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Povzetek

Razvili smo teoretični model epitelijskega tkiva, ki temelji na hipotezah diferencialne adhezije in diferencialne površinske kontrakcije. Celice, ki jih obravnavamo
kot nestisljive, imajo različno površinsko napetost na medceličnih stikih, stikih med
celicami in substratom in stikih med celicami in lumnom. Najprej smo raziskali
poenostavljeno dvorazsežno inačico modela prečnega preseka tkiva za opis zarodka
vinske mušice med zgodnjo gastrulacijo. Pokazali smo, da je možno kompleksno obnašanje zarodka med gastrulacijo opisati z razmeroma preprostim vzorcem mehanskih lastnosti celic. Ventralna brazda nastane zaradi povečane apikalne napetosti v
ventralnem tkivu, do katere pride zaradi povečane koncentracije miosina II, medtem
ko je heterogeni odziv preostanka zarodka odvisen od različnih napetosti celičnega
korteksa v treh celičnih populacijah. Nato izberemo podoben pristop še za opis
valovitih struktur v epitelijih prebavnega trakta vretenčarjev in nevretenčarjev.
Pokažemo, da se homogena tkiva nagubajo zaradi apikalno-bazalne polarnosti tudi v
odsotnosti zunanjih sil. Končno obliko tkiva določata apikalno-bazalna diferencialna
napetost in upogibni modul bazalne membrane, na katero je tkivo pritrjeno. Da bi
bolje razumeli spontano gubanje tkiv, smo razvili še teorijo efektivne elastičnosti,
ki temelji na diskretnem modelu. Pokazali smo, da je efektivni upogibni modul
tkiva odvisen od apikalno-bazalne diferencialne napetosti in spremeni predznak ob
prehodu iz ravne v valovito obliko. Diskretni model smo razširili v tretjo dimenzijo
in dobljeni poenoteni model uporabili za analitično študijo stabilnosti tkiva z različnim številom slojev. V opis vključimo tudi celično jedro, ki ga obravnavamo kot
togo kroglico. Jedro preprečuje, da bi lahko bila katera koli dimenzija celice manjša od njegovega premera, in se lahko postavi bodisi ob apikalno bodisi ob bazalno
stranico celice. To vodi v nastanek psevdostratificiranega epitelija ali epitelija z ambivalentno spontano ukrivljenostjo. Razvijemo tudi trirazsežno teorijo elastičnosti v
režimu tekočega epitelija in jo uporabimo za opis prstastih struktur, kot so črevesne
resice. Pomemben proces v sklopu trirazsežne mehanike tkiv je pakiranje celic v
ravnini enoslojnega tkiva. Za teoretični opis dinamike tkiv, kjer se lahko celice
prerazporejajo, delijo in odmirajo, razvijemo dinamični trirazsežni ogliščni model.
Obravnavamo viskoelastične lastnosti aktivnih tkiv, kjer so medcelični stiki podvrženi aktivnim T1 topološkim spremembam, ki jih omogočajo naključne energijske
fluktuacije na ravni celičnega korteksa. Pokažemo, da se tkivo obnaša kot tekočina,
če je stopnja aktivnih T1 prehodov neničelna, in povežemo viskoznost s stopnjo aktivnih T1 prehodov.

Ključne besede: celice, epitelij, upogibna elastičnost, površinska napetost, adhezija, apikalna konstrikcija, morfogeneza, ogliščni model

PACS: 87.17.Pq, 87.17.Rt, 87.19.rd, 87.19.lx, 87.19.R-

Abstract
We develop a model of epithelial tissue based on the differential adhesion hypothesis
and the differential surface contraction hypothesis where cells are treated as incompressible droplets with different surface tensions on the cell-substrate, cell-cell, and
cell-lumen interfaces. We use a simplified two-dimensional version of the model to
study the transverse cross-section of the fruit fly embryo during gastrulation. We
show that the complex behavior of the embryo during early gastrulation is governed
by a rather simple spatial pattern of cellular mechanical properties. The formation
of the ventral furrow is driven by the increased apical tension in the ventral tissue
due to accumulation of myosin II, whereas the inhomogeneous response of the rest
of the embryo is governed by the differential cortical tensions of the three cell populations. We use the same approach to study the corrugated structures found in
digestive-tract epithelia of both vertebrates and invertebrates. We show that nondifferentiated tissues can fold due to apico-basal polarity of the surface tension even
in the absence of external forces. The exact shape of the folds is determined by the
interplay between the apico-basal differential tension and the bending modulus of
the underlying basement membrane. To explain the spontaneous formation of folds,
we develop an effective continuum theory based on the discrete model. We show
that the effective bending modulus depends on the apico-basal differential tension
and changes sign at the transition from the flat to the spontaneously folded shape.
Next, we extend the model to three dimensions and we use the generalized approach
to analytically study the stability of tissues with different numbers of layers. Also
included in the description of the tissue mechanics is the cell nucleus. The resistance of the nucleus to deformation leads to its displacement either to the apical or
to the basal side. This provides an explanation for the formation of pseudostratified epithelia or epithelia with an ambivalent spontaneous curvature. Furthermore,
we develop a three-dimensional theory of elasticity for tissues in the fluid regime
and we use it to study the main physical mechanisms of the formation of fingerlike protrusions such as the intestinal villi and crypts. An important feature of the
three-dimensional tissue mechanics is the in-plane packing of cells in the monolayer.
We develop a dynamical three-dimensional vertex model to study tissue dynamics,
where cells are able to rearrange, divide, and extrude from the tissue. We study
the viscoelastic properties of active tissues, where cell boundaries undergo active T1
topological transitions due to a constant rate of energy injections on the subcellular
level. We show that tissues behave like a fluid if the rate of active T1 transitions is
nonzero and we find a scaling law for the effective cell-level viscosity as a function
of the rate of active T1 transitions.

Keywords: cells, epithelium, bending elasticity, surface tension, adhesion, apical
constriction, morphogenesis, vertex model
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Chapter 1
Introduction
Amazingly, life of every animal starts with a single cell, which after many divisions,
differentiations and tissue-scale morphogenetic transformations evolves into a complex organism. The final shape as well as all developmental processes leading to it
are encoded in the genetic material contained in that initial cell. It is precisely the
enormous amount of information stored in the DNA that leads to the great diversity of living organisms and makes life on Earth so fascinating. However, it turns
out that though biochemically programmed, many developmental processes leading
from a relatively simple embryonic structure to a complex adult organism can be
understood in part at the level of fundamental physics. The movement of physical
bodies as well as interaction between them is governed by forces. Understanding
these forces often means understanding the behavior of the whole system. In biology, such an approach is generally very complicated due to the complexity of living
systems but because of their hierarchical organization, individual building blocks of
a living organism can sometimes be described by solvable models.
In adult animals, cells are organized in tissues, which make up different organs.
These are further combined into organ systems, and finally an organism consists of
many organ systems (Fig. 1.1). It is important to note that in biology, physical

Figure 1.1: Hierarchical structure of an organism [1]. Cells are organized in tissues, which make
up different organs. These are further organized in organ systems, and the organism consists of
many organ systems. On the subcellular scale, the cell interior is filled with cytoplasm and cellular
organelles, which contain macromolecules such as the DNA in the nucleus.
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processes on different length scales are not decoupled from each other. For example, the initial formation of an organ and its lifetime shape changes are driven by
molecular-level processes inside the cells. Such complicated mechanisms extending
over many orders of magnitude in terms of length scale make biological systems so
complex and difficult to study. Thus, we usually choose a given scale at which we
describe the biological system, and we often take processes at smaller scales into account indirectly by an effective coarse-grained description. For example, in studying
tissue mechanics, subcellular mechanisms are usually described by effective cell-level
parameters such as the membrane surface tension.
Studying biological systems is also a big challenge from the experimental point
of view. Many experimental methods turn out to be too invasive and may affect the
behavior of the organism dramatically. Nevertheless, experimental techniques have
developed quickly in past few decades and together with the advances in theoretical
biophysics they have significantly improved the understanding of life. When studying the mechanics of cells and tissues, one of the most basic experiments is to probe
forces between cells in the epithelium. This can be done by measuring cell-cell adhesion force. It turns out that a typical force per adhesion molecule (e.g. E-Cadherin)
fad ≈ 25 pN [2, 3]. By a simple dimensional analysis we can estimate the order of
magnitude for energies involved in cell-to-tissue-level processes:
Wad ∼ fad ρd3 ∼ 2.5 · 10−12 J ,

(1.1)

where ρ ∼ 100/µm2 is the area density of adhesion molecules, whereas d ∼ 10 µm
is the typical cell size. Since life on Earth is based on water, a relevant temperature range suitable for life is no more than 100 K wide and the most comfortable
temperature is around the room temperature (T ≈ 293 K). This corresponds to the
energy kB T ∼ 4 · 10−21 J  Wad , where kB is the Boltzmann constant. This simple
estimate shows that the typical energies associated with tissue mechanics are much
larger than the thermal energy and thus thermal fluctuations do not play any role
in the motion and deformation of cells.
The system discussed in this Thesis is the epithelial tissue (Fig. 1.2). In fact, our
main interest lies at the interface between cell-scale and tissue-scale mechanisms. A
cell is an extremely complicated machine both from the structural and functional
point of view and is therefore very difficult to study using the exact physical phenomenology. Therefore, in this Thesis a tissue is considered as an aggregate of
simple prismatic cells and their physical properties are described by no more than
3 parameters, which describe tension in the contractile cellular cortex and adhesion
of cells to the substrate on their basal side and to the neighboring cells on their
lateral sides (Fig. 1.2). We show that such a simplified view of otherwise extremely
complicated biological system can provide some quantitative predictions; in fact, in
many cases it describes biophysical processes in considerable detail.
Epithelial tissues are one of four main types of animal tissues, the other types
being nervous, muscle, and connective tissue. Epithelia cover organs and provide a
physical protection of the inner layers of tissues. Their other functions depend on the
position in the body. For example, in organs of the digestive tract epithelia absorb
nutrients and secrete mucus and enzymes. Roughly, there are two classifications of
epithelial tissues according to their structure (Fig. 1.3). Firstly, based on the shape
of cells, epithelia are classified into columnar, cuboidal, and squamous epithelia. In
a columnar epithelium, cells are taller than they are wide and their nuclei are usu16

Figure 1.2: Schematic of a simple epithelium [4]. Cells adhere to the basement membrane on
their basal side, face the lumen on their apical side and adhere to neighbors on their lateral sides.
Below the epithelium is a thick layer of connective tissue, which contains nerves and blood vessels.
The intra-cellular processes are governed by a complex machinery or proteins and enzymes. Any
physical model devised to describe the epithelium is invariably a simplified representation of the
real tissue.

ally elongated; in a cuboidal epithelium, cells are approximately isometric, whereas
in a squamous epithelium cells are flat, i.e. their width is much larger than their
height. Secondly, epithelial tissues are also classified according to the number of cell
layers. Cells can be arranged in one or many layers forming a single-cell-thick tissue
referred to as simple epithelium or a multilayered tissue called stratified epithelium,
respectively. The third type is known as the pseudostratified epithelium, where cells
are arranged in a monolayer yet their nuclei are positioned at different heights giving
an impression of stratified epithelium when viewed in the transverse cross-section.
PSEUDOSTRATIFIED

SIMPLE

squamous

cuboidal

columnar

cuboidal

columnar

STRATIFIED

squamous

transitional

Figure 1.3: Classification of epithelial tissues (adapted from Ref. [5]). According to the number of
cell layers, tissues are classified into simple and stratified epithelia. A special class of tissues is the
pseudostratified epithelium, where cells are organized in a single layer but nuclei are distributed
in different heights, which gives an impression of a stratified tissue. According to cell shape, one
speaks of the squamous, cuboidal and columnar epithelium.
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From the physical point of view, epithelia in the digestive and respiratory tract
are especially interesting due to their characteristic corrugated shape (Fig. 1.4 A).
While the main functional reason for this nontrivial shape is an increased effective
area for absorption by assuming a folded rather than a flat shape of the surface,
the mechanisms behind the formation of these structures are not yet understood.
Tissues in the digestive tract are one of the fastest renewing tissues. In humans, cells
are replaced in only a few days as opposed to e.g. red blood cells which are replaced
in about 4 months or cells in the central nervous system which have a turnover time
of a human life time. Apart from tissue-scale dynamics of cell divisions and deaths,
the overall tissue shape also depends on the subcellular mechanisms such as tensions
in the cellular cortex and signalling pathways governing different gene expressions
as well as on the environmental influences such as muscle contractions. One of the
challenges is to show how these mechanisms compete with each other and which of
them is dominant during shape formation.

Figure 1.4: (A) Corrugated tissue in the urinary bladder [6]. Folds form due to contraction
of the underlying muscle. (B) Cross-sections of the developing Drosophila embryo during early
gastrulation [7]. Tissue of the initially circular embryo cross-section forms a furrow (here at bottom)
and invaginates.

Another interesting example are tissues during the embryonic development, which
starts with a single cell and ends with an animal with fully developed organs. These
organs are capable of performing complex tasks such as breathing, digestion, movement, and understanding at least the simplest processes of their formation is extremely important. A relatively simple yet non-trivial organism for developmental
studies is the fruit fly embryo (Drosophila melanogaster). Embryonic development
begins with fertilization which is followed by many cell divisions until a structure
called the blastula is formed. This is an epithelial shell filled with a fluid. In
18

Drosophila, the blastula contains around 6000 cells which form a single-cell-thick
ellipsoidal epithelial shell. One of the earliest tissue-scale developmental processes
is gastrulation. During gastrulation in Drosophila, the tissue invaginates on the
ventral side of the embryo to form a furrow (Fig. 1.4 B). Understanding these types
of shape transformations both from the biochemical and mechanical point of view
remains a considerable challenge.
In this Thesis we use a range of theoretical tools to study the equilibrium shapes
of epithelial tissues and their transformations (Fig. 1.5). We choose a simple energybased approach, where cells are treated as incompressible adhering droplets with
different surface tensions on functionally different cell sides: Cells adhere to the
substrate on the basal sides, face the lumen on the apical sides, and adhere to the
neighboring cells on the lateral sides. First, we use a simplified two-dimensional
(2D) model of transverse tissue cross-section to study ventral furrow formation during early gastrulation in Drosophila (Chapter 3) and the equilibrium shape of longitudinal folds (Chapter 4). Next, we develop an effective 2D elasticity theory based

DISCRETE VERTEX MODELS
3D
active
topological changes

2D
FOLDING

internal stress

FLUIDITY

gastrulation
in Drosophila

longitudinal folds

CONTINUUM THEORY
effective elasticity
2D

ANALYTICAL MODELS
internal stress

SPONTANEOUS
FOLDING

SIMPLE

STRATIFIED

3D

nucleus size as a cutoff
PSEUDOSTRATIFIED

Figure 1.5: Schematic of the outline of this Thesis. We use 2D and 3D vertex models as a main
tool for studying tissue mechanics and we substantiate the results by developing effective elasticity
theory and analytical tools. The main topic of the Thesis are mechanisms of folding and viscoelastic
properties of epithelial monolayers. We also address the formation of stratified and pseudostratified
tissues. Top left panel showing gastrulation in Drosophila is partly adapted from [7] and the panel
showing longitudinal folds in pharynx of Metridium is courtesy of Jon G. Houseman.
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on the discrete model. We derive the relations between the effective elastic moduli and cell-scale model parameters, e.g. the surface tensions, and we show that
an intrinsic surface tension polarity in cells can lead to spontaneous folding even
in a non-differentiated tissue (Chapter 4). This phenomenon can be described by a
bending energy with a negative bending modulus. We generalize our theory to three
dimensions (3D) and we analytically study different types of epithelia (Chapter 5).
We find that a simple epithelium is preferred in the regime of strong cell-substrate
adhesion and weak cell-cell adhesion, whereas in the opposite case a stratified tissue
is preferred. By including the nucleus size as a physical cutoff for cell dimensions, we
provide an explanation for the formation of pseudostratified epithelia. We develop
a 3D continuum theory, which is a generalization of the 2D continuum theory, and
use it for a simple proof-of-principle study of intestinal villi. We show that the interaction of the tissue with the underlying basement membrane leads to asymmetric
shape of villi and crypts and that the deformation of the substrate stabilizes the villus
height. Last but not least, we develop a dynamical 3D vertex model of single-cellthick epithelium, where cell-scale processes related to the topology of 2D polygonal
network of cell bases are considered in addition to the 3D cell shape (Chapter 6).
Cells can exchange neighbors via multiple successive T1 topological transitions, they
can be extruded from the tissue, and they can divide into daughter cells. We study
an active epithelium where due to energy injection, random lateral edges in the
tissue undergo T1 transition even if this topological change increases the energy.
We show that this is a mechanism for fluidization of tissues, and we quantify viscoelastic tissue properties such as the shear modulus and viscosity and study their
dependence on the rate of active T1 transitions.
Living tissues are extremely complicated systems governed by complex biochemical processes. In this Thesis we focus on their mechanical aspects which in part
explains the simplest and most robust phenomena during epithelial morphogenesis
in both adult animals and embryos. Simple theoretical models based on a small
number of parameters often offer many testable predictions and give a clear insight
into the overall behavior of the system. We choose this approach and develop several
minimal models for description of tissues at different length scales. The theoretical
framework presented in this Thesis provides answers to some fundamental questions
in the field of tissue mechanics and opens many new ones. It shows that while many
aspects of tissue morphogenesis can be understood from a simple mechanical point
of view, there are still many others which are too complicated to be explained in such
a mechanical way. Finally, the tools presented in the Thesis provide a useful starting point for further research which will probably go in the direction of combining
biochemical and mechanical mechanisms in a single theoretical framework.
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Theoretical background
Thin elastic sheets such as biological membranes, thin layers of nanoparticles, and
epithelial tissues assume a nontrivial 3D shape when compressed or stretched by
external forces. Using the basic principles of elasticity theory, these shapes have
been investigated for centuries and recently they have been characterized in detail
using a rigorous mathematical description [8, 9, 10, 11]. A similar approach can be
used for studying living tissues such as the epitheium. Yet epithelial tissues consists
of cells and due to their particulate nature, the continuum description needs to be
complemented by discrete models.

2.1

Folding of elastic sheets

A thin elastic sheet can be bent much easily than stretched, which is why it buckles
under in-plane compression. This fundamental principle is known as the buckling
instability and was first studied around 300 years ago by Bernoulli and Euler [12].
An initially flat sheet undergoes a spontaneous symmetry-breaking transition and
buckles to form a single fold when the compressive force exceeds the critical value.
Let us view the sheet from its transverse cross-section and describe the fold as a 1D
curve in the xy plane subjected to a force Fx acting in the x-direction (Fig. 2.1).
The contour of the fold is most conveniently parametrized by the angle between the
tangent vector and the x-axis ψ(s), where s is the arc-length [s ∈ (0, L)] such that
dx/ds = cos ψ, and dy/ds = − sin ψ (Fig. 2.1 A). Within this parametrization, the
local curvature of the sheet c = ψ̇(s) and the total bending energy is given by
Z
Kb L 2
ψ̇ ds ,
(2.1)
Wb =
2 0
where Kb is the bending modulus of the sheet. The equilibrium shape ψ(s) solves
the shape equation
Fx
ψ̈ −
sin ψ = 0 ,
(2.2)
Kb
corresponding to the minimum of the bending energy [Eq. (2.1)] subject to conRL
straint L − ∆ = 0 cos ψ ds, where ∆ is the compression of the sheet. The shape
equation [Eq. (2.2)] is known as the Euler elastica equation, whereas its solution
is usually referred to simply as the Euler elastica. Figure 2.1 B shows equilibrium
shapes for different ratios of the compression force and the bending modulus Fx /Kb .
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A

B

Fx / Kb = 4.09 Fx / Kb = 4.40
Fx / Kb = 3.33

y
s

ψ

Fx / Kb = 2.83

x

s=0

s=L

Figure 2.1: (A) Schematic of the Euler elastica. The shape is parametrized by the angle between
the tangent vector to the sheet and the x-axis ψ(s). The arc length s runs from s = 0 to s = L,
where L is the length of the elastica. (B) Solutions of the Euler elastica problem [Eq. (2.2)] shown
in xy plane for L = 4 (arbitrary units) at different values of the ratio between the compressive
force and the bending modulus Fx /Kb = 2.83, 3.33, 4.09, and 4.40.

If the compressed sheet is attached to an elastic substrate, its deformation has
to be taken into account as well. The bending energy [Eq. (2.1)] favors deformations
spread across a large wavelength, whereas the deformation of the substrate favors
vanishingly small wavelengths. This is due to the fact that the penetration depth
of the deformation in the substrate is of the order of the wavelength. Together, this
results in a finite wavelength independent of system size [11].
The total energy of the sheet-substrate system W = Wb + Ws is the sum of the
bending energy of the sheet Wb and the potential energy due to deformation of the
substrate Ws . For small deformation of the substrate (y  λ) Ws reads
Z
K L 2
y cos ψ dx .
(2.3)
Ws =
2 0
Here K is the stiffness of the substrate which generally depends on the size of the
deformation. For an elastic substrate K = 2kEs (1 − ν)/(1 + ν)(3 − 4ν), where
k = 2π/λ is the wave vector, whereas Es and ν are the Young modulus and Poisson
ratio of the elastic substrate, respectively [10]. Varying the total energy at the point
of the buckling instability gives the optimal wavelength of wrinkles [11]

λ0 = 2π

3Kb
Es

1/3
.

(2.4)

As expected, the wavelength increases with the increasing bending modulus of the
sheet Kb and decreases with the increasing Young modulus of the substrate Es . For
a fluid substrate, the effective stiffness K does not depend on the size of the deformation and is replaced by ρg, where ρ is the mass density and g is the gravitational
acceleration [13, 14]. The wavelength of the compressed sheet floating on a fluid
reads [11]
 1/4
Kb
λ0 = 2π
.
(2.5)
ρg
Figure 2.2 shows the shape of a compressed sheet resting on a fluid (panels A-A”)
and attached to an elastic substrate (panels B-B”). For small deformations (Fig. 2.2
A and B), wrinkles with a well-defined wavelength appear in both cases [11, 13]. A
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qualitative difference in the behavior can be observed for large deformations where
the response of the system is nonlinear. In the case of a fluid substrate, wrinkles
vanish for large compressions and a single fold is formed (Fig. 2.2 A”) whereas
in the case of an elastic substrate, period-doubling appears for large compressions
(Fig. 2.2 B”).

A
A
A

,

,,

B
B
B

,

,,

Figure 2.2: Compressed elastic sheet floating on a fluid substrate (A-A”) and attached to an
elastic substrate (B-B”). For small compressions, wrinkles are formed in both fluid- and elasticsubstrate case (panels A and B). For large compressions a single fold is formed in the case of a fluid
substrate (A’-A”), whereas period doubling is observed in the case of an elastic substrate (B’-B”).
The micrographs are adapted from Ref. [11].

Some sheet-like living tissues can be viewed as a generalized version of the above
system, where wrinkles and folds can be formed either due to an external compressive
force or due to area mismatch between the tissue and the underlying substrate
resulting from differential growth between the two. A similar phenomenon can be
observed in some flower leaves, where one of the scenarios is a faster growth of the
edge of a leaf compared to the growth of the central part of the leaf. The resulting
internal stresses are relaxed in the form of a buckling instability [15, 16, 17, 18, 19]. In
epithelial tissues, cells divide and grow which is especially prominent in the rapidlyrenewing tissues of the digestive tract. Thus the observed folded and corrugated
structures in the intestine and stomach of many animals may be explained by a
similar mechanism as in plant leaves.
Let us consider a thin epithelial layer with an effective bending modulus Kb
attached to a rather stiff basement membrane, which in turn lies on an elastic
substrate with Young modulus Es . At the tissue level, the effect of cell growth and
division can be described by a negative surface tension −γ [20]. To lowest order, the
elastic energy of an undulation y(x) = y0 cos(kx), where k = 2π/λ is the wavevector,
reads
Kb 2 4 γ 2 2 Es 2
y k − y0 k +
y k.
(2.6)
W =
2 0
2
3 0
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The negative surface tension leads to buckling if γ is larger than the critical value γc =
(3Kb Es2 )1/3 and the wavelength of the thus formed folds is λ0 = 2π (Kb /Es )1/3 [20,
21]. Interestingly, the scaling of the wavelength with the elastic moduli is the same
as in buckling of elastic sheets due to external forces, which shows that the mechanism of folding based on the area mismatch between the growing or externally
compressed tissue attached on an elastic substrate1 is very general and robust. Figure 2.3 schematically shows the possible scenarios of formation of fold and wrinkles.
Sine-like wrinkes are formed either by external or internal forces provided that there
is also an elastic interaction with the underlying substrate (Fig. 2.3 B, C). In contrast, in the absence of substrate a single fold is formed (Fig. 2.3 A).

A

external
forces

B

substrate
substrate

C
internal
forces
substrate

Figure 2.3: Three possible scenarios leading to buckling of thin elastic sheets. (A) If the compressed
sheet is not supported by a substrate, a single fold is formed so as to minimize the total bending
energy [Eq. (2.1)]. In contrast, if the sheet is supported by the substrate, it forms wrinkles with
a well-defined wavelength (panels B and C). Both the external compressive forces (B) and the
internal extensile forces (C) can generate such states.

A theory of epithelial folding induced by an area mismatch due to differential
growth between the epithelium and underlying layers of tissues (Fig. 2.3 C) has been
used to explain many complex shapes such as intestinal villi and crypts [20], undulation instability in tubular epithelia [21], longitudinal folds and zig-zag structures
found in the intestine of the developing turkey embryo [22], and various periodic
structures found in the developing chick gut [23]. Formation of shapes generated
by similar physical mechanisms can be also found in the brain [24, 25, 26]. Of
course, understanding these structures requires a rigorous mathematical description
by equations of motion for a given elastic system, which exceeds the scope of the
above energy-based arguments.
The theory of elasticity is very robust because it considers the most fundamental
physical mechanisms relevant at different length scales. Yet it cannot explain spontaneous folding due to intra-epithelial forces originating from the contractility of the
cellular cortex. These forces determine the intrinsic cell shape, which affects both
1

In case of a fluid foundation, the deformation energy of the substrate is negligible compared
to the deformation energy of the epithelium. Of course, if gravity determined the shape of tissues,
organs would take very bizarre shapes.
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the density of cell packing (and thus the thickness of the monolayer) and, more importantly, the intrinsic tissue curvature. Cell-level forces must be included in order
to explain a range of phenomena such as spontaneous folding during the embryonic
development where the elastic foundation which would drive the elastic instability
is not yet developed.

2.2

Discrete cell-based models

Describing tissue structure using mathematical tools started in the early 1900s with
an idea by Thompson who recognized the similarities between certain tissues and
soap froths [27]. Of course, animal cells are much more complicated than soap
bubbles yet in some cases, the basic physics behind the two systems is not too
different when viewed at a cell-size length scale.
Cell membrane can be reshaped by contractions of the actomyosin cortex. Structural organization as well as the dynamics of this subcellular structure differ from
a cell type to a cell type yet the molecular composition is conserved [28]. Polarized F-actin polymers form a scaffold for myosin-II molecular motors and other proteins [28, 29, 30]. Polymerization and depolymerization of actin occurs at the barbed
ends and the pointed ends, respectively (Fig. 2.4 A). Chemical energy (i.e. ATP) is
harnessed by molecular motors and transformed into mechanical work which is used

A

B

C

Figure 2.4: (A) Schematic of the actomyosin cortex [31]. The network of actin filaments is crosslinked by the molecular motors (e.g. myosin-II). Actin is polymerized at the barbed ends and
dipolymerized at the pointed ends. (B) Molecular motors harness chemical energy (i.e. ATP)
which is converted into oriented motion of motors along actin filaments. This motion can lead to
local contractions of the network (B) or local extensions of the network (C) [28].
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for the polarized movement of the motors along the filaments (i.e. from the pointed
towards the barbed end). At the network scale, this movement creates contractions
or extensions of the network (Fig. 2.4 B and C, respectively) which is reflected at
the scale of cells and eventually also at the scale of tissues.
The hydrodynamics of the cellular cortex is described in detail by the active gel
theory [31, 32]. Cross-linked networks of actin filaments are driven out of equilibrium
by a constant energy source (i.e. ATP), which makes this system an active material.
This theory is able to explain many biologically relevant processes such as cytokinesis [33] and cortical flows observed in the Caenorhabditis elegans embryo [34]. In this
Thesis we are interested in deformations at the tissue level, which is many orders
of magnitude larger than the subcellular scale where molecular details of active gels
become important. Thus, we need to develop a coarse-grained description of cell
mechanics, which would implicitly capture contractions of actomyosin cortex.

2.2.1

Surface energy

The most obvious approach is to consider tissue in equilibrium corresponding to the
minimum of the total mechanical energy. Within this description, cell constrictions
due to cortex contractions can be taken into account by considering different energy
terms. Possibly the most obvious choice is to model the cell membrane (which is
coupled to the cortex) as a 2D spring such that its mechanical energy is equal to
kA (A − A0 )2 /2. Here A and A0 are the actual and the preferred surface area of the
membrane, respectively, whereas kA is the elastic modulus associated with the elastic
deformation of the membrane. A decrease and an increase of the preferred area A0
would correspond to contraction and extension of the cortex, respectively. Due to the
nonuniform distribution of cortex elements, such as molecular motors, contractions
on the apical, basal, and lateral cell sides can differ, and thus both A0 and kA
should have different values from cell side to cell side. In context of cell sorting,
the differential contraction was first proposed in 1970s by Harris [35]. This idea is
referred to as the Differential Surface Contraction hypothesis (DSC) and within the
framework of spring-like cortex it can be taken into account by considering separate
energy terms of the form kA (A − A0 )2 /2 for the three cell side types [i.e. the apical,
basal, and lateral (Fig. 1.2)] [36]. This introduces a large number of parameters,
which renders the proposed model very nontransparent. Instead, we follow the idea
first proposed by Thompson [27] and we treat cells as droplets. Within this approach,
contractions of the actomyosin cortex are modelled by a positive surface tension at
the cell surface such that the effective mechanical energy due to contractility of the
cortex reads
Wcortex = σA ,

(2.7)

where σ > 0 is the cortical surface tension. The energy Wcortex prefers a vanishing
surface area A and thus cells are usually considered incompressible so as to have a
stable shape. Equation (2.7) represents only the homogeneous part of the total surface energy of a given cell side, whereas a nonuniform distribution of cortex elements
leading to differential contraction of the cortex on different cell sides contributes to
a differential surface tension η (discussed in Section 2.2.2) [35].
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2.2.2

Differential adhesion hypothesis

Differential adhesion in tissues was first used in context of cell sorting in cell aggregates containing two or more types of cells [37, 38, 39, 40, 41]. The initial idea is
usually referred to as the Differential Adhesion Hypothesis (DAH), posed by Steinberg in 1960s. Steinberg suggested that the adhesion between cells of the same type
is stronger than the adhesion between cells of different types [37], which leads to
segregation of different cell types. A more general version of DAH, where differential
adhesion refers to different adhesion strengths of the cell-cell interface, cell-substrate
interface, and cell-lumen interface, has been recently employed to model more sophisticated processes related to 3D tissue morphogenesis [42, 43, 44, 45, 46, 47]. In
this context, the differential adhesion results in different mechanical properties of
the three cell side types (i.e. the apical, basal, and lateral). In terms of mechanical
energy, adhesion can be described by a negative interfacial tension −γij acting at
the interface between two surfaces denoted by i and j such that
Wadhesion = −γij Acontact ,

(2.8)

where Acontact is the surface area of the contact.
Within the simplest theoretical description, cell shape is governed by surface
tensions of the apical, basal, and lateral sides, which can all be different from each
other. Let us denote the homogeneous part of the tension by σ and use η for the
apico-basal differential surface tension due to accumulation of molecular motors
either on the apical or on the basal cell side. Apart from the contribution of the
cortex, cells adhere to the substrate on the basal side and to the neighboring cells on
the lateral sides, which is described by negative surface tensions −γcs /2 and −γcc /2,
respectively2 . The total energy per epithelial cell is therefore given by
W = Γa Aa + Γb Ab +

Γl
Al ,
2

(2.9)

where Γa = σ + η , Γb = σ − γcs /2 − η, and Γl /2 = σ − γcc /2 are the effective surface
tensions of the apical, basal, and lateral sides, respectively [42, 43, 44], whereas Aa ,
Ab , and Al are surface areas of apical, basal, and lateral cell sides, respectively. For
simplicity, cells are usually considered filled with an incompressible fluid and thus
their volumes are fixed (V = const.).

2.2.3

Area- and Perimeter-Elasticity (APE) model

Different variants of the above model have been recently studied. For example, in
Ref. [47] cortex on the apical side is considered to act on the cell membrane only
around the perimeter. This is described by a line tension Λa instead of the cortical
tension σ. Of course, this leads to certain differences between the two approaches
but they still describe similar mechanisms.
It turns out that in practice, the full 3D mechanics is difficult to model for
technical reasons (Fig. 2.5 A and B). Therefore, reduced-dimensionality variants of
3D models are often developed so as to simplify the full 3D energy function. Within
the area- and perimeter-elasticity model (APE model) first proposed in Refs. [48,
2

In simulations, a pair of adhering surfaces is represented by a single surface. Therefore, for
convenience, a multiplicative factor 1/2 is added to energy terms associated with adhesion.
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49], the tissue is treated as a 2D polygonal tiling of cell bases, where each cell
is represented by a polygon of surface area A and perimeter p (Fig. 2.5 C). The
mechanical energy per cell is given by
K
(A − A0 )2 − Λp + Γp2 .
(2.10)
2
Here A0 is the preferred surface area of a polygon, K is the elastic modulus associated
with the area deformation, −Λ is the negative line tension which acts around the cell
perimeter and represents cell-cell adhesion, and Γ is the contractility of the cortex,
which acts only around the cell perimeter. The APE model has been widely used to
describe the steady-state structure of proliferating 2D cellular tilings (Refs. [48, 50]
and Fig. 2.5 C) as well as effective 3D out-of-plane deformations of tissues during
embryonic development (Refs. [52, 53, 54, 55] and Fig. 2.5 C).
W =

A

B

Aa

Al

Ab
3D surface-tension model

C

D

p

La

A

Ll
Lb

APE model

2D surface-tension model

Figure 2.5: (A) Scanning electron microscope image of mucosal epithelium in rat small intestine.
Black outlines are added to highlight the outlines of cell bases (left polygons) and the outlines of
transverse cell cross-sections (right quadrilaterals). Panel A is adapted from Ref. [51]. The actual
cell shape is approximately a prism with a polygonal base (B). (C) In 2D models of polygonal
cellular tilings, a cell is parametrized by area A and perimeter p. 3D epithelial structures can be
modelled by this reduced-dimensionality model by allowing the tiling to buckle out of plane [55].
Green circle denotes a contractile ring that induces out-of-plane buckling. (D) In 2D models of
the transverse tissue cross-section, a cell is parametrized by the lengths of the apical, basal, and
lateral sides La , Lb , and Ll , respectively. 3D epithelial structures can be effectively studied by a
buckling of a chain of cells in a 2D plane [44].

2.2.4

2D surface-tension model

In this Thesis, we employ a different approach. We study non-trivial 3D epithelial
shapes and we hypothesize that the main mechanism of their formation is the apico28
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basal polarity and the associated differential surface tension. To do so and to still
stay within the reduced-dimensionality implementation, we develop a model where
epithelial cells are described by their transverse cross-sections (Fig. 2.5 D). Of course,
by this simplification we lose the information of in-plane cell packing, but in certain
cases, where the length scale related to the 3D deformation is much larger than the
typical cell size and the deformation is purely elastic, this aspect of tissue mechanics
might not be the leading mechanism of 3D shape formation.
In the transverse cross-section, cells are characterized by lengths of the apical,
basal, and lateral cell sides La , Lb , and Ll , respectively (Fig. 2.5 D). A simplified
2D energy function is obtained from the full 3D version [Eq. (2.9)] by the expressing
surface areas of the apical, basal, and lateral cell sides by cell depth (i.e. the dimension in the transverse direction) r and cell height L as Aa = rLa , Ab = rLb , and
Al = rLl + (La + Lb )L, where L is the cell height (Fig. 2.6 A). The total mechanical
energy per cell reads


Γl
Γl
(2.11)
W = r Γa La + Γb Lb + Ll + (La + Lb )L .
2
2
The second term in Eq. (2.11) can be neglected in the limit r  L, where cells can
be described by a simplified energy of a 2D transverse tissue cross-section:
W = Γa La + Γb Lb +

Γl
Ll .
2

(2.12)

Here the volume constraint reduces to the constraint of the fixed cell cross-section
area A = const. (Fig. 2.6 B). The limit r  L means that cells are very elongated
in the transverse direction which is rarely the case in real tissues (typically r ∼ L).
We discuss the 3D effects related to cell depth in Section 4.3.6 so as to justify the
simplification discussed above.

B

A
La

La

r

Ll

midline

L

L
Lb

1/C

Lb
Figure 2.6: Model 3D cell shape (A) and a transverse cell cross-section (B). In the limit where cell
depth r is much larger than other cell dimensions, the tissue can be approximated by a reduceddimensionality model [Eq. (2.11)], where cell shape is parametrized by the lengths of apical, basal,
and lateral edges La , Lb , and Ll , respectively, or equivalently by the curvature of the midline C
and cell height L [Eq. (2.16)].

To study the intrinsic cell shape within the simplified reduced-dimensionality
model [Eq. (2.12)] we consider a free 1D chain of identical cells. We parametrize
cell shape by curvature of the midline C and height L (Fig. 2.6 B) which are easily
measurable tissue-scale morphometric parameters. The lengths of cell edges La ,
29

Chapter 2. Theoretical background
Lb , and Ll can be written p
in terms of C, L, and A as La = A/L − CA/2, Lb =
A/L + CA/2, and Ll = 2L 1 + [CA/(2L)]2 and thus the total mechanical energy
of a single cell reads
s

2
CA
CA
A
+ Γl L 1 +
.
(2.13)
W1 = (Γa + Γb ) + (Γa − Γb )
L
2
2L
√
In dimensionless
units
where
all
lengths
are
measured
in
the
units
of
A [li =
√
√
√
Li / A, for i = a, b, and
l;
1/c
=
1/(C
A),
and
l
=
L/
A]
and
the
energy
is
√
√
measured in units of Γl A [w = W/(Γl A)] the energy per cell can be recast as
1
w = αla + βlb + ll ,
2
where
α=

Γa
Γl

and

β=

(2.14)

Γb
Γl

(2.15)

are the dimensionless apical and basal tensions measured in the units of lateral
tension Γl . In terms of the dimensionless curvature c and thickness l the energy per
cell reads
r
 c 2
c
1
.
(2.16)
w1 = (α + β) + (α − β) + l 1 +
l
2
2l
The preferred cell shape is obtained by solving the force balance equations ∂w1 /∂l =
0 and ∂w1 /∂c = 0. Figure 2.7 shows the phase diagram of equilibrium cell shape in
the (β, α) plane. Cells are rectangular for α = β and become trapezoidal when the
magnitude of α − β is increased (gray shading in Fig. 2.7). For large enough |α − β|
cells become constricted (i.e. triangular) and their shape is no longer changed with
further increase of |α − β| (white region in Fig. 2.7).

Figure 2.7: Phase diagram of cell shape in the (β, α) plane [44]. Cells are rectangular for α = β
(the diagonal represented by the dashed line), trapezoidal in the region of moderate |α − β| (gray
shading), and triangular for large |α − β| (white region). Insets show equilibrium cell shapes at
β = 0.6, 1.0, 1.8, and 2.6. The phase diagram is symmetric about the diagonal α = β [the shape
at (α, β) is a flipped image of the shape at (β, α)], which is indicated by the hatched region [44].

