions, see panel (b) in Fig. 5.12. In weak field, the main effect is the
“doubling” of the quasiparticle branches (four to eight). This results from the breaking of the symmetry relation GAσ (ω) = GB σ̄ (ω) which guarantees the degeneracy of
the branches in the absence of the external field. Physically, this means that in the
presence of the field the c band electrons propagate slightly differently if their spin
has a transverse component which is aligned or antialigned with the uniform component of the magnetization. This difference becomes more pronounced at larger
fields, and the splitting grows larger (see the case of B/D = 0.12). We also note
that the higher-energy branches (label H in the plot) always have much shorter
quasiparticle lifetime than the lower-energy ones (label L in the plot) because of
the relaxation mechanism via transverse spin component reorientation, taking the
quasiparticles from the upper to the lower branch. At high fields the H branches
become so diffuse that they can hardly be distinguished. This evolution can also
be followed in the constant-momentum section of the momentum-resolved spectrum
shown in Fig. 5.12(c).
A further effect of the field is the emergence of the curvature in the L branches,
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see label M in Fig. 5.12(b). This new feature directly explains the resurgence of the
(inverse)-square-root singularities at the gap edges, since the direct gap moves from
the non-interacting band edges at  = ±D, where the DOS goes to zero, ρ(±D) = 0,
to inner regions, gradually shifting to the center of the band at  = 0 as B increases.
In Sec. 5.4 we will see that most of these features can be explained in the hybridization picture with longitudinal uniform and transverse staggered magnetization.

5.3.4

Optical conductivity

In the weak-coupling AFM regime, the optical conductivity on the Bethe lattice
shows a threshold behavior with a pronounced resonance corresponding to twice the
quasiparticle gap, Ω = 2∆, see Fig. 5.13 for J/D = 0.1. Similar behavior is also
observed in the Slater AFM regime of the Hubbard model [132]. In the strongcoupling regime, the curves are more complex. For J/D = 0.25 and J/D = 0.375,
after the threshold at Ω = 2∆, there is a region of moderate conductivity, followed
by a pronounced resonance at Ω = 2ω ∗ , and an additional more-or-less pronounced
structure associated with the spin-resonance. As J is increased toward Jc , the first
region progressively flattens out and evolves into a plateau of nearly constant very
low optical conductivity (see J/D = 0.375, 0.42, and 0.50 in Fig. 5.13). This region is
associated with the transitions between the quasiparticles at band edges (k ≈ ±D)
which have low spectral weight. The highest peak region is associated with the
cross-shaped form of the k -resolved spectral function in the band-center (k ≈ 0).
We have been unable to calculate the optical conductivity within the CDMFT
because we would need vertex corrections. We, however, expect similiar features as
in the DMFT case.
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Figure 5.14: Comparison of antiferromagnetic and paramagnetic DMFT solutions
for equal values of J reveals the fine details in the ordered phase for Bethe lattice.

5.4

Emergence of spin resonances

The DMFT results indicate that at half filling the hybridization picture is an essentially correct description of the antiferromagnetic phase of the Kondo lattice model
and that the topology of the quasiparticle bands remains the same (large Fermi
surface) for all values of J. At the same time, our numerical results indicate that
at the quantitative level there are interesting details that have experimentally observable consequences, such as the presence of enhanced and suppressed density of
states in the centre of the band at the avoided crossing points of the quasiparticle
bands (visible in ARPES) and the non-trivial structure of the optical conductivity
(see, in particular, the comparison in Fig. 5.14). The hybridization picture does not
include any inelastic-scattering processes, since it is essentially an effective theory of
non-interacting quasiparticles. Even at T = 0 it therefore does not properly capture
effects away from the Fermi level, but nevertheless it is a good starting point.
Fine structure is the spectra is also found for other strongly correlated systems,
in particular for the Hubbard model in the paramagnetic [133, 134, 135, 136, 137,
138, 139, 140, 141] and antiferromagnetic phase [142]. Such spectral features can
be understood mathematically through the structure of the DMFT equations and
causality (Kramers-Kronig relations) [136], as intrinsic emergent collective fluctuations [138, 139], or as being due to cross-over between fixed points [143]. In the
antiferromagnetic case, the peaks correspond to the string (spin-polaron) states [142]
which are adiabatically connected with those in the tJ model (the U → ∞ limit).
One could be tempted to similarly relate the “spin resonance” to some clearly
identifiable excitation in the system, perhaps a magnetic mode, as suggested by the
linear dependence of the peak position ω ∗ on the exchange coupling constant J,
Eq. (5.35). The scale of ω ∗ is essentially bare J (up to a prefactor of ≈ 0.69), thus
it appears to be trivially associated with local spin flips. Nevertheless, this seems to
86

5.4. Emergence of spin resonances
be rather coincidental and trivial (adding an electron to half-filled system breaks a
local Kondo singlet and costs ≈ 3/4J in the large-J limit), and does not explain the
origin of the peak that, rather, appears due to (unequal) local effective fields h and
H associated with the order parameter (staggered magnetization) and the presence
of inelastic scattering.
Within the DMFT, non-trivial fine structure can arise by two mechanisms: 1)
non-trivial properties of the underlying quantum impurity model and the associated
cross-overs between the various fixed points of the model (as discussed, for instance,
in Ref. [143]), 2) the self-consistency equation (possibly adapted for a particular
type of broken-symmetry solution) and lattice effects. In some cases it may not
be possible to clearly distinguish between the two. Indeed, the most interesting
effects in the DMFT result from the frequency dependent hybridization function
∆(ω) which is the input to the impurity solver. In our case, it is safe to claim that
the lattice effects are the dominant mechanism, while the impurity problem merely
provides a way for generating inelastic scattering. As we have confirmed that there
are resonance features also in the 2-site cluster DMFT calculation, we also exclude
that the resonances are an artefact of the DMFT self-consistency formulation for
broken phases.

5.4.1

Zero magnetic field

Let us first analyze the equation for the quasiparticle bands in the absence of the
external magnetic field,
Re[ζAσ (ω)ζBσ (ω) − 2 ] = 0,

(5.37)

focusing on the region close to the spin resonance at  = 0. We are then actually
solving
Re[(ω − Σ↑ (ω))(ω − Σ↓ (ω))] = 0.
(5.38)
Neglecting the imaginary parts of Σ, this reduces to
(ω − ReΣ↑ (ω))(ω − ReΣ↓ (ω))] = 0,

(5.39)

and it follows that the solutions are given by
ω = ReΣσ (ω).

(5.40)

It turns out that in the range of J where the spin resonance is the most pronounced,
this equation has solutions at ω ≈ ±ω ∗ for both spin directions. In other words, one
has
ReΣ↑ (ωsr ) ≈ ReΣ↓ (ωsr ) ≈ ωsr .
(5.41)
This condition has been interpreted in Ref. [121] in terms of the molecular fields h
and H as the relation h = −H and named the “quasilocal compensation”. We find,
however, that this “compensation” is not generally valid.
We have systematically extracted the parameters from the calculated self-energy
functions using the following hybridization-picture Ansatz:
Σ↑ (ω) = h +

Ṽ 2
.
z − H + iδ
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0.4
Jc

0.3

h
−H
δ
Ṽ
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Figure 5.15: Kondo antiferromagnet in the hybridization picture with spin polarization: parameters for the single-pole Ansatz for the self-energy Σσ (ω) as a function
of the Kondo coupling J for Bethe lattice (rescale J → 0.816J for cubic lattice due
to universality).
A small imaginary part δ has been added to account for the finite width of the peak
in ImΣ. For stability, the parameter extraction has been performed simultaneously
on real and imaginary parts of the function. The results are shown in Fig. 5.15.
The plot reveals that the curves h(J) and −H(J) have a similar non-monotonic
behavior with a maximum value in the cross-over region between the weak- and
strong-coupling antiferromagnet (J/D ≈ 0.35), but they do not overlap: instead,
they only intersect at a single plot near J/D = 0.5. The hybridization parameter
Ṽ is continuous across the AFM-KI transition, as already noted in Ref. [121]. (We
note that Ṽ in our work is defined slightly differently compared to that in Eq. (9) of
Ref. [121], since the resonance in Σ is actually centered away from ω = 0.) In contrast
to Ref. [121], we find that Ṽ 2 is not simply proportional to exp(−1/ρJ) ∼ TK , but
has a hump in the range of J > Jc with a pronounced spin resonance in the spectrum.
In the paramagnetic range of J, the proportionality Ṽ 2 /D ∝ TK is recovered. The
imaginary-part parameter δ is small, but needs to be included for a good fit, even
though it leads to somewhat worse agreement with ImΣ(ω), which, in particular,
should be strictly equal to zero inside the gap.
In Fig. 5.16(a) we plot the real and imaginary parts of the self-energy together
with the corresponding single-pole fit functions. The agreement is better in the
strong-coupling regime at J/D = 0.5 where the pole is very strong and dominates
the remaining structure in the self-energy, visible in the close-up on ImΣ(ω) shown in
panel (b) and labeled as B. Surprisingly, in the weak-coupling regime at J/D = 0.1,
the agreement is much less satisfactory. The main reason is that the pole is not
much larger compared with the remaining structure: region B is merged with the
pole A, thus the peak is no longer a simple Lorentzian and consequently ReΣ(ω) is
asymmetric.
We emphasize that the spin resonances are not located at the frequencies of
the poles in the self-energy, but at significantly higher energies. We now study
this in more detail by considering the generic case at J/D = 0.4 where h and
−H differ slightly. Functions ReζAσ (ω) = ω − ReΣAσ (ω) intersect the real axis
at two different points, see Fig. 5.17(a). Somewhere between these two points, the
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Figure 5.16: Self-energy functions and fits to the hybridization-picture Ansatz with
a single-pole for Bethe lattice. The fit quality is mediocre in the weak-coupling
regime (J/D = 0.1), but improves in the strong-coupling regime (J/D = 0.5). (b)
ImΣ has some fine structure in addition to the dominant poles.
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Figure 5.17: Analytical structure leading to the spin resonance. a) Nearby solutions of ω = ReΣσ (ω) for σ =↑ and σ =↓. b) ImΣσ (ω) are nearly constant for
ω ≈ ω ∗ . c) Argument of the non-interacting Green’s functions in the DMFT expression (Eq. (5.30)) for local Green’s functions. d) Resulting local spectral functions
featuring enhancement or suppression at ω ≈ ω ∗ .
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0.30 J/D = 0.5

bad fit region

0.25
0.20

h

0.15 good fit region

H
h⊥
−H⊥

0.10
0.05

d
Ṽ
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Figure 5.18: a) Parameters for the hybridization-picture Ansatz for the Kondo antiferromagnet in external magnetic field. b) Momentum-resolved spectral function
at finite magnetic field.
function p = (ζAσ (ω)ζBσ (ω))1/2 goes through a branch cut so that its imaginary part
has a jump, Fig. 5.17(c). In the DMFT expression for the local spectral function,
Eq. (5.30), this discontinuity is cancelled by that in G0 (p) − G0 (−p), resulting in a
continuous spectral function, which however has a peak, Fig. 5.17(d).

