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Povzetek
To doktorsko delo se ukvarja z direktorskimi formacijami v kiralnih nematskih
kapljicah s homeotropnim sidranjem. Da bi razvili ustrezno orodje za preučevanje
teh struktur, najprej izpeljemo kotno odvisnost intenzitete fluorescence v Fluorescentni Konfokalni Polarizirani Mikroskopiji (FKPM) in razdelamo, katere informacije je moč izvleči iz eksperimentalnih podatkov. Ugotovimo, da lahko FKPM karakterizira orientacijo nematskega direktorja z izjemo predznaka komponente, ki je orientirana vzdolž optične osi mikroskopa. Nato razvijemo numerični postopek simuliranega ohlajanja, ki določi najverjetnejšo strukturo direktorskega polja iz eksperimentalnih podatkov z iskanjem konfiguracije manjkajočih predznakov, ki minimizira elastično energijo. Postopek je testiran na modelskih in eksperimentalnih
podatkih. Metodo FKPM, obogateno s postopkom simuliranega ohlajanja, uporabimo za rekonstrukcijo direktorskih polj iz eksperimentalnih podatkov, izmerjenih
v kiralnih nematskih kapljicah. Karakteriziramo 24 struktur, ki jih lahko v grobem
razdelimo na strukture s holesteričnimi sloji ter na strukture z večimi topološkimi
točkastimi defekti, ločenimi z lokaliziranimi kiralnimi strukturami, ki jih imenujemo
holesterični mehurčki. Osrednji volumen plastovitih struktur je podoben strukturam, ki so bile numerično predvidene v kiralnih nematskih kapljicah s planarnim
sidranjem. V kapljicah z večimi holesteričnimi mehurčki se točkasti defekti uredijo
v verižna ozvezdja z alternirajočim predznakom topološkega naboja. Pri določenih
relativnih kiralnostih holesterični mehurčki stabilizirajo topološke točkaste defekte
z višjim nabojem. Dve vrsti takšnih defektov sta predstavljeni in sicer s topološkim
nabojem q = −2 ter q = −3. Točkasti defekti se lahko uredijo tudi v topološke
molekule, kjer je posamezni točkasti naboj nadomeščen z večimi defekti z ekvivalentnim skupnim topološkim nabojem. Tvorjenje verig in topoloških molekul je razloženo z njihovo konstrukcijo, ki se začne s preprostejšimi strukturami v kapljicah, ki
se jim nato dodaja topološko nevtralne skupke točkastih defektov ter holesteričnih
mehurčkov.
Keywords: tekočekristalne kapljice, topološki defekti, skyrmioni, fluorescentna
konfokalna polarizirana mikroskopija, ograjenost, kiralni nematski tekoči kristali,
holesteriki.
PACS: 61.30.-v, 61.30.Dk, 61.30.Eb, 61.30.Jf, 61.30.Pq
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Abstract
This Thesis deals with director formations in chiral nematic droplets with homeotropic anchoring. To develop a suitable tool for exploration of these structures,
we derive the angular dependence of fluorescence intensity in Fluorescent Confocal
Polarising Microscopy (FCPM) and discuss which information can be extracted by
it from experimental data. We find that FCPM can characterise the orientation of
nematic director, with the exception of the sign of the component oriented along
the optical axis. We develop a simulating annealing algorithm which determines the
most probable structure of the director field from the experimental data by finding the configuration of the missing signs which minimises the elastic energy. The
procedure is tested on model and experimental data. We use the FCPM method,
augmented with the simulating annealing algorithm to reconstruct director fields
from experimental FCPM data of chiral nematic droplets. We characterise 24 types
of structures, which can be roughly divided into structures with cholesteric layers,
and structures with multiple topological point defects, which are separated by localised chiral structures, dubbed cholesteric bubbles. The bulk volume of the layered
structures is similar to structures which were numerically predicted to form in chiral nematic droplets with planar anchoring. In droplets with multiple cholesteric
bubbles, the point defects organise in string-like constellations of defects with alternating sign of topological charge. At specific relative chirality ranges the cholesteric
bubbles stabilise higher-charge topological point defects. Two types of such defects
are found, with topological charges q = −2 and q = −3. The point defects can be
arranged in topological molecules where a single point defect is substituted with several defects with equivalent total topological charge. The formation of strings and
topological molecules is explained by constructing them from simpler droplets to
which topologically neutral sets of point defects and cholesteric bubbles are added.
Keywords: liquid crystal droplets, topological defects, skyrmions, fluorescent confocal polarising microscopy, confinement, chiral nematic liquid crystals, cholesterics.
PACS: 61.30.-v, 61.30.Dk, 61.30.Eb, 61.30.Jf, 61.30.Pq
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Chapter 1
Introduction
Liquid crystals (LC) are materials with anisotropic physical properties owning to
the partial order which arises in them because of the anisotropy of their building
blocks [1]. The headless vector field called director, which describes their average
orientation, has proven to be a fruitful playground for various realisations of topological concepts because of the ease of manipulation of the liquid crystals and of
examination of the structures they form on the micrometre scale. Liquid crystals
can be manipulated by temperature, density, electric and magnetic fields and focused laser beams but even just the control of boundary conditions in a confined
space can allow for ample variation of stable configurations.
In cases where chirality is introduced into the system, the orientation of the building
blocks can rotate in space in a helical fashion. Because of the helical twisting of the
director field, the ground state of a chiral nematic is a periodic structure where the
director rotates in a plane as you traverse the sample in a direction, normal to this
plane. Chiral nematics therefore have an additional degree of freedom compared
to non-chiral nematics – the distance over which the director completes a full turn,
called the pitch.
If a chiral nematic LC is confined to a small volume where the boundary conditions
on the surface of the volume do not match the chiral ordering, the helical structure is
strongly frustrated. The interaction between confinement and spontaneous twisting
of chiral nematics can give rise to a plethora of topologically rich structures with
different elastic energies, but separated by high enough energy barriers for several
of them to be stable. These metastable structures can be switched between by
melting the LC to isotropic phase and then cooling it back to the LC phase. The
structures can also be continuously controlled by either changing the pitch or the
anchoring on the surface. An example of this metastability are the skyrmion-like
structures, which form in thin films with perpendicular boundary conditions on two
parallel sides [2–5]. In this example, one of the possible metastable structures is the
unwound uniform director field. The other possible structures maximise the volume
of the twisted liquid crystal, while still meeting the boundary conditions. The main
parameter which dictates the stability of different structures is the confinement ratio,
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defined as the ratio of the distance between the plates with perpendicular boundary
conditions and the chiral pitch of the LC.
A similar richness of different metastable structures was predicted for chiral nematic
LCs, confined in spherical volumes [6, 7]. If the boundary condition for the director
on the surface of the volume is tangential, this lends flexibility to the structure so
usually a layered structure is possible with relatively few regions where the ordering
of the LC is frustrated [6]. If the boundary conditions for the director are perpendicular, the ordering is more frustrated. Extended line-like disordered regions are
predicted close to the surface of the volume where the layered structure of the bulk of
the droplet does not match the perpendicular boundary condition on the surface [7].
If the ordering has to emerge form a completely random disordered state, the layered
chiral structure can trap some of the parts of the line-like disordered regions and
prevent them from being expelled to the surface. This leads to three-dimensional
arrangements of the line-like disordered regions which can become tangled and form
non-trivial links and knots.
These predictions of complex structures in confined chiral nematic liquid crystals
served as motivation for our study. In this Thesis we study director structures
which can appear when chiral nematic LCs are confined to spherical volumes with
perpendicular boundary conditions for the director field. Because of the complexity
of such structures, the first step in the study was to develop a method capable of
reconstructing director fields from experimental data. The basis of the new method
was the well-established fluorescence confocal polarised microscopy [4, 8–10], which
is very useful for examining director fields in 3D by projecting them to a direction
perpendicular to the optical axis of the microscope. To achieve full characterisation
of director fields, we augment the method by numerical optimisation [11] to find the
missing sign of one of the components of the director field.
The Thesis is structured as follows: First we make a short introduction to liquid
crystals and their topology. We then make a review of the literature on liquid crystal
droplets with emphasis on chiral nematic droplets with perpendicular boundary conditions. This is followed by Chapter 4, where we introduce the microscopy methods
that are used for examination of director fields in LC. Fluorescence confocal polarised microscopy is introduced and we discuss which information can be extracted
from such measurements. In Chapter 5 we present the materials we use in our
experiments, the sample preparation procedure and the experimental setup. Next,
we develop a simulated annealing procedure in Chapter 6 and demonstrate its efficiency at reconstructing director fields of model chiral nematic droplets. We discuss
the implementation of the simulated annealing algorithm on experimental data and
demonstrate the procedure on several examples. In Chapter 7 we present some of
the structures in chiral nematic droplets with homeotropic anchoring conditions. We
explain how the string-like constellations of point defects and topological molecules
can be constructed from simpler building blocks in Chapter 8. In Chapter 9 we review all the presented structures, discuss their metastability and compare the results
with the predictions of the numerical studies. In the Conclusion, the main results
are summarized and possible extensions and applications are discussed.
14