30

2.3. Vertex representation
For a flat tissue (la = lb and thus c = 0) the energy [Eq. (2.16)] is simplified to
wflat = (α+β)/l+l. A zero-order estimate (in terms of α−β) for the equilibrium cell
height can be obtained from the force balance equation ∂wflat /∂l = −(α+β)/l2 +1 =
0 and reads
p
l0 = α + β .
(2.17)
By taking into account the incompressibility constraint la l0 = 1, we can calculate
the equilibrium width-to-height ratio of cells Φ0 = la /l0 = 1/l02 which reads
Φ0 =

1
.
α+β

(2.18)

For α + β < 1 the tissue is squamous (la /l > 1), for α + β > 1 the tissue is columnar
(la /l < 1), whereas for α + β ≈ 1 the tissue is cuboidal (la /l ≈ 1).

2.3

Vertex representation

The parametrizations of the tissue by A and p in the 2D model of polygonal cellular
tilings [Eq. (2.10)] or by c and l in 2D model of transverse tissue cross-section
[Eq. (2.16)] are very convenient for studying simple epithelial structures. Within
our model [Eq. (2.16)] they can be used to describe a flat tissue or simple 3D shapes
with constant curvature and this can even be done analytically [44]. Yet we are
interested in the more complex shapes such as the shape of folds in intestinal tissues
or the shape of embryos during gastrulation (Fig. 1.4). To describe these systems,
the tissue shape and thus the energy function needs to be parametrized in a more
general way. The most appropriate tool for this seems to be the vertex model known
from studies of soap froths and minimal surfaces [56].
The main idea of the vertex model is to represent discrete units (in our case
epithelial cells) by vertices and edges. Within the reduced-dimensionality model of
transverse tissue cross-section, each cell is a rectangle and thus represented by four
vertices in a plane (Fig. 2.8). Their positions are denoted by ri = (xi , yi ), and the
distance between two vertices i and j connected by an edge k (i.e. the length of edge
k) is given by
q
ek = |eij | =

(xi − xj )2 + (yi − yj )2 .

(2.19)

y

x

i

Fi

Figure 2.8: Buckled transverse tissue cross-section in the xy plane. Cells are represented by vertices
(white circles) and edges (black lines). The inset zooms in on a cell and the force exerted on the
vertex i, which is denoted by Fi . The vertex is displaced in the direction of the force. The small
circle shows the displaced vertex i and the dashed lines represent the edges radiating from it.
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The energy of the whole tissue is therefore a function of the positions of all vertices,
which can be written as
X
w = w(ri ) =
σk ek ,
(2.20)
k

where σk is the surface tension on edge k (σk = α for apical edges, σk = β for
basal edges, and σk = 1 for lateral edges). Additionally, the fixed cross-section area
constraint is enforced by correcting positions of vertices ri such that all cells have
the same (unit) cross-section area. This is formally described in Chapter 6.

2.3.1

Energy minimization

A numerical simulation is started by prescribing the initial
tissue structure where

coordinates of vertices are given by ri (0) = x(0), y(0) . Typically, a simple configuration of cells such as the flat tissue is chosen. In order to find the minimal-energy
tissue shape, the structure is evolved towards the energy minimum using the steepest descent method. Here each vertex i is displaced in the direction of the force Fi
exerted on it [57], which is defined by the gradient of the energy function as
Fi = −∇i w(ri ) ,
where ∇i = (∂/∂xi , ∂/∂yi ). In our case where w =
can be easily derived and reads
Fi =

X
k0

(2.21)
P

k

√
σk ek · ek [Eq. (2.20)] Fi

σk0 ek0
√
ek 0 · ek 0

(2.22)

where the sum goes over all edges k 0 that contain vertex i. There are three such
edges. Finally, vertices are displaced in the direction of the force according to the
overdamped equation of motion:
dri
= µi Fi = −µi ∇i w(ri ) ,
dt

(2.23)

where µi is the vertex mobility (i.e. the inverse frictional drag), which gives the
amplitude of vertex translation in the direction of the force and t is the simulation
time. Usually µi = 1 for all i. In the discretized scheme where tm+1 − tm = ∆t
Eq. (2.23) gives the position of vertex i at time tm+1 :
(m+1)

ri

(m)

= ri



(m)
− ∆t∇i w ri
.

(2.24)

The minimal-energy structure is found when forces on all vertices are zero (Fi = 0
for all i). The same approach can be used also for studying the tissue dynamics. In
such a simulation, t is considered as a real time. Since vertices are not real objects,
the equation of motion assigned to them has to be viewed as an effective model
dynamics. In a similar vein, the overdamped equation of motion where the inertial
and viscous terms are neglected compared to the friction term, has to be seen as a
simplification not necessarily applicable to all tissues.
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2.3.2

Rigidity transition in active 2D cellular networks

The vertex model has been routinely used to study problems in the mechanics of
soap froth as well as in the tissue mechanics (reviewed in Refs. [58, 59]). Yet in
some cases it turns out it is convenient to replace it by a cell-center model, where
each cell is parametrized only by the position of its centroid rather than by the
positions of cell vertices. Outlines of cells can be reconstructed e.g. by a Voronoi
tessellation [60, 61], which was first proposed by Honda in 1970s [62]. This approach
turns out useful for the description of 2D polygonal cellular tilings and 3D cellular
aggregates and is usually technically simpler than the vertex model because the
topology of the edge network does not need to be taken into account explicitly.
Recently, a Self-propelled Voronoi model (SPV model) has been employed to
investigate active tissues containing self-propelled cells [63, 64]. This model combines
two frameworks: It treats cell centroids as self-propelled particles [65, 66, 67] and
reconstructs cell outlines using the Voronoi tessellation so as to calculate forces on
centroids using the APE model (Section 2.2.3). Centroids move according to the
overdamped equation of motion
dri
= ηi Fi + v0 ni ,
dt

(2.25)

where v0 is the constant magnitude of the self-propelled velocity of cells and ni is the
polarity vector of cell i which gives the direction of the self-propelled cell motion. In
the model proposed in Ref. [63] it is assumed that the polarization undergoes random
rotational diffusion. The force Fi is calculated as a gradient of the total mechanical
energy [Eq. (2.21)], where the APE model energy function is used (Section 2.2.3).
Equation (2.10) can be non-dimensionalized to read
1
w = (a − 1)2 + (p − p0 )2 ,
b

(2.26)

where a is the dimensionless cell area measured in the units of the preferred cell area
a0 , and p is the dimensionless cell perimeter, whereas p0 and b are the preferred cell
perimeter and the inverse perimeter elastic modulus, respectively. One of the main
results of this study is the phase diagram shown in Fig. 2.9 A. The tissue undergoes a
transition from a solid to a fluid state if either v0 or p0 are large enough (Fig. 2.9). On
the other hand, a large enough inverse diffusion constant 1/Dr can also induce the
transition provided that the magnitude of self-propelled velocity v0 is large enough
(Fig. 2.9 A). The solid-to-fluid transition is characterized by the vanishing shear
modulus of the tissue which means that in the fluid regime, the tissue no longer
behaves like an elastic material [64].
In spirit of the above discussion, we can conclude that the most important tissue
parameters of the SPV model [63, 64] are the velocity of the self-propelled motion
v0 , which is a measure of the tissue activity, and the intrinsic property of the tissue
p0 , which gives the preferred perimeter of cells and is governed by the strength of
cell-cell adhesion and tension in the cellular cortex [Eq. (2.10)]:
Λ
p0 = − √ .
Γ A0

(2.27)

Figure 2.9 B shows the phase diagram of the tissue in the (p0 , v0 ) plane at Dr = 1 and
representative simulation snapshots together with the trajectories of cells (Fig. 2.9 C).
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Figure 2.9: (A) Schematic phase diagram of the 2D model tissue containing self-propelled cells in
the 3D parameter space (1/Dr , p0 , v0 ) [63]. The surface plotted by blue and red isolines corresponds
to the solid-to-fluid transition. Above this surface the shear modulus vanishes, which is a signature
of the fluid behavior. (B) Phase diagram in the (p0 , v0 ) plane at a fixed 1/Dr = 1 [63]. The solid
and the fluid regions are denoted by blue rectangles and orange circles, respectively, whereas the
transition is indicated by blue dashed line. (C) Representative simulation snapshots in the fluid and
in the solid regime show a larger degree of disorder in the fluid regime than in the solid regime [63].
This can also be seen from the trajectories of cell centroids (insets in red boxes), where cells are
jammed in the solid regime but can rearrange in the fluid regime.

This result shows that the tissue can be fluidized either by increasing v0 or p0 . The
fact that activity fluidizes the tissue is non-trivial yet rather intuitive. On the
other hand, the mechanism based on the parameter of the chosen energy function [Eq. (2.10)] is less intuitive and raises the question of how general it is. For
example, within the surface-tension-based model [Eq. (2.9)] p0 does not even exist as
an independent parameter. Does this mean that tissues governed solely by the surface tension [Eq. (2.9)] cannot be fluidized unless there are some active mechanisms
involved (e.g. the self-propelled motion)?
The intrinsic fluidity of the tissue described by the APE model [Eq. (2.10)]
can be explained by a simple argument. The main mechanism is based on the
competition between the preferred cell area and the preferred cell perimeter. This is
demonstrated schematically in Fig. 2.10 where the equilibrium cell shape (panel B)
is plotted together with the shape of an isometric cell with the area equal to the
preferred area (a = 1) (dark gray shading in panel A) and the shape of an isometric
cell with the perimeter equal to the preferred perimeter (p = p0 ) (black outline
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preferred area
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equilibrium shape

p0 < 3.722

p0 = 3.722

p0 > 3.722

Figure 2.10: (A) Schematics of the preferred perimeter (black outline) and area (dark gray polygon). At the unit preferred area (a0 = 1), the preferred dimensionless perimeter p0 = 3.722
corresponds to the regular hexagon of unit area, whereas for p0 < 3.722 and p0 > 3.722 the preferred dimensionless perimeter is smaller and larger than that corresponding to the regular hexagon
of unit area, respectively. (B) The resulting equilibrium shape is a combination of the preferred
perimeter and preferred area (panel A) and depends on the two elastic moduli. For p0 ≤ 3.722 the
equilibrium shape is a regular hexagon, whereas for p > 3.722 the equilibrium shape is elongated
with no preferred orientation.

in panel A). The ground state of a confluent tissue represented by a polygonal
tiling is a regular hexagonal tiling, where the perimeter of each cell is equal to the
preferred dimensionless perimeter (p = p0 ) and the area of each cell is equal to
the preferred dimensionless √
area (a = 1). Both conditions can be simultaneously
1/4
2 ≈ 3.722 (Fig. 2.10) where w = 0. If p0 < 3.722, the
satisfied only if p0 = 2 · 3
preferred perimeter is smaller than the perimeter of an isometric cell with the area
a0 = 1. Nevertheless, the equilibrium shape is still an isometric polygon (Fig. 2.10 B)
but its energy is larger than 0 [Eq. (2.26)]. In contrast, if p0 > 3.722 then the
preferred perimeter is larger than the perimeter of the isometric cell with the area
a0 = 1 and the equilibrium shape is non-isometric (Fig. 2.10 B). Tissues consisting of
preferentially non-isometric cells are disordered and thus one may intuitively expect
that they have a smaller shear modulus than the ordered tissues.
Interestingly, at v0 = Dr = 0, the transition point
√ where the
√ shear modulus
vanishes is not at p0 = 3.722, but instead at p0 = 2 5 5 − 2 5 ≈ 3.812 [64],
which corresponds to the perimeter of a regular pentagon of a unit area (a = 1).
This is probably due to topological reasons: Fluidization is associated with cellular
rearrangements which occur via successive T1 topological transitions of the edge
network (Fig. 2.11). A T1 transition in a regular hexagonal tiling will result in a
topological defect where two polygons are pentagons and two are heptagons. Disorder is therefore introduced as soon as pentagons are promoted. This argument
does not constitute a formal proof for the transition point yet it seems a reasonable
explanation.
In this Thesis we will use both the continuum theory (Section 2.1) as well as
discrete models (Section 2.2) to study tissue mechanics on different scales. Cellbased approach often allows to include certain cell-level biochemical details which
continuum mechanics alone does not. On the other hand, developing coarse-grained
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T1 transition
Figure 2.11: T1 topological transition changes the local topology of the edge network. This is
illustrated using the simple case of four neighboring polygons. The edge highlighted by a thick
black line first shrinks to zero length (the cross-state) and then grows in the perpendicular direction.
The topology changes from four hexagons to two pentagons and two heptagons and the cells that
initially shared an edge are finally separated, whereas the cells that were initially separated finally
share an edge.

elasticity theories based on the cell-based models usually contributes to the understanding of large-scale deformations.
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Differential elasticity of gastrulating
Drosophila embryo
Gastrulation in Drosophila begins with the formation of the ventral furrow. At
this stage of development, the embryo consists of about 6000 non-dividing epithelial
cells, which are organized in a monolayer and form an elipsoidal structure with a
diameter of ≈ 180 µm (Fig. 3.1). The interior of the embryo is filled with yolk and
the whole structure is enclosed by a stiff shell called the vitelline membrane, which
is adjacent to the outer (i.e. apical) surface of cells. The long axis of the embryo
corresponding to the head-tail direction is referred to as the anterior-posterior (AP)
axis (Fig. 3.1 B), and the embryo transverse cross-section is circular (Fig. 3.1 C, D).
In this cross-section we distinguish three cell populations: (i) ventral cells (V), (ii)
lateral cells (LL and RL for left lateral and right lateral, respectively), and (iii) dorsal cells (D). The ventral furrow is the lengthwise invagination of the tissue on the
ventral side (Fig. 3.1 A and C) accompanied by cell movements and deformations in
the other parts of the embryo. In fact, during gastrulation the movement of cells in
both dorsal and lateral tissue are coordinated with the formation of the ventral furrow. This suggests that gastrulation is an embryo-scale developmental process where
shape transformations of few thousand cells occur in a very coordinated manner and
relatively quickly (≈ 25 min).
Early gastrulation in Drosophila has been intensively studied and the underlying transcriptional programs which determine the properties and behavior of cell
populations are well understood [68, 69, 70, 71, 72]. However, the exact tissue-scale
physical mechanisms controlled by these programs have not been yet completely
revealed. It is intuitively clear that during development, cell populations have to be
temporally and spatially precisely coordinated and this can be most easily achieved
by robust biomechanical mechanisms. To reveal the details of the mechanics of ventral furrow formation and to probe the robustness of the process, it is best to study
the behavior of the developing embryo under both mechanical as well as biochemical
perturbations. Moreover, due to a simple geometry and fairly simple morphogenetic
transformations, the ventral furrow formation in Drosophila is very well suited for
a theoretical study, which might provide answers to many open questions regarding
the embryonic development in general.
The pioneering theoretical work in the field goes back to 1981 when Odell et
al. provided the first cell-based description of the ventral furrow formation [73].
Recently, several other theoretical models have been proposed, focusing on differ37
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ventral (V)
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Figure 3.1: (A) Scanning electron micrograph of Drosophila embryo during gastrulation [76]. The
embryo is ellipsoidal and the furrow is formed on the ventral side along the long [i.e. anterioposterior (AP)] axis (B). (C) Transverse cross-section [77] shown schematically in panel D with
the ventral (V), left lateral (LL), right lateral (RL), and dorsal (D) sides.

ent aspects of the process (reviewed in Ref. [74]). We would like to improve the
current understanding of the process by first presenting the results of detailed measurements and analysis of cell movements and deformations and then by applying a
simplified 2D version of our theoretical model to study the physical background of
the experimentally observed differential behavior of cell populations. By combining
experiments and numerical modelling, we show that during embryonic development
cells from spatially separated and mechanically different populations interact and
therefore the early gastrulation as well as any other developmental process should
be viewed as a collective process involving the whole embryonic tissue.

3.1

Experimental

In this section we briefly summarize the results of the experiments done in the
group of Maria Leptin at European Molecular Biology Laboratory in Heidelberg.
These experiments reveal the collective behavior of the different cell populations
during early gastrulation and provide a quantitative basis for our theory discussed
in Sections 3.2-3.5 [75].

3.1.1

Wild-type embryo

Multiview selective plane illumination microscopy technique (MuVi-SPIM) was used
to obtain high-resolution 3D images of the developing embryo. Images were taken
with a temporal resolution of ≈ 20 s from late cellularization stage to complete
internalization of the furrow (≈ 25 min). To reveal the collective behavior of the
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embryonic tissue and to quantify tissue-scale interactions, the outer (i.e. apical)
surface of the embryo has been observed during gastrulation. Polygonal outlines
of all 6000 cells have been marked using membrane marker Gap43::mCherry. The
shape as well as the position of each cell have been measured in time and a detailed
analysis of the whole embryo was performed.
Ventral furrow formation starts with the apical constriction of the ventral tissue,
induced by the accumulation of myosin-II in the apical cell sides and a corresponding
increase of tension in the apical actomyosin meshwork. Apical surface areas of the
ventral cells decrease with time and at a point when ≈ 20% of the furrow-forming
cells are constricted (t = 0), the furrow starts to internalize and pulls on the lateral
cells which are moved ventrally. Figure 3.2 shows the rate of ventral cell surface area
reduction, furrow depth, and average lateral cell displacement as they progress in
time. According to the results, early gastrulation can be understood as a two-phase
process. During the first phase, which lasts for about 11 min (between −5 min and
+6 min), a 10-cell-wide band of ventral tissue is constricted, whereas during the
second phase, which starts at 6 min ± 2 min, the furrow is internalized. By the end
of early gastrulation, the furrow reaches a depth of ≈ 50 µm and the lateral cells are
on average displaced by ≈ 35 µm (Fig. 3.2).

phase 2
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-6

average lateral
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furrow depth (μm)

rate of ventral tissue
2
-1
surface reduction (μm min )
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5
0
time (s)
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15

Figure 3.2: Rate of ventral cell surface area reduction, average lateral cell displacement, and furrow
depth (black, blue, and red curves, respectively) as functions of time [75]. Gastrulation starts with
apical constriction and when the ventral cell surface area reduction reaches maximal value, furrow
starts to internalize and the lateral tissue is displaced ventrally. The final depth of furrow is about
50 µm, whereas the lateral tissue is displaced by ≈ 35 µm.

The detailed pattern of cell movements and deformations during the formation
of the ventral furrow can be best analyzed by a 2D projection of the tissue apical
surface. Figure 3.3 A shows a 2D cylindrical projection of the apical surface at
12.67 min after the beginning of furrow formation. At this stage, the furrow is
already internalized which can be seen by ventral cells being completely out of
focus. The internalized furrow is seen in the inset of Fig. 3.3 A, which shows the
cross-section in the D-V plane at about half embryo length along the AP axis.
The cylindrical projection of the embryo (Fig. 3.3 A) turns out to be a very
useful representation for studying embryo-scale spatial organization of cells during
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time (min)
Figure 3.3: (A) Cylindrical projection of the apical side of Drosophila embryo 12.67 min after the
beginning of furrow internalization [75]. The ventral tissue is out of focus, which means that it
is already internalized. This can be even better seen in the cross-section (inset). (B) Kymograph
showing trajectories of 80 cells along the perimeter of the embryo at around half length of the
embryo [75]. Arrows denote the distance between two cells from the ventral, lateral, and dorsal cell
population (blue, orange, and green, respectively) before and after ventral furrow formation. The
ventral cells are constricted and internalized, the lateral cells are moved without being deformed,
and the dorsal cells are stretched in the DV direction.

developmental tissue transformations. However, the dynamics can be even better
analyzed by plotting the kymograph. Since the ventral furrow is formed along
the AP axis, that is the long axis, the gastrulating embryo can be treated in a
transverse cross-section (i.e. cross-section perpendicular to the AP axis). To quantify
the dynamics of the furrow internalization, it is therefore sufficient to measure the
movements and deformations of a single thin slice of cells in the circumferential
direction (i.e. DV direction) of the embryo. The outlines of approximately 80 cells
along the perimeter at about half distance between the head and the tail have been
tracked in time. The obtained kymograph (Fig. 3.3 B) shows the trajectories of
cells and reveals differential behavior of the three cell populations during furrow
internalization: (i) the ventral tissue is constricted and internalized, (ii) the lateral
tissue is displaced ventrally without being deformed, whereas (iii) the dorsal tissue
is stretched to compensate for the invagination of the ventral tissue. This results
suggest that while the force driving the furrow formation probably originates in the
ventral region, the lateral and the dorsal tissue posses distinct mechanical properties
and thus do respond differentially to the constriction and internalization of the
ventral tissue. How the three cell populations interact during furrow formation and
what mechanism makes them mechanically distinct is not yet understood.
40

3.1. Experimental

3.1.2

Mutants and fixation experiments

One of the most common experimental techniques used to understand developmental
processes is to either mechanically or genetically alter the system and observe how
the behavior of the thus obtained mutant embryos differs from the behavior of the
wild-type (WT) embryos. By doing so, it is possible to decode embryo-scale tissue
interactions and to reveal the exact underlying mechanisms.
Mutants
Firstly, embryos from mothers carrying the dominant Toll allele, Toll10B , have been
analyzed. In these mutants, all cells along DV axis have the ventral cell fate1 .
Such embryos are still able to make a furrow, meaning that the specific mechanical
properties of the dorsal and the lateral tissue are not essential for furrow formation.
The region of constricting ventral cells is broader than in WT embryos, and the
lateral and the dorsal tissue behave like a single homogeneous deformable tissue and
stretch in the DV direction. This means that the ventral fate is responsible for the
force leading to the apical constriction and furrow formation, whereas the differential
properties of the lateral and dorsal cell populations in WT embryo determine their
differential response.
Next, to understand the interaction between the lateral and the ventral tissue,
snail twist (sna twi) double mutants have been analyzed. In these mutants, the ventral cells are transformed from the ventral cell fate to the lateral cell fate. Since the
driving force for ventral furrow formation is carried by the ventral cell fate, the ventral tissue in the sna twi mutants does not invaginate to make a furrow (Fig. 3.4 A).
Surprisingly, lateral cells are still displaced ventrally, but the displacement is reduced
to about a third of WT displacement (Fig. 3.4 A). This means that the movement
of the lateral tissue is partly governed by other mechanisms rather than solely by
constriction of the ventral tissue.
Fixation experiments
Finally, to test the interaction between the three cell populations, a technique has
been developed to mechanically immobilize a group of cells during development. In
these experiments, a group of cells is exposed to femtosecond pulses of infrared laser
light. This treatment cauterizes the tissue which is then locally fixed to the adjacent vitelline membrane. By doing this systematically, it is possible to immobilize
a chosen group of cells and observe how this mechanical perturbation affects the
behavior of the system. Figures 3.4 B and C show the embryo cross-section with
a fixation in a narrow region between the ventral tissue and the right lateral tissue
before and after furrow internalization, respectively. In this case, the ventral furrow
is formed, but it is displaced by 28◦ towards the right lateral side. This happens
due to the fixation, which prevents the right lateral tissue to move ventrally and
thus the mobile left lateral tissue compensates for this movement and moves twice
as much as in WT embryo (Fig. 3.4 B and C). This result shows that cauterization
experiments indeed change the course of the ventral furrow formation without destroying the sample and therefore, they can be used for a precise measurements of
tissue-scale interactions.
1

Cell fate is related to genetic pathways governing their biochemical properties.
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Figure 3.4: (A) Kymograph of the sna twi mutant [75]. Ventral cells do not constrict and they
are not internalized, whereas the lateral tissue is still moved ventrally albeit only by a third of the
movement observed in WT embryo. (B) Cross-section of the embryo with a fixation at the angle
55◦ from the mid-ventral side (0◦ ) [75]. The furrow internalization proceeds normally but due to
fixation, the furrow is displaced by 28◦ towards the fixation (C) [75]. (D) Schematic of fixation
experiments [75]. Furrow is only formed if cells of all cell populations are mobile.

Next, experiments where fixations are applied in pairs have been performed.
The results are schematically shown in Fig. 3.4 D. In short, it turns out that all
cell populations need to be able to move and deform during gastrulation in order
for the furrow to be formed. This shows that the formation of the ventral furrow
is a collective process, which includes embryo-scale interactions. Furthermore, in
experiments where the dorsal tissue is immobile, lateral cells were not able to stretch
in order to allow the ventral tissue to invaginate, which shows that the lateral tissue
is very stiff and thus at least a few dorsal cells need to be mobile in order to be able
to stretch and allow the ventral tissue to internalize. From the same experiments it
can be also concluded that the dorsal tissue does not stretch actively due to internal
extensile stresses, since it does not buckle when its boundaries are fixed.
Figure 3.5 summarizes the experimental results and the main mechanisms of
furrow formation. In conclusion, ventral furrow formation is triggered by the apical
constriction of the ventral tissue due to accumulation of the molecular motor myosinII. As a result, the ventral cells pull the neighboring lateral cells towards the ventral
side of the embryo and the lateral tissue is displaced ventrally as a non-deformed
unit. In contrast, the dorsal cells are stretched in DV direction to compensate for
the ventrally-oriented movements of the ventral and the lateral tissue. This shows
that the lateral and the dorsal tissue have different elastic properties: The lateral
cells are stiff, whereas the dorsal cells are soft.

3.2

Initial shape

At the onset of gastrulation, the embryo cross-section consists of N = 80 cells
arranged in a circle. The whole embryo is surrounded by the vitelline membrane
42

3.2. Initial shape

WT

10B

Toll

sna twi

(i) constriction of V cells
(ii) furrow internalzation
(iii) displacement of L cells
(iv) dilation of D cells

(i) 3 cell populations:
ventral (V) constrict and internalize
lateral (L) move ventrally as a compact squad
dorsal (D) stretch in the DV direction

(i) constriction of V cells
(ii) furrow internalization
(iii) homogeneous response
of L and D tissues

(i) V fate responsible for constriction
(ii) differential response of D and L tissue depends
on the D and L fates

(i) no constriction of V cells
(ii) reduced L movement
(iii) reduced D dilation

(i) V fate responsible for constriction
(ii) movement of L not entirely due to constriction of V

fixations
(i) successful progression of
(i) furrow formation = collective embryo-scale process
furrow formation only if all (ii) L cells are stiff, D cells are soft
cell populations are mobile (iii) D tissue is stretched by external forces

Figure 3.5: Summary of experimental findings. Experiments on WT embryo reveal the deformation and displacement pattern of the developing embryo, whereas experiments on mutants and
mechanically manipulated embryos reveal the interactions between different cell populations and
their differential mechancial properties. Cells with ventral (V), lateral (L), and dorsal (D) cell fate
are colored blue, orange, and green, respectively.

(a stiff circular confinement of a radius rv ) and the area enclosed by the epithelium
represents yolk, which is incompressible (Fig. 3.6 A). We assume that before the
beginning of gastrulation, the tissue does not have a preferred curvature and that all
embryonic cells are identical, i.e. they have the same cross-section area and preferred
height. Therefore we can impose zero differential tension in all cells (α − β = 0) and
thus the preferred cell shape is rectangular (la = lb ≡ d). The dimensionless energy
of a cell [Eq. (2.14)] in terms of dimensionless cell height l = 1/d is given by
w=

A

α+β
+l
l
apical

(3.1)

B

vitelline
membrane
rv
yolk

ry

lateral
ay
basal

epithelium

l0

yolk

Figure 3.6: (A) Model Drosophila embryo cross-section. Initially the embryo consists of N = 80
identical cells arranged in a circle and surrounded by the vitelline membrane. (B) Geometric
parameters defining the initial shape of the embryo. The radii of the vitelline membrane contour
and of the yolk are denoted by rv and ry , respectively, ay is the dimensionless cross-section area
of the yolk, whereas l0 is the initial dimensionless cell height.
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and the preferred cell height is calculated from the force balance (dw/dl = 0) and
reads
p
l0 = α + β .
(3.2)
√
This corresponds to the equilibrium cell width d0 = 1/ α + β and the equilibrium
energy w0 = 2(α + β). We further assume that before the beginning of gastrulation the
p push against the vitelline membrane, which means that
p embryo does not
rv = (ay + N )/π = ay /π + l0 , where ay = Ay /Ac = 600/11 = 54.55 is the
dimensionless yolk area measured in the units of cell area Ac (Fig. 3.6 B). This
immediately gives an estimate for the initial value of the dimensionless apical and
basal tension at the onset of gastrulation, which reads
1
l2
α=β= 0 =
2
2

3.3

r


rv −

ay
π

2
≈ 2.85 .

(3.3)

Apical constriction

Apical constriction in the ventral tissue is triggered by a biochemical transcriptional
program that creates a contractile actomyosin cortical network underneath the membrane on the apical cell side [69, 75]. The tension resulting from contractions of the
cortex reduce the apical surface area of ventral cells, and this is the beginning of
furrow internalization.
There are several ways of modelling apical constriction within our theoretical
framework and they are all based on the asymmetry between the apical and the
basal cell side, described by the apico-basal differential tension. A cell becomes
apically constricted either by (i) an increase of the apical tension at fixed basal
and lateral tensions, (ii) an increase of the apico-basal differential tension at a fixed
preferred cell height, or (iii) a decrease of basal tension at fixed apical and lateral
tensions. The three proposed scenarios represent different trajectories in the phase
space of model parameters from the initial shape to the final (invaginated) shape.
The differences between them are reflected in other geometric properties of the final
shape, e.g. in the equilibrium cell height. According to Eq. (3.2), the preferred cell
height is increased if apical tension is increased at fixed basal and lateral tensions
[scenario (i)], whereas if basal tension is decreased at fixed apical and lateral tensions,
the preferred cell height is decreased too [scenario (iii)]. In contrast, the preferred
cell height remains intact in the scenario (ii), where the difference between the apical
and the basal tension α − β is increased while their sum α + β is kept fixed.
It has been experimentally shown that before the beginning of gastrulation, Factin is uniformly distributed along the apical surface of the whole embryo and
then at the onset of gastrulation it is considerably reduced in the dorsal tissue and
partly reduced in the lateral tissue. At this stage, myosin-II clusters are seen in the
ventral and the lateral tissue but not in the dorsal tissue [75]. These results do not
yet confirm exactly which of the scenarios proposed above is at work, since we do
not have any experimental data on the meshwork on the basal side. Nevertheless,
the observed changes in the cortex on the apical side do imply that the scenario
(iii), which assumes a fixed apical tension, is probably not correct. We also find
that scenario (ii) is not very plausible, since it imposes extremely well coordinated
relative structural changes of the meshwork on the apical and the basal cell sides.
These facts suggest that the most reasonable working hypothesis is that the apical
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3.3. Apical constriction
constriction of the ventral tissue is triggered by the increased apical surface tension
in the ventral region at approximately fixed basal surface tension.
We first focus only on the constricting ventral tissue and we study the apical
constriction of a free chain of identical cells. Since the cells do not interact either
with the vitelline membrane or with the yolk, their shape is determined solely by
the values of surface tensions. Depending on the curvature, the shape of cell crosssection is either a trapezoid or a rectangle. Let us denote the apical side length by la
and the the basal side length by lb (inset to Fig. 3.7). The total mechanical energy
of the cell [Eq. (2.14)] is given by
s
2

(la − lb )(la + lb )
2
.
(3.4)
1+
w = αla + βlb +
la + lb
4
The preferred length of the apical side is calculated from the force balance (∂w/∂la =
∂w/∂lb = 0) and reads
o
√ n
3/2
2β −(α − β)(α + β) + [1 − (α − β)2 ]
la = la(0)
≈
√
α + β [1 − (α − β)2 ]3/4




5
3
1
(0)
(0)
(0)
+ 2β (α − β) − la
−
≈ la − la
(α − β)2 ,
(3.5)
4β
4 32β 2
√
√
(0)
where la = 1/ α + β = 1/ 2β is the preferred apical side length at zero differential tension (α = β) and the second line is the Taylor expansion around α = β to
second order. In the first-order approximation, the apical side length decreases linearly with apical tension at a fixed basal tension (Fig. 3.7). A cell becomes apically
constricted when the apical tension reaches a threshold value of

p
1
β + 2 + β2 .
(3.6)
αth =
2

1.0

apical edge length la / la(0)

β = 2.85

0.8
0.6
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la

0.4
0.2
lb

0
2.85

2.90
2.95
3.00
3.05
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3.10

Figure 3.7: Apical edge length la in the units of the apical edge length at zero apico-basal differential
(0)
tension la as a function of apical tension α at β = 2.85. Cells become constricted when α reaches
the threshold value of α = 3.016 [gray shading and Eq. (3.6)].
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This result is of course valid only in the case of a free tissue, whereas in cells
forming the embryo, apical constriction is also affected by mechanisms other than
apico-basal differential tension. Firstly, the constricting ventral tissue interacts with
other segments of the embryo and thus the deformation of the ventral cells is also
influenced by the movements and deformations of the lateral and the dorsal cells.
Secondly, the tissue deformation is affected by the yolk, which serves as a global
constraint. Thirdly, because of the circular geometry, the ventral tissue is initially
already curved and the initial curvature is opposite to the curvature preferred by the
increased apical tension. Thus a large apical tension is needed to counteract against
the native curvature of the tissue. Finally, cell movements are restricted by the
vitelline membrane. The formation of the ventral furrow results from the interplay
of all these mechanisms and therefore a numerical simulation of the mechanics at
the scale of the whole embryo needs to be performed in order to understand this
process in detail.
We start our simulation by considering a homogeneous epithelium, in which all
cells have identical properties and are arranged in a circle (Fig. 3.6). We then apply
a simple step profile of apico-basal differential tension in a 10-cell segment centered
in the mid-ventral region (Fig. 3.8 B). This tension profile models the scenario
where at the onset of furrow formation, apical tension increases at the same rate
in all 10 constricting cells. The constrictions first appear at the edge of the ventral

D LL V LR D
h2
h1
D LL V LR D

C

Figure 3.8: (A) Micrographs showing apical constriction and intenalization of the ventral tissue [75].
(B) Simulation snapshots showing the ventral tissue cross-sections. In the case of a simple steplike profile of the apico-basal differential tension, constrictions first apear in cells contiguous to
the lateral tissue, whereas in the case of a cap-like profile, all 10 ventral cells are constricted
simultaneously. The cap-like tension profile is quantified by the ratio h2 /h1 (schematic plots
shown in right panels). (C) Schematics of the apical side showing the initial state (left image) and
the constricted state in the case of a cap-like profile (middle image) and a step-like profile (right
image). 2D cell apical surfaces are constructed from the lengths of transverse cell cross-sections,
whereas the dimension in the AP direction is arbitrary.
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region, which does not agree with the experimentally observed progression of furrow
formation, where first the ventral tissue flattens due to an instantaneous apical
constriction in all ventral cells (Fig. 3.8 A and B). To take this feature into account,
we consider different apical tension profiles and we obtain the best agreement with
experimental observations by applying a cap-like profile, where the apical tension
in the center of the ventral segment is increased more than in the cells contiguous
with the lateral cells (Fig. 3.8 B). This is quantified by the ratio h2 /h1 , where h1
and h2 are the height of the cap and the height of the step, respectively (Fig. 3.8 B).
Figure 3.8 C shows how apical constriction in both cases would be seen in a 2D tiling
of cell apical surfaces. The vertical dimension of cells corresponds to the lengths of
apical sides of the simulated embryo cross-section, whereas the horizontal dimension
is chosen arbitrarily and corresponds to the AP direction, which is not captured by
our reduced-dimensionality model.
In conclusion, we quantified the apical constriction for a simple case of a free
tissue, where we showed that by the increasing apical tension at a fixed basal tension, the tissue becomes curved and for a large enough apical tension, cells become
constricted (Fig. 3.7). On the other hand, the constricting tissue is influenced by
other mechanisms related to the whole-embryo mechanics. We found that in order
to reproduce the apical constriction observed in experiments, the rate of the apical
tension increase has to decay from the mid-ventral region towards the boundaries of
the ventral region (Fig. 3.8). This is a quantitative prediction of our model and can
be tested experimentally.

3.4

Stretching elasticity of cells

The lateral and the dorsal tissue show differential behavior during the furrow formation. Experiments suggest that the lateral tissue is much stiffer than the dorsal
tissue and thus the lateral cells are displaced ventrally without being deformed while
the dorsal cells stretch in DV direction so as to compensate for the displacement of
the lateral cells. Assuming that the ventral tissue is the only part of the embryo
that changes shape actively, i.e. by apical constriction caused by the accumulation
of myosin-II, we can treat the other two cell populations as passive elastic segments.
This means that their mechanical properties (i.e. tensions) do not change during
furrow formation, yet they can move or change shape due to interaction with the
constricting ventral tissue.
Within our theoretical framework, cells are considered filled with an incompressible fluid rather than being viscoelastic. The effective elasticity of cells is based on
the shape-dependent energy and to relate cell-level model parameters (i.e. surface
tensions) with the effective elastic moduli, we consider a rectangular cell cross-section
in mechanical equilibrium. A uniaxial deformation (along the DV axis) of a 2D cell
cross-section increases the total energy by
1
δW =
2



Z
Y

δd
d0

2
dA ,

(3.7)

√
where d is the cell width and d0 = 1/l0 = 1/ α + β is its equilibrium value. The energy difference δW also depends on the effective Young modulus Y , which reads [44]
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Y =

4σ
,
l0

(3.8)

where σ is the cell cortical tension [Eqs. (2.7) and (2.9)]
σ=

Γa + Γb
.
2

(3.9)

Cells of identical preferred shape have the same preferred height l0 but their cortical
tensions σ and thus their Young moduli Y may differ: In stiff cells the cortical
tension and thus the magnitudes of the three tensions Γa = σ + η, Γb = σ − η,
and Γl = 2σ − γ are larger than in soft cells. This result suggests that the three
cell populations showing different behavior during gastrulation might have different
tension in their cortex. Figure 3.9 shows the mechanical energy of a cell w as a
function of cell width d for different values of cortical tension σ = 0.5, 1, and 2.5 at
η = 0 and Γl = 1. A cell has a well-defined preferred shape which depends on the
model parameters α and β. For small deformations, the energy grows quadratically
and the Young modulus quantifies the cell stiffness [Eq. (3.8)].
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Figure 3.9: (A) Relative cell energy w − w0 as a function of the relative cell width d − d0 for
σ = 0.5, 1, and 2.5 (magenta, cyan, and black curves, respectively) at η = 0 and Γl = 1. Cells
with a larger σ have a larger Young modulus. Absolute cell energy w as a function of absolute cell
width d is shown in panel B for comparison.

Ventral cells constrict apically due to the accumulation of myosin-II in the apical
side. Because of the pull by the ventral tissue, the stiff lateral tissue moves by
≈ 35 µm towards the ventral side without being deformed, whereas the dorsal tissue
is stretched by ≈ 35% (Fig. 3.3). Within our simple theoretical model this can
be modeled as follows. The apical surface tension increases in the ventral cells,
which become constricted and pull on the lateral tissue. Because lateral cells are
stiff, they are not deformed but instead move ventrally. While they do so, they
exert a pulling force on the dorsal tissue, which is stretched so as to compensate
for the invaginating ventral tissue. To quantify this scenario and to determine the
differential mechanical properties of the three cell populations in the developing
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embryo, we perform numerical simulations of the furrow formation by considering a
full cross-section at a half distance between head and tail. The results are presented
in Section 3.5.

3.5

Numerical simulation of furrow formation

At the onset of gastrulation, 80 cells are arranged in a circle and are all assumed to
be in equilibrium (Fig. 3.6). Since initially all cells have an identical shape, they are
prescribed the same initial value of the dimensionless apical and basal surface tension
α = β = 2.85. The differential mechanical properties of the three cell populations
are encoded by different values of cortical tensions σv , σl , and σd (ventral, lateral,
and dorsal cortical tension, respectively). Without loss of generality we can treat
one of the σ’s (say σv ) as the reference tension and set it to 1 in dimensionless
units; together with the characteristic cell edge length this fixes the magnitude of
the energy. All other tensions are expressed relative to σv . From the experimental
results described in Section 3.1 we conclude that the dorsal cells should be softest
whereas the lateral cells should be stiffest which implies that σd < 1 and σl > 1
[Eq. (3.8)].