5.4.2

Finite magnetic field

We now consider the case of finite magnetic field where the momentum-resolved
spectral functions show complex structure with quasiparticle branch doubling in
number. The simplest attempt to rationalize this behavior is to incorporate the additional uniform magnetic field in the hybridization picture. The self-energy function
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now has a 2 × 2 matrix structure:

−1




H
Hk
h⊥ hk
 + iδ  .
 + Ṽ 2 z −  ⊥
Σ(ω) = 
Hk −H⊥
hk −h⊥

(5.43)

The extracted parameters are shown in Fig. 5.18. The staggered components h⊥
and H⊥ (which correspond to the previously discussed h and H in the absence of
the field) have only weak B dependence: at first they slightly grow (in absolute
value), similar to the staggered magnetization components mc⊥ and mf ⊥ , then decrease. The homogeneous longitudinal molecular field components also mimick the
corresponding magnetization components: Hk rapidly grows with B and eventually
becomes the dominant molecular field, while hk slightly increases and then changes
sign. The effective hybridization Ṽ does not change appreciably with field. We also
note that the quality of the fit worsens at high fields. This is expected since the systems renormalizes toward a weakly-interacting spin-polarized limit where the simple
hybridization picture is not a good approximation (similar to the case of small J at
B = 0).
It is worth mentioning that in the strong-coupling
regime for large J/D ∼ 0.5, Ṽ
p
∗
2
2
is much larger than h ≈ −H, thus ω = Ṽ + h ∼ Ṽ . The effective hybridization
Ṽ is not strongly affected by the field, therefore ω ∗ remains approximately constant.
This explains why the spin resonance position is not much affected by the external
magnetic field, as seen in Fig. 5.12.

5.4.3

Effects of non-local correlations

The main difference when trying to apply the hybridization picture to the CDMFT
case is that the self-energy ΣAB (z) is non-zero. To account for that, we extend it
in a way similiar to the magnetic field, but this time for sublatice indices instead of
spins,





−1
h tAB
H
T
AB
 + Ṽ 2 z − 
 + iδ  ,
Σ↑ (ω) = 
(5.44)
tAB −h
TAB −H
where


Σ↑ (ω) = 

ΣAA,↑ (ω) ΣAB,↑ (ω)



.
ΣBA,↑ (ω) ΣBB,↑ (ω)

(5.45)

New parameter tAB and tAB represent additional effective hoppings between A and
B sites. The self-energy for spin ↓ is analogous with signs of h and H changed. In
Fig. 5.20, we show that CDMFT self-energies results show very good agreement
with the hybridization picture for J/D ≈ 0.3 (right side) but less so for lower values
of J (left side). Off-diagonal elements, ΣAB (ω), are also well reproduces using this
Ansatz.
The non-local correlations do not destroy the approximate validity of the hybridization picture. As in the DMFT, there is an additional structure present,
especially if one looks at the imaginary part of self-energies near ωsr .
The self-energy structure for the same J changes in the following ways compared
to DMFT (Fig. 5.20): a) the pole is higher in magnitude (larger Ṽ ), b) it shifts
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Figure 5.19: Self-energies (black) and fits on the model (5.44) (red) for CDMFT
results with J/D = 0.2 (left) and J/D = 0.3 (right).
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Figure 5.21: (a) Spin-spin correlations as a function of J in strongly correlated
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Occupancy and spin correlations on the cubic lattice as a function of J. For operator
hABi, dashed lines show the dynamic part, i.e. hABi − hAihBi.
further away from ω = 0 (larger h), c) the ΣAB is non-zero and has a double-pole
structure in the strong coupling regime (non-zero tAB ), and d) the fine structure is
changed a bit (broader resonances).
The difference between h and −H confirms that the quasi-local compensation
is violated; the violation is in fact a bit larger than in the DMFT. Coupling tAB ,
representing an additional effective hopping between c sites as well as TAB representing effective hopping between spins is very small, the hopping between the nearest
neighbour site is thus almost not normalized.
f,B
Another way to look at correlation is to calculate hsf,A
z sz i, i.e. what is the
probability that the spin on A aligns with spin on sublattice B. In the antiferromagnetic solution at low J, we expect Slater AFM to be valid, with spins completely
f,B
anti-aligned hsf,A
z sz i → 1/4. In the DMFT, we are essentially treating correlation
f,B
in the mean-field way, and it is therefore equal to hsf,A
z ihsz i. The DMFT results
(Fig. 5.21(a) with dashed lines) start at maximum value of 0.25 for anti-aligned
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spins at low J/D, followed by a smooth transition to no correlation in the paramagnetic solution. In the CDMFT, however, there are additional dynamic contributions.
In Fig. 5.21(a), we show how the dynamic part enhances anti-alignment compared
to mean-field value, however the value is still lower in absolute value than in the
DMFT. At J/D = 0.1, there are probably already artefacts in the CDMFT, so we
cannot reliably say that the correlation increases there. The dynamic part increases
in absolute value in the strongly correlated regime around J/D ≈ 0.3. The correlation is smoothly connected to the the paramagnetic solution, where it is non-zero
but falls slowly with increasing J. This is consistent with the CDMFT result for
c,B
the Hubbard model where spin correlations hsf,A
z sz i are antiferromagnetic between
nearest neighbour sites [20]. In turn, the short-range spin correlations are responsible for gap widening because they enhance antiferromagnetism. The gap is wider
both in the AFM as in the Kondo insulator phase because the dynamic correlations
persist in the CDMFT solution through phase transition. This explains why the
Ṽ is larger in the CDMFT calculation; the increase of Ṽ is directly related to the
increase of the gap size.
One can also look at correlations between c band and spin on the same site
(orange line in Fig. 5.21(b)). The static (mean-field) value is very small as the
magnetization of c and f sites is decreased as we increase J, and the dynamic contribution promoting singlet formation dominates , i.e. the Kondo effect is dominant.
This effect is already well described within the DMFT framework. After the phase
transition only the dynamic contribution is left. The spin correlation between f spin
c,B
on site A and c electron on site B, hsf,A
z sz i, is much smaller than the correlation
on the same site.
B
The site double occupancy decreases again due to the Kondo effect, while hnA
σ nσ i
increases as J is increased (Fig. 5.21(b)).
Altogether, nonlocal correlations are responsible for larger gap and decrease of
phase transition but beyond that, inclusion of nonlocal effects does not have profound effect on the understanding of the KLM. I do not expect a lot of changes if
we include more nonlocal terms (larger clusters).

5.5

Stability and artefacts of the CDMFT

The NRG calculation for 2-site clusters with very high values of the discretization
parameter Λ and low Nkeep is used in order to obtain solution in desirable time and
within memory constraints. The success of very high Λ = 7 should be attributed
to self-energy trick, without which the CDMFT produces very inaccurate results.
Because the grid is very coarse with high Λ, it is also important to use z-averaging
to remedy finite-size effects.
There are two main parameters that control artefacts of the CDMFT: discretization parameter Λ and the maximum number of states kept after each iteration
controlled by Nkeep . Even though we also use energy truncation Ecutof f of states
in the CDMFT, the number of states at starting iterations is bound by the Nkeep
parameter. In the DMFT, the states are mostly truncated with Ecutof f , and we thus
expect no truncation artefacts there.
For our main testing value of J = 0.3D with Nkeep = 4500, we see that lowering
Λ shifts peaks but do not change the signature features of the spectral function (Fig.
5.22). This is very encouraging because without high values of Λ, the two-site cluster
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Figure 5.22: Spin-averaged spectral function for different discretization parameter
Λ for the CDMFT (a) and DMFT (b). The dashed lines in (b) correspond to Λ = 2.
1
/Λ−1
Emax

2
/Λ−3/2
Emax

3
/Λ−2
Emax

100

0.66 (0.6%)

1.64

3.12

3.6

500

0.718 (3%)

1.41

3.46

3.4

1500

1.23 (9.3%)

3.6

4.46

5.58

3000

1.74 (18.7%)

4.02

4.82

6.61

4500

1.79 (28%)

4.0

5.0

6.88

8000

2.34 (50%)

4.36

5.46

7.34

Nkeep

4
/Λ−5/2
Emax

Table 5.1: CDMFT truncation for J/D = 0.3 and interleaved mesh z = 1. All states
are already truncated.