Chapter 2
Liquid crystals – an overview
Liquid crystals are a well studied material, often serving as a model system for
observing numerous physical phenomena. Here we will present only some of their
basic properties and stress the subjects which will be useful in the interpretation
of results and the discussion later in the Thesis. Most of the text here follows the
classical works on liquid crystals such as refs. [1, 12].
Liquid crystals is a name for a group of phases which flow under stress in a manner
similar to liquids, but also possess order – either orientational or some degree of
positional – like one would expect of crystalline solids. The building blocks of
materials which exhibit LC phases are anisotropically shaped (most commonly rodor disk-like), which causes ordering and results in anisotropic physical properties but
the interactions between the building blocks are weak enough for the material to
flow. The parameter which controls the phase of a liquid crystal is either temperature
(thermotropic LC) or concentration (lyotropic LC).
There exist many phases of liquid crystals with varying degrees of orientational and
positional order. The simplest phase is the nematic, which has only orientational
order of its building blocks, with their centres of gravity being completely disordered,
just as in an isotropic liquid. Two examples of a nematic phase are shown for rodlike (Fig. 2.1a) and disk-like (Fig. 2.1b) building blocks. An example of a phase
with both positional and orientational order is the smectic A phase (Fig. 2.1c). In
this phase the building blocks have an average direction similarly as in the nematic
phase, but their density is modulated along one direction, which results in a layerlike structure. In each of the layers the building blocks are positionally disordered,
forming a 2D isotropic liquid.