3.5.1

Phase diagram

First we would like to estimate the ratio of the cortical tensions σv : σl : σd needed to
reproduce precisely the measured course of ventral furrow internalization. Additionally, we would like to learn how robust is this process to the changes of mechanical
properties of cell populations, i.e. their cortical tensions. This will also allow us to
test our theoretical model, providing yet another explanation for a precise spatial
coordination of tissue movements and deformations during early gastrulation. Here
we only consider the shape of the initial and the final invaginated embryo crosssection (Fig. 3.10 A) and we only briefly discuss the dynamics of furrow formation
in Section 3.5.4.
Furrow formation is triggered by an increase of the apical tension in the ventral
cells and the final embryo shape is computed by minimizing its total energy
#
"
N
(i)
X
Γ
(i)
(i) (i)
.
(3.10)
W =
Γa(i) la(i) + Γb lb + l ll
2
i=1
The
cortical
h
i tensions of the ventral, lateral, and dorsal cell populations read σi =
(i)
(i)
Γa + Γb /2 for i = v, l, and d, respectively. The embryo is confined by the
vitelline membrane which exerts a pressure p(r) modeled as [43]




r − rv
p(r) = p0 exp
−1 ,
(3.11)
rv
where rv is the resting radius of the vitelline membrane and r is the radial distance
from the center of the embryo. The√magnitude of the pressure p0 is set to a very
high value (p0 = 1000 in units of Γl / A) mimicking a stiff confinement.
The progression of the furrow internalization and especially the deformation and
cell displacements in the lateral and the dorsal region depend on the differential
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Figure 3.10: (A) Embryo cross-section at the onset of gastrulation (left) and after the furrow is
formed (right). Cells with ventral (V), lateral (L), and dorsal (D) cell fate are colored blue, orange,
and green, respectively. Basal and apical tension profiles for the initial state (B) and the final state
(C). Initially, apical and basal tensions do not differ, whereas in the final state the apical tension
in the ventral tissue is increased while the apical and basal tension in the lateral and the dorsal
tissue remain unchanged.

elastic properties of the passive cell populations (i.e. the lateral and the dorsal cell
population) governed by the cortical tensions σi . Figure 3.10 B and C show the
values of apical and basal surface tensions for all 80 cells at the onset of gastrulation
and for the final shape, respectively. The apical and the basal surface tension are
initially both equal to 2.85 in the ventral region, whereas they are expected to have
a much larger and a much smaller value in the lateral and dorsal region, respectively. To trigger the formation of the furrow, the apical tension in the ventral cells
is increased while the basal tension remains unchanged and so do the apical and
the basal tension in the lateral and the dorsal region (Fig. 3.10 C). As discussed
above (Fig. 3.8) cells in the mid-ventral region are assumed to increase their tension
by a factor of h2 /h1 = 0.6 more than the cells contiguous to the lateral region.
In order to estimate the values of unknown parameters σl and σd , we explore
the phase diagram of the final shapes in the (σl , σd ) plane at a fixed differential
(v)
(v)
tension of the ventral cells Γa − Γb . We choose h1 = 3 and h2 /h1 = 0.6, which
(v)
(v)
(v)
(v)
corresponds to Γa − Γb = 3 and Γa − Γb = 4.8 for the mid-ventral cells and the
cells contiguous to the lateral region, respectively (Fig. 3.10 C). These parameters
were chosen such that the differential tension in ventral cells is large enough so that
the ventral furrow formation is completed in the region of small σd and large σl
where the most appropriate model for the WT embryo is expected according to the
experimental findings. In this sense, the differential tension is a robust parameter
and thus the prescribed value should not be understood as a strong prediction of
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our model but rather an estimate of the order of magnitude. To determine the
exact profile of apical and basal tension and to precisely predict the absolute value
of the apico-basal differential tension, other geometric properties of the tissue such
as height and width of ventral cells is need to be measured experimentally. Nevertheless, these details are not expected to affect the overall behavior of the model
embryo significantly.
The phase diagram of final embryo shapes (Fig. 3.11) shows that for a successful
furrow internalization, at least one of the passive cell populations needs to be soft
relative to the constricting ventral tissue. Additionally, if one of the populations
is very stiff, the furrow can still be internalized provided that the other population
is sufficiently soft. The model captures the real embryo shape most closely in the
hatched region in Fig. 3.11, where the lateral tissue is stiff, whereas the dorsal
tissue is very soft. At very large values of σl (σl = 6.4 in Fig. 3.11) furrow is
not internalized at all. This is because the lateral cells close to the ventral region
deform during furrow formation and thus they need to be soft enough to allow
ventral cells to internalize. For a more quantitative comparison of our results with
experimental data, we plot three experimentally relevant morphometric parameters,
which characterize the formation of the ventral furrow: (i) dilation of the dorsal
tissue (Fig. 3.12 A), displacement of the lateral tissue (Fig. 3.12 B), and furrow
depth (Fig. 3.12 C). These observables are plotted as temperature maps in the
(σl , σd ) plane across the same range of σl and σd as the phase diagram (Fig. 3.11).
Firstly, we confirm that a model embryo where the lateral and the dorsal tissue

cortical tension in dorsal cells σd
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6.4
cortical tension in lateral cells σl

Figure 3.11: Phase diagram of the minimal-energy shapes in the (σl , σd ) plane. In the cyan-hatched
region of the diagram where the lateral tissue is very stiff and the dorsal tissue is very soft, the
model cross-sections resemble the experimentally observed embryos most closely. The dashed dark
cyan line connects the states where σl = σd . It can be seen that in the case of a homogeneous
dorsolateral tissue, the furrow is not completely internalized.
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have the same values of cortical tension does not reproduce the experimental results
(white dashed lines in Fig. 3.12). While a relatively deep furrow can be formed in
the σl = σd case (Fig. 3.12 C), the lateral tissue displacement and the dorsal dilation
are both too small (Fig. 3.12 A and B, respectively). As qualitatively shown in the
phase diagram (Fig. 3.11), the embryo behavior is best reproduced in the region
of the phase diagram where σd ≈ 0, whereas the lateral cortical tension σl is more
robust and by considering WT embryo alone, we can can conclude that 1 . σl . 5.
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Figure 3.12: Dorsal dilation, ectoderm displacement, and furrow depth shown as temperature maps
in the (σl , σd ) plane. The experiments reveal that the dorsal tissue dilates by ≈ 35%, lateral tissue
is displaced by ≈ 35 µm, and the furrow reaches a depth of ≈ 50 µm. These results are reproduced
best in the region of the phase diagram where the lateral tissue is stiff and the dorsal tissue is soft.
The dashed white line connects states where σl = σd .

3.5.2

Modelling tissue fixation experiments

In order to limit the range of relevant values of the model parameter σl and to
further test our theoretical understanding of the furrow formation in Drosophila, we
turn to modeling the fixation experiments (Fig. 3.4 B-D).
Within our 2D vertex model of tissue cross-section, fixations can be modeled by
fixing the positions of one and two apical vertices for asymmetric and symmetric
cauterization, respectively (red dot in Fig. 3.13 A). We then use the same procedure
of computing minimal-energy final state as in WT case. We impose a positive apicobasal differential tension in 10 ventral cells and we minimize total energy of the
embryo. Firstly, we fix a single vertex, initially placed at the polar angle of 55◦
(Fig. 3.13) relative to the midventral region at 0◦ . Since the rotation of the embryo
does not affect the shape, in the case of asymmetric cauterization ventral furrow
internalization proceeds in almost exactly the same way as in non-fixed embryo.
However, because one vertex is fixed, the furrow is shifted by 22.8◦ towards the
fixed vertex. This agrees nicely with the experimental result where the shift of 28◦
has been observed (Fig. 3.4).
Next, we study symmetric fixations in the mid-lateral region. These fixations
mechanically decouple the dorsal tissue and a part of the lateral tissue from the
constricting ventral cells. This allows us to study the interaction of the ventral
tissue with the lateral cells in the vicinity of the ventral region and provides a
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Figure 3.13: (A) Model embryo cross-section of with an asymmetric fixation at 55◦ . The furrow
is fully internalized, but it is displaced for 22.8◦ towards the fixation point. (B) Furrow depth as
a function of the cortical tension in lateral cells σl at σd = 0.075 for the case of fixations in the
midlateral region. The outlines of the embryo show the final states at σl = 0.2, 0.4, 0.8, 1.6, 3.2
and 6.4. The furrow cannot be internalized if σl > 2.7.

lower bound of the stiffness of these cells. Figure 3.13 B shows furrow depth as a
function of the cortical tension in lateral cells σl at the cortical tension in dorsal
cells σd = 0.075. Only if the lateral tissue is soft enough, the ventral furrow is
able to internalize in the embryos with fixations placed in the midlateral region. By
combining these results with the results in WT embryo, we estimate that σl ≈ 3.
We model other cauterization experiments by applying fixations in different regions of the developing embryo. Figure 3.14 shows final depths of the furrow for
WT embryo, asymmetric fixation, and different cases of symmetric fixations (middorsal, dorsal, dorsolateral, midlateral, and ventrolateral) for three ratios of cortical
tensions (I) σv : σl : σd = 1 : 2.7 : 0.075, (II) 1 : 0.075 : 2.7, and (III) 1 : 1 : 1.
ventral : lateral : dorsal
1 : 2.7 : 0.075 (I)
1 : 0.075 : 2.7 (II)
1 : 1 : 1 (III)
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Figure 3.14: Furrow depth in WT embryo, the embryo with an asymmetric fixation, and the
embryos with fixations in the middorsal, dorsal, dorsolateral, midlateral, and ventrolateral regions
for σv : σl : σd = 1 : 2.7 : 0.075 (I), 1 : 0.075 : 2.7 (II), and 1 : 1 : 1 (III).

53

Chapter 3. Differential elasticity of gastrulating Drosophila embryo
The final embryo shapes are included as insets. In case (I), the furrow depths nicely
agree with the main experimental results, which shows that the furrow cannot be
successfully internalized unless all cell populations are mobile during gastrulation.
Note that for fixations in the dorsal region where a few dorsal cells are still able
to deform and move, the furrow is formed but it is less deep than in WT embryo,
which was also observed in experiments (Fig. 3.6). In case (II) where mechanical
properties of the lateral and the dorsal population are swapped, the furrow is not
deep enough even in WT embryo let alone in the embryos with fixations. Finally,
if the tissue is homogeneous [case (III)], the ventral furrow is barely formed and is
approximately of the same depth for all fixations studied.

3.5.3

Laser ablation

In order to test the predictions of our theoretical model, the tensions in the actomyosin cortex in different cell populations were probed by the infrared laser dissection of the actomyosin meshwork in the apical side of the tissue. In this experiment,
the cortex is cut by a laser pulse and chemical bonds in the meshwork are locally
broken (Fig. 3.15). Because of the cortical tension, the cut expands in time after
it was dissected and the speed of the fronts exponentially decays with time, which
is a signature of the damped recoil dynamics. The initial recoil speed v0 turns out
to be proportional to the cortical tension [34, 78]. Thus, by measuring the initial
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Figure 3.15: (A) Schematic of the laser ablation experiment. The actomyosin cortex is locally
damaged by laser. Due to tension, the recoil fronts move away from each other. (B) Initial
recoil speed for ablation in the dorsal, lateral, and ventral tissue. In the dorsal tissue, no recoil
is observed, whereas the initial recoil speed in the lateral tissue is ≈ 2.7-times larger than in the
ventral tissue. (C) Experimental images showing the ventral, lateral, and dorsal tissue during the
ablation experiment [75]. The cuts are denoted by red dashed rectangles and the average velocity
field is plotted by white arrows.
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recoil speed after laser ablation in the three cell populations, we can estimate their
relative cortical tensions.
Figure 3.15 C shows the initial recoil speed measured in all three cell populations.
In the dorsal region no recoil has been observed, whereas in the lateral region the
recoil is approximately 2.7-times faster than in the ventral region. This agrees
nicely with the results of our theoretical model which suggest that σv : σl : σd =
1 : 3 : 0.075.

3.5.4

Quasi-static dynamics

Studying the dynamics of living tissues is a very challenging task. Within our
theoretical framework, this can be done in two different ways: Firstly, we can impose
a certain dynamical equation on the vertices and then simulate their dynamics by
evolving this equation in time, and secondly, we can assume that the overall dynamics of the embryo is overdamped and thus the furrow formation is quasi-static.
Within the first approach, vertices are assumed to obey a certain dynamical
equation. Usually the overdamped noiseless Langevin dynamics is considered, where
at each time step a vertex is moved in the direction of the force exerted on it
and the velocity of the vertex is simply proportional to the force: v ∝ F . We
employ this approach in Chapter 6, where we study a dynamical 3D vertex model.
Nevertheless, here we choose the second approach where the time evolution of the
system is understood as a trajectory in the phase space of minimal-energy states. We
assume that the parameters of the passive embryo segments, namely the lateral and
the dorsal tissue, remain unchanged during the process so that the only parameter
that actively changes its value is the apical tension in the ventral tissue (Fig. 3.10).
This approach is very convenient, because time does not enter through the dynamical
equations, but is instead prescribed by a time progression of the increasing tension
in ventral cells, which requires fewer parameters.
To study ventral furrow internalization in time, we compute the minimal-energy
shapes of the embryo cross-section for an increasing apical tension in ventral cells
Γa . We track the center positions of the apical cell sides and we plot the simulated
kymograph. We find that the kymograph does not agree with the experimentally observed one if the tension increases linearly with time as Γa (t) = Γa (0) + kt (Fig. 3.16
A) and therefore we replot the kymograph with a rescaled time axis corresponding
to an increasing apical tension according to a power law
Γa (t) = Γa (0) + ktr .

(3.12)

We find the best agreement for r ≈ 4, which implies that the apical tension first
increases slowly and then ever faster with the progression of furrow internalization.
Figure 3.16 shows the comparison of kymographs for an increasing apical tension in
ventral cells according to the linear law (Fig. 3.16 A) and to the power law for r = 4
(Fig. 3.16 B). The direct measurement of tensions during ventral furrow formation
has not yet been performed. This is of course a very difficult task, since measurement
of tensions is usually done in an invasive way (e.g. laser ablation). Moreover, once
the ventral cells are internalized it is difficult to access their actomyosin cortex
to measure tensions. Nevertheless, the results presented here offer a quantitative
prediction and provide a motivation for further experimental work.
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Figure 3.16: Comparison of simulated kymographs for a linearly increasing apical tension (r = 1)
and the apical tension increasing according to a power law [Eq. (3.12) with r = 4] (panels A and
B, respectively) with experimentally measured dynamics (C) [75]. The power-law behavior for
r ≈ 4 describes the main features of the experimentally measured kymograph best. The meaning
of coloured arrows is the same as in Fig. 3.3 B.

The results presented here show that the ventral furrow formation in Drosophila
and probably in many other developmental processes include tissue-scale interactions
and have to be treated on the level of the whole embryo. Moreover, the complex
deformation and movement pattern of cells in the developing embryo can be explained by a relatively simple spatial pattern of differential mechanical properties,
i.e. cortical tension. This shows that the role of mechanics during embryogenesis is
very important and provides a large degree of robustness to different perturbations,
which is essential for a proper development of an animal. Nevertheless, our theoretical model used to explain these features was simplified in many ways and improving
it by e.g. developing a full 3D model of the embryo many well provide answers to
some of the remaining open questions.
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Chapter 4
Theory of epithelial elasticity
Organs in adult animals have an onion-like layered structure with the epithelial
tissue as the top layer. Apart from protecting the inner layers of tissues, the roles
of epithelia include transcellular transport, sensing, and exchange of nutrients [79].
The latter is one of the most important functions of digestive epithelia, i.e. epithelial
tissues in the digestive tract, which includes stomach, small intestine, and colon.
These epithelia are usually corrugated rather than flat so as to increase the effective
area for absorption and secretion, and thus they present a wide range of complex
3D shapes [20, 22, 23]. Longitudinal epithelial folds (Fig. 4.1 A) are one example
of such structures; also very common are intestinal villi and crypts (Fig. 4.1 B),
whereas zig-zag structures (Fig. 4.1 C) are less common.

Figure 4.1: (A) Epithelial folds in the stomach of Styela clava [80], (B) intestinal villi in the small
intestine of pig [81], and (C) zig-zag structures in turkey jejunum [22]. Tissues in digestive tract
are typically corrugated so as to increase the effective area for the exchange of nutrients.

The main functions of epithelia are closely related to their shape and one of the
goals of biophysics at the tissue level is to understand the mechanisms of shape
formation. In Chapter 2 we already discussed a theoretical approach that is based
on elastic deformations of tissues and can explain the formation of wrinkled or folded
epithelia. The mechanisms studied by coarse-grained models are very robust in their
simplicity and generality and they are quite well understood [20, 22, 23]. Yet they
fail to explain many morphogenetic processes, especially those in early development.
By studying early gastrulation in Drosophila in Chapter 3, we showed that a theory
which includes intracellular forces can fill this void and help to explain experimental
observations which are beyond the scope of the continuum theory alone.
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4.1

Discrete model of longitudinal folds

Here we analyze cell-based mechanisms and apply them to study the elastic properties and the formation of non-trivial periodic 3D epithelial structures at the surface
of various organs in adult organisms. This is done within the simplified 2D version of
the model where we consider the transverse cross-sections of cells. This approach is
appropriate for studying epithelial structures with zero Gaussian curvature such as
epithelial folds in digestive epithelia (Fig. 4.1 A). These structures can be described
by 3D ruled surfaces defined by a single-parameter family of parallel lines, where the
shape is locally described by a single principal curvature. The tissue cross-section
can be represented by an infinite 1D chain of quadrilateral cells with straight edges1
(Fig. 4.2 A, B). We assume that cells are non-differentiated, i.e. they have identical mechanical properties. In this case, the total mechanical energy of the shortest
periodic unit containing N cells reads
We =

N 
X

Γa La(i)

+

(i)
Γ b Lb

i=1


1
(i)
.
+ Γl Ll
2

(4.1)

We assume that cells are filled with an incompressible fluid and thus their volume,
i.e. surface area of cell cross-section, is fixed (A = const.). This model describes the
formation of periodically folds due to a curved preferred cell shape: If the cells tend
to be apically or basally constricted due to an increased tension on the apical or the
basal side, respectively, the overall tissue shape is expected to be corrugated rather
than flat [44].
Apart from intracellular forces, the tissue is also shaped by external forces due
to interaction with the surrounding tissue. Here we consider only the first layer
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Figure 4.2: (A) Model tissue cross-section showing groove and crest curvatures cg and cc , respectively, groove and crest thicknesses lg and lc , respectively, and fold wavelength λ. Cell index runs
from from groove to crest (from i = 0 to i = N/2) (red curve), and from crest to the next groove
(i = N/2 to i = N ) (blue curve). (B) The preferred cell shape is determined by surface tensions
on the apical, basal, and lateral cell sides (Γa , Γb , and Γl , respectively). (C) Schematic of two
(i)
(i+1)
neighboring basal edges of the lengths Lb and Lb
. The local curvature of the basal surface
Cbm can be calculated from the exterior angle between the edges ϕ using Eq. (4.3).

1

In our model, cell edges are approximated by straight lines and therefore the contact angles
at vertices cannot satisfy force balance condition. Nevertheless, in columnar epithelia this approximation is quite good. If edges are refined, the apical and basal edge become slightly curved but
the overall tissue shape does not change much.
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of non-epithelial material to which cells are usually attached: The basement membrane. The basement membrane is a thin layer of extracellular matrix composed
of collagen and laminin fibers which are both known to be very stiff. Experimental measurements of material properties suggest that the membrane behaves as an
isotropic solid with a well-defined Young modulus [82] so that the low-energy deformation mode is bending just like in thin plates. We can therefore model the
membrane as a thin solid plate with a bending modulus Kbm . Additionally, we assume that when folds are formed, cells can glide on the basement membrane and
thus the membrane is not stretched. Using the Kirchhoff-Love theory for parallel
straight folds, we write the bending energy of the basement membrane as
Z
Kbm
2
Cbm
ds ,
(4.2)
Wbm =
2
basal
where Cbm is the local curvature of the basement membrane. In the finite-element
numerical procedure used here the integral over the basal surface
is approximated
h
i
PN
(i)
(i+1)
2
by the sum over the basal edges as Wbm ≈ (Kbm /4) i=1 Cbm,i Lb + Lb
, where
2
Cbm,i
can be calculated by a simple geometric consideration (Fig. 4.2 C) and is given
i2
h
(i)
(i+1)
by 8(1 − cos ϕi )/ Lb + Lb
. Here ϕi is the exterior angle between edges i and
i + 1 (Fig. 4.2 C). In a discretized form Wbm reads

Wbm =

N
Kbm X 4(1 − cos ϕi )
(i+1)
2 i=1 L(i)
b + Lb

(4.3)

and in dimensionless units the total mechanical energy of the system
w = we + wbm =
#
"
N
X
1
2(1
−
cos
ϕ
)
i
(i)
(i)
=
.
αla(i) + βlb + ll + κ (i)
(i+1)
2
lb + lb
i=1

(4.4)

Here

Γa
Γb
Kbm
(4.5)
, β=
, κ=
Γl
Γl
Γl A
are the dimensionless apical and basal surface tension and the bending modulus of
the basement membrane, respectively. The lengths of cell sides, la , lb , and ll , and
the
√ bm are expressed in units of
√ radius of curvature of the basement membrane 1/c
A, whereas the energy w is expressed in units of Γl A.
The equilibrium shape of epithelial cross-section at given α, β, and κ is obtained
by numerically minimizing the energy [Eq. (4.4)] using periodic boundary conditions
(N +1)
(1)
where lb
= lb [83]. Both the wavelength λ (Fig. 4.2 A) and the number of cells
per waveform N need to be varied together with the positions of vertices to obtain
the minimal-energy shape. This is done within the Surface Evolver package [57]
with the added user-defined routine preventing cell-cell overlap by mimicking hardcore repulsion between non-neighboring cells (Fig. 4.2 A).
α=

4.1.1

Phase diagram

Figure 4.3 A shows the phase diagram at a fixed apical tension α = 0.6 < β in the
regime where the dimensionless basal tension is large enough so that the preferred
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cell shape is basally constricted. The tissue floats on a fluid substrate, which enforces
a global planarity of the tissue, and therefore not all cells can assume the preferred
shape. Nonetheless, the fold morphology is energetically favorable compared to the
flat epithelium, provided that the magnitude of the apico-basal differential tension is
neither too small nor too large [44]. As a result, the interplay between intracellular
stresses and bending rigidity of the basement membrane leads to four different fold
morphologies: Compact, invaginated, evaginated, and wavy (Fig. 4.3 A). At a fixed
basal tension β = 0.6 < α we find different variants of compact and invaginated
folds, but evaginated and wavy folds are absent (Fig. 4.3 B).

C1
I1

mp

ac

t

3.5
3.0

invaginated

co

basal tension β

A 4.0

wavy

W

evaginated

2.5
E

2.0
F

1.5

0

0.2
0.3
0.4
bending modulus κ

0.5

0.6

C2

3.5
ct

I2

m
pa

3.0

co

apical tension α

B 4.0

0.1

flat

invaginated

2.5
flat

2.0
F

1.5

0

0.1

0.2
0.3
0.4
bending modulus κ

0.5

0.6

Figure 4.3: Phase diagram of minimal-energy shapes of epithelial folds at a fixed apical tension
α = 0.6 in the (κ, β > α = 0.6) plane (A) and at a fixed basal tension β = 0.6 in the (κ, α > β = 0.6)
plane (B). The model predicts four fold types: Compact, invaginated, evaginated, and wavy folds.
The color shading shows the regions of the phase diagram where a particular fold morphology is
stable. The boundaries between these regions are guides to the eye.

We explore three important shape-related features of folds that could serve as
a way of distinguishing between the four fold morphologies. Firstly, each waveform
typically contains one segment of tall constricted cells. Cells are basally constricted
in the crest if β > α (Fig. 4.3 A) and apically constricted in the groove if α > β
(Fig. 4.3 B). Secondly, the wavelength of the folds λ seem to depend mostly on
the bending rigidity of the basement membrane κ: The larger the κ, the longer
the wavelength. This is because the basement membrane resists large curvature
due to basal constrictions in the crest, which are preferred due the contracting
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intracellular forces in case of β > α (Fig. 4.3 A). A stiff membrane therefore unfolds
the undulations and increases the wavelength, which leads to several fold types for
different combinations of model parameters: The wavelength in the compact folds is
of the order of twice the cell height (λ ∼ 2l0 ), whereas in the wavy folds it is much
longer compared to the thickness (λ  l0 ). Finally, the fold amplitude depends
mostly on the magnitude of the apico-basal differential tension |α − β|. In tissues
where the values of α and β are very different, the waveform segment with the
curvature opposite to the intrinsic curvature carries a large energy and is therefore
very short (e.g. the crest in the waveform C1 in Fig. 4.3 A). On the other hand, in
case of a small difference between α and β this segment can be much longer which
is reflected in a large amplitude (e.g. the neck and the groove in the waveform E in
Fig. 4.3 A).
The boundaries between the fold types in the phase diagram (Fig. 4.3) are guides
to the eye, because the definitions of the fold types themselves are merely qualitative
and related to specific shape features. On the other hand, the boundary between the
flat and corrugated morphology is defined at a transition from the shapes with zero
amplitude to the shapes with non-zero amplitude, and it can therefore be quantified. However, due to increasing number of cells per waveform when approaching the
boundary, numerical energy minimization becomes computationally very demanding, and therefore an analytical theory for stability of the flat epithelium is needed to
quantify this transition. From the numerical results presented here it seems that for
κ = 0 the transition between flat and corrugated morphology occurs at α − β ≈ 1.4,
whereas for nonzero κ it occurs at a |α − β| > 1.4. This is expected, because the
basement membrane resists folding and therefore the apico-basal differential tension
needs to be larger at large values of bending modulus κ to form folds.

4.1.2

Thickness-curvature coupling

We quantify the geometrical features of the model epithelium by plotting the dimensionless local curvature cλ and the dimensionless tissue thickness l/λ (i.e. cell
height) along the waveform for all four fold types (Fig. 4.4). The most remarkable
result obtained is a large modulation of the tissue thickness in compact and invaginated folds. In the former, the thickness of the crest is almost twice the thickness of
the groove (profiles C1 and C2 in Fig. 4.4 A and C, respectively) and in the latter
the ratio is ∼ 1.5 (profiles I1 and I2 in Fig. 4.4 A and C, respectively). On the other
hand, the thickness modulation in evaginated and wavy folds is almost zero (profiles
E and W in Fig. 4.4 A and C, respectively). As per the dimensionless curvature cλ,
its alternating sign on going from the groove to the crest and to the next groove is of
course expected, but the step-like profile is not (Fig. 4.4 B, D). This result suggests
that the curvatures of the groove cg and the crest cc are well defined and therefore
their ratio |cg /cc | can be used to identify a given fold type.
By comparing thickness and curvature profiles for a given fold type in the case
of β > α, we find that they are correlated in the sense that the maximal and the
minimal thickness coincide with maximal and minimal curvature, respectively. On
the other hand, for α > β the profiles are anticorrelated. We show this in Fig. 4.5
A and B, where the local tissue thickness is plotted against the local curvature, cell
index running along each loop (Fig. 4.2 A). It seems that both the sign as well as
the strength of the thickness-curvature coupling depend on the model parameters,
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namely on the apico-basal differential tension. Firstly, if α − β < 0, then l and c are
correlated, whereas if α − β > 0 they are anticorrelated. Secondly, the amplitude
of thickness modulation is larger in the compact and invaginated folds (waveforms
C1, I1, and C2, I2 in Fig. 4.3 A and B, respectively) where the magnitude of α − β
is typically large as well, whereas there is almost no modulation in the evaginated
and wavy folds (waveforms E and W in Fig. 4.3 A) where the magnitude of α − β
is typically small.
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4.2. Two-dimensional continuum theory
In conclusion, the above results suggest that the mechanical properties of epithelial cells that drive the formation of folded structures, i.e. differential surface
tensions of cell sides, are reflected in the global tissue shape and can be measured
indirectly by quantifying easily measurable morphometric parameters of the tissue.
Next, the local curvature, the local thickness, and the thickness modulation along
the waveform can reveal both the sign as well as the magnitude of apico-basal differential tension. Finally, our results show that by understanding the details of tissue
mechanics, we can access biochemical properties of cells. This may be very relevant,
since many experimental techniques used for probing tensions in cellular cortex,
such as laser ablation, are invasive and thus often not very appropriate for studying
living tissues. Nevertheless, many questions regarding the features of the phase diagram (Fig. 4.3) and the equilibrium shapes of epithelial folds remain unanswered.
For example, we would like to better understand the flat-to-corrugated transition as
well as the origin of thickness-curvature coupling and its exact dependence on the
model parameters. To answer these questions, we develop a continuum description
of the model epithelial monolayer in Section 4.2.

4.2

Two-dimensional continuum theory

The minimal-energy shapes of longitudinal folds computed within the discrete model
are smooth and the contours obtained resemble the shape of bucked elastic plates,
which suggests that a continuum version of our theoretical model could be derived
to study the elasticity of our model epithelium. Within such an approach the tissue
is described by tissue-scale variables such as curvature C and thickness L rather
than by cell-scale variables (i.e. lengths of cell edges) (Fig. 4.6).

La
1/C

Ll
Lb

L

continuum
theory

discrete
model

Figure 4.6: Within the discrete model, a waveform is represented by a chain of discrete cells,
whereas within the continuum description we coarse-grain this description using tissue-scale variables such as the local curvature of the midline C (denoted by the cyan curve) and the local
thickness L.

Let us start with the total energy of a 2D epithelial segment with area ∆A. The
sum of apical and basal terms reads Γa ∆La + Γb ∆Lb , where ∆La and ∆Lb are the
apical and the basal length of the tissue segment, respectively. The total length of
the lateral sides depends on the local shape of the tissue as well as on the area of cell
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cross-section Ac . This is taken into account by introducing the lateral tension area
density dΓl /dA, i.e. lateral tension per unit cross-section area. Then the lateral
energy term reads (dΓl /dA)L∆A, and the total energy of the epithelial segment
with cross-section area ∆A is given by
∆W = Γa ∆La + Γb ∆Lb +

dΓl
L∆A .
dA

(4.6)

In this simplified 2D description, two cell deformational modes need to be considered,
the first one being cell bending and the second one being the simple shear mode
where cell height is changed. The apical and basal side lengths La and Lb depend
on L and C (Fig. 4.6) as follows:




CL ∆A
CL ∆A
∆La = 1 +
,
∆Lb = 1 −
,
(4.7)
2
L
2
L
where the positive and the negative curvature correspond to ∆La > ∆Lb and
∆La < ∆Lb , respectively. In the continuum limit where ∆A → 0, the energy
of an infinitesimally short tissue segment with the cross-section area dA reads
dW = (Γa + Γb )

dΓl
dA Γa − Γb
+
CdA +
LdA .
L
2
dA

(4.8)

The lateral tension density dΓl /dA is obtained by integrating the energy density
over the cross-section area Ac which corresponds to the cross-section area of a single
discrete cell. The thus obtained energy of a continuous tissue should equal the
energy of a single cell in the discrete representation W1 [Eq. (2.16)]:
Z
∂W
dA = W1 .
(4.9)
Ac ∂A
This condition bridges the cell-level description of the tissue, where cells are represented by quadrilaterals with area Ac , with the continuum description, where the
energy contribution of the lateral sides is considered distributed across the crosssection area. It immediately follows that the lateral tension area density
s

2
dΓl
Γl
CAc
=
1+
.
(4.10)
dA
Ac
2L
We now insert Eq. (4.10) into the expression for the total energy [Eq. (4.8)].
In
√
dimensionless representation, where all lengths are expressed
in units of Ac , all
√
tensions in units of Γl , and the energy in units of Γl Ac , the energy density per
unit length of the tissue midline reads
r
 c 2
dw
α−β
2
=α+β+
lc + l 1 +
.
(4.11)
ds
2
2l
Here ds = dA/l is the length of an infinitesimal segment of the tissue midline.
We have previously shown that folds are stable only if the magnitude of the
apico-basal differential tension is large enough (Ref. [44] and Fig. 4.3). This means
that either α or β must be large as well because cell shape is well defined only if all
surface tensions are positive (see Chapter 2). Thus, in a folded epithelium cells need
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to be columnar, where α + β  1. In this limit (c/2l)2  1 and the square root in
Eq. (4.11) can be expanded such that the energy functional is simplified and reads
dw
α−β
1
=α+β+
lc + l2 + c2 .
(4.12)
ds
2
8
This geometry-based effective elasticity theory [84] can be interpreted by examining
the energy terms: (i) the constant term α + β corresponds to the surface energy of
the apical and the basal sides of a non-deformed (flat) tissue; the non-zero curvature
correction is taken into account by (ii) the coupling term (α − β)lc/2; (iii) l2 is the
energy of the lateral sides as if the tissue was flat and finally, the lateral sides become
tilted when the tissue is bent and thus their total length increases, which is taken
into account by (iv) the bending term c2 /8.
Another way of interpreting the above theory of epithelial elasticity is to view
the energy density functional as a Taylor series in c and l [Eq. 4.12]. We find that the
theory is similar to that of solid elastic plates or thin lipid bilayers for deformations
with zero Gaussian curvature. For example, bending of the lipid bilayers affects
the distance between the polar heads which increases the total energy. For small
deformations this effect is described by the (c−c0 )2 term, where c0 is the spontaneous
curvature of the bilayer. This is similar to our theory of epithelial monolayers, where
lengthening of the lateral cell sides due to bending is also penalized by the same
bending term c2 [Eq. (4.12)]. The difference compared to elastic plates or lipid
bilayers is in the linear term in c which is related to the spontaneous curvature. In
our theory there exists no such term because of another variable l by which c is
multiplied in the lc coupling term. This term introduces an apico-basal asymmetry
and could explain the spontaneous folding of the tissue (Fig. 4.3).
Before studying Eq. (4.12) in detail it is useful to first examine two special cases.
Firstly, if α − β = 0, the lc coupling term vanishes and the energy simplifies to
the pure bending energy dw/ds = const. + c2 /8. Such an epithelium is similar
to solid elastic plates and rods: It buckles when an external compressive force is
2
applied. Seconldy, in the flat epithelium (c
√ = 0) dw/ds = α + β + l and the
equilibrium epithelial thickness reads l0 = α + β, which is already a well-known
result [Eq. (2.17)].

4.3

Longitudinal folds

We can now use [Eq. (4.12)] to study the morphology of longitudinal epithelial folds.
We parametrize the shape by the local thickness l(s) and by the shape of the midline
which is given by the angle ψ(s) between the local tangent to the midline and the
horizontal axis (Fig. 4.7). The transformation from the Cartesian parametrization
is given by ẋ = cos ψ(s), ẏ = − sin ψ(s) and the local curvature reads c = ψ̇.
Tissue incompressibility is taken into account by the global constraint
Z S
A=
l(s)ds = N = const. ,
(4.13)
0

where N is the number of cells or the dimensionless cross-section area. The minimalenergy solutions
R Sfor the shape of epithelial cross-section are obtained by minimizing
the functional 0 F(ψ, l, ψ̇, ẋ, ẏ)ds, where
F =α+β+

α−β
1
lψ̇ + l2 + ψ̇ 2 + µl + γ(s)(ẋ − cos ψ) + η(s)(ẏ + sin ψ) . (4.14)
2
8
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Figure 4.7: Schematic of the folded tissue cross-section. The waveform is parametrized by the local
thickness l(s) and the angle ψ(s) between the local tangent to the midline and the horizontal axis
x. The arclength s runs from s = 0 at x = y = 0 to s = S at x = λ, y = 0.

√
Here µ, γ(s), and η(s) are Lagrange multipliers; µ is expressed in units of Γl / Ac ,
whereas γ and η are expressed in units of Γl . This yields a system of Euler-Lagrange
differential equations:
2
(µ + 2l) ,
α−β
2(α − β)
(γ sin ψ + η cos ψ) ,
(α − β)2 − 2
cos ψ ,
− sin ψ ,
0,
0,
0
l,

ψ̇ = −
l˙ =
ẋ
ẏ
µ̇
γ̇
η̇
Ȧ

=
=
=
=
=
=

(4.15a)
(4.15b)
(4.15c)
(4.15d)
(4.15e)
(4.15f)
(4.15g)
(4.15h)

with the boundary conditions ψ(0) = 0, x(0) = 0, y(0) = 0, A(0) = 0, ψ(S) = 0,
x(S) = λ, y(S) = 0, and A(S) = N . The obtained boundary-value problem can be
further simplified by taking into account the periodic boundary conditions. From
ψ(0) = ψ(S) we obtain
Z S
2
ψ(S) − ψ(0) =
ψ̇ds = −
(µ + 2l) ds
α−β 0
0
Z S
Z S
=µ
ds + 2
lds = µS + 2N = 0 ,
Z

S

0

(4.16)

0

and the unknown Lagrange multiplier µ can be expressed as

µ=−

2N
.
S
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4.3. Longitudinal folds
On the other hand, the condition l(0) = l(S) gives
Z S
Z S
2(α − β)
˙
lds =
l(S) − l(0) =
(γ sin ψ + η cos ψ) ds
(α − β)2 − 2 0
0
Z S
Z S
Z y(S)
Z
=γ
sin ψds + η
cos ψds = −γ
dy + η
0

0

y(0)

= η [x(S) − x(0)] = 0

x(S)

dx

x(0)

(4.18)

Since x(S) − x(0) = λ 6= 0, we obtain the trivial result:
η =0.

(4.19)

Finally, the contour length S is also unknown
R S and needs to be determined as
well. This is done by minimizing the energy 0 Hds, with respect to S, where
H = dw/ds = α + β + (α − β)lψ̇/2 + l2 + ψ̇ 2 /8 [Eq. 4.12]:
Z S
Z S
∂H
d
Hds =
ds + H(ψ̇)
=0,
(4.20)
dS 0
s=S
0 ∂S
which gives an additional boundary condition for the curvature:
s
(N/S)2 − (α + β)
ψ̇(S) = ±4
.
(α − β)2 − 2

4.3.1

(4.21)

Midline contour shape

The differential equations for the local thickness and the local curvature [Eqs. (4.15a)
and (4.15b)] are decoupled and simplified after taking into account the expressions
for Lagrange multipliers µ and η [Eqs. (4.17) and (4.19)]. The shape equation reduces to the well-known Euler elastica equation and reads
ψ̈ +

8γ
sin ψ = 0 ,
(α − β)2 − 2

(4.22)

with the initial conditions ψ(0) = 0, x(0) = x0 , y(0) = y0 . Since some of the
boundary conditions are given in the Cartesian coordinate system, the differential
equations ẋ = cos ψ and ẏ = − sin ψ need to be considered as well. Finally, the
Lagrange multiplier γ needs to be varied together with ψ̇(0) and S to satisfy the
boundary conditions at the end
p of integration interval
p which read x(S) = x0 +
2
λ, ψ(S) = 0, and ψ̇(S) = ±4 (N/S) − (α + β)/ (α − β)2 − 2 [85]. Thus, the
Lagrange multiplier γ has the role of force acting on the tissue to keep the boundaries
fixed at a distance λ. The functional F [Eq. (4.14)] does not depend explicitly on x
and y and thus the choice of x0 and y0 is arbitrary. We set x0 = y0 = 0 (Fig. 4.7).

4.3.2

Thickness modulation

Once the tissue midline shape ψ(s) is obtained, the thickness l(s) can be calculated
straightforwardly from the Euler-Lagrange equation for ψ̇(s) [Eq. (4.15a)] as
l(s) = l0 −

α−β
ψ̇(s) ,
4
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√
where l0 = N/S ≈ α + β is the average thickness along the waveform, whereas
the magnitude of the thickness modulation (α − β)ψ̇(s)/4 is proportional to the
magnitude of the curvature modulationR as well as to the differential tension α − β.
S
Note that l(s) satisfies the constraint 0 lds = A automatically, since the integral
of the curvature ψ̇ over one waveform is equal to zero.
Figure 4.8 shows the minimal-energy solutions of our 2D continuum theory for
fixed β = 2.6 and different values of α. The corresponding solutions of the discrete
model at the same values of parameters are added for comparison. The continuumtheory solutions are obtained by solving the shape equation [Eq. (4.22)] together
with the thickness equation [Eq. (4.23)]. Each epithelial waveform is characterized
by the optimal wavelength λ and the optimal number of cells per waveform N .
Neither of them are known in advance and thus λ and N need to be computed by
minimizing the energy with respect to both. Here we use the optimal values obtained
within the discrete model (Fig. 4 in Ref. [44]) as inputs and only optimize the tissue
contour and thickness profiles. The agreement of the results of the discrete model
and the continuum theory is perfect, which confirms that the coarse-grained tissuescale description derived here can indeed be used as an alternative to the discrete
model.