NRG computations are long: for example, even for Λ = 5, one CDMFT iteration
for a single interleaved mesh requires around 20 hours on 16 cores. The results are
essentially unchanged in the DMFT (Fig. 5.22b) for a very broad range of Λ. Here,
we also plot Λ = 2 result (dashed lines) that overlaps with other curves, thus we
can also expect the DMFT result is very close to the Λ → 1 limit. Additionally, the
AFM-KI phase transition point in the DMFT is not changed by Λ (not shown).
The truncation plays a more important role than Λ in the CDMFT. We describe
i
the energy truncation at iteration i with Emax
: it is the energy of the state with
the highest energy still not truncated. These energies for J/D = 0.3 are presented
in Table 5.1. Even for highest Nkeep = 8000, the states in the first iteration are
already truncated. We would need to keep 16000 states to avoid truncation in the
first iteration, and 16 times more to avoid it in the second iteration. In the second
iteration, we are omitting 94% of the states, much in [0, Ecutof f ]Λ−3/2 window. We
would need to keep up to approximately 300000 states to avoid truncation due to
Nkeep in the second iteration; the memory and computation requirements are too
high for large values of Nkeep . The limit for ∼ 100GB memory is around Nkeep =
8000.
In order to discuss the artefacts of the energy truncation, we study it in the
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1
/Λ−1
Emax

2
/Λ−3/2
Emax

3
/Λ−2
Emax

200

0.99

4.79

8.5

7.91

300

0.99

5.18

9.1

7.8

400

0.99

7.2

9.4

9.8

600

0.99

10

10

10

Nkeep

4
/Λ−2
Emax

Table 5.2: DMFT truncation for J/D = 0.3 and interleaved mesh z = 1.

DMFT where we decrease Nkeep to low values to emulate the effect of truncation in
the CDMFT (Fig. 5.23(b)). The results for Nkeep = 6000 have no truncation artefacts and are used as a reference. For Nkeep = 1000, the curve essentially overlaps
with the reference. First difference appear for Nkeep = 700, where the curve around
the spin resonance broadens a bit. Spin resonance becomes broader as we decrease
Nkeep down to 300 but all other features remain at nearly the same position. As
Nkeep is decreased further, the gap is increased and all features become broader and
displaced from ω = 0; this is the limit where we truncate too many states. In Table
5.2, we show the highest energies of the states still taken into account for first few
iterations for interleaved mesh z = 1. For Nkeep > 600, the states are clipped by
Ecutof f and we are reproducing all features, including the spin resonance. The difference between Nkeep = 600 and Nkeep = 1000 comes from other interleaved meshes
as there is truncation with Ecutof f at starting iterations for interleaved meshes with
lower z.
Comparing the evolution of the spectral function for different value of Nkeep
in Fig. 5.23(a), one can relate the CDMFT solution for Nkeep = 500 − 8000 to a
region around Nkeep ≈ 300 in the DMFT; this corresponds to spectral functions that
already resolve most of the features with the spin resonance broadened. If Nkeep is
too low in the CDMFT, the solution does not converge as in the DMFT. The high
resolution region is not accessible to the CDMFT due to memory constraints.
With the analysis above I show that even though there are use severe state
truncations in the CDMFT, the results for J/D = 0.3 and T = 0 are valid. This
does not, however, mean that the truncation does not lead to problems for other
parameters. In order to capture phase transitions, the number of states required is
increased. The CDMFT does not converge for J/D = 0.35 − 0.45, where the phase
transition between the KLM and the KI occurs. The DMFT emulation even with
Nkeep = 700 does not converge for J/D = 0.43, and the area of non-convergence
is wider if Nkeep is decreased. The same is true for T > 0 when capturing Néel
transition. At higher temperatures, higher energy states become more and more
important as their contribution to the spectral function is increased. The effect
of the state truncation is that low temperature behaviour is enhanced, thus the
Néel transition happens at higher temperatures. In the DMFT with Nkeep = 300,
the Néel temperature is raised by approximately a factor of 10. This explains the
CDMFT artefacts when trying to capture the Néel transition, where the transition
temperature is higher than in the DMFT.
To test the accuracy further, we also calculated the results for the PAM, where we
can compare them to the DMFT and CDMFT with the QMC as an impurity solver
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Figure 5.23: Spin-resolved spectral function for different Nkeep in the CDMFT (a)
and in the DMFT (b).
in Ref. [22]. For the Néel transition at V /D = 0.18, f /D = −0.6 and U/D = 1.2, we
obtain TNDM F T /D ≈ 0.012 that is very close to their result, TNDM F T /D = 0.015. We
overestimate the CDMFT transition that occurs at TNCM DF T /D = 0.02 in our case
(for Nkeep = 4500), while they obtain TNCDM F T /D = 0.004. This further confirms
that the CDMFT with the NRG has artefacts for T > 0 for not high enough Nkeep .
All in all, the CDMFT with the NRG is a very promising technique even for
high Λ but one has to be careful when the solution is sought near phase transitions
at T = 0 or at high temperatures. Also note that the problems are a lot less
severe when studying the paramagnetic Hubbard model with the CDMFT (chapter
6), where we can also reproduce the metal-insulator phase transition and can, in
principle, use more symmetries to increase Nkeep parameter.
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Chapter 6
Dimerized Hubbard model
There is growing interest in the physics of strongly correlated transition-metal
chalcogenide layered materials [144]. These materials form a two-dimensional plane
layers, weakly coupled in the perpendicular direction. A particular puzzling compound is tantalum disulphide, TaS2 , which has commensurate charge-density-wave
low-temperature phase [145, 146, 147]. There are indications that TaS2 layers actually form bilayers where the CDW distortion directly overlaps, while these bilayers
are stacked with a shift vector which is partially disordered. This calls for an analysis of simplified models which incorporate the effects of strong on-site interaction,
(1)
(2)
(1)
hopping dimerization along one of the spatial directions (tx 6= tx , where tx is the
(2)
intra-bilayer hopping between the planes, while tx is the inter-bilayer hopping), as
(2)
well as hopping disorder between such bilayers (randomness in tx ). The crucial
(1) (2)
questions concern the competition between the band (in the large tx /tx limit) and
Mott (in the large U limit) insulating phases.
We model the system with a modified Hubbard model (Eq. (2.6)) on the cubic
lattice with the hoppings in x direction alternating between two values:
X †
X †
HDH = t(1)
ci,j,k,A ci,j,k,B + t(2)
ci,j,k,B ci+1,j,k,A +
x
x
i,j,k

+t

i,j,k

X 


c†i,j,k,α ci,j+1,k,α + c†i,j,k,α ci,j,k+1,α +

i,j,k,α

+ ( − µ)

X

c†i,j,k,α ci,j,k,α + U

i,j,k,α

X

ni,j,k,α ni,j,k,α ,

(6.1)

i,j,k,α

where α = A, B,  is the on-site energy, U is the local Hubbard repulsion on each
(1)
site, tx is the hopping inside the cluster in x direction, while t is the hopping in
(1)
y and z direction and in tx in x direction between clusters. In the following, se
(1)
set tx = t. Note that the cluster is tiled differently than for the Néel order. The
cluster contains two sites: A and B with the same indices i, j and k. Transforming
the kinetic part of the model (6.1) to the cluster momenta basis, one obtains

† 


(1)
ik
1
X ck,A
−2t cos k2 − 2t cos k3
−t − te
c
kin

 ·
  k,A  +H.c,
HDH
=
ck,B
−t(1) − te−ik1
−2t cos k2 − 2t cos k3
ck,B
k
(6.2)
where k1 , k2 and k3 ∈ [−π, π). We perform the k summation to obtain local lattice
Green’s function (Eq. (4.20)) in the CDMFT using 5 million k points. The non99
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interacting dispersion relation is obtained by diagonalizing the above matrix and
reads,
s

2
t
t
(1)
k = −2t cos k2 − 2t cos k3 ± t
1 + (1) + 2 (1) cos k1 .
(6.3)
t
t
I use the notation D = 6t, where D is the half-bandwidth of the limit of the
Hubbard model. I only show T = 0 results at half-filling ( = −U/2, µ = 0), where
there are only two independent parameters: the interaction strength, U/D, and the
ratio between inter-cluster and other hoppings, r = t(1) /t > 1. I calculate the results
with the CDMFT with the QSZ symmetry, and I manually force the system into the
paramagnetic phase. The true groundstate is Néel antiferromagnet for all values of
U for r = 1 [21]. If not stated otherwise, Nkeep = 4500 and Λ = 7.

6.1

Spectral functions in the Hubbard model limit

(1)