2.1

Nematic order

In this Thesis we will focus on thermotropic liquid crystals with rod-like or calamitic
organic molecules as their building blocks. In the simplest, nematic phase of liquid
crystals the building blocks have an average orientation because of their shape but
15
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b
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Figure 2.1: Three examples of liquid-crystalline mesophases. (a) A nematic phase
of rod-like or calamitic molecules. (b) A nematic phase of discotic molecules. (c)
Smectic A phase with orientational order and positional order in one dimension.
their centres of gravity possess no positional order, similar to a simple isotropic
liquid. The most common way to describe their behaviour is to average out the orientation of the molecules on the microscopic scale to obtain a continuum description.
This averaging yields a symmetric, traceless tensor Q, which can be written in the
uniaxial approximation as the quadrupole moment of the distribution of molecular
orientations [1]:
S
Qij = (3ni nj − δij ) .
(2.1)
2
The scalar order parameter S is the largest eigenvalue of Q and describes the degree
of ordering in the system. It can be calculated as
1
S = h3 cos2 θ − 1i ,
2

(2.2)

where θ is the deviation of a molecule from the average direction and the chevrons
denote averaging over the molecules. The eigenvector of Q which belongs to S is a
normalised vector n called the director and corresponds to the average orientation
of the molecules. Because Q in Eq. (2.1) is of second order in n, the director is a
headless vector with the property n = −n, which corresponds to the building blocks
of the LC having a symmetric head and tail [12].
Possible values of the order parameter S fall in the range [−0.5, 1]. In small molecule
rod-like nematics they are typically between 0.3 and 0.7 [13–15]. In the disordered,
isotropic phase the order parameter is equal to 0 and the director has no physical meaning. In a perfectly ordered, crystalline phase, the order parameter would
be equal to 1 and all molecules would be aligned along the director, but still be
positionally disordered.