β = 2.6
α = 4.2

α = 5.0

α = 5.8

α = 6.6
Figure 4.8: Comparison between equilibrium tissue shapes obtained by the discrete model
[Eq. (4.4)] and by minimizing the functional [Eq. (4.12)] at β = 2.6 for α = 4.2, 5.0, 5.8, and
6.6. The continuum-theory waveforms are computed at the same wavelength and number of cells
per waveform as in the discrete model.

In absence of apico-basal differential tension (α − β = 0) the energy [Eq. (4.12)]
reduces to the pure 2D bending energy dw/ds = const. + c2 /8, which prefers the
flat equilibrium shape. Such a tissue can only buckle under an external compressive
force γ (Fig. 4.9 A) and its equilibrium shape corresponds to the shape of a buckled
solid plate or a piece of paper lying on a flat surface with opposite ends being kept
at a distance smaller than the paper length (Fig. 4.9 B). This shows the importance
of the lc coupling term (α − β)lc/2 [Eq. (4.12)], which distinguishes the epithelial
elasticity from Euler elastica by introducing a mechanism of spontaneous folding
due to internal forces arising from apico-basal surface-tension polarity.
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A α = β = 1.5
γ = 0.036

γ = 0.041

γ = 0.048 γ = 0.052

B

Figure 4.9: (A) Tissue cross-section shape at α = β = 1.5 for different values of compressive force
γ = −0.036, −0.041, −0.048, and −0.052. (B) A piece of paper attached to a flat surface, the
opposite ends being fixed at a distance shorter than the length of the paper. Thick cyan lines
are added to highlight the contour, which corresponds to the same family of curves as that of the
tissue midline in the panel A.

The coupling term (α − β)lc/2 [Eq. (4.12)] does not give rise only to spontaneous
folding but also to thickness modulation [Eq. (4.23)]. This term vanishes if α = β
and the thickness is no longer modulated along the waveform. However, this is
only true in the first-order approximation in (c/2l)2 . The higher-order energy terms
introduce a more complicated lc coupling; for example, the second-order energy term
c4 /(128l2 ) describes lc coupling even at a vanishing apico-basal differential tension.
In this case the Euler-Lagrange equation for ψ̇ reads
l = l0 −

ψ̇ 2
α−β
ψ̇ +
4
128l3

(4.24)

and l cannot be simply expressed as a function of curvature ψ̇. However, since the
magnitude of ψ̇ 2 /(128l3 ) is much smaller than the magnitude of the other two terms
in Eq. (4.24) this non-linear term can be treated perturbatively. We use the following
ansatz for the thickness: l ≈ [l0 − (α − β)ψ̇/4] + δl, where |δl|  l0 − (α − β)ψ̇/4.
This gives
α−β
ψ̇(s)4
l(s) ≈ l0 −
ψ̇(s) −
(4.25)
h
i3 .
4
128 l0 − (α − β)ψ̇(s)/4
Within this approximation, thickness modulation is no longer simply proportional
to the curvature. Furthermore, in case of zero differential tension (α − β = 0) the
modulation of the thickness does not vanish — instead, it is proportional to ψ̇ 4 .
When spelled out, the local thickness at zero apico-basal differential tension reads
l(s) ≈ l0 −

4.3.3

ψ̇(s)4
.
128l03

(4.26)

Spontaneous folding

The thickness modulation for α−β 6= 0 is not only the feature of the epithelial shape
but is in fact crucial for spontaneous folding, i.e. for folding in the absence of external
forces. Each waveform consists of a positive-curvature segment (the crest) and of
a negative-curvature segment (the groove). If α > β the groove is energetically
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favorable because it consists of cells with the apical side shorter than the basal side.
If α < β the crest is energetically favorable. The cells forming the segment that
decreases the total energy are always taller than the cells forming the oppositely
curved segment. Because of incompressibility, the tall cells are also narrower than
the short cells and thus the number density of cells is increased in the energetically
favorable segment compared to the energetically unfavorable segment (Fig. 4.8). The
resulting asymmetry between the groove and the crest prefers the fold morphology
over the flat morphology provided that the apico-basal differential tension is large
enough. Below we describe this mechanism within the effective elasticity theory and
we show that the theory is a generalized 2D elasticity theory of elastic plates.
The shape equation of the folded model epithelium [Eq. (4.22)] is equivalent
to the shape equation of Euler elastica ψ̈ − (Fx /Kb ) sin ψ = 0, where Fx is the
compression force and Kb is the bending modulus of the elastica. By comparing
the two we can deduce the effective bending modulus of epithelial monolayer which
reads
ke = −

(α − β)2 − 2
.
8

(4.27)

Thus the effective elastic energy per unit length of the tissue midline of the folded
epithelium reads dw/ds = const. + (ke /2)c2 . We note in passing that the Lagrange
multiplier γ indeed has the role of the compression force Fx . Given the effective
bending modulus ke , the energy difference between the flat and the corrugated shape
can be written as
Z
ke S 2
c ds .
(4.28)
w − wflat =
2 0
If the energy difference w − wflat < 0, the fold morphology is preferred whereas
otherwise the flat morphology is preferred. The sign of w − wflat is determined by
the
√ value of the effective bending modulus ke which changes sign at (α − β)c =
2 [Eq. (4.27)]. Figure 4.10 shows the force γ exerted on the tissue segment by
keeping the distance between ends fixed and varying √
the apico-basal differential
√
tension (magenta curve). The force is negative for − 2 < α − β < 2, which
means that the tissue needs to be compressed in order
√ for the ends to be kept at
a fixed distance. On the other hand, for |α − β| > 2 the force is √
positive, which
means that the tissue tends to collapse spontaneously. At α − β = ± 2 the bending
modulus changes sign (dark cyan curve), whereas the relative thickness modulation
δl/l0 is a linear function of α − β [Eq. (4.23)] and vanishes only in the absence of
the apico-basal differential tension (black line).
In conclusion, an epithelial monolayer built from mechanically identical cells
takes the same shape as Euler elastica, but it can spontaneously fold due to internal
forces in the cell cortex due to apico-basal surface-tension polarity. At a non-zero
apico-basal differential tension the asymmetry between the apical and the basal cell
side leads to a modulation of cell height along the tissue contour. Furthermore,
provided that the apico-basal differential tension exceeds the threshold value, the
tissue folds spontaneously and the shape of the corrugated tissue is mathematically
described as a solution of the generalized Euler elastica problem where the bending
modulus is negative [Eq. (4.28)].
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Figure 4.10: Compression force exerted on a segment of tissue with α + β = 6.8 and cross-section
area A = 25 at fixed λ = 6 as a function of apico-basal differential tension α − β (magenta
cruve). Also plotted are the bending modulus ke (dark cyan curve)
√ and the thickness modulation
relative to the mean thickness δl/l0 (black line). √At |α − β| = 2 the bending modulus and the
thickness modulation change sign. For |α − β| > 2 fold morphologies are energetically favorable
over the√flat state.
√ Insets are minimal-energy shapes at fixed λ = 6 and α + β = 6.8 for α − β =
−2.8, − 2, 0, 2, and 2.8 (left to right).

4.3.4

Wavelength stabilization

The above √theory of elasticity predicts a spontaneous collapse of the tissue for
|α − β| > 2. Thus within the proposed continuum description the equilibrium
wavelength of the waveform for this part of the parameter space does not exist at
all. However, within the discrete model [Eq. (4.1)] we showed that both the equilibrium wavelength and the optimal number of cells per waveform are well-defined
quantities (Ref. [44] and Fig. 4.3). The reason for this conceptual discrepancy is
in two mechanisms not included in the continuum theory but accounted for by the
discrete model: (i) the physical constraint of local geometry of cells and (ii) the
hard-core repulsion between non-neighboring cells.
In the discrete representation cell edges all have to have non-negative length.
This constraint limits the cell shape by the condition that the absolute value of the
product of the local curvature and the local thickness lc has to be smaller than 2
(|lc| < 2); here lc = 2 and lc = −2 correspond to a basally constricted cell and an
apically constricted cell, respectively. Tall cells in the energetically favorable segment hit this constraint in the discrete representation and are therefore rearranged
such that the whole segment consists of cells with almost identical shape, i.e. identical value of lc (Fig. 4.11 A and B). This effect increases the energy compared
to the optimal shape of the continuous model epithelium where this constraint is
not applied and thus the discrete-model optimal waveforms are stabilized at a final
wavelength. Additionally, because of the absence of this constraint the curve describing the constricted tissue side makes self-intersecting loops in the segments of
large curvature where |lc| > 2 (Fig. 4.11 C).
The second constraint which we applied in the discrete model and did not include
in the continuum description is the hard-core repulsion between non-neighboring
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Figure 4.11: (A) Equilibrium shape of the tissue cross-section for α = 4.2 and β = 2.6 obtained
by the discrete model [Eq. (4.4)]. In this case triangular cells in the groove are energetically
favorable over trapezoidal cells in the crest. (B) The product of curvature and thickness lc along
the waveform from panel A. The value of lc is bounded between −2 and 2 which are the values
corresponding to basally constricted and apically constricted cell, respectively. (C) Equilibrium
tissue cross-section for α = 6.6 and β = 2.6 obtained by minimizing the continuum version of the
model [Eq. (4.12)]. The apical side of the groove makes self-intersection loops (arrows) because of
the absence of the physical constraint requiring that all cell side lengths be positive. (D) Steric
repulsion acts at the segment of tissue where non-neighboring cells touch (magenta arrows).

cells (Fig. 4.11 D). This too prevents tissue collapse, such that the minimal possible wavelength of our model epithelium is approximately of the order of two cell
heights (2l0 ).
Finally, in reality the interaction between non-neighboring cells is probably more
complicated; for example, when either the groove or the crest closes on itself the
interacting non-neighboring cells could adhere one to another which would increase
both the amplitude of the waveforms as well as the optimal number of cells per
waveform. In real tissues this rarely happens on the basal side where cells are usually
attached to the extracellular matrix. However, the described wetting mechanism
could be relevant for various developmental processes such as the ventral furrow
formation in Drosophila, where it could help the furrow to internalize.

4.3.5

Basement membrane

The final mechanism for stabilization of the wavelength discussed here is the interaction of the tissue with the basement membrane. We already showed that within the
discrete model, the variation of the wavelength across the phase diagram (Fig. 4.3)
is mostly due to this interaction, which was also one of the most important results
of the discrete model.
Including the basement membrane in the continuum description is not too difficult, since the interaction energy term to be taken into account is exactly the
same as the one in the discrete description [Eq. (4.2)] where the basement membrane was treated as a continuous elastic plate. The dimensionless curvature of the
basement membrane cbm depends on the local curvature of the tissue midline as
cbm = c/(1 − lc/2) and thus the bending energy of the basement membrane in terms
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of tissue-scale variables reads
wbm

κ
=
2

Z
0

S

c2
ds .
1 − lc/2

(4.29)

This energy term describes the interaction between the spontaneously folded epithelium and the basement membrane which resists folding. The energy wbm diverges at
lc = 2, i.e. when the tissue is bent so much that cells become basally constricted and
the radius of curvature 1/cbm becomes zero. Large curvatures are therefore forbidden by this interaction term and it seems that the bending rigidity of the basement
membrane described by wbm could provide another mechanism for the stabilization
of the wavelength within our continuum description.
Let us first examine how the basement membrane affects the flat-to-fold transition (Fig. 4.10). This can be done by studying the stability of the flat tissue. In the
limit of small curvatures (c ≈ 0), the total energy of the tissue-basement-membrane
system reduces to the bending energy and the effective bending modulus of the system reads keff = ke + κ. The flat-to-fold transition occurs at keff = 0 which gives
the condition for the minimal value of apico-basal differential tension needed for the
epithelium to form folds:
p
(4.30)
α − β > 2(1 + 4κ) .
This result agrees well with the line of transition in the phase diagram of the discrete
folds (Fig. 4.3). Within the discrete model, this transition is difficult to analyze
numerically since the wavelength there becomes very long and thus a large number
of cells needs to be included. There are no such technical problems within the
continuum theory, which proves once more that the coarse-grained description of
epithelial mechanics developed here is a very useful tool for studying many physical
properties of the system.
The above stability analysis is only valid for epithelial periodic structures with
a very long wavelength, where the curvature is very small. However, the folds are
stabilized at much shorter wavelength usually comparable to the typical cell size,
where the limit c ≈ 0 does not apply (Fig. 4.3). To analytically study the effects
determining the equilibrium wavelength, we use a model waveform which consists
of a positively curved semicircle and a negatively curved semicircle, both having
the same magnitude of curvature (Fig. 4.12 A). The energy difference between this
model-waveform fold and the flat state can be written as
w − wflat = we + wbm ,

(4.31)

we = πke c ,


1
1
+
wbm = πκc
2 − l(c)c 2 + l(−c)c

(4.32a)

where

(4.32b)

are the bending energies of epithelial monolayer and the basement membrane, respectively. If κ is small, we can assume that the thickness modulation is not affected
by the rigidity of the basement membrane and thus l(c) ≈ l0 − (α − β)c/4. Figure 4.12 B shows the energy of the waveform as a function of the curvature c. If
ke < 0 the epithelial bending energy we is a linear function of the curvature with
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a negative slope (magenta line in Fig. 4.12 B). This energy term prefers an infinite curvature, but the total energy is stabilized by the membrane bending energy
term wbm (dark cyan line in Fig. 4.12 B), which diverges at a value of curvature
corresponding to a basally constricted cell. Thus the total energy of the system is
the sum of we and wbm and has a minimum at a finite curvature (black curve in
Fig. 4.12 B).

1

wbm

0

-1/c

w-wflat

-1

1/c

we
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-3

0

no
n-p
sta hysic
tes al

B 2
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0.2 0.4 0.6 0.8 1.0
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Figure 4.12: (A) Schematic of the model waveform. The groove and the crest are characterized
by the same magnitude of curvature c. The crest cells are short trapezoids, whereas the groove
cells are tall triangles. (B) Energy terms we and wbm and their sum we + wbm at α + β = 6,
α − β = −3, and κ = 0.1. The total energy of the tissue is stabilized by wbm , which diverges
at a finite curvature. At large curvatures, cells assume a non-physical shape, where the radius of
curvature is smaller than the cell height and the lateral sides intersect (gray shading).

It is important to note that the energy term wbm is valid only at deformations
where the radius of curvature of the basement membrane is very large compared to
its thickness. Here we assumed an infinitely thin membrane, but for basally constricted cell where the curvature diverges it is not clear if this assumption still holds.
Nevertheless, it is reasonable to assume that some other more sophisticated way of
describing the basement membrane bending would give a qualitatively identical result.
Furthermore, the energy term wbm and equivalent term for the apical cell side


1
1
0
+
wa = πκ c
.
(4.33)
2 + l(c)c 2 − l(−c)c
can be used to account for the constraint of non-negative cell side lengths (Fig. 4.11 AC). In doing so we have to consider the limit κ0 → 0 so as to penalize the constricted
cells without penalizing small and moderate curvatures.
Figure 4.13 shows the equilibrium wavelength of the model waveform λ which
was obtained by minimizing the energy we +wbm +wa in the limit κ0 → 0 [Eq. (4.33)].
Firstly, we notice the asymmetry between the α < β case and the α > β case due
to the rigidity of the basement membrane. Secondly, the equilibrium wavelength
diverges at a finite κ which corresponds to the fold-to-flat transition. Finally, in the
case of small value of |α − β|, the fold-to-flat transition occurs at smaller κ compared
to the case of large |α − β|. All these results of course agree qualitatively with the
results given by the discrete model (Fig. 4.3).
Of course, the above analysis is an approximate theoretical description of the
mechanics. In order to study the exact equilibrium shape of the tissue attached to
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Figure 4.13: Equilibrium wavelength as a function of κ at α + β = 4 for different values of
|α − β| = 1.5, 2, and 2.5. The magenta curves correspond to the α < β case, whereas the dark
cyan curves correspond to the α > β case.

the basement membrane we need to consider the original unsimplified total energy
κψ̇ 2
α−β
1 2
dw
2
=α+β+
lψ̇ + l + ψ̇ +
.
ds
2
8
2 − lψ̇

(4.34)

For κ 6= 0, the Euler-Lagrange equation for the thickness reads
l = l0 −

α−β
κψ̇ 3
ψ̇ −
,
4
2(ψ̇l − 2)2

(4.35)

which is a third-order polynomial equation for l. To obtain an explicit analytical
expression for the local thickness we treat the last term perturbatively as if the
basement membrane were very floppy (κ ≈ 0). We use the ansatz l = l(κ =
0) + δl(κ) = l0 − (α − β)ψ̇/4 + δl, where |δl|  l0 − (α − β)ψ̇/4, and we obtain the
local thickness as a function of the local curvature:
l = l0 −

α−β
8κψ̇ 3
ih
i . (4.36)
ψ̇− h
4
−8 + 4l0 ψ̇ − (α − β)ψ̇ 2 −8 + 4(l0 + 2)ψ̇ − (α − β)ψ̇ 2

This result shows that the interaction of the tissue with the basement membrane is
another source of thickness-curvature coupling, which is highly nontrivial.
Finally, by assuming l˙ ≈ −(α − β)ψ̈/4, we obtain the shape equation for the
tissue attached on the basement membrane which reads


2
2
(α − β)
κψ̇ (6 − lψ̇)(α − β) 
4
ψ̈ 1 −
−
(γ sin ψ + η cos ψ) ,
=
16κ
3 + 32κ
2+
1 + 32κ 3
(2
−
l
ψ̇)
3
(2−lψ̇)
(2−lψ̇)
(4.37)
and of course for κ = 0 reduces to the well known equation ψ̈ + 8γ sin ψ/[(α − β)2 −
2] = 0 [Eq. (4.22)].
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4.3.6

3D effects

In real tissues, cells assume a prismatic shape with polygonal base which is not
completely captured by the above simplified reduced-dimensionality analysis, where
we postulated that the cell shape is polarized in the zero-curvature direction [the
r  L limit in Eq. (2.11)] (Fig. 2.6 A). In most cases this is not true and there may
exist some 3D effects which we were unable to capture by the above two-dimensional
theory. Following the same steps as in the reduced-dimensionality case, we derive
the full 3D energy functional for longitudinal folds which reads
1
α−β
rψ̇l + l + r2 l2 + ψ̇+
2
8
+ µrl + γ(s)(ẋ − cos ψ) + η(s)(ẏ + sin ψ) + ξ ṙ .

F 3D = (α + β)r +

(4.38)

√
Here r, 1/c, and l are measured in units of 3 Vc , where Vc is the effective cell
volume and the Lagrange multiplier ξ has been introduced to enforce the cylindrical
symmetry (r = const.). Three-dimensional effects are seen in that the moduli of
different energy terms (if the energy is viewed as a function of c and l alone) depend
on r unlike in the 2D case where the energy was simply rescaled by r. Apart from
this difference compared to the 2D theory, there exists a new energy term which is
linear in l. This term comes from the surface energy of the front and the rear lateral
sides which has not been taken into account by the 2D model, since these lateral sides
do not contribute any edges to the cell cross-section along cell height. Nevertheless,
the linear term in l should not lead to any qualitative difference compared to the
2D mechanics
R S since it only adds to the Lagrange multiplier for the fixed volume
constraint 0 lrds = V .
It can be easily shown that ψ(s) obeys the same differential equation as in the
2D case [Eq. (4.22)]. Yet 3D effects do appear in thickness modulation
which is
p
V /[(α + β)S] ≈
here inversely proportional to the equilibrium cell depth r =
−1/3
(α + β)
and reads
α−β
l3D (s) = l03D −
ψ̇(s) ,
(4.39)
4r
where l03D = V /(rS) ≈ (α + β)2/3 . Finally,p
the 3D effects also enter
p the boundary
condition for ψ̇(S), which reads ψ̇(S) = ±8 (α + β)r − (V /S)2 / 2 − (α − β)2 .
Taking into account the expression for tissue thickness [Eq. (4.39)], a simplified
energy functional for the shape of the tissue midline that includes 3D effects is
obtained: dw3D /ds = const. + (ke /2)(c − c0 )2 . Here c0 = −2(α − β)/{[(α − β)2 − 2]r}
is the tissue spontaneous curvature, which however does not affect the equilibrium
tissue shape, since the integral of curvature over periodic curve in 2D plane is 0.
Thus the energy difference between the flat and the fold state again reads
w

3D

−

3D
wflat

ke
=
2

Z

S

c2 ds .

(4.40)

0

Another interesting aspect of 3D tissue mechanics is the stress induced in the
direction along the folds due to deformation
pin the plane perpendicular to the
V /[(α + β)S], which is optimal at
folds. In particular, the deviation of r =
the scale
of
the
waveform
and
is
constant
along
it, from the locally optimal value
√
√
2
r0 = c + 8l/(2 2l) at fixed c and l can be viewed as a measure for the local stress
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in the zero-curvature direction:

σloc = σ0


r
−1 ,
r0

(4.41)

where σ0 is the magnitude of the stress. If σloc = 0 then there are no local stresses;
if σloc > 0, then there is a tendency for compression; and if σloc < 0, then there is
a tendency for expansion in the direction perpendicular to the cross-section. These
stresses could further induce deformations in the third dimension, but for studying
such processes a full 3D generalization of the theory is needed.

4.4

2D model of unconfined Drosophila embryo

The 2D continuum theory derived above can be of course applied to different systems, provided that they possess the cylindrical symmetry. For example, at the
onset of gastrulation the Drosophila embryo takes the shape of a very elongated
elipsoid and the ventral furrow forms along the long axis of the elipsoid allowing us to approximate the embryo as a structure with one principal curvature
equal to zero. In this case our continuum theory [Eq. (4.12)] can be used to describeR the equilibrium embryo cross-section shape, where the total energy reads
w = [α + β + (α − β)cl/2 + l2 + c2 /8]ds.
The discrete version of this model was used to study ventral furrow formation
in the embryo containing non-differentiated cells [43]. In this model the interior
of the embryo (i.e. the yolk) is modelled as an incompressible fluid, which in the
RS
continuum description can be taken into account as a constraint Ay = 0 xẏds =
RS
x sin ψds = const. Thus the energy functional
0
F =α+β+

1
α−β
ψ̇l + l2 + ψ̇ 2 + µl + νx sin ψ + γ(s)(ẋ − cos ψ) .
2
8

(4.42)

The Euler-Lagrange equations for this case read ψ̇ = −2(2l + µ)/(α − β), l˙ =
2(α − β)(νx cos ψ + γ sin ψ)/[(α − β)2 − 2], ẋ = cos ψ, γ̇ = ν sin ψ, Ȧy = x sin ψ,
Ȧe = l, µ̇ = 0, ν̇ = 0 and they have to satisfy the following boundary conditions:
ψ(0) = 0, x(0) = 0, Ay (0) = 0, Ae (0) = 0, ψ(S) = π, x(S) = 0, Ay (S) = Ay , and
Ae (S) = A. The optimal integration interval S has to be determined as well. This is
done in the same way as in the case of longitudinal folds [Eq. (4.20)] by minimizing
RS
the total energy 0 Hds, where H = α + β + (α − β)ψ̇l/2 + l2 + ψ̇ 2 /8.
In order to simplify the governing equations, a couple of additional boundary
conditions for ψ and l can be considered. Firstly, the boundary condition ψ(S) −
ψ(0) = π gives µ = −2Ae (S)/S − π(α − β)/(2S), and secondly, in the case of shapes
that are symmetric about both x− and y−axis, also the condition l(S) = l(0) holds
true and gives γ(0) = γ(S). The simplified Euler-Lagrange equations for ψ and l
then read
8
ψ̈ +
(νx cos ψ + γ sin ψ) = 0 ,
(4.43a)
(α − β)2 − 2
A α−β h
πi
l(s) =
−
ψ̇(s) −
,
(4.43b)
S
4
S
and
√ simplify to the shape equations for 2D lipid vesicles [86] in the regime |α − β| <
2, where the effective tissue bending modulus is positive [see Eq. (4.27) and
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α-β=0

α + β = 2.4

α + β = 3.2

α + β = 4.0

α + β = 4.8

α + β = 5.6

Figure 4.14: (A) Phase diagram
of equilibrium Drosophila embryo cross-section shapes in the (α, β)
√
plane [43].√For |α − β| < 2 the shapes correspond to the contour of 2D lipid vesicles, whereas for
|α − β| > 2 the effective bending modulus of the tissue changes sign and the constrictions appear
on the apical and the basal side for α > β and α < β, respectively. (B) Comparison between the
minimal-energy solutions obtained by the discrete model and by the 2D continuum theory at fixed
α − β = 0 for α + β = 2.4, 3.2, 4.0, 4.8, and 5.6.

Fig. 4.10]. The 2D continuum theory therefore explains why the equilibrium structures obtained by minimizing the discrete version of the energy in Ref. [43] correspond to the shape of 2D lipid vesicles (Fig. 4.14 A, B). Moreover the transition
from the vesicle-like shape to the shape with constrictions reported in Ref. [43]
(Fig. 4.14 A) corresponds to √
the changing sign of the effective bending modulus,
which happens at |α − β| = 2 ≈ 1.4. Within the discrete model this transition
was predicted at |α − β| = 1.5 due to finite resolution of the computed phase diagram (Fig. 4.14 A). Finally, the modulation of tissue thickness for α−β 6= 0 also seen
in the results obtained within the discrete model (Fig. 4.14 A) is given analytically
by Eq. (4.43b).
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Chapter 5
Three-dimensional epithelial
mechanics
Epithelial tissues form various 3D shapes and consist of cells of different width-toheight ratio, which are organized either in a monolayer or in multiple layers (Fig. 1.3).
The detailed 3D cell-level structure of tissues is closely related to their function, and
this is why one would like to understand the biophysical mechanisms involved in its
formation. Recently, various theoretical descriptions have been developed to explain
a particular epithelial structure and its transformations [20, 22, 23, 43, 53, 83]. Yet
there is currently no general and simple theory of the structural variety of 3D tissues.
The 2D model of tissue transverse cross-section turned out to be very useful for
studying the mechanics of epithelial folds (Chapters 3 and 4 and Refs. [44, 83]),
yet many 3D effects are not captured by this reduced-dimensionality approach. For
example, this model cannot distinguish between the local cylindrical, spherical, or
saddle-like shape. Therefore, a theoretical description of the whole 3D mechanics
of epithelia needs to be developed so as to understand more complex 3D epithelial
structures such as finger-like or labyrinth-like shapes (Fig. 4.1). In this Chapter
we derive such a theory and use it for a few proof-of-principle calculations, which
explain the main mechanisms of 3D shape formation.
As before, we employ the differential-adhesion-hypothesis model (Section 2.2.2)
here summarised for convenience. The epithelial monolayer is described as an aggregate of prismatic cells, which are treated as incompressible droplets adhering to
each other and to the substrate; these two effects are described by different negative
interfacial surface tensions at the cell-cell and cell-substrate interface −γcc /2 and
−γcs /2, respectively. In addition, the cell membrane is under tension by the cellular
cortex, which we describe by a cortical surface tension σ and finally, a cell can be polarized by a non-uniform distribution or activity of molecular motors (e.g. myosin-II)
such that the cortical tension is increased either at the apical or at the basal surface.
The apico-basal surface-tension polarity is quantified by the apico-basal differential
tension η. Accordingly, the apical, basal, and lateral cell sides are characterized by
the apical surface tension Γa = σ − η, the basal surface tension Γb = σ − γcs /2 + η,
and the lateral surface tension Γl = 2σ − γcc such that the total mechanical energy
of a cell reads
1
(5.1)
W = Γa Aa + Γb Ab + Γl Al ,
2
where Aa , Ab , and Al are the surface areas of the apical, basal, and lateral cell sides,
respectively. For simplicity, we assume that all tensions are positive (Γa , Γb , Γl > 0)
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which is true in the limit where the cortical tension is dominant. The model predicts
an unstable cell shape in the opposite case, that is if one of the tensions is negative.
For example, in case of Γl < 0 the cell becomes infinitely tall. Of course, this
is usually not an issue in real confluent tissues of identical cells, because the cell
shape is stabilized by the resistance of the cell interior (i.e. the cytoplasm and the
nucleus) to deformation. In our model, the cytoplasm is treated as a fluid, which is
free of shear stresses, whereas a possible role of the nucleus is briefly discussed in
Section 5.4.

5.1

Simple flat epithelium

The most basic type of epithelial tissues is a simple flat epithelium, where cells can
be modelled as prisms with flat polygonal cell base and cell apex (Fig. 5.1 A). For
an n-sided regular polygonal base, the area of the cell base Aa = Ab , the area of the
lateral sides Al , and cell volume V can be written in a general form as
Aa = Ab = ωn d2 ≡ A ,
p
Al = 4l ωn A = 4ωn dl ,
V = Al = ωn d2 l .

(5.2a)
(5.2b)
(5.2c)

Here d is the diameter of the cell base, l is the cell height (Fig. 5.1 A), and ωn is
a numerical factor
√ that depends on the cell base shape: For a square ω4 = 1, for a
hexagon ω6 = 3/2, and for a circle ω∞ = π/4. It can easily be shown that for an
n-sided regular polygon
π 
n
,
(5.3)
ωn = tan
4
n
where n = 3, 4, 5, ... Note that limn→∞ ωn = ω∞ = π/4. Figure 5.1 B shows ωn for
different polygonal classes n. The shape factor decreases with n and converges to
ω∞ = π/4. According to Eqs. (5.2a) and (5.3) regular n-gons with fewer sides have
a larger surface area at a given diameter d.
In dimensionless form where α = Γa /Γl , β = Γb /Γl , a = A/V 2/3 , and w =
W/(V 2/3 Γl ), the total energy [Eq. (5.1)] of a cell with n-sided regular polygonal

B
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shape factor ωn
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Figure 5.1: (A) Schematic of a prismatic model cell of height l and width d. (B) Shape factor ωn
[Eq. (5.3)] as a function of number of sides of a regular polygonal cell base n. ωn decreases with n
and converges to ω∞ = π/4, which corresponds to the shape factor of a circle.
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base with a surface area a and the unit volume reads
√
2 ωn
w = (α + β) a + √ .
a

(5.4)

The optimal surface area of the
p cell base a0 can be calculated from the force balance
equation (∂w/∂a = α + β − ωn /a3 = 0) and reads
a0 = ωn1/3 (α + β)−2/3 ,

(5.5)

whereas the optimal cell height l0 is calculated from the fixed-volume constraint
l0 = 1/a0 :
l0 = ωn−1/3 (α + β)2/3 .
(5.6)
Finally, by combining Eqs. (5.5) and (5.4) we obtain the equilibrium cell energy
which reads
w0 = 3 [ωn (α + β)]1/3 .
(5.7)
Figure 5.2 A shows the equilibrium cell height and surface area of the base (l0 and
a0 , respectively) as functions of α + β at fixed α − β = 0, whereas Fig. 5.2 B shows
the equilibrium energy w0 . Both l0 and w0 increase with increasing α + β, whereas
a0 decreases.
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energy w0
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2
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0
0
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2

3
α+β

4

5

0
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3
α+β
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Figure 5.2: (A) Equilibrium cell height
√ l0 and equilibrium surface area of the base a0 as functions
of α + β for n = 6 (i.e. ωn = ω6 = 3/2) at fixed α − β = 0. (B) Equilibrium energy w0 as a
function of α + β for n = 6 at fixed α − β = 0.

Columnar, cuboidal, and squamous tissue
The most basic classification of epithelial monolayers is done according to cell widthto-height ratio Φ = d/l (Fig.
p 1.3). The preferred cell width-to-height ratio, defined
as Φ0 = d0 /l0 where d0 = a0 /ωn , reads
Φ0 =

1
.
α+β

(5.8)

Surprisingly, Φ0 depends only on α + β and not on the shape factor ωn . Figure 5.3
shows the preferred width-to-height ratio of cells forming a flat epithelial monolayer
as a function of α + β. Schematics of the representative equilibrium cell shapes of
the columnar, cuboidal, and squamous tissue are included as insets. For α + β < 1
the tissue is squamous (d/l > 1), for α + β > 1 the tissue is columnar (d/l < 1),
whereas for α + β ≈ 1 the tissue is cuboidal (d/l ≈ 1).
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width-to-height ratio Φ0
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2
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Figure 5.3: Preferred cell width-to-height ratio Φ0 [Eq. (5.8)] as a function of α + β. Cells are
squamous for α + β < 1 (dark gray shading), cuboidal for α + β ∼ 1 (light gray shading), and
columnar for α + β > 1 (white region). Schematics of representative cell shapes are added as
insets in each region. Width-to-height ratio is a continuous function of α + β and therefore the
points of squamous-to-cuboidal and cuboidal-to-columnar transitions cannot be defined precisely.
Here we show the three regions schematically and the boundaries between them are to some extent
negotiable.

5.2

Comparison to APE model

Until recently, most of the research conducted in the field of theoretical epithelial
mechanics has been devoted to the 2D theoretical models of tissue in-plane structure,
i.e. the mechanics of 2D polygonal networks of cell bases (Fig. 2.5 C) [48, 49, 51,
64]. In these models, the whole 3D cell shape is effectively described by area- and
perimeter-elasticity (APE) model [Eq. (2.10)]. The energy terms in this model
seem intuitive, yet it is not really understood which biomechanical mechanism does
each of them represent and which simplifications are included in the 2D reduceddimensionality formulation. Moreover, it has not yet been explored how the model
compares to other models such as our 3D surface-tension-based model (Section 5.1).
This is important, because physical properties of cellular networks are typically
found to be model-dependent [51, 64] and therefore different models could lead to
quantitatively different behaviors. Bellow we project our 3D theoretical model to
the 2D plane of cell bases and compare it to the APE model.
Within our model, the preferred shape of a cell base is an isometric polygon
unlike in the APE model, where the interplay between the preferred perimeter p0
and the preferred surface area of the base A0 sometimes gives non-isometric shapes
of cell bases. As it has been shown in Refs. [51, 64], this mechanism leads to the
order-disorder transition even in non-proliferating tissues which is a very important
feature of the APE model. To generalize our theory, we add three extra energy
terms Λa p2 , C/l2 , and D/A to our description. These terms have been recently
proposed by another 3D analytical model of epithelial monolayers [47] and describe
the contractility of the apical cortical ring (Λa p2 term) and the deformation energy
of the cytoplasmic components such as the nucleus, which stabilize the cell shape if
one of the surface tensions is negative (C/l2 and D/A terms, where the parameters
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C and D measure the magnitude of the energy contribution due to deformation
of the nucleus relative to the cortex-related energy terms). Within the extended
version of our 3D model, the total mechanical energy reads
W = Γa Aa + Γb Ab +

Γl
C D
Al + Λa p2 + 2 + .
2
l
A

(5.9)

In the case of a flat epithelium Aa = Ab ≡ A, and Al = pl, which together with the
fixed-volume constraint V0 = Al gives the relation Al = pV0 /A. In terms of A and
p, this energy reads
W = (Γa + Γb )A +

Γl V0
C
D
p + Λa p2 + 2 A2 + .
2 A
V0
A

(5.10)

For a direct comparison to the APE model we expand W for small deformations of
cell base (A = A0 + δA and p = p0 + δp, where δA  A0 and δp  p0 ) to


Γl V0
C
2D + Γl p0 V0
(A − A0 )2 + Λa (p − p0 )2 −
W ≈ W0 +
+
(p − p0 )(A − A0 ) .
2
3
V0
2A0
2A20
(5.11)
Here W0 is the energy at p = p0 and A = A0 , whereas the preferred perimeter p0
and the preferred area of the base A0 are solutions of the system
Γl V0
,
4A0 Λa
2D + Γl p0 V0
=
,
2A20

p0 = −
2A0 C
+ Γa + Γb
V02

(5.12a)
(5.12b)

which follows from the condition of vanishing linear terms in δp and δA corresponding to the expansion around the extremal. Since V0 , A0 , and Λa are all positive, Γl
needs to be negative in order for p0 to be positive [Eq. (5.12a)]. Note that in the
original model where C = D = 0, a negative Γl leads to an unstable cell shape,
because the modulus associated with (A − A0 )2 term is negative [Eq. (5.11)]. Similarly, in the case of a vanishing contractility of the apical cortical ring (Λa = 0),
there is no preferred perimeter of the base [Eq. (5.11)]. Considering this arguments,
we choose Λa > 0, Γl < 0, C > 0, and D > 0 and we find that the energy function
of epithelial monolayers projected on a 2D plane reads
W ≈ W0 +

kp
kAp
kA
(A − A0 )2 + (p − p0 )2 +
(p − p0 )(A − A0 ) .
2
2
2

(5.13)

Here the moduli kA , kp , and kAp are all positive (kA , kp , and kAp > 0). In fact,
this model is a generalized version of the APE model, where only terms (A − A0 )2
and (p − p0 )2 are considered. The new coupling term (p − p0 )(A − A0 ) describes
3D effects entering the energy as the lateral surface energy. This is nicely seen from
the associated modulus kAp , which is proportional to the lateral surface tension
Γl [Eq. (5.11)]. Since kAp > 0, A and p are anticorrelated meaning that this term
promotes p < p0 if A > A0 (or p > p0 if A < A0 ). Of course, this qualitative behavior
can only be discussed at the level of a single cell since in a confluent tissue, a cell
shape depends on the shape of neighboring cells. What is the effect of this energy
term on the tissue-scale structure remains an open question. It has been recently
shown that in many tissues A and p2 are correlated rather than anticorrelated and
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that the correlation coefficient is very close to 1 [87]. This observation cannot be
explained by our model, yet our analysis shows that 3D effects not considered in the
APE model might lead to more complicated coupling terms. This coupling should
be studied in more detail in the future.
A 2D projection of our 3D model can also be done in a different, less rigorous
way. The APE model is in fact 2D and therefore does not take into account cell
height explicitly. This means that in the 2D limit, where the height is treated
as an independent parameter, our extended model [Eq. (5.10)] may reduce to the
APE model. This projection makes sense because cells are integrated within a
confluent tissue and thus their height is more or less determined by the height of the
neighboring cells. This means that in this mean-field approach the thickness can be
treated as approximately constant. Let us therefore assume that l = l0 = const.,
which together with the fixed-volume constraint implies that also the basal surface
area A is fixed. This is of course a trivial result, which we are not so much interested
in. To relax the fixed-volume constraint we include a volumetric term k(V − V0 )2 /2
where k is reciprocal isothermal compressibility. By doing so we allow the surface
area of the base to change even at a fixed cell height. In this case, the energy reads

W = (Γa + Γb )A +

kl2
Γl l0
e0 )2 .
p + Λa p2 + 0 (A − A
2
2

(5.14)

e0 = V0 /l0 . For small deformations of cell base (A = A0 +δA and p = p0 +δp,
where A
where δA  A0 and δp  p0 ) W reads
W ≈ W0 +

kl02
(A − A0 )2 + Λa (p − p0 )2 ,
2

(5.15)

e0 − (Γa + Γb )/kl2 , and p0 =
where W0 is the energy at p = p0 and A = A0 , A0 = A
0
−l0 Γl /(4Λa ). For Γl < 0, this model is exactly the same in the small-deformation
limit as the APE model and the cell shape is stable unlike in the case of the basic
model [Eq. (5.11) for Γl < 0 and C = D = 0], which is of course due to the enforced
constraint of fixed cell height (l = l0 = const.).
The 2D projection of our surface-tension-based model showed that our description of the tissue mechanics might not be very different from the 2D description
proposed by Farhadifar et al. [Eq. (2.10)], provided that the energy term Λa p2 ,
which describes perimeter contractility, is included. On the other hand, it might
be interesting to further explore the physical properties of the tissue in the absence
of this term (Λa = 0): The assumption Λa = 0 reduces the number of parameters
to only two (i.e. α = Γa /Γl and β = Γb /Γl ), which most probably corresponds to
the minimal number of parameters needed to study the basic mechanics of epithelial monolayers such as folding. Moreover, this simplification opens an interesting
question of viscoelastic properties and the related solid-to-fluid transition in tissues
where the preferred shape of the cell base is a regular polygon. The mechanism
based on the APE model [64] relies on the interplay between the area and perimeter
of the cell base and is not relevant in models such as ours [Eq. (5.1)] where the
perimeter of the base is not considered an independent variable. We address this
issue in Chapter 6.
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5.3

Stratified tissue

Stratified epithelia consist of multiple cell layers. Such structural organization is
especially important in external body surfaces where epithelia provide a mechanical
protection [1, 79]. In stratified epithelia, a damaged cell from outer cell layers can
be replaced by a cell from inner layers, which makes such tissues appropriate for
building organs exposed to hostile environmental influences. Only a few theoretical
models of stratified epithelia are available and they are mostly based on an effective
coarse-grained description within the continuum mechanics approach [88, 89, 90].
Here we would like to improve the understanding of the formation of stratified
epithelia by treating multiple cell layers using our minimal 3D mechanical model.
In stratified epithelia, cells adhere to their neighbors on the lateral sides as well
as on the apical and basal cell sides and therefore we need to generalize the theory in Section 5.1 by distinguishing the lateral cell-cell contact from the apico-basal
cell-cell contact (Fig. 5.4 A). These two types of contacts can have different interfacial surface tensions due to the intrinsic apico-basal surface-tension polarity of cells
such that the cell-substrate, lateral cell-cell, and apico-basal cell-cell contacts are all
characterized by different surface tensions. In the regime where cell-cell interfaces
are energetically favorable over the cell-substrate interface and the cell-lumen interface, cells might minimize the total mechanical energy by forming stratified tissues
instead of a monolayer. Another open question that we would like to address is
the stability of a double-layer epithelium, which can be observed in epithelial ducts
found, for example, in kidneys and in various types of glands. If treated purely
mechanically, it is not clear why cells would prefer forming two layers instead of one
or many.
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Figure 5.4: (A) Schematic of a stratified epithelial tissue with four types of interfaces: Cell-lumen,
cell-substrate, lateral cell-cell, and apico-basal cell-cell interface, each with a different surface tension. (B) Equilibrium
energy as a function of α + β at α − β = 0 and ζ = 2 for hexagonal cell base
√
(ωn = ω6 = 3/2). A monolayer is stable for α + β ∈ (0, ζ), whereas for α + β > ζ a bulk tissue
is stable.