If tx = t, we arrive at one of the possible realization of 2-site cluster representation for the standard homogeneous Hubbard model. The evolution of the spectral
function as we start from metallic solution and increase U is shown in Fig. 6.1(a);
for small U = D, the central peak narrows first, followed by a transition to a threepeaked structure (U = 1.7D). The two-peaks structure around ω = 0 is probably
an artefact of the method (we have been unable to get rid of it for Nkeep = 8000 and
Λ = 3, though). It is, however, a precursor of the pseudo-gap formation. The transition is different than in the single-site DMFT calculation (Fig. 6.1(b)), where the
metal-Mott insulator transition occurs when the central peak disappears [13, 17]. In
the CDMFT solution the central peak splits into two peaks, and a reduced density
of states region around ω = 0 emerges, i.e. a pseudogap [99, 148]. As U is inCDM F T
creased to Uc2
≈ 2.2, the pseudogap evolves into a true gap but the side peaks
are still present. For large U , we arrive at a two-peak structure as in the DMFT.
The DMFT results indicate that the transition to Mott insulator happens around
DM F T
Uc2
= 2.35D; the 2-site non-local correlations therefore reduce the range of the
metallic phase.
The main difference between the CDMFT and DMFT are the anti-ferromagnetic
fluctuations between the neighbouring sites; for U = 2D, hszA szB i = −0.092 in the
CDMFT, while the DMFT value is 0 as we do not account for them. These fluctuations are responsible for the pseudogap formation [20, 99].
The phase transition also shows a hysteresis; if we start from the insulator phase
and slowly reduce U , we are able to stabilize insulating phase down to Uc1 = 1.95D,
as shown in Fig. 6.2(left). In all further results, we always start from the metallic phase for consistency but one must be aware that the hysteresis is apparent
(1)
everywhere, also for tx 6= t.
We now discuss the reliability of the numerical results. The energy truncation
has the most severe effect near the phase transition, therefore I show the results
for U/D = 0.23 for different values of Nkeep in Fig. 6.3. For Nkeep = 1000, the
solution is still metallic; when Nkeep is too low, the phase transition from metal to
insulator appears at larger values of U . As Nkeep is increased to 4000, however, the
gap with side peaks already appears. As we increase Nkeep further, the gap stays
essentially unchanged but the details at the gap edges disappear, which suggest
that they are an artefact of energy truncation. Nkeep = 4500 is thus sufficient to
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Figure 6.3: Spectral function for different Nkeep and Λ = 7 near the phase transition
(most problematic region).
resolve the gap but if one wants to analyse the gap edge and the Hubbard bands,
Nkeep should be increased further. The quality of the spectral function away from
the phase transition is better; i.e. we are able to resolve most of the features with
Nkeep = 4500.
The Hubbard model has been extensively studied within the CDMFT approach
using the QMC as the impurity solver on large clusters [21, 98, 101]. The CDMFT
study on the cubic lattice in Ref. [21] suggests that the critical Uc is renormalized as
one includes more sites in the cluster; for 18-site cluster, they obtain Uc2 = 1.55D.
Our 2-site result is consistent with the finding as the transition is between their result
and the DMFT result. The evolution of the spectral function is very similar to their
18-site calculation, so the main effect of bigger cluster is in the re-normalization of
Uc .
This further confirms that the results are correct despite the crude state truncation in the NRG (section 5.5). The results for the Hubbard model have less stability
problems that for the KLM; the results converge in the region around the metalMott phase even with Nkeep = 4500 in the Hubbard model while I have been unable
to converge to a stable solution near the AFM-KI transition in the KLM at T = 0.

6.2

Dimerization effects

For U = 0 as we increase r, the insulating behaviour arises from a different mechanism: we obtain a band insulator (Fig. 6.2(right)). Changing the ratio r shifts upper
and lower band away from ω = 0: for low r, there is reduction of states at ω = 0.
For larger r, the upper and lower bands shift away from ω = 0 with reduced density
in the middle until a gap opens exactly at r = 5. The broadening and finite-size k
summation shift the gap to slightly higher r in my results. For large r, the upper
and lower peaks still have fine structure and move further away from ω = 0.
The phases in the general case for non-zero U and r 6= 1 are shown in Fig.
6.4(left). The indication of insulator is zero spectral weight at the Fermi level,
A(0) = 0. Due to broadening errors, the spectral function does not drop strictly to
zero, therefore we cannot exactly obtain the point of transition but the qualitative
picture can be obtained from the behaviour of A(0) nonetheless. One can see that
for larger U , the insulator occurs for lower r. This indicates cooperation of on-site
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The crossover from band to Mott insulator.
repulsion and dimerization. I do not find any intermediate phase separating band
and Mott insulator, so we cannot distinguish those two phases. There is a smooth
crossover; the spectral functions plotted in Fig. 6.4(right) for pairs U and r in the
insulating phase shows connection between them. Increasing either U or r widens
the gap. The main difference between the two is that increasing U broadens all
features and at large U , we are left with two Hubbard peaks, while increasing r
preserves the fine structure.
The results are consistent with the DMFT study in Ref. [149] performed on
the Bethe lattice for a bilayer Hubbard model. The bilayer Hubbard model is very
similar to the dimerized Hubbard model as it has the same ingredients: on-site
repulsion and dimerization. The main difference is in the lattice and dimensionality
effects that only effect the band details and energy scales, that however, do not play
important effect on the qualitative level.
The CDMFT results for 2 × 2 clusters (two sites in each layer) in Ref. [150] also
included in-plane correlations. They show that at constant U , it is possible to go
from the band-insulator to a metal and then to a Mott-insulator when increasing only
r. They argue that the presence of in-plane spatial correlations in model stabilizes
the Mott phase for all U . My results confirm that without the in-plane correlations,
the above separation of Mott and band insulator by a metallic phase at constant U
is not possible. The in-plane correlations are thus an important aspect, especially
when dealing with low-dimensional models.
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Chapter 7
Conclusion
The properties of strongly correlated materials are still perplexing and very interesting, thus the study of these materials is in the centre of research of solid state
physics community. There have been many experimental milestones in the last
few decades, most notably the evidence of superconductivity in copper oxides [2]
and heavy fermions with different mechanism than in conventional metals [151],
really high effective masses of quasi particles leading to unexpected properties [5],
and realizations of bosonic and fermionic theoretical model in optical lattices [152].
Calculations of many-body effects, however, are difficult, and we cannot yet fully
explain strongly correlated materials in all regimes. Exact calculations severely limit
the size of the system we can study, therefore suffering from large finite-size effects.
A lot of approximations, such as mean-field theory and even the density functional
theory, fail completely. To study strongly interacting systems, one must thus usually
use a combination of sophisticated numerical methods to obtain their approximate
properties.
One of those promising numerical techniques is the dynamical mean field theory
(DMFT) [14, 17]. It assumes that the self-energy is local [12]. Within this approximation, we can map the lattice model to the quantum impurity problem subject to
a self-consistency equations. The major difficulty then becomes solving the impurity
model; in our case, we use the numerical renormalization group (NRG) [9, 64]. Because the self-consistency equations cannot be solved explicitly, an iterative scheme
is used, where the impurity model is continuously solved until the self-consistency
equation is satisfied.
A natural extension of the DMFT is the cellular dynamical mean field theory
(CDMFT) [18, 93]. For the impurity, we take a cluster of sites that tile the original
lattice. The self-energy is block-diagonal in this case, as we also include all the
interactions within the cluster. Increasing the cluster size systematically includes
more interactions exactly, thus increasing the accuracy of the approximation. The
main advantages of the NRG as the impurity solver over the quantum Monte Carlo
solvers [56, 153] are high spectral resolution as we do not need to perform unreliable
analytical continuation, the access to really low temperatures, and the absence of
the fermion sign problem that makes some problems untraceable with the QMC.
In this thesis, I have implemented the CDMFT scheme; to the best of my knowledge, this is the first working implementation of the CDMFT specifically with the
NRG as an impurity solver. I have shown how to adapt the CDMFT procedure
for the NRG and how to stabilize the convergence using the self-energy clipping,
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occupancy control and mixing. Additionally, I have extended the NRG Ljubljana
framework in order to perform the cluster calculations: 1) I have implemented a new
discretization scheme for the multichannel problem in the NRG, where Wilson chain
also contains hopping elements between the chains, 2) extended the transformation
from star to semi-infinite chain representation for the case of arbitrary hermitian
(complex) matrices, and 3) implemented a two-site cluster QSZ (charge and spin
component) symmetry calculation within the NRG.
My tests indicate that it is possible to accurately calculate spectral functions at
T = 0 in multichannel NRG formulation even for large logarithmic discretization
parameters Λ = 7 and low Nkeep = 4500 when we calculate the impurity’s self energy
as a ratio of two correlators. Low Λ and high Nkeep regime is not accessible in the
multi-channel NRG calculation due to enormous memory requirements within the
QSZ symmetry, so without this improved self-energz calculation, the method would
be hopeless. For more symmetric model with the inclusion of symmetries in the
NRG code, one could reduce the memory limits and speed up the calculations that
would give access to more reliable T > 0 calculations. These improvements, however,
would probably still not allow calculations on larger clusters.
Using both DMFT and 2-site CDMFT, I address the low-temperature properties
of the Kondo lattice model (KLM). The Doniach picture appears to be valid [24]:
at low coupling J, the RKKY interaction is dominant and the system is in a antiferromagnetic (AFM) state, while for J > JcDM F T = 0.45D, a continuous transition
into a paramagnetic Kondo insulator (KI) phase occurs. In the KI, the spin and
the band elections are essentially in the singlet state - lattice Kondo effect , and
all the magnetization is suppressed. I find additional spectral features in the AFM
regime close to the phase transition to KI; their origin is the avoided crossing of
quasiparticle branches at K = 0. The avoided crossing should in principle lead to
an additional gap, but since this is a strongly interacting system, the interaction
produces additional feature around that point: spectral weight enhancements - spin
resonances - or spectral weight reductions - dips. Spin resonances are very robust;
they appear whenever there are staggered magnetization and large Fermi surface.
They are also found in other lattices and models related to the KLM, they do not
disappear when magnetic field is applied, and appear also for T < TN until the Néel
transition to the paramagnetic phase. The nonlocal correlations captured by the
CDMFT and not by the DMFT suggest that the picture stays the same with one
difference: the gap widens both in the AFM and KI phase due to anti-ferromagnetic
dynamic correlations between spins, and the transition from the AFM to the KI
shifts to lower value of JcCDM F T ≈ 0.4D compared to the DMFT.
I also calculated the properties of dimerized Hubbard model. In the limit of the
Hubbard model, I am able to reproduce the pseudo-gap; the insulating behaviour
driven by anti-ferromagnetic correlations is a mechanism different from the Mott
insulator, and does not appear in the DMFT results for the Hubbard model. I find
smooth crossover between Mott and band insulator.
In the thesis, I have shown that the CDMFT with the NRG is a valuable tool in
theoretical description of both the KLM and the Hubbard model. The framework
can be easily extended to any other model on the lattice. Various improvement of
the implementation, however, could be made: 1) improvement of the discretization
scheme along the lines of Ref. [71] to reduce artefacts, 2) symmetry utilization
for models that support them so we can study higher temperatures, 3) use of the
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newly developed NRG multiband scheme to decrease memory usage in Ref. [154]
and 4) calculation of vertex objects to account for 2-particle physics. Because the
NRG memory and processor time requirements scale exponentially with the size
of the cluster, we can never access really large clusters as with the QMC, but we
can maybe remedy the situation using non-local DMFT [155]; the basic idea is to
calculate several 2-site configurations of the impurity problem (nearest neighbour
sites, next nearest neighbour sites, sites with one site in between, ...) and then
combine the results to obtain the Green’s function that includes all 2-site non-local
processes.
Using these improvements, one could calculate optical conductivity within the
CDMFT, as well as more reliably look at the phase transitions in the KLM. Our
CDMFT scheme still has difficulties away from particle-hole symmetric point; phases
away from half-filling remain an open question. We can possibly remedy situation
if we increase the cluster sizes to support charge density wave order. There is also
need for high-resolution spectral and vertex function calculation in other models
as well; the CDMFT with exact diagonalization as an impurity solver has large
finite size effects and we cannot obtain smooth spectral functions, the QMC is often
either limited to high temperatures due to fermion sign problem or the problems
with analytical continuation, while other approaches like non-crossing approximation
suffer from systematic errors in certain parameter regimes. The CDMFT with NRG
could prove to be a valuable tool addressing those problems in the future.
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Appendix A
DMFT equations for A/B sublattice
(AFM) problem with no spin
symmetry
The inverse Green’s function has a block 2 × 2 matrix structure, each block being
itself a 2 × 2 matrix in the spin space:


3
1
z
+
µ
−
τ
(h
+
h
)
−
τ
h
−
Σ
−
s
t
A
k

.
G−1
k (z) =
3
1
−k
z + µ − σ (h − hs ) − τ ht − ΣB
(A.1)
i
Here τ are Pauli matrices, hs is the staggered field, h is the longitudinal homogeneous field and ht is the homogenous transverse field. As in the spin diagonal case,
we introduce ζA and ζB ,


ζ
−k
 A
.
G−1
(A.2)
k (z) =
−k ζB
We assume ζA and ζB to be invertible, and perform a blockwise invertion of the
matrix:




−1
−1
−1
−1
−1
A B
(A − BD C)
−A B(D − CA B)
 ↔ M −1 = 

M =
C D
−D−1 C(A − BD−1 C)−1
(D − CA−1 B)−1
(A.3)
thus


(ζA − 2k ζB−1 )−1
...

Gk (z) = 
(A.4)
2 −1 −1
...
(ζB − k ζA ) .
The out-of-diagonal elements are of no interest, because they are odd functions of
k and will drop out after the integration since D() is assumed to be even (It is
indeed even for all lattice types considered in this work).
The local Green’s function is


Z
2 −1
X
ζ
(ζ
ζ
−

)
.
.
.
1
B A B
 . (A.5)
Gk (z) = dD() 
G(z) =
2 −1
N k
...
ζA (ζB ζA −  )
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Appendix A. DMFT equations for A/B sublattice (AFM) problem
with no spin symmetry
Note that ζA and ζB in general do not commute.
We consider each diagonal submatrix problem. We write
F A = ζA ζB ,

F B = ζB ζA

(A.6)

DB = F B − 2 .

(A.7)

and
DA = F A − 2 ,

We need to integrate each matrix component separately, but the pole structure
is the same for all components.
We write


F
F
11
12

FA = 
(A.8)
F21 F22
and


DA = 

2

F11 − 

F12

F21

F22 − 2


.

(A.9)

Then


[DA ]−1 =

2

F −
1
 22
(F11 − 2 )(F22 − 2 ) − F12 F21
−F21

−F12
F11 − 2


.

(A.10)

We expand the fraction:


−1/1 −1/2
1/2
1/1
1
A
=c
+
+
+
,
(F11 − 2 )(F22 − 2 ) − F12 F21
 − 1
 + 1
 − 2
 + 2

(A.11)

where
1,2

1
=√
2


1/2
q
2
2
F11 + F22 ± F11 + F22 + 4F12 F21 − 2F11 F22

and
cA =

1/2
.
(1 − 2 )(1 + 2 )

We use the relation
Z
Z
D()2 d
D()d
2
= −z + z
= −z + z 2 G0 (z),
z−
z−

(A.12)

(A.13)

(A.14)

where G0 (z) is the non-interacting local Green’s function for the chosen lattice problem. Thus, for example
Z
D()d
= −G0 (1 ),
(A.15)
 − 1
and
Z 2
 D()d
= 1 − 21 G0 (1 ).
(A.16)
 − 1
Then

 

Z
ζB [DA ]−1
...
ζB J A
0
=
,
G(z) = dD() 
(A.17)
B −1
B
...
ζA [D ]
0
ζA J
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where J A/B are the integrals over . Since ζA/B depend only on z, not , they may
be factored out and taken into account after the integration.
For J A we find




F
−F
22
12
 −(1/1 )G0 (1 ) + (1/1 )G0 (−1 ) + (1/2 )G0 (2 ) − (1/2 )G0 (−2 )
J A = cA 
−F21 F11



1
0
 +(1/1 )[1 − 21 G0 (1 )] − (1/1 )[−1 − 21 G0 (−1 )]
− cA 
0 1
−(1/2 )[2 − 22 G0 (2 )] + (1/2 )[−2 − 22 G0 (−2 )] .

(A.18)

For each A/B subproblem, the hybridization function is then the standard one:


(z)
+
Σ
(z)
,
(A.19)
∆α (z) = Im G−1
α
α
with α = A/B, and ∆α , Gα and Σα are all 2x2 matrices.
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Appendix B
Broadening
Since the hopping Hamiltonian is finite, the computed raw spectral functions are
represented as a sum of delta peaks:
X
ANRG,σ (ω) =
wj,σ δ(ω − ωj,σ ).
(B.1)
j

Alternatively, one may use fine-grained binning of these delta peaks into very narrow
intervals on a logarithmic grid (for instance 1000 bins per frequency decade). To
obtain a meaningful continuous function, these peaks need to be broadened. The
original approach to obtaining a smooth curve was by Gaussian broadening followed
by separate spline interpolation of the results in odd and even steps, and averaging of the two curves [156]. A better approach is broadening by the log-Gaussian
distribution function [157]: each data point (delta peak at ωj ) is smoothed into


2
e−b /4 θ(ωωj )
ln2 |ω/ωj |
√
F (ω, ωj ) =
exp −
,
(B.2)
b2
b π
i.e., a Gaussian function on the logarithmic scale, where b is the broadening parameter, chosen depending on the value of the discretization parameter Λ and the
number of interleaved discretization meshes Nz . Peaks sharper than the width of the
broadening kernel will appear broader than they truly are. Typically, the value of b
is chosen to be 0.6 or less, but with large Nz and small Λ it can be much reduced,
to the point of largely eliminating the NRG overbroadening problems (at the cost
of much longer computation time) [69, 158]. At finite temperatures, the following
broadening kernel has been proposed [63]:
K(ω, ωj ) = L(ω, ωj )h(ωj ) + G(ω, ωj )[1 − h(ωj )],

(B.3)

" 
2 #
ln |ω/ωj |
θ(ωωj )
exp −
−γ
,
L(ω, ωj ) = √
α
πα|ω|
" 
2 #
1
ω − ωj
exp −
G(ω, ωj ) = √
,
ω0
πω0


 1,
|ωj | ≥ ω0
 
2 
h(ωj ) =
.
log |ωj /ω0 |

,
|ω
|
<
ω
 exp −
j
0
α

(B.4)

where
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Here α is the broadening parameter for the log-Gaussian part, equivalent to b in the
kernel in Eq. (B.2), γ = α/4, while ω0 is the cut-off where the log-Gaussian goes
smoothly into the Gaussian part; typically ω0 is chosen to be of the order of the
temperature T . This broadening approach leads to sizable artifacts on the scale of
ω0 . We find that in practice it is better to use slightly modified kernel:
K(ω, ωj ) = L(ω, ωj )h(ω) + G(ω, ωj )[1 − h(ω)],

(B.5)