5.3.1

Monolayer, double-layer, and stratified tissues

To study the stability of a monolayer vs. stratified tissue by a simple energy consideration, we need to compare energies for packings of cells in different numbers of
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layers. Firstly, in a monolayer, the equilibrium energy per cell reads
w1 (α, β) = 3[ωn (α + β)]1/3

(5.16)

[Eq. (5.7)]. The equilibrium cell height and width are obtained from the force balance
1/3
equation and read l0 = [(α + β)2 /ωn ]
and d0 = [ωn (α + β)]−1/3 , respectively.
Secondly, in a double-layer epithelium, the total energy per cell is the average of
energies of the bottom layer w1 (ζ/2, β) and the top layer w1 (α, ζ/2) and reads
w2 =

w1 (ζ/2, β) + M w1 (α, ζ/2)
,
1+M

(5.17)

where ζ is the surface tension on the apico-basal cell-cell contact (Fig. 5.4), whereas


d0 (ζ/2, β)
M=
d0 (α, ζ/2)

2


=

2α/ζ + 1
2β/ζ + 1

2/3
(5.18)

is the ratio of the equilibrium basal surface areas of the cells attached to the substrate
and the cells facing the lumen. The ratio M gives the number of cells in the upper
layer per one cell in the bottom layer (Fig. 5.4 A). Finally, in a stratified tissue,
there are three different types of cells: (i) cells in the top level, which have one
cell-lumen contact, one apico-basal cell-cell contact, and lateral cell-cell contacts,
(ii) cells in the bottom layer, which have one cell-substrate contact, one apico-basal
cell-cell contact, and lateral cell-cell contacts, and (iii) cells in the inner layers, which
only have lateral cell-cell contacts and two apico-basal cell-cell contacts (Fig. 5.4 A).
If we denote the number of layers by n, there are n − 2 inner layers of cells, whereas
the two remaining layers are the top and the bottom layer. The energy per cell for
a stratified n-layer epithelium is the average of energies of all n layers and reads
wn =

w1 (ζ/2, β) + (n − 2)M1 w1 (ζ/2, ζ/2) + M2 w1 (α, ζ/2)
,
1 + (n − 2)M1 + M2

where

M1 =

2
2β/ζ + 1

2/3

and

M2 =

(5.19)

2α/ζ + 1
2β/ζ + 1

,

(5.20)

2/3
(5.21)

are the number of cells in the inner layer and the top layer per one cell in the bottom
layer, respectively. We note in passing that wn reduces to w2 [Eq. (5.17)] for n = 2,
as expected.
Figure 5.4 B shows the equilibrium energy as a function of α + β at α − β = 0
and ζ = 2 for a simple, double-layer, and stratified epithelium (red, green, and
blue curves, respectively). A monolayer is energetically favorable for α + β < ζ,
where cell-cell interfaces are less adhesive compared to the cell-substrate and cell
lumen interfaces. On the other hand, for α + β > ζ, a stratified tissue with many
layers is favorable, because in this regime cell-cell interfaces are very adhesive. It
turns out that a double-layer epithelium is not preferred for any value of α + β.
These findings are of course the results of simple proof-of-principle calculations, yet
they give two qualitative predictions. Firstly, the transition between the flat and
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the stratified epithelium depends on the competition between the cell-cell interfacial
surface tension and the cell-substrate and cell-lumen interfacial surface tensions
and secondly, double-layer epithelia are not stable at all if the number of layers is
governed purely by the differential adhesion. This is a bit surprising, since examples
of a double-layer epithelium can be often found in real biological tissues. This means
that there must exist another mechanism which ensures their stability and was not
taken into account here.

5.3.2

Confined double-layer epithelium

Double-layer epithelia form various types of ducts, e.g. in kidney and in salivary and
breast glands (Fig. 5.5 A). It turns out that a globally flat epithelial double layer is
rarely found and a question arises whether cells organize in a double layer because
of a stiff and curved confinement. Here we use our minimal model (Section 5.3) to
examine whether a confinement-related mechanism coupled with the surface-tension
mechanics can explain the stability of a double-layer epithelium.
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Figure 5.5: (A) Cuboidal double-layer epithelium forming a duct in one of the glands [95]. Added
is the schematic of our model double-layer epithelium. Cells adhering to the basement membrane
are referred to as the myoepithelial cells, whereas cells facing the lumen are called the luminal
cells. (B) Equilibrium structures of an epithelial
duct at α = β = ζ = 1 and N = 30 for R = 3.5
√
(left cross-section; R measured in units of A, where A is cell cross-section area) and R = 6 (right
cross-section). (C) Energy difference w − w0 as a function of the dimensionless confinement radius
R at fixed α = β = ζ = 1 and N = 30. For R > 4.1 cells form a monolayer, whereas for R < 4.1
they form a double-layer epithelium.
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In the cylindrical geometry we can use the simplified 3D model [Eq. (2.11)]
where we assume that cells in both layers all have identical depths r, i.e. dimensions
perpendicular to the transverse cross-section (Fig. 2.6) as well as identical volumes.
This means that the cross-section area of all cells is identical
as well. For simplicity,
√
we study the epithelium in the deep-cells limit r  A, where the energy per cell
W1 only depends on the curvature c and height l [Eq. (2.16)] and not on the depth r.
A double layer consists of myoepithelial cells adhering to a stiff cylindrically-shaped
basement membrane with the radius R, and of luminal cells facing the lumen on
their apical side (Fig. 5.5 A). The geometric relations describing a cylindrical doublelayer epithelium read 2π/cm = Nm /lm , 2πcl = Nl /ll , 1/cm = R − lm /2, 1/cl =
R − (lm + ll /2), and N = Nm + Nl . Here cm , lm , and Nm are the cell curvature,
height, and number of myoepithelial cells, respectively, whereas cl , ll , and Nl are the
cell curvature, height, and number of luminal cells, respectively. The total number
of cells N is the sum of the number of myoepithelial cells Nm and luminal cells Nl
(N = Nm + Nl ). From these geometric relations we extract lm , ll , cm , and cl as
functions of N , Nl , and R to calculate the total energy of a confined double-layer
epithelium which reads


Nl
Nl
wl + 1 −
wm .
(5.22)
w=
N
N
Here wm = W1 (ζ/2, β, lm , cm ) and wl = W1 (α, ζ/2, ll , cl ) are the energy per cell in
the myoepithelial and luminal layer, respectively, whereas Nl /N and 1 − Nl /N are
the occupancies of the layers. The total energy w needs to be compared to the
energy of a curved monolayer of N cells w0 = W1 (α, β, l0 , c0 ), where the curvature
of the monolayer c0 and cell height l0 are solutions of the system 2π/c0 = N/l0 and
1/c0 = R − l0 /2.
Figure 5.5 C shows the energy difference w − w0 as a function of R for α = β =
ζ = 1 and N = 30. For a large radius of cylindrical confinement, all cells adhere
directly to the basement membrane to form a monolayer, whereas if R is small
enough cells rearrange so as to form the second layer (Fig. 5.5 B, C). This effect can
also be seen if the optimal number of cells in the luminal layer Nl is plotted vs. the
confinement radius R (Fig. 5.6 A). For large radii R, Nl is equal to zero, meaning
that all cells adhere to the basement membrane. When R is decreased, cells become
more and more crowded and at a critical value of R a fraction of cells redistribute
to form the luminal layer. Apart from the relative number of cells in both layers,
another relevant morphometric parameter could be the ratio of cell heights of cells
in the luminal and myoepithelial layer ll /lm (Fig. 5.6 B). With increasing α = β the
preferred cell height as well as the preferred cell density increase too. Thus cells from
the luminal layer move to the myoepithelial layer which is why the luminal layer
becomes thinner and thinner until there are no more cells in it, which corresponds
to ll /lm = 0.
In the literature, epithelial ducts can be often found in form of a monolayer or a
double layer [1, 79]. Typically, these cylindrical cavities have a radius, which is only
few times larger than the characteristic cell size. It seems that the number of cell
layers is mostly determined by the number of cells per unit length: If there are only
few cells per unit length, cells arrange in a monolayer, whereas if there are many
cells, a double layer or even a stratified tissue is stable. This agrees qualitatively
with the main mechanism of our model which is based on formation of second layer
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Figure 5.6: (A) Equilibrium number of luminal cells Nl , i.e. cells in the inner layer, as a function
of the duct radius R. If R is smaller than 4.1, Nl cells form the luminal layer and N − Nl cells
form the myoepithelial layer. (B) Ratio between the height of luminal cells and myoepithelial cells
ll /lm as a function of α = β for ζ = 1, N = 30, and R = 4.

if the monolayer becomes overcrowded. Of course, overcrowding can be achieved
in many ways. For example, cell density can be increased by decreasing the radius
of confinement, by changing the intrinsic cell shape from columnar to cuboidal or
squamous, or by cell division.

5.4

Nucleus as a hard sphere

Our model assumes that cells are filled by an incompressible fluid and thus their
volume is considered fixed. The height and the width of the model cells are not
limited because the fluid-like cell interior can be redistributed freely. Therefore, in
case of a negative surface tension on any of the cell sides, cell shape becomes unstable.
In real tissues, cell interior consists of the cytoplasm and of various cellular organelles
such as the nucleus, which affects both the stability of cells as well as their detailed
shape and this is probably also reflected in a global tissue structure. For example,
the nucleus can influence cell shape if cell size is comparable to the diameter of the
nucleus. In this case, the membrane compresses the nucleus which can be observed in
micrographs of most columnar as well as squamous tissues, where the nucleus shape
is non-spherical (e.g. Fig. 5.5 A). Of course, treating this interaction in detail is
highly nontrivial. Here we stick to a proof-of-principle calculations and approximate
the nucleus by a hard sphere of radius ρ (measured in units of V 1/3 ), which interacts
with the cell wall through the steric repulsion (Fig. 5.7 A). The nucleus does not feel
the cell membrane as long as the cell width d and height l are both larger than the
diameter of the nucleus 2ρ. If either d or l is smaller than 2ρ, the nucleus interacts
with the cell membrane through the hard-core potential (Fig. 5.7 A) which results
in a cutoff for cell diameter and cell height.
Because of the rigid nucleus, cells cannot be thinner or shorter than 2ρ (l ≥ 2ρ,
d ≥ 2ρ). We have to distinguish two regimes separately: (i) columnar cells with
tightly packed nuclei, where d = 2ρ and (ii) squamous cells with tightly packed
nuclei, where l = 2ρ. In the columnar regime, the energy per cell reads
wcol =

p
α+β
+ 2 2ωn ρ ,
2ρ
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Figure 5.7: (A) Schematic of a model cell with the nucleus, which is tightly packed in the cell.
The nucleus interacts with the membrane through a hard-core potential. (B) If the preferred cell
width is smaller than the diameter of the nucleus (d < 2ρ), nucleus is displaced either to the apex
or to the base. In our model this is taken into account by the constraint d = 2ρ, which is only an
approximation (right cell cross-section in panel B).

whereas in the squamous regime the energy per cell is
wsq = 4ρ2 ωn (α + β) +

1
.
ρ

(5.24)

Figure 5.8 shows the phase diagram in the (α + β, ρ) plane. For small values of
α + β cells are squamous and their height is equal to the diameter of the nucleus,
whereas for a large enough α + β at a given ρ cells are columnar and their width
is equal to the diameter of the nucleus. For moderate values of α + β, cell shape
is determined only by α + β [Eq. (5.8)] and both the width and height are larger
than the size of the nucleus. The critical point in the phase diagram α + β = 1
and ρ = 0.525 (Fig. 5.8) corresponds to a cuboidal cell with both the width and the
height equal to the diameter of the nucleus (d = l = 2ρ).
On the other hand, if the nucleus is able to reposition within the cell, the cell

0.5
columnar

0.4

radius ρ

squamous

0.3
0.2

non-confined

0.1
0

0

2

4

6

8

10

α+β
Figure 5.8: Phase diagram of the cell shape in the plane (α + β, ρ). Cell shape is influenced by the
nucleus for small and large α+β and thus assumes a squamous and a columnar shape, respectively.
In the squamous regime cell height corresponds to the diameter of the nucleus, whereas in the
columnar regime cell width corresponds to the diameter of the nucleus. Schematic cell transverse
cross-sections representing the three regimes are included as insets.
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can increase the size of the lateral sides to minimize the energy (if α + β is large)
by assuming a wedge-like shape, where the nucleus is located either at the apical
or at the basal side. We describe this approximately by the constraint da = 2ρ or
db = 2ρ for the case when the nucleus is packed close to the apical side or to the basal
side, respectively. In columnar epithelia this approximation is reasonable. [A more
rigorous calculation would take into account that the repositioned nucleus touches
lateral sides at a certain distance away from the apical (or the basal) cell side, which
is then longer than 2ρ (Fig. 5.7 B)]. The cases da = 2ρ and db = 2ρ are of course
symmetrical provided that α − β = 0. Therefore it is sufficient to only study one of
them, say da = 2ρ. In this case the apical, basal, and lateral surface
areas and the
p
2
2
cell volume read Aa = 4ωn ρ , Ab = ωn db , Al = 2ωn l(2ρ + db ) 1 + [(2ρ − db )/2l]2 ,
and V = ωn (4ρ2 + 2ρdb + d2b )l/3, respectively. The total mechanical energy of a cell
reads
p
3(db + 2ρ) 1 + [ωn (d3b − 8ρ3 )/6]2
2
2
w = 4αωn ρ + βωn db +
.
(5.25)
d2b + 2db ρ + 4ρ2
From the force balance equation ∂w/∂db = 0, which has to be solved numerically,
we obtain the equilibrium db at a given radius of the nucleus ρ. Fig. 5.9 A shows
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Figure 5.9: (A) Diameter of the basal cell side db and cell height as functions of α + β. Cell
width decreases with increasing α + β until the nucleus touches the membrane. Beyond this point,
the nucleus is repositioned to the apical side and cells become curved. For large α + β cells are
constricted either apically or basally. (B) Tissue ambivalent spontaneous curvature as a function
of α + β at α − β = 0 and ρ = 0.5. Due to the hard-core interaction of cell wall with the nucleus,
the tissue becomes spontaneously curved with increasing α + β. (C) Pseudostratified columnar
epithelium of trachea. Nuclei are positioned in a zig-zag configuration (i.e. at two heights) [96].
(D) Micrograph showing cross-section of epithelium in epididymis. The tissue is curved and the
nuclei are positioned close to the outer (basal) side of cells [97].
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db and l as functions of α + β. For small α + β, the cell cross-section is rectangular
until the cell membrane touches the nucleus. At this point, the nucleus is displaced
to the apical cell side and db decreases at a fixed da = 2ρ. At large enough α + β,
the cell becomes constricted, i.e. triangular in cross-section, and cell shape does not
change with increasing α + β anymore. A flat epithelium with a large apico-basal
surface tension α + β can thus decrease the energy by packing the nucleus in a
zig-zag formation, i.e. alternately close to the apical and the basal side. This is an
explanation for the formation of pseudostratified epithelia (Fig. 5.9 C).
An energetically degenerate cell configuration of the model pseudostratified epithelium described above is a tissue in which all nuclei are close either to the apical
or to the basal side such that all cells are wedge-shaped with the same curvature. In
this case, the tissue is naturally curved with an ambivalent spontaneous curvature
p
6 − 8ρ 3ωn l(1 − ωn lρ2 )
,
(5.26)
c=±
l(4ωn ρ2 l − 3)
where l = 3/[ωn (d2b + 2db ρ + 4ρ2 )] and db minimizes the energy [Eq. (5.25)]. Figure 5.9 B shows the ambivalent spontaneous curvature as a function of α + β at
α − β = 0 and R = 0.5. The tissue remains flat as long as α + β is smaller than
1.15 (Fig. 5.9 A). Beyond this point, cells become wedge-shaped and the resulting ambivalent spontaneous curvature of the tissue increases with α + β until cells
become constricted and the cell shape no longer changes with α + β. In some micrographs it is clearly visible that in curved epithelia, the nuclei are located at the
non-constricted cell side (Fig. 5.9 D). Whether their location is a consequence of the
curvature or vice versa it is not clear and therefore detailed experimental studies as
well as a more rigorous theoretical work need to be done in the future to reveal the
real mechanism involved.

5.5

Apico-basal differential tension

The ratio between the overall apico-basal surface tension and the lateral surface
tension α+β governs the geometrical properties of the tissue, such as width-to-height
ratio of cells (Fig. 5.3) and plays an important role in determining the number of cell
layers (Fig. 5.4 B). Yet this mechanism alone is not enough to explain many complex
3D epithelial structures such as villi, crypts, zig-zag structures and epithelial folds
(Fig. 4.1) let alone all processes of epithelial transformations such as folding during
embryonic development.
The curvature of the epithelial monolayer can be induced by external forces
as well as by intracellular forces due to polarized tensions in the actomyosin cortex (Chapter 2). In Chapter 3 we showed that in some tissues cellular properties (i.e. surface tensions) are non-uniform. On the other hand, cells can also be
non-differentiated yet still form non-trivial epithelial structures provided that the
magnitude of the differential surface tension is large enough (Chapter 4). Here we
generalize the 2D description of apical/basal constriction due to intracellular forces
from Chapter 4 to 3D and we analytically study the apico-basal differential tension
as the main mechanism for the formation of curved 3D epithelial shapes.
Let us consider a 2D cell cross-section in a given direction of a curved 3D epithelial monolayer. We denote the lengths of the apical and the basal side by da
92

5.5. Apico-basal differential tension

A

B

da

da
r

l
l

db
db
Figure 5.10: Schematics of the average cells in a spherical epithelial shell (A) and in a cylindrical
epithelial shell (B). The sizes of the apical and the basal cell side are denoted by da and db ,
respectively, whereas the lengthwise dimension of cells in the cylindrical epithelial shell referred to
as cell depth is denoted by r (panel B).

and db , respectively (Fig. 5.10). The local curvature in the direction of the chosen
cross-section is
2(1 − db /da )
,
(5.27)
c=
l(1 + db /da )
where l is the local cell height. On any 3D surface, we can locally identify two
principal curvatures c1 and c2 , which correspond to the smallest and the largest
local curvatures and generally vary from point to point on the surface. Additionally,
the directions along c1 and c2 are perpendicular to one another. Below we consider
two special cases of curved epithelia, which can be treated analytically on a cell-scale
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Figure 5.11: Tissue cross-section in the case where cells adhere to the basement membrane on
the outer surface of the circular cross-section (A) and on the inner surface (B). (C) Crypts of
Lieberkuhn in colon [91]. (D) Explants of Xenopus embryonic epithelium fold into spherules [92].
(E) Intestinal villi [81] are an example of cylindrical structures where cell adhere to the basement
membrane in the inner surface (panel B).
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level: A spherical shell where c1 = c2 = c and a cylindrical shell where c1 = c and
c2 = 0.
Both spherical and cylindrical shells form structures with either negative curvature (c < 0) or positive curvature (c > 0). In the c < 0 case, cells have
smaller apical side than the basal side. They adhere to the basement membrane
or to the substrate on their outer surface, viewed from the center of tissue crosssection (Fig. 5.11 A). These epithelia can form various types of spherical cavities, epithelial ducts (Fig. 5.5 A and Fig. 5.9 D), or recesses into the substrate
(e.g. colonic crypts shown in Fig. 5.11 C). In contrast, in the c > 0 case cells have
a basal side smaller than the apical side and they adhere to the basement membrane or to the substrate on the inner surface viewed from the center of tissue crosssection (Fig. 5.11 B). Examples of such structures are epithelial spheroids (Fig. 5.11 D)
and various protrusions into the lumen (e.g. intestinal villi in Fig. 5.11 E).

5.5.1

Spherical shell

Cells in a spherical epithelial shell on average assume the shape of a truncated
pyramid and have a regular (typically hexagonal) polygonal cell base and apex1
with the diameter da and db , respectively
5.10 A).
apical, basal,
√ The
√ and
√ (Fig.
2
2
/2,
A
=
3d
3d
/2,
and
A
=
3(da +
lateral
surface
areas
of
a
cell
read
A
=
b
l
a
a
b
p
2
db )l 1 + [(da√− db )/2l] , respectively, whereas the cell volume reads V = l(d2a +
da db + d2b )/(2 3). Using these formulas, we can parametrize the total mechanical
energy of a cell by da and db such that
q
√
√
3(da + db ) 1 + [ 3(d3a − d3b )/12]2

3
wss =
αd2a + βd2b +
.
(5.28)
2
d2a + da db + d2b
Additionally, if cells are attached to the basement membrane at their basal side, the
bending energy of the basement membrane needs to be added to the total energy
ws such that ws = wss + wbm where
2

wbm =

(d3 − d3 )
κ 2
cbm Ab = κ a √ b
2
9 3

(5.29)

is the energy of the basement membrane and cbm is its local curvature. Like in
the 2D model, we consider a pure bending deformation of the basement membrane,
which is only relevant at small curvatures. In the case of a basally constricted tissue,
this description is not sufficient as seen from the basement membrane
√ energy wbm ,
6
which does not diverge in the limit db → 0 where wbm ∼ κda /(9 3). The reason
for this trivial scaling is that within this simplified analysis, the basal area Ab in a
spherical shell scales with square of the radius of curvature (Ab ∼ 4πR2 ) and thus
the total bending energy of the basement membrane wbm ∼ Ab c2bm does not depend
on R at all. We note in passing that in the √
case of an apically constricted tissue
6
(da → 0) the scaling is similar: wbm ∼ κdb /(9 3).
In the spherical geometry, the optimal cell shape parametrized by the curvature
c [Eq. (5.27)] and cell height l is obtained by solving the force-balance equations:
∂ws /∂da = 0 and ∂ws /∂db = 0. Figure 5.12 shows the optimal curvature and cell
1

In a sphere, not all cells can have hexagonal cross-section for topological reasons; 12 of them
must be pentagons. This detail is disregarded here.
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height as well as their product as functions of the apico-basal differential tension
α − β for different values of the basement membrane bending rigidity κ. The tissue
becomes apically or basally constricted at a value of α − β where lc reaches −2 and
2, respectively. The point of constriction can be seen also in the curvature and cell
height plots (Fig. 5.12 A and B), where it shows as a point of discontinuous local
derivative. As expected based on the scaling argument discussed above, c is an odd
function of α − β whereas l is an even function of α − β.
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Figure 5.12: (A) Equilibrium cell curvature c as a function of α − β at α + β = 3 and ω = 3/2
for different values of κ in the spherical shell. Panels B and C show the corresponding equilibrium
cell height l and product of curvature and cell height as functions of α − β, respectively.

5.5.2

Cylindrical shell

In a cylindrical epithelial shell, the most appropriate choice for a model cell is a
wedge-shaped cell with rectangular base such that in the direction of zero curvature,
the size of the apical side is equal to the size of the basal side (Fig. 5.10 B). The
lengthwise dimension of cells is referred to as cell depth and denoted by r. The
apical, basal, and lateral
p surface areas of a cell read Aa ≈ da r, Ab ≈ db r, and
Al ≈ (da + db )l + 2rl 1 + [(da − db )/2l]2 , respectively, whereas the cell volume is
V ≈ (da + db )lr/2. Like in the spherical shell, we can write the total mechanical
energy of a cell in terms of da and db as follows:
p
1 4 1 + (d2a − d2b )2 r2 /16
wcs = αrda + βrdb + +
.
(5.30)
r
2(da + db )
Again, the total mechanical energy of the tissue-basement-membrane system in a
cylindrical shell is given by wc = wcs + wbm , where wbm is the bending energy of the
basement membrane, which reads
wbm =

κ 2
(da − db )2 (da + db )2 r3
cbm Ab = κ
.
2
8db

(5.31)

Here cbm is the local curvature of the basement membrane. Unlike in the spherical
shell, here the basement membrane bending energy scales with db as wbm ∼ 1/db for
95

Chapter 5. Three-dimensional epithelial mechanics

A 2.0

B

0.5

2.0
1.5
1.0
0.5

0

C

-0.5

0
-3
2.0

-1.0

1.0

-1.5

0

lc

curvature c

1.0

cell height l

κ=0
κ = 0.1
κ = 0.5
κ=1

1.5

3
2.5

-2.0

-2

-1

-2

-1

0

1

2

3

0
1
α-β

2

3

-1.0

-3

-2

-1

0
α-β

1

2

3

-2.0
-3

√
Figure 5.13: (A) Equilibrium cell curvature c as a function of α − β at α + β = 3 and ω = 3/2 for
different κ in a cylindrical shell. Panels B and C show the corresponding equilibrium cell height l
and product of curvature and cell height as functions of α − β, respectively.

db → 0 and thus wbm diverges for basally constricted tissue (db → 0), whereas for
apically constricted tissue (da → 0) wbm ∼ κd3b r3 /8.
The optimal cell curvature c [Eq. (5.27)] and height l in the cylindrical shell are
again obtained by solving the force-balance equations. Figure 5.13 shows c, l, and

A

B

Figure 5.14: (A) Branching morphogenesis. New buds emerge due to a combination of cell division
and apical constriction [93]. (B) Branching morphogenesis in lungs of chicken embryo [94].
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lc as functions of the apico-basal differential tension α − β for different basement
membrane bending rigidities κ. Like in the spherical tissue geometry (Fig. 5.12),
the tissue is apically or basally constricted at α − β where lc reaches −2 or 2,
respectively. Note that as soon as κ > 0, c and l are not odd and even functions of
α − β, respectively. This is consistent with the scaling arguments above.
These results could be very useful for understanding the biochemical properties
of simply structured tissues such as epithelial spherules or epithelial tubes as well
as for understanding of the simplest mechanics-related shape formations and their
transformations. Due to its generality, this formalism is applicable to an arbitrary
epithelium of a simple enough shape. For example, in branching morphogenesis
most commonly observed in lung formation during the development (Fig. 5.14),
an epithelial structure is evolved by a buckling cascade, which is often driven by
the apical constriction (Fig. 5.14 A). Of course, the overall shape becomes more
complicated by each shape bifurcation, yet certain local shape properties such as
the curvature of an emerging bud or size of the branch (Fig. 5.14) can be estimated
using our analytical theory. Finally, in real tissues, the formation of corrugated
structures often combines cell division with cell constrictions due to apico-basal
polarity. It would be very interesting to study the interplay between the rate of
cell division and the apico-basal differential tension, which probably determines the
detailed shape of these epithelia [20].

5.6

Three-dimensional continuum theory

For a detailed understanding of complex 3D shape transformations we need to develop a more general theoretical description than the one presented in Section 5.5.
The most appropriate approach seems to be the discrete cell-based model, say a
3D vertex model. However, this approach turns out to be technically rather complicated, since it does not only address the overall 3D tissue shape but also includes the
topological aspects of 2D packing of cells in a monolayer. We expect that in many
cases the network topology is subdominant and therefore we first focus on developing
an extended 3D continuum theory for epithelial monolayers, which disposes of the
information on tissue topology. This theory could be useful for the understanding
of equilibrium mechanics of 3D epithelial shapes. In contrast, tissue dynamics may
well depend on topology. These effects are studied in Chapter 6 where we develop
a full 3D vertex model of epithelial monolayers.
Within the continuum approach, the tissue is represented by a 3D surface which
can be parametrized by two scalar parameters s1 and s2 such that x = x(s1 , s2 ), y =
y(s1 , s2 ), and z = z(s1 , s2 ). Like in the 2D case (Chapter 4), we start the derivation
of the energy functional by defining the model cell. We choose a truncated pyramid
with a rectangular base and we consider four deformation modes: (i) bending in
the direction of the first principal curvature of the midplane c1 , (ii) bending in the
direction of the second principal curvature of the midplane c2 , (iii) change in the
local tissue thickness l, and (iv) simple shear deformation of the midplane which is
quantified by ν = ds1 /ds2 (Fig. 5.15 A-D). The surface areas of the apical, basal,
and lateral cell sides, Aa , Ab , and Al , respectively, can be parametrized by c1 , c2 , l,
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Figure 5.15: (A-D) Deformation modes of the model tissue segment. Locally, the tissue can bend
in directions of the both principal curvatures c1 and c2 , change its thickness l, and undergo a
simple shear deformation (ν < 1 or ν > 1).

and ν and the energy per unit area of the midline reads
f=

12 + 3l2 c1 c2
6(c1 + c2 )l
dw
= (α + β)
+ (α − β)
+
2
dA
12 + l c1 c2
12 + l2 c1 c2
r s

s
√
2
2
√
2 3l
ν
1
3c1
3c2
 l 1+
+√
· + νl 1 +
· .
2
2
2
ν
12 + l c1 c2 l
12 + l c1 c2 νl
12 + l c1 c2
(5.32)

The energy functional f cannot be written in a simpler form and thus we do
not expect to obtain a clear analytical insight into the continuum mechanics of the
system. However, it can be analyzed numerically in a given geometry and boundary
conditions to model a 3D epithelial structure of interest. We leave this for future
work and here we only check the limiting cases of the spherical and cylindrical shell
studied analytically in Section 5.5. In a spherical shell where c1 = c2 = c and ν = 1,
the energy simplifies to
r
√
4 3l2
3c2
1
12 + 3c2 l2 12(α − β)lc
p
+
+
1
+
· . (5.33)
fs = (α + β)
2
2
2
2
2
2
2
2
12 + c l
12 + c l
12 + c l l
l(12 + c l )
In a cylindrical shell where c1 = c, c2 = 0, and ν = 1/(r2 l), the energy functional
reduces to the result obtained within the extended 2D continuum theory [Eq. (4.38)]
and reads
r
 c 2 l
dw
α−β
2
fc =
= (α + β) +
cl + l r 1 +
+ .
(5.34)
dA
2
2lr
r
Another interesting special case is the limit of a fluid tissue where cells do not
undergo simple shear deformation, but instead rearrange in the tangential plane so
as to minimize the total mechanical energy. In this case ν = 1 for an average cell
and the energy functional f reduces to
ff =

dw
12 + 3c1 c2 l2
6(α − β)l
= (α + β)
+
(c1 + c2 )+
2
dA
12 + c1 c2 l
12 + c1 c2 l2
s
"s
#
√
2 3l3/2
3c21
3c22
+√
1+
+ 1+
.
l(12 + l2 c1 c2 )
l(12 + l2 c1 c2 )
12 + l2 c1 c2
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Furthermore, in the limit of small curvatures, we can compare the energy to the
Canham-Helfrich free energy for lipid bilayers which reads fH = kc (2H −c0 )2 /2+kK,
where H = (c1 + c2 )/2 and K = c1 c2 are the local mean and the local Gaussian
curvature, respectively, whereas kc and k are the bending modulus and the Gaussian
modulus, respectively. For c1 , c2 ≈ 0, ff can be simplified to read

 √ h

2
√ i2
(α
−
β)
l
+
2H + 2(α − β) l +
ff ≈ α + β + 2l3/2 1 −
4
8


3
2
3+l
l
2(α + β) − 3/2 K .
+
12
l

(5.36)

By assuming a constant thickness of the monolayer (l = l0 = const.), we can extract
the effective elastic properties of the model tissue and examine how they depend on
the model parameters. If we assume that l0 = (α + β)2/3 [Eq. (5.6)], the effective
elastic moduli kc and k and the spontaneous curvature c0 read
1
(α + β)1/3 ,
4


1
(α + β)1/3 (α + β)2 − 3 ,
k =
12
c0 = −2(α + β)1/3 (α − β) ,

kc =

(5.37a)
(5.37b)
(5.37c)

respectively. Of course, the thickness is generally not constant since it is coupled to
the local curvature [Eq. (5.36)]. This coupling is much more complicated than the
one studied within the simplified 2D continuum theory [Eq. (4.23)].
Figure 5.16 A shows kc and k as functions of α + β. The bending modulus kc
increases√monotonically with α + β, whereas the Gaussian modulus k is negative for
α + β < 3 and positive otherwise. According to the Gauss-Bonnet theorem2 a positive Gaussian modulus prefers topologies with large number of handles (i.e. holes),
whereas a negative Gaussian modulus prefers simple topologies such as spheres and
cylinders. For example, in lipid bilayers the Gaussian modulus is typically negative
and complex perforated structures are not stable. Nevertheless our model epithelium
is not the only known material with a positive Gaussian modulus. Recently, a similar phenomenon was studied in the case of colloidal membranes [99]. In Fig. 5.16 B,
the spontaneous curvature c0 is plotted versus α + β for α − β = −0.2, 0, and 0.2.
The tissue is spontaneously curved only if α 6= β and c0 increases with both α + β
and α − β.
The above 3D continuum theory can be used in studying various equilibrium
shapes of epithelia. In Section 5.7 we employ it to investigate the shape of intestinal
villi and crypts. Using this approach, effective elastic properties of epithelial monolayers can be estimated (Fig. 5.16) to learn about the relation between subcellular
physical processes such as tensions in cellular cortex and tissue-scale properties (e.g.
elastic moduli) [Eq. (5.37)].
2

The Gauss-Bonnet theorem states that the integral of the Gaussian curvature c1 c2 over the
compact boundaryless 3D surface is equal to 4π(1 − g), where g is the genus of a surface and is
roughly speaking equal to the number of handles [98].
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Figure 5.16: (A) Bending modulus kc and Gaussian modulus k (magenta and cyan curve, respectively) as functions of α + β. The √
bending modulus increases with α + β, whereas the Gaussian
modulus changes sign at α + β = 3. (B) Spontaneous curvature c0 as a function of α + β for
α − β = −0.2, 0, and 0.2. Note that c0 vanishes if α = β (light cyan line), is positive if α < β
(magenta curve), and is negative if α > β (dark cyan line).

5.7

Villi and crypts

To maximize the effective surface area for the exchange of nutrients, the epithelia
covering organs in the digestive tract often assume a corrugated shape. The relationship between shape and function is especially prominent in finger-like structures
such as intestinal villi and crypts (Fig. 5.17). Here we use the above 3D continuum
theory to construct a simple description of finger-like epithelial structures, which
helps us to understand some of the main shape-related features of intestinal villi as
well as the mechanism of their formation within the scope of surface-tension-based
epithelial mechanics.

A

B

C

villus

crypt

Figure 5.17: (A) Scanning electron microscope (SEM) image of villi and crypts in the small intestine
of mice [100]. Villi are flattened rather than perfectly cylindrical and they are much larger than the
crypts. (B) SEM image of crypts in the colon of mice [100]. Here villi are absent. (C) Micrograph
of tissue cross-section in intestine showing villi and crypts [101].
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5.7.1

Energy barrier for villi formation

To study the formation of villi from a flat epithelium, we develop an approximate
theory of an axisymmetric model villus which consists of an energetically favorable
stem and a cap, which both contain basally constricted cells, and of an energetically
unfavorable apically constricted base (Fig. 5.18 A). To reduce the number of model
parameters, we assume that the radius of the base (as seen from the cross-section
in Fig. 5.18 A) and the radius of the cap are both equal to the radius of the stem,
which corresponds exactly to the preferred radius of the stem and is denoted by R.
The energy of the villus is described segment by segment using the 3D continuum-

A

cap
R

R

ψ
stem h

base

villi unstable

B

villi stable

energy difference w-w0

0.06
α-β
0.05
0.10
0.15
0.20

0.04
0.02
0
-0.02
-0.04

0

2

4

6

8 10 12 14 16 18 20
height h/R

Figure 5.18: (A) Model villus is defined by a hemispherical cap, a cylindrical stem, and a base
which is defined by a part of a torus. The radii of the lengthwise cross-section of the cap and base
and the transverse cross-section of the stem are all the same and correspond to the equilibrium
radius of the stem at given model parameters. For small heights h where the stem has not yet
developed, the villus consists only of a spherical cap and a toroidal base (right cross-section).
(B) Energy difference between the villus shape and the flat shape w − w0 as a function of h/R for
α + β = 3 and α − β = 0.05, 0.10, 0.15, and 0.20. During its formation, the villus has to cross
the energy barrier at around h = 2R, which depends on the apico-basal differential tension α − β.
Once it is past the barrier, the apico-basal differential tension forces the villus to increase its height
and at h ≈ 8R the villus becomes favorable over the flat configuration. Curves in panel B should
ideally pass through the origin (0, 0), but due to a discontinuous transition (in terms of curvature)
from the flat to a curved configuration seen in panel A they do not.
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theory energy functional [Eq. (5.32)]. Firstly, the stem is modelled as a cylindrical
epithelial shell with a curvature c = 1/R such that the energy per unit volume of
the stem reads
r
α + β (α − β)c
c2
wstem =
+
+ l1/2 1 + + l1/2 ,
(5.38)
l
2
4l
where l and c = 1/R minimize the energy wstem . Secondly, we approximate the
cap by a hemispherical shell of the same curvature as the curvature of the stem
(c1 = c2 = 1/R = c). The energy per unit volume of the cap reads
√ 1/2 s
2 2
12 + 3c l
12(α − β)c
3c2
4 3l
√
wcap = (α + β)
+
1
+
. (5.39)
+
l(12 + c2 l2 )
12 + c2 l2
l(12 + l2 c2 )
12 + l2 c2
Finally, we model the base as a part of a torus surface (inset in Fig. 5.18 A) with
one principal curvature c1 = 1/R and the other principal curvature c2 = sin ψ/x =
(1/R)[sin ψ/(2 − sin ψ)]. In this case, the energy per unit volume of the base reads
R π/2
wbase =

0

ff (ψ) (2 − sin ψ) dψ
,
R π/2
l 0 (2 − sin ψ) dψ

(5.40)

where ff is the full energy functional for a fluid tissue [Eq. (5.32)], which is here
integrated over the area of the base and divided by the total volume of the tissue at
the base. The total mechanical energy per unit volume of the whole villus reads
w=

Nstem wstem + Ncap wcap + Nbase wbase
,
Nstem + Ncap + Nbase

(5.41)

where Nstem = 2πRhl, Ncap = 2πR2 l, and Nbase = 2πR2 l(π − 1) are the numbers of
cells in the stem, cap, and base, respectively.
For h < 2R, the villus is modelled as a spline of a spherical cap over the polar
angle ψ0 and a part of a surface of a torus defined by the same angle ψ0 (right
cross-section in Fig. 5.18 A). The angle ψ0 and the height of the villus h are related
by
h
.
(5.42)
cos ψ0 = 1 −
2R
Here, the total energy per unit volume of the whole villus reads
w(h < 2R) =

0
Ncap wcap + Nbase wbase
,
Ncap + Nbase

(5.43)

where Ncap = πRhl and Nbase = πR2 l (4ψ0 − h/R) are the numbers of cells in the
cap and base, respectively, and
R ψ0
ff (ψ) (2 − sin ψ) dψ
0
wbase = 0 R ψ0
.
(5.44)
l 0 (2 − sin ψ) dψ
Figure 5.18 B shows the energy difference between the villus and the flat state w−w0
as a function of villus height h. For h < 2R, the energy grows with increasing h until
it reaches the peak at h = 2R where the energetically favorable stem starts growing.
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For h > 2R, the energy decreases, because the villus height increases at the expense
of the growth of energetically favorable stem. At a particular h > 2R the energy of
the villus becomes lower than the energy of the flat tissue, and in the limit h → ∞
the energy saturates at the equilibrium value of the stem wstem < w0 = 3(α + β)1/3 ,
since almost all cells of the villus are a part the stem. In conclusion, to grow the
villus an energy barrier quantified here needs to be overcome. This mechanism was
observed in other systems such as membrane tubes [102].
In the limit of a very long villus, the energy contributions of the base and the
cap can be neglected and thus the total energy difference per cell between the longvillus state and the flat state is equal to wstem − w0 . The total number of cells in
question can be simply calculated as N = hneq , where h is the length of the cylinder,
i.e. approximately the villus height, and neq is the equilibrium number of cells per
unit height: neq = (δN/δh)eq . Finally, the energy difference between the long-villus
and the flat configuration reads
∆W = Wstem − W0 = −N (w0 − wstem ) = −neq (w0 − wstem )h ,

(5.45)

where w0 − wstem > 0 if the cylindrical configuration is preferred over the flat configuration (which is true if α − β 6= 0) and w0 − wstem < 0 otherwise. This result
shows that within our basic model, there exists no equilibrium villus height, which
means that when the villus is formed it only needs to overcome the energy barrier
and then it just keeps growing (Fig. 5.18 B).