which differs only in the argument of the cross-over function h. This breaks the
normalization condition, but produces smoother spectra and the normalization is
reestablished using the self-energy trick. This procedure still leads to a slight bump
around ω = ω0 , which can be further smoothed out by averaging over several choices
of ω0 . The artifacts can, however, never be completely eliminated. In Ref. [59], we
proposed an alternative method for obtaining smooth spectra via Padé analytical
continuation.
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Mnogo materialov lahko dobro opišemo s približkom skoraj neodvisnih valenčnih
elektronov. Nasprotno velja v snoveh, kjer je odboj med valenčnimi elektroni velik in
ki imajo ozke pasove (posledica majhnega prekrivalnega integrala med atomi) - tam
so korelacije pomembne. Tipični predstavniki koreliranih materialov imajo delno
zasedene d- in f- orbitale; lastnosti prehodnih kovin se za nekaj deset odstotkov razlikujejo od napovedi izračunov pasovne strukture z gostotnimi funcionali [1], prav
tako so oksidi prehodnih kovin lahko superprevodni pri neobičajno visokih temperaturah [2] oziroma so pri polovični zasedenosti pasu izolatorji zaradi Mottove
lokalizacije [3, 4]. Možna posledica močnih korelacij je tudi ogromno povečanje mase
kvazidelcev, ki pri težkih fermionih znaša 100 − 1000 krat mase prostega elektrona
[5].
Izsledkov eksperimentov na koreliranih materialih pogosto ne razumemo popolnoma, ker je teoretična obravnava takih materialov težavna. Z metodami, ki temeljijo
na točni diagonalizaciji, lahko rešujemo le majhne sisteme (tipično 10 − 30 mest),
saj zahtevnost reševanja raste eksponentno z velikostjo sistema. Zaradi majhnosti
sistema smo daleč od željene termodinamski limite, kjer so lahko lastnosti drugačne
od lastnosti majhnega sistema. Za enodimenzionalne sisteme obstajajo zanesljive
metode tudi v termodinamični limiti, na primer metoda renormalizacijske grupe
gostotne matrike [6]. V nekaterih primerih je mogoče izračunati celo točno rešitev
z Bethejevim nastavkom [7]. Ker je večina fizikalnih materialov dvo- ali trodimenzionalnih, je uporabnost teh metod omejena. Lastnosti dvo- ali trodimenzionalnih
materialov se namreč velikokrat močno razlikujejo od enodimenzionalnih sistemov.
Teoretična obravnava tako zahteva približke, ki zameglijo, ali je neka izračunana lastnost samo napaka približka ali je dejansko lastnost materiala. Ker imamo opravka
z več energijskimi skalami (temperatura, parametri modela, dinamično ustvarjene
skale, kot je Kondova temperatura) je težko razločiti pojave. Prav tako je težavno
izbrati primeren model z ustreznimi vrednostmi parametrov za opis določenega materiala. Vse to so razlogi, zakaj visokotemperaturna superprevodnost in mnogo
drugih pojavov še ni razloženih in zakaj močno korelirani materiali ostajajo v ospredju raziskav moderne fizike trdne snovi.
Pri teoretični obravnavi mnogokrat iščemo najbolj enostaven model, ki še opisuje
glavne lastnosti snovi. Za takim pristopom stojita dva razloga: enostavnejše modele je lažje reševati oziroma je za njihovo reševanje potrebno manj približkov, prav
tako je v enostavnejšemu modelu lažje analizirati mehanizme, ki so odgovorni za
fizikalne lastnosti teh materialov. Trdne snovi bomo obravnavali v adiabatičnem
(Born-Oppenheimer) približku tako, da fiksiramo mesta atomov na določeno mrežo
[34]. Obravnavali bomo samo valenčne elektrone v sistemu v termodinamski lim127
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iti s periodičnimi robnimi pogoji pri temperaturi T . Prav tako bomo zanemarili
deformacije mreže ionov, fonone.
V doktorski disertaciji sem se ukvarjal s težkimi fermioni, ki so pomembna
skupina močno koreliranih materialov. Te snovi sestavljajo spojine lantanoidov ali
aktinoidov (elementi v periodnem sistemu z delno zapoljenimi f orbitalami) in ostalih kovin s tipični predstavniki Ce3 Bi4 Pt3 , YbB12 , CeNiSn, SmB6 , and CeRh2 Si2
[45, 46, 47, 48].
Minimalen model za opis takih spojin je periodični Andersonov model (PAM)
[49]

X
X †
X f
X f f
HP AM =
trr0 c†ri cr0 i + V
cri fri + h.c. + f
nri + U
nr↑ nr↓ . (7.6)
r,r0 i

ri

ri

r

Model opisuje prevoden pas elektronov s prekrivanjem med najbližjimi sosedi trr0
(ta ustreza kovinskim elementom), ki je na vsakem mestu sklopljen z lokaliziranimi
stanji f (ti ustrezajo lantanoidom/aktinoidom) s prekrivalno konstanto V . Ker je
senčenje na f orbitalah manj učinkovito, na teh mestih ohranimo elektronski odboj
U.
Pri nizkih temperaturah in majhnem V lahko s projekcijo dvojne zasedenosti in
nezasedenih f stanj PAM preobrazimo v model Kondove mreže (KLM) [24, 50],
X
X
scr · sfr ,
(7.7)
trr0 c†ri cr0 i + J
HKLM =
r,r0 i

r

P
spin elektrona c oziroma f na mestu r, scr = 21 ij c†ri σij crj , efektivno
kjer je sc,f
r


1
konstanto J pa dobimo kot J = V 2 |1f | + |U +
. Za simetrični PAM, kjer imata
f|
nezasedeno in dvojno zasedeni f stanji enako energijo, f +U/2 = 0, se izraz poenostavi v J = 4V 2 /U .
Pri visokih temperaturah so momenti asimptotsko prosti. Pri nizkih temperaturah se moment f in prevodni elektroni okoli momenta sklopijo v singletno stanje
(Kondov efekt) [8, 9]. To se koherentno zgodi na vsakem mestu, kar povzroči, da
imajo kvazidelci mešane lastnosti elektronov f in c. Posledica tega je zelo ploščata
disperzija, torej velika efektivna masa kvazi delcev. Zaradi te lastnosti so dobili
težki fermioni tudi svoje ime.
V doktorskem delu obravnavam KLM na kubični mreži z dinamično teorijo
povprečnega polja (DMFT) in njeno razširitvijo, dinamično teorijo povprečnega
polja skupkov (CDMFT) [17, 19, 93]. V KLM za nečistočo izberemo določeno mesto
(ali skupek mest) na mreži, vsa ostala mesta pa obravnavamo kot neinteragirajoča.
Mrežni problem tako preslikamo v problem kvantne nečistoče, kjer sklopitev med
nečistočo in ostalimi mesti določimo samousklajeno. Tako transformacijo je mogoče
izvesti, če je lastna energija popolnoma lokalna (neodvisna od momenta, odvisna
le od frekvence). V neskončnodimenzionalnem sistemu to drži, torej je DMFT tam
točen [12]. Za končnodimenzionalen sistem je DMFT le približek, za katerega pa
so pokazali, da dobimo smiselne rezultate za tri- in celo nekatere dvodimenzionalne
sisteme. V CDMFT ima lastna energija tudi komponente med mesti znotraj skupka
in tako sistematično izboljša približek za končno-dimenzionalen sistem. Problem
nečistoče rešujemo z numerično renormalizacijsko grupo (NRG) [9, 64].
V povzetku najprej predstavim NRG za reševanje nečistoče v podpoglavju 7.1.
Nato v podpoglavju formuliram CDMFT tako, da ga lahko uporabim z NRG. Rezul128

7.1. Numerična renormalizacijska grupa
tate za KLM predstavim v naslednjem podpoglavju ; poudarek je na podrobni obliki
spektralnih funkcij in vplivu vključitve nelokalnih korelacij na obnašanje sistema.

7.1

Numerična renormalizacijska grupa

Problem kvantne nečistoče sestavlja interagirajoča kvantna nečistoča, sklopljena s
kopeljo prostih elektronov. Najpreprostejši je Kondov problem, ki opisuje spinsko
nečistočo v kovini. Pri nizkih temperaturah spin in prosti elektroni tvorijo singlet,
kar vodi k nastanku Kondove resonance pri Fermijevi energiji v spektralni funkciji.
Pogosto uporabljena metoda za reševanje nečistoče je kvantni Monte Carlo (QMC),
ki se bolje skalira z velikostjo nečistoče (številom orbital na nečistoči) kot NRG,
vendar z njo ni mogoče simulirati sistema pri zelo nizkih temperaturah [54, 55, 56].
Glavna prednost NRG pred QMC je, da lahko izračunamo spektralne funkcije direktno na realni osi in zato ni potrebno analitično nadaljevanje, ki vodi k dodatnim
netočnostim [57, 58, 59].
Hamiltonov operator nečistoče zapišemo kot

X
X
∗ †
H = Himp +
ki c†ki cki +
Vkij d†i ckj + Vkij
ckj di ,
(7.8)
ki

kij

kjer Himp vsebuje le operatorje na nečistoči di , cki so anhilacijski operatorji v kopeli,
ki energije v kopeli in Vkij opisuje tuneliranje elektrona med nečistočo in kopeljo.
Število indeksov i ustreza številu stanj na nečistoči, na primer spinu, podmreži,
orbitali, medtem ko indeks j ustreza prostostnim stopnjam v kopeli. Oblika je
dovolj splošna, da lahko z njo rešujemo nečistoče, ki jih dobimo s CDMFT.
Vpliv kopeli na nečistočo je popolnoma opisan s spektralno obliko za hibridizacijsko funkcijo
X
∗
Vkil Vkjl
δ(ω − kl ).
(7.9)
Γij (ω) = π
kl

Pogosto imamo opravka tudi z razširitvijo v kompleksno ravnino, pri čemer definiramo retardirano (z = ω + iη) ali avansirano (z = ω − iη) hibridizacijsko funkcijo
∆ij (z) kot
Z
Γij (ω)
.
(7.10)
∆ij (z) = dω
z−ω

Pri tem je η infinitizimalno majhno pozitivno število. Spektralno upodobitev dobimo
nazaj z identiteto
Γij (ω) =

i
[∆ij (ω + iη) − ∆ij (ω − iη)] ,
2

(7.11)

pri čemer v splošnem potrebujemo tako retardirano in avansirano hibridizacijo.
Sedaj postopamo v naslednjih korakih [9, 64]:
1. Energijsko os razdelimo v diskretne logaritmske intervale [Λ−n , Λ−n−1 ], kjer
je n pozitivno celo število. Vsakemu intervalu pripišemo energijo in kako se
sklaplja z nečistočo. Za ta korak je potrebno poznati le Γ(ω).
2. Sistem transformirano v polneskončno verigo, kjer je prvi element nečistoča.
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3. Iterativno diagonaliziramo verigo tako, da v vsakem koraku dodamo en člen.
Da se izognemo eksponentnemu naraščanju velikosti matrik, v vsaki iteraciji
obdržimo le Nkeep lastnih stanj z najnižjo energijo.
4. Z analizo lastnih vrednosti matrik in matričnih elementov izračunamo statične
operatorje in spektralne funkcije.
Logaritemska diskretizacija je glavna značilnost NRG, ker z njo dobimo ločitev
energijskih skal. V polneskončni verigi namreč povezave med členi verige tn zaradi
diskretizacije običajno padajo eksponentno vzdolž verige, tn ∝ Λ−n/2 . Pri iterativnem dodajanju členov k verigi tako dodajamo le nizkoenergijske spremembe,
lastnosti pri višjih energijah pa ostajajo nespremenjene in jih lahko dobro opišemo
že z rezultati prejšnjih iteracij. To je razlog, zakaj lahko pri iterativni diagonalizaciji
obdržimo le stanja pri nizkih energijah.
V doktorskem delu sem razširil NRG tako, da podpira tudi splošno obliko nečistoče v enačbi (7.8): implementiral sem diskretizacijsko shemo, kjer so sklopitve in
energije kopeli hermitske matrike, in razširil transformacijo v polneskončno verigo
za primer matričnih sklopitev in iterativno diagonalizacijo, da podpira posplošen
problem. Zaradi dolžine so tehnične podrobnosti predstavljene samo v angleškem
besedilu.