5.7.2

Interaction with underlying tissue

Villi usually have a very well defined wavelength and height (Fig. 5.17 C). To check
if the interaction of the epithelium with the underlying material can explain height
stabilization and other shape-related features of villi and crypts, we first focus on the
basement membrane. This can be done simply by adding the basement membrane
bending energy wbm , which in the long-villus/crypt regime reads
wbm =

2lR2 [1

κ
,
± l/(2R)]

(5.46)

where + and − in the denominator correspond to a crypt and a villus, respectively.
The total energy in the long-villus regime therefore reads ∆W = −neq (w0 − wstem −
wbm )h. Obviously, the bending elasticity of the basement membrane alone does
not affect the dependence of ∆W on height h, but it does break the villus-crypt
symmetry for κ 6= 0. In a villus, cells are basally constricted and therefore the
energy cost due to bending of the basement membrane is larger than in crypts case
where cells are apically constricted. As a result, the villi are widened compared to
the crypts. This agrees with the experimental observations which often show the
villi-crypt asymmetry. Villi are usually wider than crypts (Fig. 5.17). Figure 5.17 A
also shows that villi are often not cylindrically symmetric but rather flattened. This
may be due to a pressure difference between the interior and the exterior of the villi.
This effect is not considered here.
Finally, we expect that the height of villi and the depth of crypts be stabilized by
the energy cost due to an elastic deformation of the underlying substrate. Treating
the substrate as a semi-infinite elastic material is highly non-trivial and cannot
be done analytically. Here we stick to proof-of-principle estimates involving small
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deformations of the substrate. We describe the shape of the interface between the
basement membrane and the substrate using the Monge representation z(x, y). In
the regime of small deformations, the elastic energy of the substrate reads
Z
Ks
Ws =
z 2 dA ,
(5.47)
2 basal
where Ks is the substrate stiffness. The energy difference between the villus and the
flat configuration reads

2
Ks
l
(s)
∆W = ∆W + Ws = −neq (w0 − wstem − wbm )h +
π R−
h2 . (5.48)
2
2
For w0 < wstem + wbm the flat tissue is preferred (heq = 0), whereas for w0 >
wstem + wbm the preferred height/depth of the villus/crypt heq can be calculated
from the force balance equation ∂∆W (s) /∂h = 0 and reads
heq =

neq (w0 − wstem − wbm )
.
π (R − l/2)2 Ks

(5.49)

The height heq scales with the substrate stiffness Ks as heq ∼ Ks−1 , whereas the
dependence on the surface tensions α − β and α + β is hidden in the ratio neq (w0 −
wstem −wbm )/ (R − l/2)2 . Of course, treating the substrate elasticity correctly would
probably give a different dependence and a different scaling of heq with Ks . Yet the
basic principle of stabilizing a finite-height villus due to the energy cost of a substrate
deformation would likely remain the same.
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Dynamical three-dimensional vertex
model
An advantage of the coarse-grained approach presented in Chapter 5 is that it gives
an analytical insight into the deformation behavior and shape of epithelial tissues.
It also provides a direct comparison of epithelia to systems governed by similar
physical mechanisms, which helps to understand the underlying processes even better. However, analytical theories are based on certain simplifications motivated by
the difficulty of describing cell-scale biomechanics. For example, effective elasticity
theories do not consider the topological aspects of tissues, which are naturally and
routinely captured by the discrete models such as the vertex model. In the field
of tissue mechanics, the most popular variant of the vertex model is 2D: Here the
tissue is viewed as a polygonal tiling (Fig. 2.5 C). This model does not consider cell
height as an independent parameter and thus fails to capture certain 3D phenomena
in tissue shape transformations such as the spontaneous folding due to apico-basal
differential tension (Chapter 4). As shown in Chapter 4, the tissue spontaneously
folds because of the coupling of cell height with curvature, which leads to a nonuniform cell height across the monolayer. This is one of the 3D effects that we would
like to add to the 2D description of the tissue as a polygonal tiling. In the present
Chapter, we develop a computational tool for the description of the dynamics of
epithelial monolayers using the full 3D cell-based vertex model. We use it to study
the tissue as an active fluid, where viscoelastic properties depend on cell activity
generating topological transformations of the cellular network.

6.1

Vertex dynamics

Vertex models were first used to investigate the physics of soap films and bubbles [56, 57]. They are based on the representation of the system of interest by
vertices which are moved during simulation so as to minimize the total mechanical
energy of the system. In our case, the tissue is represented by discrete prismatic
cells, which adhere to each other to form a monolayer, and cell bases are polygons.
Cell properties depend on the subcellular mechanics, which combines physical and
biochemical mechanisms. We assume that all cells have identical properties and
allow for different surface tensions on the apical, basal, and lateral cell sides (Γa ,
Γb , and Γl , respectively) such that the total energy of the tissue can be written as a
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sum over all cells:

C 
X
1
(m)
(m)
(m)
W =
Γa Aa + Γb Ab + Γl Al
,
2
m=1
(c)

(c)

(6.1)

(c)

where Aa , Ab , and Al are surface areas of the apical, basal, and lateral sides of
cell m, respectively, and Γa , Γb , and Γl are all assumed positive (Γa , Γb , Γl > 0)1 .
The factor 1/2 in front of the lateral term is needed because the lateral sides are
shared by two cells.
In vertex models, the equation of motion of cells is given implicitly by the equation of motion of vertices. We assume that the inertial term is small compared
to the friction term and thus vertices undergo first-order dynamics given by the
overdamped equation of motion
ηi

dri (t)
= Fi (t) .
dt

(6.2)

Here ri (t) = (xi , yi , zi ) is the position of vertex i at a time t, Fi (t) is the total
force exerted on vertex i at a time t, and ηi denotes the friction drag coefficient,
i.e. inverse vertex mobility µi (ηi = 1/µi ). If we are only interested in the minimalenergy state of a structure, friction-dominated dynamics is a very convenient way of
finding the energy minimum, and the minimization method based on it is called the
gradient descent method. On the other hand, in simulations of tissue dynamics the
overdamped equation of motion provides an effective description, where η can be
viewed as an effective friction incorporating different mechanisms which contribute
to stalling forces, such as friction due to cell movements on the substrate etc.
At each time step, the positions of vertices are updated as follows:
ri (t) = ri (t − dt) +

1
Fi (t)dt ,
ηi

(6.3)

the forces exerted on vertices Fi = −∇i W (r) where ∇i = (∂/∂xi , ∂/∂yi , ∂/∂zi ) and
r = (r1 , r2 , r3 , ...)2 .
To stabilize the shape of individual cells, we assume that they are filled by an
incompressible fluid so that cell volume Vm is fixed:
Vm = V = const. ,

(6.4)

for all m ∈ {1, 2, ... C}. The fixed volume constraint is enforced by the volume
restoring motion [57]. Let us denote the excess volume of a cell m by δVm . The
volume restoring motion of vertex i is given by the displacement vector
X
Ri =
cm0 gm0 ,i ,
(6.5)
m0
1

In a soap froth, Γa = Γb = Γl .
For example, consider a triangular surface element defined by vertices v1 , v2 , and v3 and edges
e1 = (v1 , v2 ), e2 = (v2 , v3 ), and e3 = (v3 , v1 ) oriented in counterclockwise direction. The surface
energy of such an area element is given by W = (σ/2) |e1 × e2 | and the corresponding force on say
vertex v1 reads F1 = (σ/2)[e2 × (e1 × e2 )]/ |e1 × e2 |, where σ is the surface tension acting on the
surface element.
2
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where gm0 ,i is the gradient
of the volume of body m0 with respect to the position of
P
vertex i such that
· gm,i = −δVm . This leads to a linear system for coefficients
P i RiP
cm which reads m0 cm0 i gm0 ,i · gm,i = −δVm .
Finally, the time scale of the dynamics is obtained by expressing the energy
[Eq. (6.1)] and the equation of motion [Eq. (6.2)] in a dimensionless form. All
lengths are measured in units of V 1/3 , the energy in units of Γl V 2/3 , and surface
tensions in units of lateral surface tension Γl . The dimensionless energy reads
w=

C 
X

αa(m)
a

+

(m)
βab

m=1


1 (m)
+ al
,
2

(6.6)

where α = Γa /Γl and β = Γb /Γl are the dimensionless apical and basal surface
tension, respectively. Assuming that all vertices have the same mobility (µi = µ0
for all i) the time scale is given by
τ=

1
,
µ0 Γl

(6.7)

meaning that one computational time step dt corresponds to a real time step τ dt.
Of course, since vertices are not real physical objects it is difficult to determine their
mobility and therefore we present our results only in dimensionless units.
The self-propelled motility of cells on the substrate can be modelled by con(eff)
sidering an effective force on vertices Fi , which includes both the external force
−∇i W and the self-propelled part −∇i Vsp , where Vsp is an effective potential describing self-propelled motility. In this case, the equation of motion of vertices reads
dri (t)
1 (eff)
(6.8)
= Fi (t) .
dt
ηi
For example, in case of motion with a constant velocity v0 in the x-direction, an
extra energy term Vsp = −ηi v0 xi needs to be added to the total mechanical energy
(eff)
of the tissue such that Weff = W + Vsp . Thus, the effective force reads Fi (t) =
−∇i (W + Vsp ) = −∇i W − ∇i Vsp = −∇i W + ηi v0 ∇i xi = −∇i W + ηi v0 nx and
finally the equation of motion is given by
vi (t) =

dri (t)
1
= − ∇i W + v0 nx .
dt
ηi

(6.9)

Recently, this concept has been used within the simplified 2D model of cell bases [63],
where cells were treated as random walkers with a constant magnitude of selfpropelled velocity v0 . It has been shown that v0 contributes to the fluidity of the
tissue, which is an intuitive yet important result. Since the motility of cells is a complex and specific phenomenon, we study only non-motile cells and focus on other
more robust mechanisms, which also influence viscoelastic tissue properties.

6.2

Model of epithelial monolayer

Within the 3D vertex model, a single-cell-thick epithelium is represented by V vertices connected by E edges. A generally non-flat polygonal network of edges contains
C polygonal cell bases, which represent the basal side of the tissue (i.e. the basal
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network). We also assume that the apical network has the same connectivity as the
basal network so that in terms of topology, it is the exact copy of the basal network.
Of course, each vertex in the apical network is allowed to have all three spatial coordinates x, y, and z different from those of its basal counterpart. Next, apical and
basal networks are connected by lateral edges joining the basal vertices with their
corresponding apical vertices. The introduced 3D network of vertices and edges represents the tissue skeleton (i.e. cell outlines). Finally, the apical, basal, and lateral
cell sides are defined as triangulated surfaces belonging to a given cell (Fig. 6.1 A).

A

B

apical

C
ri’

cm’

lateral

D
rj’
ri’ = (xi’, yi’, zi’)

ek’
ri’= (xi’, yi’, zi’)

c2C+k

li

basal

ni

cm

ri = (xi, yi, zi)
ek

ri

rj

ri = (xi, yi, zi)
Figure 6.1: (A) Schematic of an epithelial cell. Within the 3D vertex model, cells are represented
by basal vertices (red circles), apical vertices (green circles), and edges. The vertices and edges
form the tissue skeleton. The apical, basal, and lateral surfaces are triangulated using passive
vertices placed at the centers of all cell sides (white circles) (B). Each vertex i is assigned a unit
normal vector ni and length of the lateral edge associated with this vertex li (C). (D) The positions
of the apical vertices are computed from the positions of their basal partners [Eq. (6.13)].

Due to the technical complexity of implementation, we first have to identify the
minimal amount of information needed to build a given 3D tissue structure. A
3D tissue is uniquely defined by the basal network and normal vectors to all basal
vertices, which together specify both the direction as well as the distance between
the basal vertex and its apical counterpart. Working only with these elements is
probably the most efficient way of dealing with a 3D vertex model of a singlecell-thick epithelium. This becomes very important both in the implementation of
changes of network topology (discussed in Section 6.3) and in data-driven modelling,
where experimentally obtained images need to be analyzed appropriately to extract
the information needed to encode the observed structure such that it can be further
studied by our 3D vertex model. Below we itemize the key technical details of the
implementation.
Basal network
• The positions of basal vertices are stored in vectors ri defined by
ri = (xi , yi , zi )

(6.10)

for i = 1, 2, ... V (Fig. 6.1 B).
• Vertex i is connected to vertex j with an oriented basal edge k, which is
conveniently defined as
ek = ri − rj
(6.11)
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for k = 1, 2, ... E and i, j 6= i ∈ {1, 2, ... V} (Fig. 6.1 B).
• A polygonal cell base m is defined as pm , a list of oriented identification
(m)
numbers of edges ks which enclose the base in counterclockwise direction:


(m) (m)
(m) (m)
(m) (m)
(m) (m)
(6.12)
pm = σ1 k1 , σ2 k2 , σ3 k3 , ... σSm kSm
for m = 1, 2, ... C. Here σs = ±1 specifies the orientation of an edge within
a cell base m and s = 1, 2, ... Sm , where Sm ≥ 3 is the number of edges of a
polygon m.


(i)
(i)
(i)
• Each vertex i ∈ {1, 2, ... V} is also assigned a unit vector ni = nx , ny , nz
and a scalar li which carry the information of the direction and the distance
between a basal vertex i and its apical counterpart i0 , respectively (Fig. 6.1 C)3 .
The above list specifying the basal network is the minimal required input needed
to build the whole 3D epithelial monolayer. All geometric elements and quantities
listed below are constructed from the information given by this list.
Apical network
Geometric elements belonging to the apical network all have their counterparts in
the basal network. We therefore denote their identification numbers using the same
symbol as for the basal network but adding the prime (0 ). For example, edge ek0 is
the apical counterpart of the edge ek in the basal network.
• The positions of apical vertices are given as
ri0 = ri + li ni ,

(6.13)

where i0 = V + i (i = 1, 2, ... V) (Fig. 6.1 B).
• The oriented apical edges are derived from the positions of apical vertices ri0
as follows:
ek0 = ri0 − rj 0 ,
(6.14)
where a pair (i0 , j 0 ) corresponds to a pair (i, j) defining an edge k, k 0 = E + k
(k = 1, 2, ... E), i0 = V + i, and j 0 = V + j (j 6= i ∈ {1, 2, ... V}) (Fig. 6.1 B).
• A polygonal cell apex m0 is defined by pm0 , a list of oriented identification
(m0 )
numbers of edges ks which enclose the apex in counterclockwise direction:
 0

(m ) (m0 )
(m0 ) (m0 )
(m0 ) (m0 )
(m0 ) (m0 )
pm0 = σ1 k1 , σ2 k2 , σ3 k3 , ... σSm0 kSm0 .
(6.15)
Here m0 = C + m (m = 1, 2, ... C). The list pm0 is derived from the list pm
through the following relations:
0

σs(m ) = σs(m) ,
0
0
ks(m ) = ks(m) ,
3

(6.16)
(6.17)

For example, in flat epithelial patch of thickness l0 , which lies in the xy plane li = l0 and
ni = (0, 0, 1) for all i ∈ {1, 2, ... V }.
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for s = 1, 2, ... Sm0 . Finally, by the assumption of our model, the basal and the
apical networks have the same topology and thus
Sm = Sm0 ≡ Sm .

(6.18)

• Lateral edges connecting basal vertices with their apical counterparts are defined as
h i = r i0 − r i ,
(6.19)
where i0 = V + i (i = 1, 2, ... V) (Fig. 6.1 B, C).
Cell facets
Vertices are typically non-planar and therefore the surface areas of apical, basal,
and lateral sides cannot be well defined. To this end, we triangulate all surfaces
by introducing center vertices of cell sides such that each triangle of a triangulated
polygon consists of two consecutive vertices from the basal/apical network and the
center vertex (Fig. 6.1 A, B).
• Center vertices are passive, i.e. they are always positioned at the center of a
given cell side and therefore their positions are not controlled by the equation
of motion. The positions of basal and apical cell side centers are calculated as
follows
X
1
(xi , yi , zi ) ,
(6.20)
cm =
Sm i∈polygon m
X
1
cm 0 =
(xi0 , yi0 , zi0 )
(6.21)
Sm0 i∈polygon m
and are updated at each time step. The positions of lateral side centers are
given by


xi + xi0 + xj + xj 0 yi + yi0 + yj + yj 0 zi + zi0 + zj + zj 0
c2C+k =
,
,
, (6.22)
4
4
4
where i and j are indices of the starting and the ending vertex of an edge
k [Eq. (6.11)].
• Surface areas of the basal and the apical side of cell m are calculated as sums
over surface areas of all triangles which mesh the basal and the apical polygon,
(m)
(m0 )
A4 and A4 , respectively:
(m)
Ab

=

Sm h
X
s=1

Aa(m)

(m)
A4

i

(6.23)
s

S m0 h
i
X
(m0 )
=
A4
,
s=1

(6.24)

s

where
1
|(rj − cm ) × (ri − cm )| ,
2
s
i
h
1
(m0 )
A4
= |(rj 0 − cm0 ) × (ri0 − cm0 )| .
2
s
h

(m)
A4

i

=
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(6.25)
(6.26)
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Here a pair of indices (i, j) denotes the head and tail vertices of the oriented
s-th edge of polygon m.
• Surface areas of the lateral sides of cell m are calculated as
(m)
Al

=

Sm
X



al

(m)

kn



,

(6.27)

n=1

where
(k)

al

1
1
= |(rj − c2C+k ) × (ri − c2C+k )| + |(ri0 − c2C+k ) × (rj 0 − c2C+k )| +
2
2
1
1
+ |(rj 0 − c2C+k ) × (rj − c2C+k )| + |(ri − c2C+k ) × (ri0 − c2C+k )|
2
2
(6.28)

is the surface area of a quadrilateral lateral cell side k of a cell m.
Cells
• Cell m is defined by Sm oriented triangles forming the basal side m, Sm0 = Sm
triangles forming the apical side m0 and 4Sm triangles forming the corresponding lateral sides (Fig. 6.1 A).
• Volume of cell m is calculated as
Z Z Z
I
Vm =
dV =
body

z nz · dA ,

(6.29)

facets m

where nz is the projection of the normal vector to z-axis.

6.3

Topological transitions

In epithelial tissues, cellular networks change their 3D shape as well as their topology
with time. To capture this dynamics using our 3D vertex model, we implement
topological transitions which change the connectivity of edges in a network. Many
of these topology-changing operations are quite general and used for different types
of networks. It turns out that in epithelial monolayers they also capture the most
important biologically relevant network-related events such as cell rearrangements,
cell division, and cell death (i.e. extrustion from the tissue). A topological change
is applied by changing the connectivity of the basal network defined in Section 6.2.
All other elements such as the connectivity of the apical network, lateral sides, cell
volumes, etc. are then updated accordingly.
Vertex merging and valence reduction
Most topological changes in cellular networks include two basic operations, which
we refer to as (i) vertex merging and (ii) valence reduction. In vertex merging a
given edge is deleted and the associated three-way vertices merge to form a single
four-way vertex (Fig. 6.2 A). This topological change decreases both the number
of vertices V and the number of edges E by 1 while keeping the number of cells C
constant.
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(T1 transition)
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Figure 6.2: Local topological changes in cellular networks. (A) In vertex merging, two three-way
vertices connected by an edge are merged to form a four-way vertex. (B) Valence reduction is
applied to vertices of valence larger than 3. An additional vertex is created and connected by a
new edge with the existing vertex. Middle and right schematics in panels A and B show how vertex
merging and valence reduction, respectively, are implemented in the vertex model. (C) Edge swap
(i.e. T1 transition) combines vertex merging (C-C’) and valence reduction (C’-C”). Cells exchange
their neighbors such that the cells which initially shared an edge are no longer neighbors after T1
transition, whereas the other two cells become neighbors. The network topology is changed locally.
For example, four hexagons are replaced by two pentagons and two heptagons. (D) During cell
division, a cell is divided such that two vertices of the mother cell become connected by a new edge
(D-D’). Valence reductions are applied to two four-way vertices such that finally all vertices are
three-way (D’-D”). (E) In cell extrusion, a cell is deleted such that all of its vertices are merged to
form a rosette structure (E-E’) and then multiple valence reductions are applied such that finally
all vertices are three-way (E’-E”).

Valence reduction is the reverse of vertex merging. It is applied to vertices of
valence larger than 3. Valence reduction is achieved by dividing the vertex into two
daughter vertices and then connecting them by a new edge (Fig. 6.2 B). Valence
reduction increases both the number of vertices V and the number of edges E by 1
while keeping the number of cells C constant.
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Edge swap
In tissues, cells rearrange so as to relax the local stress. Rearrangement occurs
in multiple edge swaps called T1 topological transitions (Fig. 6.2 C-C”). In many
aspects, T1 transition is the most important topological change in the dynamics of
cellular networks and is derived from vertex merging and valence reduction. This
topological transition involves four cells and proceeds as follows. In the first step,
the edge between cells 1 and 2 is deleted and the associated vertices are merged to
form a four-way vertex (Fig. 6.2 C-C’). In the second step, a new edge is formed
between cells 3 and 4 (Fig. 6.2 C’-C”). The number of vertices V as well as the
number of edges E are conserved and so is the number of cells C.
In our simulations, a T1 transition at a given edge does not occur instantaneously.
It turns out that due to volume restoring motion [Eq. (6.5)] the simulation scheme
is more stable if the T1 transition occurs in two steps. At a time t a chosen edge
between cells 1 and 2 is deleted and the associated vertices are merged to form a
four-way vertex. The structure then evolves in time (t → t + dt) and the volume
restoring motion is applied to correct the cell volumes which were slightly changed
due to merging of vertices. The four-way vertex is short-lived and decays after a
time τr (τr ∼ dt) such that at time t + τr it undergoes a valence reduction and a
new short edge between cells 3 and 4 is formed.

Cell division and cell extrusion
In addition to T1 transitions, the topology of the tissue is also changed by cell
division and cell death. During cell division, a mother cell is divided into two
daughter cells. The exact mechanism of cell division is very complicated and is
different from tissue to tissue [103]. Of course, the same holds for cell extrusion,
which occurs at the end of cell cycle when the cell dies.
Cell division and cell extrusion can occur both as a response to mechanical
stress [20, 104] as well as due to biochemical processes within cells (i.e. programmed
division/death). Neither of these processes conserves the number of vertices V, the
number of edges E, or the number of cells C. In the first step of cell division, the
mother cell is divided by a newly produced edge connecting two non-neighboring
vertices (Fig. 6.2 D-D’). In the second step, valence reduction is applied to the two
multivalent vertices (Fig. 6.2 D’-D”), which by assumption happens at the same time
as the first step of division. In cell extrusion (also referred to as the T2 topological
transition), all vertices of the extruding cell are first merged and placed at the center
of the cell (Fig. 6.2 E-E’) and then valence reductions are applied to the merged
vertex (Fig. 6.2 E-E’) so as to reduce the valence of the vertex to three.
Figure 6.3 shows snapshots from a simulation showing the three topology-related
events: Edge swap (panels A’ and A”), cell division (panels B’ and B”), and cell extrusion (panels C’ and C”). Reconnecting the 3D network after a topological change
seems a very complicated task yet due to a careful implementation of the structure
and the assumption of identical topologies of the apical and the basal side, topological changes are in fact effectively two-dimensional and thus after the basal network
is restitched locally the rest of the structure is updated automatically (Section 6.2).
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edge swap
(T1 transition)

cell extrusion
(T2 transition)

cell division

A’

B’

C’

A’’

B’’

C’’

Figure 6.3: Snapshots of a simulation showing topological transitions: Edge swap (A’,A”), cell
division (B’,B”), and cell extrusion (C’,C”). The color coding corresponds to different polygon
classes (hexagonal bases are denoted by white, pentagons by yellow, heptagons by brown, and
octagons by black transparent shading). In panels B’ and C’ the dividing and extruded hexagonal
cells, respectively, are denoted by cyan transparent shading. Edges involved in each process are
highlighted by bold lines.

6.4

Energy barrier for T1 transition

Changing the local topology of a cellular network requires an injection of energy to
overcome the energy barrier for a structural change [64, 105]. To understand the
topology-related mechanics of cellular networks, it is very useful to study how this
energy barriers depend on model parameters as well as on the geometric properties
of the network. In fact, fluidity of tissues is closely related to the ability of cells
to exchange neighbors, which depends on the energy barriers. It has been recently
shown that within the APE model (Section 2.2.3), the energy barriers vanish in
the regime where the strength of cell-cell adhesion dominates over the line tension
in the actomyosin apical belt [64, 105]. This mechanism is based on the mismatch
between the preferred perimeter and the preferred area of the base. If the preferred
perimeter is larger than the effective perimeter of the base with the area equal to
the preferred area, the cost of cellular rearrangements via multiple T1 transitions is
extremely small simply because the cell bases are elongated polygons with few short
edges which are easy to swap (Fig. 2.10). Within our model where the contractility
of the apical belt is not considered, we do not expect to find a similar solid-to-fluid
transition. Intuitively, within our model the energy barriers vanish only in the trivial
case α + β = 0, where changing the cell shape does not cost any energy because the
apical and the basal side do not carry any energy.
In order to produce a good statistics of energy barriers, we would like to have a
network with a wide range of edge lengths, i.e. from very short edges to very long
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edges. We achieve this by creating a 3D tissue with a random network topology
as follows. √We randomly distribute
C = 340 points in a 2D box of size L × L,
√
1/3
where L = Ca0 and a0 = ( 3/2) (α + β)−2/3 is the optimal surface area of the
cell base [Eq. (5.5)]. We then construct 2D Voronoi partitions around this set of
points (Fig. 6.4 A) and apply periodic boundary conditions on box walls (Fig. 6.4 B).
From the obtained 2D polygonal network we build a 3D tissue and evolve the structure in time [Eq. (6.3)] so as to satisfy the fixed-volume constraints and find the
minimal-energy structure at the initial network topology (Fig. 6.4 C, D).

A

B

L

L

2D Voronoi diagram

Voronoi construction
C

D

en face view of tissue

3D random tissue

Figure 6.4: (A) 2D random cellular network is created by choosing a set of random points in the
simulation box (cyan dots) and by constructing Voronoi partitions around them. The obtained
Voronoi tessellation (B) is then copied to the apical side and the 3D flat monolayer is constructed.
The final 3D random tissue is obtained after evolving it so as to satisfy the fixed-volume constraint
as well as to minimize the mechanical energy at the given topology (C). The en face view of the
tissue is shown in panel D. The structure shown in panel D minimizes the energy at the given
topology and is not a Voronoi tessellation such as the initial configuration (panel B). Each polygon
class is encoded by color (triangles are green, rectangles blue, pentagons yellow, hexagons gray,
heptagons orange, octagons red, nonagons dark purple, and decagons magenta).

Figure 6.5 A shows a schematic of the total mechanical energy of the tissue as
a function of the length of a given edge i (l). Since the edge length of a basal
edge is generally not equal to the edge length of the corresponding apical edge, l is
defined as l = max (la , lb ), where la and lb are the apical and the basal edge lengths,
respectively. Negative values of l correspond to the initial topology, whereas positive
values correspond to the final topology (i.e. after edge swap). The energy barrier
for a T1 transition δw is defined as a difference between the energy of a cross-state
configuration wc and the energy of the initial configuration wi (δw = wc − wi ).
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Because of fewer degrees of freedom at fixed topology, the total energy of the crossstate structure is always slightly higher than the energy of the initial structure.
We perform an analysis of energy barriers for three different values of α and β
(α = β = 0.5, 1.0, and 2.0) corresponding to a squamous, a short columnar, and a
tall columnar tissue, respectively (Fig. 6.5 B). The barrier δw for the T1 transition
on an edge i is measured by merging the vertices of the edge and minimizing the
total energy. This is done for all edges and the energy barrier δw is plotted vs. initial
edge length li (Fig. 6.5 C). As expected, the energy barrier for the T1 transition is
higher for longer edges, which is probably a model-independent result. Moreover, it
turns out that at least within our model, a quadratic function nicely fits the data
(Fig. 6.5 C). It would be interesting to find an approximate analytical theory for T1
transitions to explain this dependence and see how δw depends on the choice of the
model.
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α = β = 1.0
α = β = 2.0

0.5
0
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α = β = 0.5

α = β = 1.0

0.5

1.0
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initial length li

2.0
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Figure 6.5: (A) Schematic of the total tissue energy w as a function of edge length l. Negative
values of l correspond to edge lengths in the initial topology, whereas positive values of l correspond
to edge lengths at the final topology. The energy barrier δw = wc − wi , where wc is the energy of
a cross state and wi is the energy of the initial state (i.e. before T1 transition). (B) Model tissue
samples for the analysis of energy barriers are created by the Voronoi construction (Fig. 6.4) for
α = β = 0.5, 1.0, and2.0 corresponding to a squamous, a short columnar, and a tall columnar tissue,
respectively. (C) Energy barriers δw vs. the initial edge length li for α = β = 0.5, 1.0, and2.0 (panel
B). At each li , the average δw seems to be a quadratic function of li (cyan, black, and magenta
curves).

After an edge swap, the tissue assumes a new minimal-energy configuration corresponding to the final network topology. The equilibrium energy wf can be either
lower or higher than the equilibrium energy of the initial topology wi . If wf −wi < 0,
the T1 transition leads to a topology with a lower energy, whereas if wf − wi > 0,
the final topology is not preferred. In Fig. 6.6, the energy difference wf − wi is
plotted vs. initial edge length li . As expected, there exists a threshold value l∗ be116
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low which T1 transitions decrease the energy on average. Surprisingly, our results
suggest that l∗ ≈ 0.3 irrespective of the value of the model parameters α and β and
is thus is a well-defined quantity. To find out how this value depends on the choice
of the model and whether it is determined by universal topology-related properties
of networks, one would probably need to develop and study an analytical theory for
T1 transitions.
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wf - wi

*

l = 0.3
0.5
0
α = β = 0.5
α = β = 1.0
α = β = 2.0

-0.5
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0.4
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initial length li

1.2
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Figure 6.6: Difference between the equilibrium energy of the final configuration and the initial
configuration (i.e. after and before a T1 transition, respectively) wf − wi versus the initial edge
length li for α = β = 0.5, 1.0, and 2.0 (Fig. 6.5 B). There exists a threshold value l∗ ≈ 0.3 below
which T1 transitions are preferred on average. Surprisingly, this value does not depend much on
model parameters α and β. At a given li , the average wf − wi can be fitted by a linear function
(straight cyan, black, and magenta lines).

6.5

Spontaneous T1 transitions

The above analysis of energy barriers showed that the energy barrier for a T1 transition depends on the edge length: The longer the edge, the higher the barrier. If
a tissue locally receives sufficient amount of energy, it can change the local topology by an edge swap. After a T1 transition the tissue relaxes to a local minimum
corresponding to the changed topology and therefore the energy landscape of the
epithelium is extremely complex with many local minima each corresponding to a
different network topology. Figure 6.5 C shows that within our model, the energy
barrier is always non-negative and cannot vanish like in some other models [64, 105].
On the other hand, the local minimum after a topological change may be lower than
the local minimum before a topological change (Fig. 6.6). This means that in order
to relax stress and minimize the overall energy, the tissue has to be able to spontaneously change the local topology. This can happen either deterministically due
to programmed increase of tension in specific cell edges or non-deterministically as
a noise originating from stochastic processes on the scale of cellular cortex such as
binding and unbinding of molecular motors on actin filaments [28, 29, 30, 31]. In the
deterministic case, T1 transitions can be oriented such that edges in the preferred
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direction undergo T1 transition more often. This mechanism leads to cell intercalations and tissue-scale deformations such as germband extension in Drosophila [106].
However, these processes are very specific and can be different in different tissues,
which is why we first focus on a more general mechanism of spontaneous T1 transitions occuring due to stochastic subcellular phenomena.
We assume the Boltzmann probability for an edge swap such that the T1 transitions that increase the energy more are less probable than the T1 transitions that
increase the energy less or even decrease it. The probability for edge i to undergo
T1 transition during a time step δt Pi (δt) is thus given by

k0 ;
wf − wi < 0
δt 


,
(6.30)
Pi (δt) =
E kT1 exp − (wf − wi )/T ; wf − wi > 0
where T is the effective temperature quantifying the noisiness of sub-cellular stochastic processes, E is the number of edges, whereas kT1 and k0 are the rate of active
T1 transitions and the rate of zero-temperature4 T1 transitions, respectively. Both
kT1 and k0 are measured in units of 1/τ [Eq. (6.7)] and are generally different from
each other.
Zero-temperature T1 transitions
Of course, the probability [Eq. (6.30)] cannot be calculated prior to a T1 transition,
because wf − wi is not known in advance. In principle, we could use the Metropolis
algorithm,
 where a reverse
 T1 transition would be applied with the probability
1 − exp − (wf − wi )/T if wf − wi > 0. However, we choose not to use this
approach, because a simulation of very frequent edge swaps would not reflect the real
dynamics. Instead we take advantage of the results of energy barrier quantification,
which show that there exists a threshold edge length l∗ ≈ 0.3 below which the T1
transition usually decreases the energy (Fig. 6.6). Furthermore, the relation between
wf − wi and edge length li is linear and therefore wf − wi can be approximated by
q(li − l∗ ), where q = q(α, β) is the slope of the fitted straight lines in Fig. 6.6. If
we consider the system at a constant effective temperature and model parameters
(T, α, β = const.), we can normalize the temperature as T /q → T to reduce the
number of parameters such that the probability for a T1 transition on an edge i
[Eq. (6.30)] can be written as

k0 ;
li < l∗
δt 


,
(6.31)
Pi (δt) =
E kT1 exp − (li − l∗ )/T ; li > l∗
where li is the length of an edge i. To further reduce the number of parameters,
we assume that the zero-temperature T1 transitions occur very frequently and we
choose a particular rate of T1 transitions k0 = E/δt  kT 1 such that the probability
for a zero-temperature T1 equals to 1 at every time step even in the limit δt → 0,
where k0 → ∞ [Eq. (6.31)].
4

For T = 0, only T1 transitions that lower the overall energy occur. In this case, the probability
for an edge to undergo T1 transition is δtk0 /E if wf − wi < 0 and 0 otherwise. Accordingly, we
refer to the T1 transitions that lower the energy as zero-temperature T1 transitions.
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The zero-temperature T1 transitions have been very often used in studies of
foams and cellular networks [56, 58]. They are commonly referred to as the passive
T1 transitions, which in our opinion is not the most appropriate terminology, since
also T1 transitions at finite temperatures (i.e. for li > l∗ ) are passive. This is because
the probability for a T1 transition [Eq. (6.31)] obeys the Boltzmann statistics, which
means that the system is in thermodynamic equilibrium and thus satisfies the principle of detailed balance5 . Therefore, we propose both zero- and finite-temperature
T1 transitions to be called spontaneous T1 transitions.

6.6

Active T1 transitions

On the other hand, in the infinite-temperature limit (T → ∞) a T1 transition
occurs regardless of the edge length and the total energy change. In this limit, the
system breaks the detailed balance and thus becomes active. An active (i.e. infinitetemperature) T1 transition requires an energy injection at least equal to the energy
barrier δw for a given edge swap. If the energy injection is higher than δw, the excess
energy is dissipated during friction-dominated relaxation given by the overdamped
equation of motion [Eq. (6.2)] as well as by the zero-temperature T1 transitions
which by definition always decrease the energy. Tissue activity may be measured by
the average total mechanical energy at steady-state w relative to the ground state
energy wkT1 =0 , i.e. the energy at kT1 = 0. We define activity A by
A=

w
wkT1 =0

−1

(6.32)

such that A = 0 in a passive tissue, where the active T1 transitions are absent
(kT1 = 0).
To study the most simple behavior of the system, we first construct an ordered
planar single-cell-thick epithelium consisting of C = 340 cells with regular hexagonal
bases. The ground-state energy √
of this configuration can be calculated analytically
and reads wkT1 =0 = Cw0 = 3C[ 3(α + β)/2]1/3 = 1224.96 [Eq. (5.7)]. We evolve
the structure in time by integrating the equation of motion [Eq. (6.2)] and at each
step applying a T1 transition on an edge i with the probability Pi = 1 if li < l∗
(a zero-temperature T1 transition) and kT1 δt/E otherwise (an active T1 transition)
[Eq. (6.31) in the T → ∞ limit]. Figure 6.7 A shows
p activity A of the tissue defined
by Eq. (6.32) and the energy dispersion σw = w2 − w2 is added as an inset. As
expected, both A and σw are equal to zero for a passive tissue (kT1 = 0) and increase
with kT1 . We also quantify disorder of the cellular network based on the frequencies
of polygonal classes νn defined by the ratio of the number of polygons with n sides
Cn and total number of cells C. In a completely ordered flat confluent tissue, the
frequency of hexagons ν6 = C6 /C = 1 whereas the frequencies of other polygonal
classes are all equal to zero. Tissue disorder D can be defined by
D = 1 − ν6 .