7.2

Dinamična teorija povprečnega polja skupkov

Mrežo opišemo z vektorji a1 , a2 in a3 , tako da lahko položaj vsakega atoma zapišemo
kot
Rjn = R0j + rn , rn = n1 a1 + n2 a2 + n3 a3 ,
(7.12)
kjer je R0j relativen položaj j-tega atoma v osnovni celici, n1 , n2 in n3 pa so cela
števila.
V CDMFT upoštevamo vse procese znotraj celice točno, zato je smiselno povečati
osnovno celico, da vsebuje več atomov. Pri tem moramo upoštevati tudi pričakovano
simetrijo problema. Vse lastnosti v povečani celici - supercelici - morajo namreč biti
v vseh supercelicah enake. Supercelice definirajo vektorji A1 , A2 in A3 , tako da so
pozicije atomov znotraj supercelice
rαjn = R0j + R̃α + Rn ,

Rn = n1 A1 + n2 A2 + n3 A3 .

(7.13)

Pri tem smo uvedli nov indeks α, ki pove, za katero osnovno celico znotraj supercelice
gre. R0α ustreza relativni poziciji osnovne celice znotraj supercelice, medtem ko Rj
relativni poziciji j-tega atoma znotraj celice.
Tu se bom omejil na KLM na kubični mreži z dvema atomoma v skupku, čeprav je
mogoče metodo formulirati za druge modele in velikosti skupkov. Ker ima KLM pri
nizkih temperaturah Néelov antiferomagnetni red, mora supercelica podpirati tako
ureditev [29]. Prerez kubične mreže je prikazan na sliki 7.1. Supercelica vsebuje dva
atoma z vektorji supercelice
A1 = a(1, 1, 0),
A2 = a(1, −1, 0),
A3 = a(1, 0, 1),
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Slika 7.1: Postavitev atomov na kubični mreži (ravninski prerez). Nad A atomi so
v naslednji ravnini B atomi.
kjer je a razdalja med atomi v mreži. Vektorji recipročne mreže so
π
B1 = (1, 1, −1),
a
π
B2 = (1, −1, −1),
a
π
B3 = (0, 0, 2).
a
V vsakem fizikalnem sistemu je število supercelic končno. V vsako smer ponovimo
supercelico Ñl -krat in na robovih v vseh smereh uvedemo periodičen robni pogoj,
f (x) = f (x + Ñl Al ). S pomočjo recipročnih vektorjev lahko definiramo momente
skupkov
m2
m3
m1
B1 +
B2 +
B3 .
(7.14)
Km =
Ñ1
Ñ2
Ñ3
Pri tem so vsi ml cela števila med −Ñl /2 + 1 in Ñl /2. Cela števila v tem razponu
zadostujejo, da dobimo vse možne vrednosti e−iRn ·Km ; vsak večji ali manjši ml se
ujema z določenim indeksom v izbranem območju v vseh točkah na mreži.
Anhilacijski operator z operatorji v recipročnem prostoru izrazimo kot
s
X
1
cα,i,rn =
eiKm ·Rn cα,i,Km .
(7.15)
Ñ1 Ñ2 Ñ3 m
S pomočjo te transformacije diagonaliziramo vse konstantne člene med skupki. Pred
transformacijo kinetični del KLM zapišemo v novi obliki kot

X  †
Hk = − t
cσ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 ,n3 + c†σ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 −1,n3 + H.c.
σ,n1 ,n2 ,n3

−t
−t

X



c†σ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 −1,n3




c†σ,A,n1 ,n2 ,n3 cσ,B,n1 ,n2 ,n3 −1 + c†σ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 −1,n3 +1 + H.c,

+

c†σ,A,n1 ,n2 ,n3 cσ,B,n1 −1,n2 ,n3



+ H.c.

σ,n1 ,n2 ,n3

X
σ,n1 ,n2 ,n3

(7.16)
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kjer je t prekrivalni integral med sosednjima atomoma. V zgornjo enačbo vstavimo
transformacijo v recipročni prostor (enačba (7.15)) in dobimo

H=

X

j,K

cj,A,K
cj,B,K

† 
 

0
∗
ζK

ζK
0




cj,A,K
cj,B,K


,

(7.17)

kjer je

ζK = −t 1 + ei(K1 +K2 ) + eiK1 + eiK2 + eiK3 + ei(K1 +K2 −K3 ) .

(7.18)

Kl ≡ (K · Al ) je vedno znotraj intervala (−π, π].
Zapišimo operator kinetične energije še kot matriko. Združimo indeksa j in α v
dvojni indeks, I = (j, α) in I 0 = (j 0 , α0 ). Tako dobimo


0 ζK
.
t(K) = 
(7.19)
∗
ζK 0
V CDMFT predpostavimo, da ima lastna energija neničelne komponente samo
znotraj skupka [93, 97]:
Σjα,j 0 α0 (Rn , Rn0 , z) = Σjα,j 0 α0 (z) · δn,n0 ,

(7.20)

Σjα,j 0 α0 (z, K, K0 ) = Σjα,j 0 α0 (z) · δK,K0 .

(7.21)

ali v K prostoru
Ta približek je točen, ko postane število najbližjih sosedov neskončno [12]. Če je
število najbližjih sosedov končno,lahko približek izboljšujemo s povečevanjem velikosti skupka. Na ta način namreč povečamo število interakcij med mesti, ki jih
upoštevamo točno.
Podobno kot za t(K) lahko v matrični obliki kot v enačbi (7.19) zapišemo tudi
lastno energijo. Lastna energija ni odvisna of K! Greenova funkcija sistema je tako
G−1 (K, z) = zI − t(K) − Σ(z).

(7.22)

Namesto reševanja polnega problema ga preslikamo na problem kvantne nečistoče, kjer interakcija nastopa le na izbranem skupku. Predstavljamo si, da interakcijo zamenjamo z neinterigajočim propagatorjem, ki ga določa lokalna lastna energija
[112]. Akcija takega medija je tako
Z
Z
X †
Smed = − dτ dτ 0
cK (τ )G−1 (K, τ − τ 0 )cK (τ 0 ),
(7.23)
K

kjer integrali predstavljajo vsote poti v imaginarnem času, cK (τ ) je vektor Grassmanovih števil v imaginarnem času v časovni rezini τ in G(K, τ ) v imaginarnem
času. Izberemo si en skupek n0 : d ≡ cn0 , in na njem zamenjamo efektivno interakcijo z lokalno interakcijo na skupku. Ker lokalna interakcija povzroči efektivno
interakcijo, zahtevamo, da sta obe akciji enaki:
Z
Z
Semb = Smed + Sint − dτ dτ 0 d† (τ )Σ(τ − τ 0 )d(τ 0 ),
(7.24)
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kjer Sint ustreza akciji zaradi interakcije na izbranem skupku in ima nekvadratno
obliko. Vsi ostali deli sistema imajo kvadratno obliko, zato lahko po njih seštejemo
s pomočjo Gaussovih integralov za Grassmanova števila in dobimo
Z
Z
Sef f = − dτ dτ 0 d† (τ )W−1 (τ − τ 0 )d(τ 0 ) + Sint .
(7.25)
V zgornjem izrazu je W enak
W−1 (z) = (z + µ)I −

X
R,R0 6=R0

t(R0 , R) · G(0) (z, R, R0 ) · t(R0 , R0 ),

(7.26)

kjer gre vsota po vseh ostalih skupkih razen n0 . G(0) je Greenova funkcija brez
izbranega skupka d, ki jo lahko povežemo z Greenovo funkcijo polnega sistema kot
G(0) (R, R0 , z) = G(R, R0 , z) − G(R, R0 , z)G−1 (R0 , R0 , z)G(R0 , R0 , z).

(7.27)

W z upoštevanjem translacijske
P invariantnosti, matričnega analoga razvoja parcialnih ulomkov in identitete K tK = 0, ki velja za kubično mrežo, poenostavimo
v
W−1 = G(R, R, z)−1 + Σ(z),

(7.28)

1 X
G(K, z)
N K

(7.29)

kjer je
G(R, R, z) =

lokalna Greenova funkcija in N ustreza številu supercelic.
Akcija (7.25) vsebuje samo še Grassmanova števila, ki pripadajo izbranemu
skupku, in jo tako identificiramo s problemom nečistoče s hibridizacijsko funkcijo
∆(z) = (z + µ)I − t − G−1 (R, R, z) − Σ(z),

(7.30)

kjer t predstavljajo lokalne člene znotraj skupka oziroma nečistoče.
Namesto reševanja polnega problema na mreži lahko torej rešujemo problem
ustrezne nečistoče s hibridizacijsko funkcijo ∆(z), pri čemer kot rezultat dobimo
lastno energijo na mestu nečistoče, Σimp (z). Le-ta je enaka lastni energiji medija,
Σ(z) = Σimp (z). Ker je ∆(z) neposredno odvisna of lastne energije, postopamo
iterativno.
CDMFT postopek je prikazan na sliki 7.2. Izberemo si začetno spektralno obliko
hibridizacijske funkcije Γinitial (ω). Nato z NRG izračunamo spektralno funkcijo
Aimp (ω) in spektralno obliko korelatorja
Z ∞
n
o
Fij (ω) = i
eiωt h [di , Himp ] (t), d†j i.
(7.31)
0

Podobno kot za hibridizacijo v enačbi (7.10) izračunamo retardirano in avansirano
Greenovo funkcijo na nečistoči
Z
ReAimp (ω 0 )dω 0
imp
± πImAimp (ω),
ReG (ω ± iη) = P
0
ω−ω
Z
ImAimp (ω 0 )dω 0
ImGimp (ω ± iη) = P
∓ πReAimp (ω),
(7.32)
0
ω−ω
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Slika 7.2: CDMFT zanka, ki jo ponavaljamo, dokler ne dobimo samousklajene
rešitve.
pri čemer smo enačbo (7.10) razpisali posebej za realni in imaginarni del (KramersKronigove relacije). Podobno naredimo tudi za korelator F(ω ± iη). Lastno energijo
nečistoče izračunamo kot
Σ(ω ± iη) = F(ω ± iη)G(ω ± iη)−1 .