(6.33)

In the steady state, the average frequencies of polygonal classes in an active tissue
are well defined and so is the disorder, which increases with kT1 (Fig. 6.7 B). The
5

At thermodynamic equilibrium, detailed balance is satisfied because each process is equilibrated
by a reverse process with the same probability [107].
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Figure 6.7: (A) Activity A as a function of the active T1 rate kT1 and energy dispersion σw as
functions of the active T1 rate (inset in panel A). Both A and σw increase with kT1 . (B) Disorder
D as a function of active T1 rate kT1 in the steady-state regime.

steady-state frequencies of polygonal classes for different values of active T1 rate
(kT 1 = 100, 200, 400, and 800) are shown in Fig. 6.8. The width of the distribution
of polygonal classes increases with active T1 rate. Note that most of the polygons
are hexagons and there are typically more pentagons than heptagons in the tissue,
which was already found in other models and is also observed in real tissues [48, 51].
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Figure 6.8: Frequency of polygonal classes ν in steady state for different values of active T1 rate
kT1 = 100, 200, 400, and 800. Snapshots of typical tissue configurations are shown for each value
of kT 1 . The distribution of polygonal classes widens with increasing kT1 and the tissue becomes
more disordered. Color code is the same as in Fig. 6.4.
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Empirical laws
The topological correlations of neighboring polygons in a planar polygonal network
are described by the Aboav-Weaire law which states that
Pthe average sum of coordination numbers of neighbors of an n-sided cell nm(n) = i∈neighbors ni (Fig. 6.9 A)
is a linear function on n [56]:
nm(n) = 6a + µ2 + (6 − a)n ,

(6.34)

P
where a ∼ 1 is a free parameter, which needs to be fitted and µ2 = n (n − n)2 ν
is the second moment of the distribution of polygons ν (Fig. 6.8). We find that
mn can indeed be described by a linear function predicted by the Aboav-Weaire law
(Fig. 6.9 B). We fit Eq. (6.34) to the data and find different values of the parameters
a and µ2 for different active T1 rates kT1 (Tab. 6.1). For comparison, we add the
values of µ2 measured from the distribution of polygonal classes (Fig. 6.8). As
predicted by the Aboav-Weaire law, we find that a ∼ 1, whereas µ2 does not agree
so well with the measured value (Table 6.1). Nevertheless, the trend of an increasing
µ2 with kT1 is of course captured and it may be that a better statistics, which could
be achieved by averaging over a larger ensamble of simulations as well by increasing
the tissue sample, would improve these results.
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Figure 6.9: (A) Configuration of nine cells with a (n = 8)-sided cell in the middle. The quantity
m in Eq. (6.34) is calculated as the average coordination number of neighbors. The average sum
of coordination numbers of neighbors of an n-sided cell mn shows a linear trend as predicted by
the Aboav-Weaire law [Eq. (6.34)] (B). The results correspond to different values of active T1 rate
kT1 = 100, 200, 400, and 800 and the fitted parameters a and µ2 are shown in Table 6.1.

kT1

a

µ2

µ2 (measured)

100

0.98 ± 0.11

0.05 ± 0.20

0.14

200

0.92 ± 0.10

0.08 ± 0.21

0.45

400

0.81 ± 0.13

0.27 ± 0.26

0.65

800

0.74 ± 0.06

0.55 ± 0.14

0.90

Table 6.1: Fitted parameters a and µ2 of the Aboav-Weaire law for different values of kT1 (Fig. 6.9).
Also included for comparison is the second moment of the distributions of polygonal classes µ2 ,
measured from the histograms shown in Fig. 6.8.
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On the other hand, the empirical Lewis law and Desch law state that the
average base area and perimeter, respectively, are proportional to the cell coordination number n [108]. Since there is a geometry-related scaling between A and p
(A ∼ p2 ), both laws cannot be satisfied simultaneously in a given tissue. It turns
out that most tissues obey the Lewis law [109] but in our model neither the Lewis
nor Desch law are satisfied (Fig. 6.10 A and B, respectively). Surprisingly, the average area of polygons is almost independent of the number of cell sides n, whereas
the average perimeter is shortest for pentagons and hexagons. The most plausible
explanation for why the tissue within our model do not obey the Lewis law is that
because of the fixed cell volume and a typically rather uniform cell height, the area
of the cell base cannot vary much. Since it is found that the Lewis law is satisfied in
almost all tissues studied, we would probably need to replace the fixed-cell-volume
constraint by a volumetric energy term of the form k(V − V0 )2 /2, where k is the
reciprocal isothermal compressibility of cells and V0 is the preferred cell volume, so
that the cells could change the base area at a given height.
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Figure 6.10: Average base area of cells a (A) and average perimeter of cell base p (B) as functions
of the number of cell sides n for different values of active T1 rate kT1 = 100, 200, 400, and 800.
The base area is almost independent of the number of cell sides, wheres the average perimeter of
cell base is shortest for pentagons and hexagons.

6.7

Fluidization by active topological changes

Within our approach, cell energy does not depend explicitly on the perimeter of the
cell base (Section 5.2). Even though the effective elasticity of the tissue captures
both the base-area elasticity as well as the height elasticity, it cannot lead to a
non-isometric preferred shape of cell basal and apical sides regardless of the model
parameters α and β. This shows that model-based mechanisms of tissue fluidization [64] are not very robust because in the tissues without contractile belts around
the perimeter cells are jammed and thus cannot rearrange (Section 2.2). Here we
explore another mechanism, which is based on topology of the network and its active
changes (Section 6.6). To distinguish between model- and topology- related features
of the solid-to-fluid transition, we use a pure surface-tension-based model [Eq. (6.1)]
where cell perimeter is not considered an independent variable. We study how tissue
viscoelastic properties depend on the tissue activity if active T1 transitions occur at
a constant rate kT 1 [Eq. (6.31)].
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6.7.1

Pure shear deformation

Tissue viscoelastic properties can be quantified by measuring the response to pure
shear. Using Lees-Edwards periodic boundary conditions (Fig. 6.11 A), we apply
a time-wise step-like pure shear deformation (Fig 6.11 B) on a partially disordered
monolayer containing C = 340 cells (Fig. 6.11 C). We study the response of the
tissue on different time scales to quantify its viscoelastic properties. The quantity
of interest is the xy component of the stress tensor, which can be calculated as [110]
Z
Γl
nx ny dS ,
(6.35)
σxy = −
V lateral sides
where the integral runs over lateral cell sides and Γl is the lateral surface tension.
The xy component of stress σxy measures the amount of shear stress in the tissue
and quantifies the tissue response to a pure shear deformation.
Lees-Edwards
periodic boundary conditions

shear

B
shear angle γ

A

γ

time t

C

SHEAR

Figure 6.11: (A) Lees-Edwards periodic boundary conditions. The boundaries of the simulation
box are plotted by black lines, whereas the red, cyan and magenta circles represent three points
within the simulation box which is sheared by an angle γ. (B) Schematic of a shear deformation.
Shear angle is a step function of time such that initially the tissue is non-sheared and then the shear
angle γ is instantaneously increased to the final value. (C) An example of a partially randomized
flat 3D epithelial monolayer sheared by Lees-Edwards periodic boundary conditions.

Elastic deformation: Shear modulus
A short-time or small-deformation response to a pure shear stress is elastic. The
time scale associated with the elastic behavior is much shorter than the time scale
for zero-temperature T1 transitions 1/k0 [Eq. (6.31)]. Thus the tissue deforms at a
fixed network topology (Fig. 6.11 C) and is able to relax back to the initial state
when the reverse deformation is applied.
In the linear regime, the shear stress σxy is proportional to the shear strain γ:
σxy = Gγ ,
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where the proportionality coefficient is the shear modulus G. We extract G from
the simulation of a quasi-static shear deformation of an ordered tissue and a partly
disordered tissue at α = β = 1 (Fig. 6.12 A) by calculating the slope of the σxy (γ)
curve: G = (dσxy /dγ)|γ=0 . Figure 6.12 B shows σxy as a function of shear angle γ.
In both the ordered and disordered case, the linear regime extends to γ ≈ 0.5. As
expected, the shear modulus G does not depend on topological structure of the
tissue. However, topology does influence the preferred shear angle γ0 which is equal
to zero in the ordered tissue and generally non-zero yet very small in disordered
tissues.
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Figure 6.12: Shear stress σxy as a function of shear strain γ for a disordered monolayer (top
snapshot in panel A and magenta circles in panel B) and a partially disordered monolayer (bottom
snapshot in panel A and cyan circles in panel B) at α = β = 1. Shear modulus G is extracted
from the slope of the fitted linear function at γ = 0. For both ordered and disordered tissue G is
approximately the same and equals to 0.635 ± 0.020. The disordered tissue has a preferred shear
angle γ0 = 0.027 whereas the ordered tissue is not spontaneously sheared.

Plastic deformation
For moderate to large deformations at a time scale comparable to the time scale for
zero-temperature T1 transitions 1/k0 , the tissue undergoes a plastic deformation.
This happens due to irreversible zero-temperature T1 transitions and therefore after
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a reverse deformation, the structure cannot relax back to the initial configuration
due to a changed topology (Fig. 6.13). This has already been observed in soap
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Figure 6.13: Snapshots of simulations in the direction of arrows show a plastic shear deformation
of the tissue. On a short time scale, the tissue is shear deformed (A-B) and on a long time scale,
it undergoes zero-temperature T1 transitions (B-C). After applying reverse shear deformation the
tissue deforms back towards the initial state but the final state is not exactly identical to it because
of the irreversible zero-temperature T1 transitions. In the central panel, the initial and the final
edge networks (black and cyan edges, respectively) are compared.

froths [56]. The zero-temperature T1 transitions partly reduce the overall stress,
yet the tissue still behaves like a solid for any chosen values of model parameters
and therefore cells cannot rearrange so as to completely relax the stress. This
demonstrates the conceptual difference between our approach and the approach
based on the APE model (Section 2.2.3). In the latter, the solid-to-fluid transition is
an intrinsic property of the energy-based theoretical model and the zero-temperature
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T1 transitions are sufficient for the shear modulus to vanish due to vanishing energy
barriers for T1 transitions provided of course that the system is in the region of the
parameter space where the tissue behaves like a fluid [64, 105]. On the other hand,
our mechanism of fluidization based on topology relies on active topological changes
(Section 6.7.2). Therefore if there is no activity, the tissue behaves like a solid and
the deformation can be either elastic or plastic, depending both on the time scale
as well as on the amount of strain.

6.7.2

Dynamical response

In the long time regime, we expect a viscous behavior which is associated with an
exponential decay of the stress, σxy ∝ exp (−t/τr ), where τr is the relaxation time.
The approximate relation between τr and the effective dynamical viscosity of the
tissue η reads
η = Gτr ,
(6.37)
where G is the shear modulus, which we quantified in Fig. 6.12.
We apply a pure shear deformation to a partially disordered tissue. For simplicity
we choose a relatively small value of the shear angle γ = 0.25 so as to remain in the
linear regime (Fig. 6.12 B). We run simulations of active tissue for different values
of active T1 rate kT1 = 10, 15, 20, 25, 30, 40, 50, 75, and 100 and we average the
results over an ensemble of N = 100 simulations, where each simulation starts with a
different random seed for picking random edges that undergo an active T1 transition.
We observe relaxation of shear stress σxy with time and indeed find a viscous longtime behavior (Fig. 6.14). Then we fit an exponential function σxy ∝ exp (−t/τr ) to
the data for different values of kT1 to extract the corresponding relaxation times τr .
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Figure 6.14: Pure shear stress σxy as a function of time for kT 1 = 10, 15, 20, 25, 30, 40, 50, 75, and
100. The tissue relaxes the stress by a combination of zero-temperature and active T1 topological
transitions and so the xy-component of the stress tensor decreases with time. In the long-time
regime the behavior is viscous and characterized by an exponential decay of the stress. The
exponential curves are fitted to the data and the corresponding relaxation times are obtained from
the fits. Inset shows the same results plotted in a log-log scale. Viscous response is delayed for
short times t.
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Figure 6.15 shows the viscosity η as a function of the active T1 rate kT1 in a
log-log plot. We fit the data by a power-law function and we find a scaling between
η and kT1 which reads
−1.27±0.07
η ∝ kT1
.
(6.38)
The tissue viscosity decreases with increasing rate of active T1 transitions, which
means that the more active the tissue the less viscous it is. While this is not
surprising, understanding the scaling [Eq. (6.38)] requires an effective coarse-grained
analysis to connect topology-related events, i.e. zero-temperature and active T1
transitions with the macroscopic tissue properties, i.e. viscosity. This is not an easy
task and is still an ongoing project.

viscosity η

100

k = 1.27 + 0.07

10

10

100
active T1 rate kT1

Figure 6.15: Viscosity η as a function of active T1 rate kT 1 . The tissue becomes less viscous with
the increasing kT1 and the relation between the viscosity and the active T1 rate can be described
by a power law [Eq. (6.38)].

6.7.3

Compression of active tubes

The ability of a tissue to relax stresses by rearrangement of cells is especially important for 3D tissue-scale shape transformations. We would like to demonstrate this
on a compressed epithelial tube, which is a relatively simple 3D structure and thus
appropriate for testing our numerical tools. We construct a tube-shaped epithelial
monolayer with periodic boundary conditions in the direction along the long axis.
The tissue contains C = 336 wedge-shaped cells with regular hexagonal cross-section
at the tissue midplane. In the initial regular hexagonal cellular packing, there are
Cx = 14 cells in the direction of the long axis and Cφ = 24 in the circumferential
direction (Fig. 6.16 A).
We apply a uniaxial compression to the tube along the long axis by shortening the
size of the simulation box. The tissue is deformed elastically and assumes a meandric
shape (Fig. 6.16 A), which is one of the modes of a compressed elastic tube and can
be also found in many other systems, e.g. compressed carbon nanotubes [111] and
compressed elastic cylindrical shells. It turns out that even in the long time regime
the cellular network does not change. This is due to the regular network structure,
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and only one or more topological defects would induce a sequence of rearrangements
by the zero-temperature T1 transitions and cause a plastic deformation.
In the long time regime, the tissue is fluidized by the active T1 transitions and
the compressive stress is relaxed by the 3D tissue-scale shape transformation. The
tube unfolds by increasing the radius, which is shown in Fig. 6.16 B where the
average inner radius of the tube is plotted vs. time for different values of the active
T1 rate kT1 . The radius increases with time while the tube undergoes topological
changes and finally saturates at some terminal radius, which is approximately the
same for all cases studied except for the lowest value kT1 = 10.
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Figure 6.16: Compressed tube with regularly packed cells of hexagonal cross-section buckles and
assumes a meandric shape (A). In long time regime the stress is relaxed by the active and zerotemperature T1 transitions and the buckled tube molds into a cylinder with a larger radius. The
snapshots of relaxation dynamics are from the simulation for kT1 = 200. (B) Average inner radius
of the compressed epithelial tube vs. time for kT1 = 10, 25, 50, 75, 100, 200. The radius is
increased with time and saturates at a terminal value. Results are averaged over the ensemble of
30 simulations each starting with a different random seed for choosing the edges which undergo
active T1 transitions.

Under a uniaxial compression, an active tissue deforms such that the radius
increases while the overall shape remains tubular. The radius of a tube in the fluidtissue regime can be estimated using continuum theory in the limit, where there are
no shear stresses and only bending deformation is considered [Eq. (5.35)]. In this
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case c1 = c = 1/R, c2 = 0, A = 2πRλ, where R is the radius of curvature of the
tissue midplane and the total energy reads
!
r
(α − β)C
C 3/2
πλ
w = 2πλ(α + β)R +
+√
1+ 1+
.
(6.39)
2R
2CR
2πλR
The optimal midplane radius R is calculated by minimizing the energy [Eq. (6.39)]
and then the optimal inner radius is given by Ri = R − l/2, where l = C/(2πRλ)
is the tissue thickness. For λ = 8.96, C = 336, and α = β = 1, the inner tube
radius Ri = 3. Due to finite-size effects related to topology this does not exactly
agree with the terminal radius of the active tube (Fig. 6.16 B). Moreover, activity
probably affects the equilibrium tube radius and therefore the 3D continuum theory
[Eq. (6.39)] can only provide an estimate in the limit of a continuous passive tissue.
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Chapter 7
Conclusions
In this Thesis, we developed a surface-tension-based mechanical model of epithelial
tissues and we studied it both within a discrete cell-based implementation as well as
within a coarse-grained continuum implementation. We used a simplified 2D version
of the model to show that while cellular movements and deformations in developing
tissues are spatially and temporaly precisely coordinated, the main mechanisms are
controlled by relatively simple physics. In the fruit fly embryo, the formation of the
ventral furrow is driven by an increasing surface tension in the apical side of the
ventral tissue due to accumulation of myosin-II. The elastic response of the lateral
and the dorsal tissue is governed by differential cortical tensions in the three cell
populations. In combination with experiments performed on wild-type and mutant
embryos, we showed that processes during embryonic development include embryoscale mechanical interactions.
Next, we showed that a single-cell-thick epithelium containing non-differentiated
cells can form nontrivial folded structures even in the absence of external forces.
The exact shape of epithelial folds is determined by the interplay between intracellular forces, i.e. apico-basal differential tension, and interaction with the underlying
tissue. To better understand the underlying mechanisms, we developed an effective elasticity theory of the discrete cell-based model epithelium. We showed that
cell height is an important parameter of epithelial tissues, which was previously
overlooked. In non-differentiated folded epithelium, the modulation of cell height
along the waveform explains a mechanism for spontaneous folding, i.e. folding in
the absence of external forces, and provides a quantitative measure of apico-basal
differential tension. We derived the relation between cell properties and the tissue bending modulus and showed that a spontaneously folding epithelium can be
described as an Euler elastica with a negative bending modulus.
We then extended the model to 3D and we analytically studied simple shapes
of epithelial monolayers, double layers, and stratified tissues. We developed a 3D
continuum theory and used it to investigate the main features of the shape of intestinal villi and crypts. Last but not least, we developed a 3D vertex model of
epithelial monolayers. We implemented topological changes in 2D polygonal cellular networks to model cell-level biomechanical processes such as division, extrusion,
and rearrangements of cells. We used this approach to study active tissues, where
due to energy injections cell boundaries undergo T1 transitions. At short time
scales tissue deforms elastically, whereas for time scales of the order of spontaneous
T1 transitions it deforms plastically. We showed that active T1 transitions fluidize
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the tissue which we demonstrated on a shear-deformed flat tissue sample. From the
long time response governed by the rate of active T1 transitions we extracted the
tissue viscosity and find that it scales with the rate of active T1 transitions.
In this Thesis, we showed that even simple physical models can explain many
aspects of the mechanics of living tissues. We addressed different phenomena related
to the structure and shape transformations of epithelia. Yet many questions remain
open and below we mention some of these questions and views of how to address
them.
Division and extrusion
Fluidization of tissues presented in Chapter 6 is based on the active T1 transformations, which locally perturb the network topology. The introduced stress is
relaxed by the zero-temperature T1 transitions and friction-dominated dynamics,
which push the system towards the global energy minimum. A novelty introduced
by our model are the energy injections for active topological changes, which allow
the system to overcome the energy barrier and jump between local minima of different topological configurations. Of course, the same effect could also be achieved by
other active topological changes such as active cell division and active cell extrusion
(Fig. 6.3 B and C, respectively) and self-propelled motility of cells [63]. Division
and extrusion depend on the genetic pathways of individual tissues. Still it would
be interesting to find a robust mechanism based only on physical mechanisms such
as the local stress. For example, cells have a higher probability for being extruded
when they are overcrowded, which happens when the local density of cells is very
high. In contrast, if the local density of cells is low and if cell-cell adhesion is large
enough, cells become stretched and this might lead to division.
The division/extrusion rate can also depend on the local curvature, which is
observed in villi and crypts, where cells divide in crypts and are extruded from the
tissue at the tips of the villi (Fig. 7.1). This leads to migration of cells towards the

Figure 7.1: Schematics of epithelium in the small intestine [112]. Cells divide in the crypts and
migrate towards the tips of the villi where they are extruded from the tissue.

tips, and the migratory dynamics is probably coupled with intracellular forces such
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as apico-basal differential tension as well as with forces due to an elastic interaction
of tissue with the underlying basement membrane and substrate. The height of
the villi as well as their detailed shape are probably both determined by the force
balance of all these contributions.
Another open question which we have not addressed yet is the role of the rosette
structures during morphogenesis (reviewed in Ref. [113]). From the perspective of
the edge network topology, rosettes are structures where more than three edges
share the same vertex (Fig. 7.2). The cytoskeletal rearrangements responsible for
the formation of rosettes have been already studied, but it is not clear how these
topological defects affect the 3D tissue shape from the mechanical point of view.
Within our current version of the dynamical 3D vertex model, rosettes are extremely
short-lived and thus it would be interesting to extend the model to be able to study
the mechanical mechanisms which promote their formation.

Figure 7.2: Rosette formation during Drosophila ommatidial development [113]. Cells organize
into arcs (B’-C’) and eventually a rosette is formed (D’).

3D morphogenetic transformations
The dynamical 3D vertex model presented in Chapter 6 contains all of the important topology-related events (Fig. 6.2) and couples them with cell-level biochemical
processes related to the surface tension. This offers a good starting point for investigations of the 3D morphogenetic transformations. There have been many detailed
studies of the genetic pathways which govern different processes in cells and tissues,
but it has not been yet clearly shown how important is the role of mechanics. It
would be interesting to distinguish between the robust mechanisms based solely on
mechanics and the mechanisms which depend more directly on the expressions of
different genes. In the latter, one should consider the positive feedback loop between the mechanics and gene expression. A suitable starting point for such studies
is the intestinal tissue which is being renewed extremely fast. Using a continuummechanics coarse-grained description, it has been already shown that cell division
and death together with the elastic interaction of tissue with the underlying substrate lead to buckling instabilities [20]. These theories usually do not consider
cell-level mechanisms such as tensions in the cellular cortex and activity on the
cellular and subcellular scale. Using cell-based models coupled to a detailed yet
transparent (in terms of the number of parameters) description of cell cycle and
other biochemistry-related mechanisms would surely be a step foreword in this field.
The main advantage of the full 3D description is that it can be employed to
model the global 3D tissue transformations which are very important during embry133
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onic development. One way of doing so is to focus on a particular developmental
process and understand it in detail. For example, one could use the dynamical 3D
vertex model to study ventral furrow formation, dorsal folds formation (Fig. 7.3),
germband extension, and gut formation in the fruit fly embryo. Ventral furrow and
dorsal folds formation both seem to contain rather simple elastic deformations such
as folding, yet most 2D models of the embryo were unable to explain all aspects of
these preocesses which suggests that there are certain 3D effects which we might
be able to account for by our 3D model. In the germband extension cell intercala-

Figure 7.3: Formation of the dorsal folds in Drosophila embryo [114]. At the onset of the formation,
the folds undergo similar cellular shape changes (A-A’), but their final shapes are asymmetric. The
posterior fold is deeper than the anterior fold (B-B’).

tion can be modelled by oriented T1 topological transitions. From the mechanical
perspective germband extension may seem rather trivial, but one should focus on
how this process interacts with other embryo transformations. In fact, it would be
very interesting to study embryo-scale tissue interactions and understand how the
different developmental processes affect each other. For example, it is possible that
in the fruit fly, tissue movements and deformations during early gastrulation trigger
or at least influence substantially the later stages of development. To some extent,
this has already been observed experimentally, but the exact physical mechanisms
have not yet been studied let alone understood. Modelling the whole embryo will
not be an easy task but at least at the very early developmental stages in simple
embryos such as fruit fly embryo or zebrafish embryo, it should be manageable in
the near future.
Another important developmental process which might be governed by simple mechanical mechanisms is neurulation. During this process, the neural tube
is formed by invagination of a flat monolayer called the neural plate (Fig. 7.4). The
invagination is driven by the localized apical constrictions, which could be modelled within a simple surface-tension-based theoretical framework presented in this
Thesis. The neural tube is later developed into the central nervous system and the
mechanical aspect of its formation is not well understood.
Multi-scale modelling
To understand the tissue shapes and their transformations, we have mostly used
cell-based models which contain a coarse-grained representation of subcellular mechanics. Tissue, cells, and cellular cortex in fact represent three different length
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Figure 7.4: Scanning electron microscope snapshots of primary neurulation in chick embryos [116].
The initially flat epithelium (panel A) folds to form the neural groove (panel B). (C) The neural
folds are elevated and begin to converge until they are merged to form the neural tube (D).

scales each exhibiting their own interesting physical and biochemical mechanisms.
Multi-scale modelling may be a very promising direction in studying tissue mechanics at the different levels. For example, there are many ways of describing tissue by a
coarse-grained work function assigned to cells and it is not yet clear how important is
the choice of the model itself. It may be that coupling subcellular mechanics (i.e. describing the mechanics of acto-myosin cortex on the level of filaments and molecular
motors) with cell-scale mechanics (i.e. 3D vertex/Voronoi model) will clarify this
issue and open a new horizon of understanding tissue mechanics at the interface
between these two length scales.
On the other hand, within the 2D model we already demonstrated the importance
of developing tissue-scale continuum models. In Chapter 5 we extended this model
by developing a 3D continuum theory of fluid tissues which we used for simple proofof-principle calculations. Yet the Hamiltonian [Eq. (5.35)] can be solved exactly at
given boundary conditions to study the equilibrium 3D shapes of different tissues.
In this simplified description where only the equilibrium shape is considered, it is
sufficient to treat the tissue as an elastic medium, but when studying dynamics one
must also consider their viscoelastic behavior. It would be interesting to develop an
analytical coarse-grained theory which would relate the subcellular, cell-scale, and
tissue-scale mechanisms. This might give a more clear insight into tissue dynamics.
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Stratified epithelium
In Chapter 5 we used our simple model to study stratified epithelium. Using different
interfacial surface tensions for cell-substrate, apico-basal cell-cell, and lateral cellcell contact, we were able to describe a transition from a monolayer to a stratified
epithelium. Yet this simple model probably does not yet capture all aspects of the
mechanics. For example, one of the obvious open questions is what is the effect of the
nucleus in stabilizing epithelia of different numbers of layers. Furthermore, it would
be interesting to extend the 3D vertex model developed for studying monolayers
(Chapter 6) to a generalized model of 3D cellular aggregates. A similar model has
already been used for studying 3D soap froths [117]. Possibly even more convenient
could be a 3D Voronoi model (Fig. 7.5), which is easier to implement due to fewer
degrees of freedom.

Figure 7.5: 3D Voronoi partitions in a box [118]. For clarity, centroids are represented by purple
spheres, whereas edges are shown as cyan rods.

? ? ?
The theoretical framework presented in this Thesis is based on fundamental
physical principles known as the differential adhesion hypothesis and the differential
surface contraction hypothesis which were proposed by Steinberg in 1960’s [37] and
Harris in 1970’s [35], respectively. The novelty of our model is first and foremost
to use these ideas in context of elasticity of layered tissues. We showed that many
phenomena related to the structure and shape transformations of epithelia can be
addressed by such an approach and explained by models with very few parameters.
To us, the most interesting immediate goal is to compare the most salient predictions
of the model elaborated here to those characteristic for alternative theories as well
as to experiments, thereby providing a basis for further work in the field.
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Razširjeni povzetek
Uvod
Razumevanje bioloških sistemov je eden večjih izzivov v znanosti. Težišče raziskav se
je v zadnjih desetletjih pomaknilo proti genetiki, saj razumevanje genetskih procesov
pogosto neposredno omogoča razvoj metod zdravljenja. Znano je, da so ti procesi
navadno zelo zapleteni in specifični, zato se pogosto pokaže potreba po bolj splošnem
opisu, ki temelji na najosnovnejših zakonitostih narave. Tovrsten pristop je seveda
temelj biofizikalnih raziskav, katerih glavna ideja je uporabiti matematičen jezik za
opis delovanja biološkega sistema.
V doktorski disertaciji se osredotočimo na mehaniko epitelijskih tkiv, ki so ena
od štirih osnovnih vrst živalskih tkiv ter imajo vrsto pomembnih vlog pri delovanju
organov in v embrionalnem razvoju. Trirazsežna (3D) oblika tkiva je tesno povezana
z njegovo vlogo, kar je še posebno izrazito v prebavnem traktu. Epitelij na površinah
želodca in črevesja je navadno naguban, saj ima v primerjavi z gladkim naguban
epitelij povečano površino za absorpcijo in sekrecijo snovi (sl. S1). Medtem ko
procese preoblikovanja tkiv v organih odraslih živali in med embrionalnim razvojem
vodijo genetski signali, se da mehanski del teh procesov do neke mere opisati s
preprostimi zakoni elastičnih sredstev.

Slika S1: (A) Epitelijske gube v želodcu Styele clave [80], (B) črevesne resice v tankem črevesu
prašiča [81] in (C) cikcakaste strukture v črevesu purana [22]. Tkiva v prebavnem traktu so
nagubana, saj to poveča zmožnost absorpcije in izločanja snovi.

V tem delu razvijemo teoretični opis mehanike epitelijev, ki temelji na hipotezah
diferencialne adhezije in diferencialne površinske kontrakcije (sl. S2). Najprej uporabimo dvorazsežni (2D) ogliščni model za opis nastanka ventralne brazde v zarodku
vinske mušice in gubanja epitelijev v prebavnem traktu odraslih živali. Nato izpeljemo teorijo elastičnosti, ki temelji na diskretnem modelu in pokažemo, da je možno
prečni presek tkiva opisati z upogibno elastičnostjo. V našem modelu je efektivni
upogibni modul tkiva odvisen od fizikalnih lastnosti celic, pri čemer pride do spon143
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tanega nagubanja, ko modul spremeni predznak. Za popolnejši opis uporabimo še
3D model tkiva, ki ga najprej obravnavamo analitično in v opis vključimo še celično
jedro. S preprosto teorijo pojasnimo nastanek različnih oblik ravnega tkiva, kot so
enoslojni, večslojni in psevdostratificiran epitelij. Nazadnje razvijemo 3D ogliščni
model, v katerem je poleg 3D oblike celic pomembno tudi, kako so celice organizirane v tkivu. Z uporabo tega modela raziščemo viskoelastične lastnosti aktivnih
tkiv, kjer prihaja do aktivnega prerazporejanja celic zaradi naključnih strukturnih
fluktuacij na ravni celičnega korteksa.

DISKRETNI OGLIŠČNI MODELI
2D
notranje napetosti

3D
aktivni
topološki prehodi

GUBANJE

FLUIDIZACIJA

gastrulacija
v vinski mušici

vzdolžne gube

KONTINUUMSKA TEORIJA
efektivna elastičnost

SPONTANO
GUBANJE

2D

3D

ANALITIČNI MODELI
notranje napetosti
ENOSLOJNI

VEČSLOJNI

jedro kot trda kroglica
PSEVDOSTRATIFICIRANI

Slika S2: Mehaniko epitelijev je mogoče obravnavati z uporabo različnih pristopov. V tej disertaciji
razvijemo 2D in 3D ogliščni model za opis mehanike na nivoju celic in analitično teorijo elastičnosti
za opis mehanike na nivoju tkiva.

Teoretični okvir za preučevanje mehanike epitelijev, predstavljen v tej disertaciji,
predstavlja osnovo za popolnejši opis morfogeneze tkiv tako na ravni zarodka kot
tudi na ravni odraslih živali. Model, ki temelji na hipotezah diferencialne adhezije in
diferencialne površinske kontrakcije, vsebuje malo parameterov in je zato primeren
za obravnavo osnovnih fizikalnih pojavov v tkivih, seveda pa se ga da še dopolniti z biološko pomembnimi genetskimi procesi. To predstavlja pomemben izziv za
prihodnje delo na tem področju.
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Teoretično ozadje
Tanke elastične membrane, kot so npr. fosfolipidni dvosloj, tanki sloji nanodelcev in
epitelijska tkiva, se nekajkrat lažje upogibajo kot krčijo in raztezajo. Zaradi tega se
pod vplivom zunanjih sil pogosto gubajo in tvorijo kompleksne 3D vzorce. Posebno
preproste so vzdolžne gube, ki jih lahko opišemo kot krivuljo v ravnini. Krivuljo
parametriziramo z lokalno ukrivljenostjo c(s), kjer je s ločna dolžina. Ravnovesna
oblika membrane je določena z upogibno energijo
Z
Kb
c2 ds ,
(S1)
Wb =
2
kjer je Kb upogibni modul membrane. Če na prosta konca membrane deluje zunanja
sila, ki teži k skrčku membrane, se ta upogne in tvori le eno gubo (sl. S3 A). Dru-

A

zunanje
sile

B

substrat
substrat

C
notranje
sile
substrat

Slika S3: Shema nagubanja elastičnih membran. Pod vplivom zunanjih sil prosta membrana tvori
eno gubo (A), medtem ko membrana pritrjena na elastičen substrat tvori periodične gube z dobro
določeno valovno dolžino (B). V epiteliju lahko nastanek gub povzročijo tudi notranje sile zradi
celične delitve (C).

gače je v primeru, ko je membrana pritrjena na elastičen substrat. V tem primeru
ravnovesno obliko sistema določa poleg upogibne energije membrane še deformacijska energija substrata. Energijski prispevek substrata promovira majhno valovno
dolžino gub, medtem ko energijski prispevek membrane Wb promovira nastanek ene
same gube. To vodi v gubanje z valovno dolžino

1/3
3Kb
λ0 = 2π
,
(S2)
Es
kjer je Es Youngov modul substrata (sl. S3 B). Tudi epitelijska tkiva so navadno
podvržena zunanjim silam zaradi krčenja in raztezanja mišic. Do gubanja epitelijev, pritrjenih na elastični substrat, pa lahko pride tudi zaradi notranjih sil, ki se
pojavljajo ob delitvi in odmiranju celic (sl. S3 C).
Hipoteza diferencialne adhezije
Epitelijska tkiva lahko tvorijo netrivialne 3D strukture tudi zaradi lastne ukrivljenosti celic, ki izhajajo iz sil v celičnem korteksu. Celični korteks je tvorba iz aktinskih
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filamentov in molekulskih motorjev, ki mrežijo te filamente. Aktinsko-miozinska
mreža je pravzaprav aktivni gel, v katerem aktinski filamenti polimerizirajo in depolimerizirajo, poleg tega pa se celotna mreža preoblikuje zaradi aktivnosti molekulskih motorjev, ki prejemajo energijo v obliki ATP ter na ta račun krčijo in raztezajo
korteks. V okviru ravnovesnega modela se da vpliv aktivnosti celičnega korteksa
na obliko celic opisati s površinsko napetostjo korteksa σ, tako da je energijski prispevek Wkorteks = σA, kjer je A površina celične membrane. Celice so na bazalni
strani pritrjene na substrat, na lateralnih straneh na sosednje celice, na apikalni
strani pa so v stiku z lumnom. Upoštevajoč hipotezo diferencialne adhezije lahko
tem stikom pripišemo različno jakost adhezije, tako da vsak stik prispeva k energiji
Wadhezija = −γij Astik , kjer je γij jakost adhezije stika med stranicama i in j, Astik pa
površina tega stika. Tako lahko definiramo efektivne površinske napetosti na apikalni, bazalni in lateralnih straneh celice Γa , Γb in Γl , pa se celotna energija celice
zapiše kot
Γl
(S3)
W = Γa Aa + Γb Ab + Al ,
2
kjer so Aa , Ab in Al apikalna, bazalna oziroma lateralna površina celice. Notranjost celice je najlažje obravnavati kot nestisljivo tekočino, kar pomeni konstantno
prostornino celic (V = konst.).
Tkiva, ki so ukrivljena le v eni smeri (npr. vzdolžne gube), lahko približno obravnavamo v prečnem preseku, kjer so celice v prvem približku štirikotne oblike (sl. S4),
vez V = konst. pa se poenostavi v A = konst., kjer je A površina
prečnega preseka
√
celice.
V
brezdimenzijski
obliki
dolžino
merimo
v
enotah
A,
energijo
pa v enotah
√
Γl A, tako da je energija celice
1
w = αla + βlb + ll ,
2

(S4)

pri čemer sta
α=

Γa
Γl

in

β=

Γb
Γl

(S5)

brezdimenzijska apikalna oziroma bazalna napetost merjena v enotah lateralne površinske napetosti Γl , la , lb in ll pa brezdimenzijske dolžine apikalne, bazalne oziroma
lateralne stranice.

y

x

i

Fi

Slika S4: Shema prečnega preseka nagubanega tkiva. Celice so štirikotne oblike in jih podajajo
položaji oglišč. V vsakem koraku simulacije se posamezno oglišče premakne v smeri sile nanj Fi .
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Ogliščni model
Ravnovesno obliko ravnega epitelija pri izbranih vrednostih parametrov α in β
ter danih robnih pogojih je potrebno izračunati numerično. To je prikladno storiti v ogliščnem modelu, kjer so štirikotne celice parametrizirane s koordinatami
oglišč (sl. S4). V poenostavljenem 2D modelu prečnega presekaP
tkiva celotno energijo tkiva izračunamo kot vsoto po stranicah
vseh celic w =
k σk ek , kjer je σk
p
2
2
površinska napetost na stranici k, ek = (xi − xj ) + (yi − yj ) pa dolžina te stranice, pri čemer sta i in j oznaki oglišč stranice k. V vsakem koraku simulacije se
oglišča premaknejo v smeri gradienta energije, ki podaja sile na oglišča Fi = −∇i w;
tu je ∇i = (∂/∂xi , ∂/∂yi ). Položaj oglišča i se v enem koraku spremeni takole:
ri → ri − ∆t∇i w .

(S6)

Tkivo doseže ravnovesno obliko, ko so sile na vsa oglišča manjša od želene natančnosti metode. Na podoben način je možno simulirati tudi dinamiko tkiva, pri čemer
vsak korak simulacije ustreza časovnemu koraku ∆t. Predpostavka te dinamike je,
da so efektivne mase oglišč zanemarljive in je zato vztrajnostni člen v enačbi gibanja
zanemarljiv v primerjavi z disipativnim členom zaradi trenja.

Diferencialna elastičnost zarodka vinske mušice
Gastrulacija v vinski mušici se prične z nastankom ventralne brazde. Na tej stopnji
je približno 6000 celic organiziranih v en sloj epitelijskega tkiva, ki tvori zarodek v
obliki elipsoida (sl. S5). Ta je napolnjen z rumenjakom in obdan s tesno prilegajočo
se trdno lupino, imenovano vitelinska membrana.

B

A

ventralna brazda
Slika S5: (A) Zarodek vinske mušice [76]. Na ventralni strani se tkivo med gastrulacijo uviha
in tvori ventralno brazdo. (B) Prečni presek zarodka vinske mušice med gastrulacijo sestavlja
približno 80 celic [77]. Na ventralni strani pride do apikalne konstrikcije celic in uvihanja tkiva.