(7.33)

Na ta način se izognemo oscilatornim napakam zaradi diskretizacije, ki se pojavijo,
če računamo lastno energijo na običajen način z enačbo
−1
Σimp,bad (ω ± iη) = (z ± iη)I − t − ∆(ω ± iη) − Gimp (ω ± iη)
.
(7.34)
Z enačbo (7.29) nato izračunamo novo lokalno retardirano in avansirano Greenovo funkcijo G(R, R, ω ± iη). Novo hibridizacijsko funkcijo izračunamo z enačbo
(7.30) ter pretvorimo avansirano in retardirano obliko v spektralno obliko z enačbo
(7.11). Postopek ponavaljamo, dokler niso razlike med lokalnimi Greenovimi funkcijami v zaporednih iteracijah majhne.

7.3

Spektralne strukture v modelu Kondove mreže

Z DMFT in dvo-mestnim CDMFT sem reševal KLM (enačba (7.7)) na kubični mreži
pri polovični zasedenosti. Vsi rezultati so za Λ = 7, Nz = 8 diskretizacij in Nkeep =
4000. Rezultati so predstavljeni v enotah polovične širine pasu neintegrirajočega
sistema, D = 6t. Pri CDMFT za razliko od DMFT točno upoštevamo še korelacije
med mesti A in B na bipartitni mreži.
Pri temperaturi T = 0 med seboj tekmujeta dva mehanizma: efektivna RKKY
interakcija, ki stabilizira antiferromagnet in prevlada za J < JC [25], ter tvorba Kondovega singleta, ki prevlada za J > JC in pretvori sistem v paramagnetni Kondov
izolator.
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Slika 7.3: Spinsko odvisna spektralna funkcija, ko povečujemo J.
Spektralne funkcije za različne vrednosti J so prikazane na sliki 7.3. Pri majhnem J lahko sistem dobro opišem s teorijo povprečnega polja; sistem je Slaterjev
antiferomagnet. Glavne lastnosti so energijska reža s skoraj polno polariziranimi
momenti f (|mf | → 1/2) in šibko polariziranimi elektroni c v nasprotno smer na
istem mestu, ki se odražajo v ozkih vrhovih na robu reže.
Ko povečujemo J ∼ 0.1−0.3, se povečuje energijska reža, povečuje se podmrežna
magnetizacija elektronov c in počasi zmanjšuje polarizacija momentov f . Pri večjih
J se nato podmrežna magnetizacija elektronov c začne manjšati, dokler ne izgine pri
JCDM F T = 0.45D (∼ JCCDM F T = 0.4D), ko sistem zvezno preide iz antiferomagnetne
ureditve v paramagnetni Kondov izolator.
V režimu okoli J ∼ 0.3D opazimo v spinsko odvisni spektralni funkciji poleg
strukture na robu pasu še dodaten vrh pri nekoliko večji energiji (slika 7.4) - spinsko
resonanco. Spinska resonance je opazna tako za DMFT kot za CDMFT, čeprav je v
slednjem širša. To je verjetno posledica v znatni meri numeričnih napak pri rezanju
stanj z Nkeep . Istočasno se na istem mestu za drugo smer spina pojavi zmanjšanje
spektralne moči, ki pa je nekoliko manjše kot povečanje. Vrh je tako opazen tudi v
spinsko povprečeni lokalni spektralni funkciji.
Resonanco lahko razložimo na sledeč način. Za lastno energijo približno velja
nastavek
Ṽ 2
,
(7.35)
Σασ (z) = ασh +
z − ασH
kjer je h efektivno lokalno polje elektronov c, H efektivno lokalno polje spinov f , σ
predstavlja spin in α podmrežo. S tem nastavkom dobimo kvazidelčne veje


q
1
2
2
E(k) = ± (k + h + H ± (k + h − H) + 4Ṽ .
(7.36)
2
V DMFT analizi, kjer so uporabili QMC za reševanje problema nečistoče, so ugotovili, da velja [121]
h = −H.
(7.37)

Prilagajanje nastavka (7.35) na NRG rezultate z DMFT kot s CDMFT sicer kažejo,
da sta vrednosti h in −H podobni po velikosti, vendar nekoliko različni. To pomeni,
da bi z nastavkom dobili v bližini
p
(7.38)
ω ∗ ≈ h2 + Ṽ 2 .
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Slika 7.4: Primerjava CDMFT (a) in DMFT (b) rezultatov za J/D = 0.3.
majhno energijsko režo. Ker je sistem močno integrirajoč, ima lastna energija tudi
imaginarni del, in tako namesto reže dobimo na tem območju dodatno stukturo:
spinsko resonanco.
Izvor resonance lahko podrobneje pogledamo v spektralni funkciji v odvisnosti
od K prikazani na sliki 5. Na območju, kjer se kvazidelčne veje navidezno sekajo,
dobimo ali zmanjšanje ali pa povečanje spektralne uteži.
Spinske resonance se pojavijo tudi v drugih mrežah, v drugih sorodnih modelih
(PAM, S = 1 KLM) in pri T > 0. Za obstoj sta potrebna dva kriterija: velika
Fermijeva površina in antiferromagnetna ureditev.
Posvetimo se sedaj še razlikam med DMFT in dvo-mestnim CDMFT. Z upoštevanje korelacij kratkega dosega je magnetizacija na podmreži manjša. To je pričakovano, saj teorije povprečnega polja precenijo ureditvene parametre. Če upoštevamo
več mest točno, sistem obravnavamo z boljšim približkom in tako zmanjšamo ureditveni red. To ima tudi direktno posledico na zmanjšanje velikosti urejene faze; pri
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Slika 7.5: K-odvisna spektralna funkcija za J = 0.3D s CDMFT. Abcisna os ustreza
K od (0, 0, 0) do (2π, 2π, 2π). Na srednji (desni) sliki je povečano območje okoli
povečanje (zmanjšanja) spektralne uteži pri K = (π, π, π).
CDMFT se fazni prehod zgodi pri nižjem JC .
Primerjava spektralnih funkcij nam pokaže, da je reža pri CDMFT mnogo večja
kot pri DMFT na celotnem območju J, glej sliko 7.5. Dinamičen del korelacije med
sosednjimi mesti je antiferomagneten. Zaradi upoštevanja teh korelacij v CDMFT
se reža poveča. Podoben mehanizem je odgovoren za povečanje reže v Hubbardovem
modelu, ko v njegovo obravnavo vključimo še nelokalne korelacije.

7.4

Zaključek

V doktorskem delu sem primerjal spektralne lasnosti KLM pri polovični zasedenost
na kubični mreži tako z DMFT kot z dvo-mestnim CDMFT. Pri slednjem točno upoštevam tudi korelacije med sosednjima mestoma in tako izboljšam približek. Ugotovil sem, da se v antiferomagni fazi za DMFT in CDMFT pojavi dodatna struktura,
spinska resonanca. Le-ta se pojavi pri frekvencah, ki ustrezajo sekanju kvazidelčnih
vej. V hibridizacijskem nastavku za lastno energijo sistem obravnavamo kot neintegrirajoč. S prilagajanjem numerično izračunanih lastnih energij sem ugotovil, da
sta h in −H podobna, ampakpnekoliko različna. To bi v neintegrirajočem modelu
pomenilo, da bi se okoli ω ∗ ≈ h2 + Ṽ 2 pojavila energijska reža. Ker gre za močno
integrirajoč sistem, ima lastna energija tudi imaginaren del, in namesto reže pri teh
frekvencah dobimo povečanje oziroma zmanjšanje spektralne uteži.
Vključitev nelokalnih korelacij v CDMFT zmanjša podmrežno magnetizacijo
elektronov c in f ter premakne fazni prehod med antiferomagnetom in Kondovim
izolatorjem k nižjem J. Prav tako nelokalne korelacije povzročijo, da se poveča reža
v obeh fazah.
To delo je prva delujoča implementacija CDMFT z NRG. Če uporabimo izboljšan
izračun lastne energije in povprečenje po več diskretizacijah, je lahko NRG zelo
močno orodje tudi za CDMFT, in to kljub potrebnemu zelo agresivnemu rezanju
stanj z Nkeep in veliki vrednosti Λ. Pri tem moramo biti previdni blizu faznih
prehodov in pri T > 0, kjer vodi preveč agresivno rezanje stanj do napak. CDMFT
z NRG nam omogoča natančen izračun spektralnih funkcij pri T = 0, kar je težko
izvedljivo z ostalimi pristopi za reševanje problema nečistoče.
V prihodnosti bi lahko metodo uporabili tudi za izračun lastnosti drugih modelov.
V nekaterih primerih je mogoče upoštevati več simetrij in s tem zmanjšati težave pri
računanju blizu faznih prehodov in T > 0. Verjetno bi bilo z NRG težko vključiti več
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mest v nečistočo, mogoče pa je uporabiti nelokalni DMFT, kjer združimo rezultate
korelacij več dvomestnih skupkov.
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