Eksperimenti
Deformacije in premiki celic med gastrulacijo so bili izmerjeni v skupini Marie Leptin
v European Molecular Biology Laboratory v Heidelbergu. Slika S6 A prikazuje 2D
kartografski pogled na apikalno površino zarodka 12.67 min po začetku gastrulacije.
Na tej stopnji je tkivo na ventralni strani zarodka že uvihano, kar je vidno tudi v
prečnem preseku zarodka. Vzorec deformacije in premikov celic je še bolje viden na
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Slika S6: (A) Kartografski prikaz apikalne strani zarodka vinske mušice 12.67 min po začetku
gastrulacije. (B) Kimograf prikazuje trajektorije približno 80 celic vzdolž obsega zarodka. Na
ventralni strani pride do apikalne konstrikcije in do uvihanja (modre puščice), medtem ko se
lateralno tkivo togo pomakne proti ventralni strani (oranžne puščice), dorzalno tkivo pa se raztegne
vzdolž dorsalno-ventralne osi (zelene puščice.

kimografu (sl. S6 B), ki prikazuje trajektorije približno 80 celic vzdolž obsega zarodka
na polovici med repom in glavo. Rezultati kažejo, da pride ob nastanku ventralne
brazde do apikalne konstrikcije ventralnih celic, ki se nato uvihajo, pri čemer brazda
doseže globino 50 µm. Tej deformaciji sledita še lateralno in dorsalno tkivo. Pri
prvem gre za togi premik za 35 µm proti ventralni strani zarodka, pri drugem pa za
raztezek za 35% prvotne ločne dolžine dorsalnega tkiva vzdolž dorsalno-ventralne
osi.
Teoretični model
Nastanek ventralne brazde obravnavamo z 2D ogliščnim modelom prečnega preseka
tkiva. Zarodek približno opišemo z 80 celicami, ki tvorijo epitelij v obliki kroga.
Notranjost zarodka (rumenjak) obravnavamo kot nestisljivo tekočino, tako da je
površina prečnega preseka rumenjaka konstantna, celoten zarodek pa je prostorsko
ograjen s trdo lupino, ki predstavlja vitelinsko membrano (sl. S7 A). V našem teoretičnem modelu bi želeli zajeti dva najpomembnejša vidika gastrulacije: apikalno
konstrikcijo ventralnih celic, ki sodeč po eksperimentalnih rezultatih žene nastanek
brazde, in diferencialen odziv preostanka embrija na deformacijo na ventralni strani.
Gastrulacija se sproži s povečanjem apikalne površinske napetosti v ventralnih
celicah. To povzroči apikalno konstrikcijo in uvihanje ventralnega tkiva (sl. S8).
Eksperimenti kažejo, da se preostanek zarodka na apikalno konstrikcijo ne odzove
homogeno, kar pomeni, da imata lateralno in dorsalno tkivo različne elastične la148
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Slika S7: (A) Shema prečnega preseka zarodka vinske mušice. Zarodek je napolnjen z nestisljivo
tekočino (rumenjak) in obdan s trdno lupino (vitelinska membrana). (B) Oblika zarodka pred
začetkom gastrulacije.
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Slika S8: Oblika prečnega preseka zarodka vinske mušice pred (A) in po (B) gastrulaciji. Ventralna
brazda nastane zaradi apikalne konstrikcije ventralnega tkiva (modre celice). Temu sledi premik
lateralnega tkiva (oranžne celice) in raztezek dorsalnega tkiva (zelene celice).

stnosti. To lahko opišemo z različnim Youngovim prožnostnim modulom v teh dveh
celičnih populacijah. Ob relativnem raztezku tkiva u se celotna energija poveča za
Z
1
Y u2 dA ,
(S7)
δW =
2
kjer je Y efektivni Youngov prožnostni modul tkiva
Y =

4σ
,
l0

(S8)

√
pri čemer je σ = (Γa +Γb )/2 napetost celičnega korteksa, l0 = α + β pa preferenčna
višina celic. Ob predpostavki, da oblika celic sprva ustreza ravnovesni obliki, kjer je
višina enaka l0 , sledi iz geometrije zarodka (sl. S7 B), da je pred začetkom gastrulacije
α = β ≈ 2.85 za vse celice.
Končno obliko prečnega preseka zarodka izračunamo z numerično minimizacijo
celotne energije tkiva
"
#
N
(i)
X
Γl (i)
(i) (i)
(i) (i)
Γa la + Γb lb +
W =
l
,
(S9)
2 l
i=1
kjer vsota teče po vseh N = 80 celicah prečnega preseka zarodka. Slika S9 prikazuje
fazni diagram končnih oblik zarodka (σl , σd ) pri fiksnih napetosti korteksa v ventral(v)
(v)
nih celicah σv = 1 in apikalno-bazalni napetosti v ventralnih celicah Γa − Γb = 3.
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napetost korteksa v dorsalnih celicah σd

V večjem delu faznega diagrama ventralna brazda sploh ne nastane ali pa ne doseže
eksperimentalno izmerjene globine 50 µm. Izjema je osenčeno območje, kjer sta dorsalno in lateralno tkivo pod zelo majhno oziroma zelo veliko napetostjo korteksa.
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napetost korteksa v lateralnih celicah σl

Slika S9: Fazni diagram končnih oblik prečnega preseka zarodka vinske mušice (σl , σd ) pri fiksnih
napetosti korteksa v ventralnih celicah σv = 1 in apikalno-bazalni napetosti v ventralnih celicah
(v)
(v)
Γa − Γb = 3. Prekinjena črta povezuje zarodke, kjer imata dorsalno in lateralno tkivo enake
napetosti korteksa. Do boljšega ujemanja z eksperimentalnimi rezultati pride v primeru, ko je
lateralno tkivo nekajkrat trše od ventralnega, dorsalno tkivo pa zelo mehko (osenčeno območje).

Za neposredno primerjavo rezultatov numeričnih simulacij z eksperimentalnimi
rezultati izmerimo relativni raztezek dorsalnega tkiva, premik lateralnega tkiva in
globino ventralne brazde. Primerjava pokaže najboljše ujemanje, ko je razmerje
napetosti korteksa σv : σl : σd ≈ 1 : 3 : 0.075 (sl. S10). Ker je Youngov prožnostni
modul sorazmeren z napetostjo korteksa, to razmerje hkrati pomeni, da je dorsalno
tkivo mnogo mehkejše od lateralnega, to pa približno trikrat trše od ventralnega
tkiva.
Rezultati teoretičnega modela so bili potrjeni z lasersko ablacijo aktinsko-miozinske mreže. V tem eksperimentu z močnim laserskim pulzom uničijo kemijske vezi,
pri čemer nastane rez, ta pa se zaradi napetosti razpre. Začetna hitrost nastalih front
je sorazmerna z napetostjo korteksa. Izmerjeno razmerje napetosti v ventralnem,
lateralnem in dorzalnem tkivu znaša 1 : 2.7 : 0, kar se ujema z napovedjo našega
modela v okviru merske napake.
S kombinacijo natančnih meritev deformacije in premikov celic in numeričnih
simulacij zarodka med gastrulacijo smo pokazali, da je potrebno zarodek obravnavati kot celoto in upoštevati interakcije med celičnimi populacijami z različnimi
fizikalnimi in biokemijskimi lastnostmi. Še več: pokazali smo, da je možno na videz zapletene procese morfogeneze v času embrionalnega razvoja preprostejših živali
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Slika S10: Relativni raztezek dorsalnega tkiva, premik lateralnega tkiva in globina ventralne brazde
za končne oblike prečnega preseka zarodka v faznem diagramu (σl , σd ). Najboljše ujemanje rezultatov teoretičnega modela z eksperimentalno izmerjenimi vrednostmi je v območju faznega diagrama,
kjer je razmerje napetosti korteksa σv : σl : σd ≈ 1 : 3 : 0.075.

opisati z najosnovnejšimi fizikalnimi zakonitostmi. Za še popolnejši in natančnejši
opis bi bilo potrebno razviti 3D model zarodka in obravnavati zaporedne procese
v embrionalnem razvoju v okviru enega samega modela. Na ta način bi bilo mogoče pokazati do katere mere je embrionalni razvoj neposredno odvisen od genetskih
procesov in kateri vidiki embriogeneze so zgolj mehanski.

Teorija efektivne elastičnosti epitelija
Epiteliji v prebavilih pogosto tvorijo nagubane strukture (sl. S11), saj je na ta način efektivna površina za izmenjavo snovi povečana v primerjavi z gladkim tkivom.
Ena izmed možnih razlag nastanka netrivialnih 3D struktur je gubanje zaradi neujemanja preferenčne površine epitelija s preferenčno površino substrata, na katerega
je epitelij pritrjen. Do tega pride zaradi diferencialne rasti med obema plastema,

La
1/C

Ll
Lb

L

kontinuumska
teorija

diskretni
model

Slika S11: Shema nagubanega epitelija. V okviru diskretnega modela celice parametriziramo z
dolžinami stranic La , Lb in Ll , medtem ko v okviru kontinuumske teorije tkivo parametriziramo z
lokalno ukrivljenostjo srednjice C in lokalno debelino L.
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ki jo povzročajo procesi na celični ravni, kot so rast, delitev in odmiranje ter izločanje celic. Ni pa to popolna razlaga elastičnosti epitelija, saj poznamo mnogo
primerov, kjer zunanje sile in s tem tudi interakcija epitelija z elastičnim substratom
ni potrebna za nastanek netrivialnih oblik, zato je potrebno to teorijo dopolniti in
upoštevati tudi sile na ravni celic.

Diskretni model
V okviru diskretnega modela celice obravnavamo enako kot v primeru zarodka vinske
mušice [enačba (S9)], bazalno membrano pa kot tanko elastično ploščo,R katere energijski prispevek zaradi upogiba v primeru vzdolžnih gub Wbm = (κ/2) bazalna c2bm ds,
kjer
√ je c brezdimenzijska lokalna ukrivljenost bazalne membrane merjena v enotah
1/ A in
κ=

Kbm
Γl A

(S10)

brezdimenzijski upogibni modul bazalne membrane. Celotna energija sistema je
tako

Z
N 
X
κ
1 (i)
(i)
(i)
c2 ds .
(S11)
w=
αla + βlb + ll +
2
2 bazalna
i=1
Ravnovesne oblike periodičnih vzdolžnih gub izračunamo z numerično minimizacijo
energije. Slika S12 prikazuje fazni diagram (κ, β) pri α = 0.6 (panel A) in (κ, α) pri
β = 0.6 (panel B). V tem modelu gre za igro med upogibno elastičnostjo bazalne
membrane, ki promovira gladek epitelij, in apikalno-bazalno diferencialno napetostjo α − β, ki promovira gubanje. Skupaj κ in α − β določata valovno dolžino in
detajlno obliko gub. Glede na nekatere osnovne geometrijske značilnosti osnovnih
stanj razdelimo fazni diagram na pet območij, od katerih štiri ustrezajo nagubanemu
epiteliju, eden pa gladkemu. Kljub preprostosti modela, ki temelji le na treh parametrih (α, β, κ), je možno z njim opisati najrazličnejše oblike gub: (i) kompaktne,
pri katerih sta valovna dolžina in amplituda primerljivi z višino celic, (ii) invaginirane, (iii) evaginirane in (iv) valovite, pri katerih je valovna dolžina dosti daljša od
višine celic. Pomembni značilnosti ravnovesnih oblik sta tudi apikalna in bazalna
konstrikcija celic. V primeru α > β (sl. S12 B) se apikalna konstrikcija pojavi v vseh
gubah ne glede na vrednost parametrov, medtem ko se v primeru β > α (sl. S12 A)
bazalna konstrikcija pojavi le v kompaktnih in delno tudi v evaginiranih gubah.
Bazalna membrana namreč zavre nastanek bazalnih konstrikcij, saj se upira veliki
ukrivljenosti, kar je tudi razlog za nastanek valovitih oblik v primeru β > α, ki jih
v primeru α < β ne najdemo.
Natančnega pogoja za gubanje epitelija z diskretnim modelom ni mogoče ugotoviti, saj v točki nestabilnosti gladkega epitelija število celic v periodi nagubanega
tkiva naraste preko vseh meja, kar je numerično težko obvladljivo. Poleg tega ostaja
odprto vprašanje o modulaciji debeline tkiva (višine celic), ki je še posebno vidna
v gubah, kjer je absolutna vrednost apikalno-bazalne diferencialne napetosti velika
(gube I1 in C1 na sl. S12 A). Na vsa ta in še nekatera druga odprta vprašanja je
možno odgovoriti z efektivno analitično teorijo elastičnosti, kjer tkivo obravnavamo
v kontinuumski limiti.
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Slika S12: Fazni diagram ravnovesnih oblik nagubanega epitelijskega tkiva (κ, β) pri α = 0.6 (A)
in (κ, α) pri β = 0.6 (B).

Kontinuumska teorija
V okviru teorije elastičnosti tkivo opišemo kot krivuljo v ravnini, ki predstavlja
srednjico tkiva (sl. S11). Parametriziramo jo z ukrivljenostjo C(s), kot dodatno
skalarno spremenljivko pa dodamo še debelino tkiva L(s). Energijo tkiva v kontinuumski limiti izračunamo tako, da dolžine apikalne, bazalne in lateralnih stranic
celice
√ izrazimo
√ z brezdimenzijsko ukrivljenostjo in debelino c in l (merjena v enotah
1/ Ac in Ac , kjer je Ac efektivna površina ene celice). Posebno poučen je poenostavljen primer, kjer je κ = 0, za katerega izpeljemo preprosto obliko brezdimenzijske
energije na dolžinsko enoto:
dw
α−β
1
=α+β+
lc + l2 + c2 .
(S12)
ds
2
8
Ta elastična teorija temelji na geometriji celic, saj energija v osnovi pravzaprav
opisuje tkivo kot verigo štirikotnikov, zato energijskih členov ni težko razumeti.
Člen α + β predstavlja energijo apikalne in bazalne strani gladkega tkiva, popravek zaradi ukrivljenosti pa je upoštevan s sklopitvenim členom (α − β)lc/2. V
primeru α = β ukrivljenost ne vpliva na energijo apikalne in bazalne strani tkiva.
Člen l2 predstavlja energijo lateralnih stranic gladkega epitelija, kjer je njihova dolžina enaka l. Popravek zaradi ukrivljenosti je upoštevan s členom c2 /8, ki upošteva
podaljšanje lateralnih stranic zaradi upogiba.
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Za opis vzdolžnih gub je najprimernejša parametrizacija krivulje s kotom med
tangento na krivuljo in osjo x ψ(s) (sl. S13), s katerim se ukrivljenost izraža kot
c(s) = ∂ψ/∂s = ψ̇(s). Ob upoštevanju vezi o konstantni površini prečnega preseka
RS
A = 0 l(s)ds = N = konst. se funkcional, ki ga želimo minimizirati zapiše kot
F =α+β+

α−β
1
lψ̇ + l2 + ψ̇ 2 + µl + γ(s) (ẋ − cos ψ) ,
2
8

(S13)

kjer sta µ = −2N/S in γ(s) Lagrangeva multiplikatorja.

y

l(s)
ψ(s)

ds

s=S

s=0

x

λ
Slika S13: Nagubani epitelij v xy ravnini. Obliko gub parametriziramo s kotom med tangento na
srednjico in osjo x ψ(s) ter debelino l(s).

Ravnovesna oblika gub ustreza rešitvi Euler-Lagrangevih enačb za ukrivljenost
ψ̈ +

8γ
sin ψ = 0
(α − β)2 − 2

in za debelino tkiva
l(s) = l0 −

α−β
ψ̇(s)
4

(S14)

(S15)

ob p
robnih pogojih ψ(0)
p = 0, x(0) = y(0) = 0, ψ(S) = 0, x(S) = λ in ψ̇(S) =
2
±4 α + β − (N/S) / 2 − (α − β)2 . Slika S14 prikazuje primerjavo osnovnih stanj
vzdolžnih gub za različne vrednosti α pri β = 2.6 z numerično minimizacijo v okviru
diskretnega ogliščnega modela. Rešitve se dobro ujemajo, kar potrjuje, da je efektivna teorija elastičnosti prav tako ustrezen način za obravnavo mehanike epitelija,
ki temelji na površinskih napetostih celic in ga navadno rešujemo z uporabo diskretnih modelov.
Eden pomembnejših rezultatov kontinuumske teorije je Euler-Lagrangeva enačba
za debelino tkiva, ki podaja lokalno višino celic kot funkcijo lokalne ukrivljenosti
tkiva [en. S15]. Ta enačba potrjuje, da sta v našem modelu ti količini sklopljeni,
pri čemer sta sklopitveni faktor in s tem tudi magnituda modulacije debeline sorazmerna z apikalno-bazalno diferencialno napetostjo α − β. To seveda pojasnjuje
rezultate diskretnega modela, ki kažejo precejšnjo modulacijo debeline v tkivih, kjer
sta apikalna in bazalna napetost zelo različni. Še več, celice s konstrikcijo so višje od
ostalih, kar zaradi nestisljivosti pomeni, da so te celice ožje in zato bolj gosto pakirane v energijsko ugodnem zavoju gube. Takšna ureditev celic vodi v nižjo energijo
nagubanih epitelijev v primerjavi z ravnimi, kar pojasni spontano gubanje.
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Slika S14: Ravnovesne oblike epitelijskih gub pri β = 2.6 in α = 4.2 , 5.0, 5.8 in 6.6, izračunane
z numerično minimizacijo v okviru diskretnega modela (levo) in z reševanjem Euler-Lagrangevih
enačb v okviru 2D teorije elastičnosti.

Ob upoštevanju enačbe za lokalno debelino tkiva je mogoče celotno energijo tkiva
poenostaviti v standardno obliko
Z
ke S 2
c ds ,
(S16)
w = wflat +
2 0
kjer je
(α − β)2 − 2
(S17)
8
efektivni upogibni modul tkiva, odvisen
od apikalno-bazalne diferencialne napeto√
sti. Ko |α − β| preseže vrednost 2, pride do spontanega nagubanja tkiva, t.j. do
nagubanja v odsotnosti zunanjih sil, oblika srednjice pa ustreza rešitvi enačbe (S14).
ke = −

Trirazsežni model mehanike epitelijev
Poenostavljeni 2D model enoslojnega epitelija se pogosto izkaže za zelo uporabnega,
vendar je njegov domet omejen na preprostejše strukture kot npr. vzdolžne gube.
Za splošnejši opis mehanike tkiv in nastanka kompleksnih 3D struktur je potrebno
ta pristop razširiti v bolj splošen 3D model, kjer so celice oblike prizm s poligonalno
osnovno ploskvijo, njihova energija pa se v brezdimenzijski obliki zapiše kot
1
(S18)
w = αaa + βab + al ,
2
Tu so aa , ab in al brezdimenzijske površine apikalne, bazalne in lateralnih ploskev
celice, merjene v enotah V 2/3 , pri čemer je V predpisana prostornina celic, ki jih
tudi tu obravnavamo kot nestisljive.
V ravnovesju je razmerje med širino in višino celic v gladkem epiteliju Φ0 = d/l
odvisno od parametra α + β kot
Φ0 =

1
.
α+β
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razmerje med širino in višino Φ0

Slika S15 prikazuje Φ0 kot funkcijo α + β. V režimu, kjer je α + β  1, je epitelij
nizkoprizmatičen (d/l  1), medtem ko je v režimu, kjer je α + β  1, epitelij
visokoprizmatičen (d/l  1). V ozkem območju parametrov, kjer je α + β ∼ 1 je
epitelij kuboiden (d/l ∼ 1).
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Slika S15: Ravnovesno razmerje med širino in višino celice v odvisnosti od α + β. Epitelij je
nizkoprizmatičen za α + β  1, visokoprizmatičen za α + β  1 in kuboiden za α + β ∼ 1.

Večslojni epitelij
V epitelijih odraslih živali so celice pogosto organizirane v več slojev. Takšen večslojni epitelij se navadno nahaja na zunanjih površinah telesa, ki so še posebno
izpostavljene zunanjim vplivom. Razlog za to je v enostavni regeneraciji večslojnega epitelija, saj je v primeru poškodbe celica z enega od zunanjih slojev lahko
nadomestljiva s celico z enega od notranjih slojev.
Tudi večslojna tkiva lahko obravnavamo v okviru hipoteze diferencialne adhezije,
pri čemer pa moramo upoštevati več vrst različnih stikov, ki lahko imajo različno
jakost adhezije. Celice v zunanjem sloju so na apikalni strani v stiku z lumnom,
celice v notranjem sloju pa na bazalni strani v stiku s substratom. Poleg tega so tu
še medcelični stiki, kjer lahko ločimo apikalno-bazalne medcelične stike od lateralnih
medceličnih stikov (sl. S16 A). V tem razširjenem modelu je poleg apikalne in bazalne
napetosti α in β prost parameter tudi površinska napetost na apikalno-bazalnem
medceličnem stiku, ki jo označimo z ζ. Seveda so tudi tu vse napetosti merjene v
enotah površinske napetosti lateralnega medceličnega stika Γl .
S primerjavo ravnovesnih energij enoslojnega, dvoslojnega in večslojnih tkiv ugotovimo, da je enoslojni epitelij stabilen pri α + β < ζ, medtem ko je pri α + β > ζ
stabilen večslojni epitelij (sl. S16 B). Tako se izkaže, da v tem preprostem modelu, ki
temelji zgolj na diferencialni adheziji, dvoslojni epitelij ni obstojen. To ni v skladu
z eksperimentalnimi opažanji, kjer ga pogosto najdemo. Je pa zanimivo, da se dvoslojni epiteliji praviloma nahajajo v obliki cevastih epitelijev, ki tvorijo nekatere
žleze. Naš model zato razširimo in obravnavamo epitelij omejen s trdo cevjo. Pokažemo, da ob danem številu celic na dolžinsko enoto cevastega epitelija pride do
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Slika S16: (A) Shema večslojnega epitelija. Poleg stika med celicami in substratom ter stika
med celicami in lumnom na bazalni in apikalni strani tkiva ločimo še lateralni medcelični stik in
apikalno-bazalni medcelični stik. (B) Energija v odvisnosti od α + β enoslojnega, dvoslojnega in
večslojnega epitelija. Prehod med enoslojnim in večslojnim epitelijem je pri α + β = ζ.

prehoda med enoslojnim in dvoslojnim epitelijem, če je polmer cevi dovolj majhen.
Do tega pride, ker je za celice pod določenimi pogoji energijsko ugodneje, da tvorijo
dva sloja, kot pa da bi bile deformirane zaradi prostorske prenatrpanosti v enem
samem sloju.
Še zadnji pomemben tip epitelijskih tkiv je psevdostratificiran epitelij. Gre pravzaprav za enoslojni epitelij, v katerem pa so jedra porazdeljena v dveh ali več nivojih,
kar da v prečnem preseku vtis večslojnega epitelija. Da bi opisali nastanek psevdostratificiranega epitelija, vključimo v naš teoretični model še jedro. Obravnavamo
najpreprostejši model jedra, ki ga približno opišemo kot trdo kroglico, tako da med
jedrom in celično membrano vlada sterični odboj (sl. S17).
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Slika S17: (A) Jedro obravnavamo kot trdo kroglico s premerom 2ρ, tako da med njim in celično
membrano vlada sterični odboj. (B) Če je preferenčna širina celice večja ali enaka premeru jedra,
je za α = β ravnovesna oblika prečnega preseka celice pravokotnik, a če je preferenčna širina celice
manjša od premera jedra, je energijsko ugodno, da se jedro pomakne proti apikalni ali bazalni
strani celice, tako da je ravnovesna oblika prečnega preseka celice trapez.

Zaradi nedeformabilnega jedra sta tako višina kot širina celice omejena s premerom jedra 2ρ (d, l ≤ 2ρ). Ob predpostavki, da je ves čas v sredini celice, jedro
vpliva le na razmerje med njeno širino in višino. Bolj zanimiv je primer, ko se jedro
lahko prosto pomika po celici. Zaradi očitnih geometrijskih razlogov se v primeru
visoke vrednosti parametra α + β (ko je preferenčna obika celice zelo visoka) jedro
pomakne povsem na apikalno ali na bazalno stran celice, kar povzroči, da celica
postane klinaste oblike (sl. S18 A). Ker sta v primeru α = β obliki celice z jedrom
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na bazalni in apikalni strani energijsko degenerirani, se celice v enoslojnem tkivu
lahko razporedijo na dva načina: (i) v raven psevdostratificiran epitelij, kjer je jedro
vzdolž tkiva izmenično ob apikalni in bazalni strani celic (sl. S18 A, C) ali pa (ii) v
epitelij z ambivalentno spontano ukrivljenostjo, kjer je jedro v vseh celicah ob isti
strani celic (sl. S18 B, D).
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Slika S18: (A) Ravnovesna višina celice l in dolžina bazalne stranice db v odvisnosti od α + β. Z
večanjem α + β se preferenčna širina celice manjša, zato se jedro pomakne proti apikalni strani
celice in ravnovesna oblika prečnega preseka postane trapez ter pri dovolj velikih α + β trikotnik.
(B) Ambivalentna spontana ukrivljenost tkiva c v odvisnosti od α + β. (C) Psevdostratificiran
visokoprizmatični epitelij v traheji [96]. (D) Prečni presek epitelija v epididymisu [97]. Tkivo je
ukrivljeno, jedra pa so postavljena na zunanji (bazalni) strani celic.

Trirazsežna teorija elastičnosti
Z analitično 3D teorijo enoslojnega in večslojnih epitelijev smo pokazali, da je možno z razumevanjem relativno enostavnih fizikalnih konceptov, kot je diferencialna
adhezija, pojasniti veliko preprostih struktur epitelijskih tkiv. Seveda pa je za natančno obravnavo nastanka kompleksnejših 3D oblik, kot so npr. črevesne resice,
potrebno razviti še splošnejšo teorijo. Na tem mestu sta najočitnejša kandidata
3D ogliščni model in 3D teorija efektivne elastičnosti. 3D ogliščni model zahteva
tehnično precej bolj zapleten pristop, zato se najprej osredotočimo na 3D teorijo
efektivne elastičnosti.
V kontinuumski limiti predstavimo epitelij kot 2D ploskev v 3D prostoru, tako
da njegovo obliko opišemo kot x = x(s1 , s2 ), y = y(s1 , s2 ) in z = z(s1 , s2 ), kjer
sta s1 in s2 parametera. V limiti tekočih tkiv, kjer se celice ob deformaciji tkiva
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prerazporedijo in ne strižno deformirajo, se da deformacijo opisati le z glavnima
ukrivljenostma c1 in c2 ter debelino l. Z upoštevanjem enostavnih geometrijskih
argumentov izpeljemo energijo tkiva na površinsko enoto dA = ds1 ds2 :
ff =

dw
12 + 3c1 c2 l2
6(α − β)l
= (α + β)
+
(c1 + c2 )+
2
dA
12 + c1 c2 l
12 + c1 c2 l2
s
#
"s
√
3c21
3c22
2 3l3/2
1+
+ 1+
.
+√
l(12 + l2 c1 c2 )
l(12 + l2 c1 c2 )
12 + l2 c1 c2

(S20)

Posebno poučna je limita majhnih ukrivljenosti, kjer se energija poenostavi v


 √ h
√ i2
(α − β)2
l
3/2
ff ≈ α + β + 2l
1−
+
2H + 2(α − β) l +
4
8


3
2
3+l
l
2(α + β) − 3/2 K
(S21)
+
12
l
in jo lahko primerjamo s Canham-Helfrichovo energijo lipidnih dvoslojev fH =
kc (2H − c0 )2 /2 + kK, kjer sta H = (c1 + c2 )/2 in K = c1 c2 srednja oziroma Gaussova
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Slika S19: (A) Črevesne resice obravnavamo kot osnosimetrične oblike, katerih presek je zlepek
sferične konice, valjastega stebla in vznožja v obliki dela torusa. (B) Razlika med energijo resice
in gladkega epitelija w − w0 v odvisnosti od višine resice. Resice so stabilne pri h > 8R.
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ukrivljenost, kc in k upogibni oziroma Gaussov modul, c0 pa spontana ukrivljenost
tkiva. Vse tri efektivne elastične konstante je možno izraziti z modelskima parametroma α + β in α − β, posebno zanimiv pa je Gaussov modul


1
(S22)
(α + β)1/3 (α + β)2 − 3 ,
12
√
ki spremeni predznak pri α+β = 3. Za lipidne membrane je značilno, da imajo negativen Gaussov modul, ki po Gauss-Bonnetovem teoremu promovira 3D strukture
z enostavnimi topologijami, medtem ko v je Gaussov modul visokoprizmatičnega
epitelija (α + β  1) v okviru našega modela pozitiven, kar promovira nastanek
struktur z luknjami.
3D teorija efektivne elastičnosti je primerna za opis oblike črevesnih resic, ki
jih lahko približno opišemo kot podolgovate strukture s polkrožno konico, valjastim
steblom in vznožjem v obliki dela torusa, kot kaže sl. S19 A. Slika S19 B prikazuje
energijsko razliko med resicami in gladkim epitelijem kot funkcijo višine resic h.
Vidimo, da je nastanek resic povezan z energijsko bariero, ki jo je potrebno premagati
da postanejo resice stabilne. To se zgodi, ko je višina resic večja od 4-kratnika
njihovega premera 2R.
k=

Dinamični trirazsežni ogliščni model tkiva
Prednost kontinuumskega modela, predstavljenega zgoraj, je to, da ponuja analitični
vpogled v elastične lastnosti epitelijev in enostavno primerjavo s podobnimi sistemi,
npr. s fosfolipidnim dvoslojem. Seveda ta pristop ni popoln, saj ne vključuje nekaterih mehanizmov, ki izhajajo iz diskretne narave celic. Viskoelastični odziv tkiva
namreč temelji na pakiranju celic v monosloj, kar se kaže v topologiji 2D pokritja
ravnine s poligonalnimi osnovnimi ploskvami celic. Za popolnejši opis mehanike tkiv
razvijemo dinamični 3D ogliščni model tkiva.
Celice opišemo kot prizme s poligonalnimi osnovnimi ploskvami, ki jih parametriziramo s položaji oglišč ri = (xi , yi , zi ). Dinamiko celic podamo posredno z
dinamično enačbo za oglišča
dri
= −∇i w(r) ,
dt

(S23)

kjer je w(r) energija tkiva, odvisna od položajev vseh oglišč r = (r1 , r2 , r3 , ...). Razvoj oblike tkiva pa je povezan tudi s topološkimi spremembami mreže stranic celic.
Celice se lahko lokalno prerazporedijo z zaporednimi T1 topološkimi prehodi, kjer
med posameznem prehodu štiri vpletene celice izmenjajo sosede z menjavo stranic
(sl. S20 A’-A”). Pri celični delitvi se celica razdeli na dve hčerinski celici (sl. S20 B’B”), medtem ko je pri celični smrti celica izbrisana iz tkiva (sl. S20 C’-C”).
Energijski relief tega modela je zelo zapleten, saj vsebuje veliko lokalnih minimumov, ki ustrezajo različnim topologijam mreže stranic. Prerazporeditev celic in
s tem T1 prehodi zato zahtevajo premagovanje energijskih barier ter vodijo v nov
minimum z energijo wf , ki je lahko višja ali nižja v primerjavi z energijo tkiva s
predhodno topologijo wi . Slika S21 prikazuje wf − wi kot funkcijo dolžine stranice,
na kateri se zgodi T1 prehod l pri α = β = 0.5, 1.0 in 2.0. Statistiko energijskih
razlik dobimo s T1 prehodi v tkivu z naključno topologijo, kjer celice ustrezajo Voronojevim particijam okrog C = 340 naključno porazdeljenih centroidov v simulacijski
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Slika S20: Epitelijsko tkivo opišemo s 3D ogliščnim modelom. Poleg 3D oblike celic in celotnega
tkiva je pomembno tudi, kako so celice pakirane v monosloju, kar se kaže v topologiji mreže stranic
osnovnih ploskev celic. Topologija se lahko spremeni z različnimi topološkimi prehodi. V našem
modelu vključimo T1 topološke prehode (A’-A”), celično delitev (B’-B”) in celično smrt oz. T2
topološke prehode (C’-C”).

√
√
škatli velikosti L × L. Pri tem je L = Ca0 in a0 = ( 3/2)1/3 (α + β)−2/3 je ravnovesna velikost osnovne ploskve celice. Vidimo, da T1 prehodi na stranicah, krajših
od l∗ , v povprečju zmanjšujejo energijo (wf − wi < 0), medtem ko jo T1 prehodi na
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Slika S21: Odvisnost energijske razlike wf − wi od dolžine stranice, na kateri se zgodi T1 prehod
l. Zveza med wf − wi in li je linearna: wf − wi ∝ li − l∗ , kjer je l∗ ≈ 0.3 prag za dolžino stranice.
T1 prehodi na stranicah z dolžino pod l∗ v povprečju znižujejo energijo.
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stranicah, daljših od l∗ , v povprečju zvišujejo (wf − wi > 0). Zveza med wf − wi in
l je v povprečju linearna:
wf − wi ∝ li − l∗ .
(S24)
Presenetljivo je prag za dolžino stranice l∗ dobro določena količina, saj je v vseh
treh primerih modelskih parametrov, ki smo jih preučili, l∗ ≈ 0.3.
Zaradi naključnih fluktuacij v celičnem korteksu lahko pride do spontanih T1
prehodov, tudi če ti zvišujejo celotno energijo tkiva. Verjetnost za T1 prehod je
enaka 1, če wf < wi , in (kT1 δt/E) exp − (li − l∗ )/T , če wf > wi . Tu je kT1 frekvenca T1 prehodov, ki zvišujejo energijo, δt časovni korak in E število stranic v 2D
poligonalni mreži bazalnih oz. apikalnih površin celic. Obravnavamo le poseben primer T → ∞, kjer se T1 prehodi, ki zvišujejo energijo, zgodijo neodvisno od wf − wi .
V tem primeru je sistem izven ravnovesja, saj kršimo načelo detajlnega ravnovesja,
zato T1 prehodom v limiti T → ∞ pravimo aktivni T1 prehodi. Verjetnost za T1
prehod na dani stranici je

 1;
li < l∗
Pi (δt) =
,
(S25)
k δt/E ; l > l∗
T1

i

kjer smo upoštevali še linearno zvezo med wf − wi in li . V aktivnem tkivu so torej
stranice, krajše od l∗ , podvržene spontanim T1 prehodom, ki se v časovnem koraku
δt zgodijo z verjetnostjo 1, medtem ko so stranice, daljše od l∗ , podvržene aktivnim
T1 prehodom, ki se dogajajo s konstantno frekvenco kT1 , zato je njihova verjetnost
sorazmerna s časovnim korakom δt.
Viskoelastične lastnosti aktivnih tkiv obravnavamo z numeričnim eksperimentom, kjer vzorec gladkega tkiva velikosti L×L strižno obremenimo za kot γ (sl. S22 A
in B). Odziv tkiva na različnih časovnih skalah izmerimo preko xy komponente na-
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strig
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Lees-Edwardsovi
periodični robni pogoji

γ

čas t

C

STRIG

Slika S22: Tkivo strižno deformiramo za kot γ z uporabo Lees-Edwardsovih periodičnih robnih
pogojev (A in B). (C) Posnetek tkiva pred strižni deformaciji in po njej.
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petostnega tenzorja:
σxy

Γl
=−
V

Z
nx ny dS ,

(S26)

lateral sides

kjer sta nx in ny projekciji normale na dano ploskev v smereh osi x in osi y. Pri
majhnih in/ali hitrih deformacijah je odziv elastičen, saj deformacija ne vključuje T1
topoloških prehodov. V linearnem režimu velja σxy = Gγ, kjer je G = (dσxy /dγ)|γ=0
strižni modul tkiva in je odvisen od α in β. Pri α = β = 1 izmerimo G = 0.64±0.02.
Na časovni skali, ki je še vedno dosti krajša od 1/kT1 , a končna, je deformacija tkiva
plastična, saj vključuje ireverzibilne spontane T1 prehode, ki znižujejo energijo. Po
obratni strižni deformaciji (za kot −γ) topologija končnega stanja ni enaka kot v
začetnem stanju.
Za dolge čase je odziv viskozen, kar se kaže v eksponentnem pojemanju napetosti:
σxy ∝ exp (−t/τr ), kjer je τr relaksacijski čas. Slika S23 prikazuje xy komponento
napetostnega tenzorja σxy v odvisnosti od časa t za različne frekvence aktivnih
T1 prehodov kT1 . Pri dolgih t prilagajamo eksponentno pojemajočo funkcijo in
izluščimo relaksacijske čase τr za različne kT1 . Med efektivno dinamično viskoznostjo
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Slika S23: Odvisnost xy komponente napetostnega tenzorja σxy od časa t za različne vrednosti kT1
in γ = 0.25. Pri dolgih t prilagajamo eksponentno padajočo funkcijo, kar kaže na viskozni odziv.

η in relaksacijskim časom τr velja približna zveza η = Gτr . Slika S23 prikazuje
viskoznost v odvisnosti od kT1 . Rezultati so najbolje opisani s potenčno funkcijo
−1.27±0.07
η ∝ kT1
.

(S27)

Pokazali smo, da so viskoelastične lastnosti epitelija odvisne tako od fizikalnih
lastnosti celic kot tudi od aktivnosti na ravni topologije pakiranja celic v monosloju.
Tu smo obravnavali le aktivne T1 topološke prehode, seveda pa bi lahko podobno
analizirali tudi tkivo, kjer se celice aktivno delijo in odmirajo. Končna 3D oblika
tkiva je zato močno odvisna od zmožnosti celic, da se prerazporedijo, kot tudi od
njihovih fizikalnih lastnosti.
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Slika S24: Odvisnost viskoznosti η od frekvence aktivnih T1 prehodov kT1 za kot strižne deformacije
γ = 0.250.

Zaključki
V doktorski disertaciji smo obravnavali preprosti fizikalni model epitelijev, ki temelji
na dobro znani hipotezah diferencialne adhezije in diferencialne površinske kontrakcije. Ta pristop smo uporabil za opis preprostejših 3D oblik enoslojnega epitelija,
kot so vzdolžne epitelijske gube v epiteliju prebavnega trakta in ventralna brazda v
zarodku vinske mušice. Poleg enoslojnega smo obravnavali še dvoslojno, večslojno
in psevdostratificirano tkivo ter pogoje, pod katerimi je vsako od teh stabilno. Za
parametrizacijo epitelija smo najpogosteje uporabili diskretni ogliščni model, ki je
posebno uporaben v 3D, saj poleg oblike celic zajema tudi topologijo celičnega pokritja, ta pa ima pomembno vlogo pri viskoelastičnih lastnostih tkiva. Za boljše
razumevanje smo razvili tudi teorijo elastičnosti epitelijev in izpeljali zveze med
elastičnimi konstantami in lastnostmi tkiv na nivoju celic.
Razvite metode za teoretični opis mehanike epitelijev ponujajo več možnosti
za nadaljnje raziskave. Do sedaj je bila večina raziskav posvečenih posameznim
procesom med embrionalnim razvojem preprostejših živali, kot sta vinska mušica in
riba zebrica, zanimivo pa bi bilo razviti 3D model celotnega zarodka in obravnavati
več procesov hkrati. Vemo, da pri vinski mušici nastanek ventralne brazde sproži
apikalna konstrikcija ventralnega tkiva. Na tem mestu pa obstaja vprašanje, ali
so embriogenetski procesi, ki sledijo gastrulaciji, neodvisni, ali pa jih morda delno
ali v celoti sproži prav nastanek ventralne brazde. Zanimivo bi bilo npr. raziskati
potrebne pogoje za nastanek dorsalnih gub, ki se razvijejo kmalu po gastrulaciji.
Znano je, da nastaneta dve gubi, od katerih je ena globlja od druge.
Posebno zanimiv epitelij s stališča oblike in funkcionalnosti je črevesni epitelij,
ki tvori t.i. črevesne resice. Znano je, da se celice hitreje delijo ob vznožju resic,
nato migrirajo proti konici, kjer odmrejo in so izločene iz tkiva. Ta dinamika ima
najverjetneje pomembno vlogo pri vzdrževanju oblike resic in bi se jo dalo opisati
s 3D dinamičnim ogliščnim modelom enoslojnega tkiva, ki smo ga predstavili v
doktorski disertaciji. Zanimivo bi bilo raziskati, kako celični cikel in apikalno-bazalna
diferencialna napetost vplivata na višino in detajlno obliko črevesnega epitelija.
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Slika S25: Nastanek dorsalnih gub v zarodku vinske mušice [114]. Začetek gubanja še ne nakazuje
zloma simetrije med anteriorno in posteriorno gubo (A-A’), vendar pa se deformacija razvije tako,
da je na koncu posteriorna guba globlja od anteriorne gube (B-B’).

Možna je tudi razširitev ogliščnega modela za opis stratificiranih tkiv in 3D celičnih skupkov, kar bi utegnilo biti zelo koristno npr. pri študiji rakavih tkiv. V ta
namen bi seveda bilo pomembno vključiti še aktivno migracijo celic in natančneje
opisati njihove biokemijske lastnosti. Z mehanskega vidika se zdi primernejši pristop
3D Voronojev model, kjer so celice pravzaprav 3D Voronojeve particije okrog centroidov. Takšen model omogoča zelo preprosto implementacijo topoloških sprememb,
ima pa tudi nekatere slabosti, kot je manjše število prostostnih stopenj in zato manj
natančen opis strukture epitelija.
? ? ?
Pomen razumevanja fizikalnih procesov v kompleksnih bioloških sistemih, kot so
epitelijska tkiva, še vedno ni splošno uveljavljen, zato je to področje raziskav še vedno zelo živo. Splošna teorija različnih vidikov mehanike epitelijev, ki smo jo razvili
v doktorski disertaciji, temelji na hipotezah diferencialne adhezije in diferencialne
površinske kontrakcije. Ta več kot 50 let stara koncepta temeljita na osnovnih biofizikalnih principih, kot sta površinska napetost in adhezija. Naš glavni prispevek
k razvoju teoretične mehanike epitelijev je njuna uporaba za študijo elastičnosti
epitelijev in njihovih ravnovesnih oblik. To smo razširili s splošnejšim viskoelastičnim opisom, ki ponuja obilo možnosti za nadaljnje raziskave konkretnih bioloških
sistemov.
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Razširjeni povzetek v slovenskem jeziku
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