2.2

Chiral nematics

Closely related to the nematic phase is the cholesteric or chiral nematic phase (N*)
in which the inversion symmetry is broken by chiral molecules (Fig. 2.2). Locally the
chiral nematic phase is similar to a normal nematic with the molecules on average
pointing along a director and having no positional order of their centres of gravity.
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Figure 2.2: Chirality in chemistry. (a) A molecule is chiral if its mirror image
cannot be superimposed over it, similarly as left and right hands are mirror images
of each other. For an organic molecule to be chiral, it is sufficient for it to have
a carbon atom with four different atoms or groups of atoms connected to it. If a
mesogenic molecule has no chiral atoms, as for example a 5CB molecule shown in
panel (b), it forms achiral mesophases. A chiral version of 5CB molecule with the
chiral C atom marked with an asterisk is shown in panel (c). Because of the chiral
centre, the molecule has two enantiomers, the right-handed one called CB15 and
the left-handed one, C15. Source of (a): http://www.nai.arc.nasa.gov/.
On a larger scale, however, the non-centrosymmetric molecules cause the director
to be non-uniform in the N* ground state and slowly rotate along a direction perpendicular to it (Fig. 2.3). The distance over which the director completes a full
rotation is called the pitch, p, and can vary over a large range from 0.1 ➭m upwards.
Chirality can be an intrinsic property of the LC molecules as for example in cholesteryl ester (after which the phase was named), or it can be induced in a normal
nematic by doping it with chiral molecules. In this case the pitch of the mixture is
calculated as
1
(2.3)
p=
c · HT P
where c is the concentration of the chiral dopant by weight and HT P is the helical
twisting power of the dopant. HT P depends both on the properties of the dopant
and the doped liquid crystal, and is usually temperature dependent.

2.3

Free energy expansion

In thermotropic LCs the order parameter depends on the temperature of the system.
In the isotropic phase it is equal to 0, but it jumps discontinuously to a finite value in
a first order phase transition when the temperature is lowered below the temperature
of isotropic-to-nematic phase transition. This behaviour can be described by a
phenomenological fourth-order Landau-de Gennes expansion of the free energy in
17

n

χ

p
Figure 2.3: Equilibrium structure of a bulk chiral nematic. Locally the molecules
have an average direction and therefore a director can be determined. On a longer
scale, the chirality of the phase induces rotation of the director field around an axis χ
perpendicular to the director. The distance along χ over which the director rotates
by 2π is called the pitch, p.
terms of the Q tensor [12, 16, 17]:
1
1
1
fO = A TrQ2 + B TrQ3 + C (TrQ2 )2 ,
2
3
4

(2.4)

where A is temperature dependent, and B and C are taken to be constant with
B < 0. At high temperatures, where A is positive, the only minimum of fO is at
S = 0. At lower temperatures, where A becomes negative, the equilibrium state
moves to S > 0, corresponding to an ordered nematic phase.
The Landau-de Gennes expansion [Eq. (2.4)] gives only the free energy due to the
ordering of the LC but does not include the energy of deformations of the director.
These are included in the elastic free energy [17, 18]:
fe =

L1 ∂Qij ∂Qij L2 ∂Qij ∂Qik L3
∂Qkl ∂Qkl
+
+
Qij
,
2 ∂xk ∂xk
2 ∂xj ∂xk
2
∂xi ∂xj

(2.5)

where L1 , L2 and L3 are the tensorial elastic constants, which are properties of
the material. An alternative way to write the elastic energy of a nematic LC at
a constant temperature is to insert Eq. (2.1) into the equation above and consider
S to be constant throughout the sample. This assumption is valid in most of the
sample, where S changes only slightly, but breaks down in regions of suppressed
order. Equation (2.1) can be then rewritten in terms of spatial variation of the
director thus obtaining the Frank-Oseen elastic free energy [12]:
fe =

K2
K3
K1
(∇ · n)2 +
(n · ∇ × n)2 +
(n × ∇ × n)2 .
2
2
2
18

(2.6)

The three terms in this expansion correspond to the three basic modes of deformation
of director structures: splay, twist and bend, all schematically shown in Fig. 2.4. K1 ,
K2 and K3 are their respective elastic constants which penalise each of the modes of
deformation. The values of these constants depend on the material; typical values
for small-molecule calamitic mesogens are on the order of 10 pN, with the twist
constant being the smallest and bend usually the largest [15, 19, 20].
a

b

c

Figure 2.4: The three modes of elastic deformation: (a) splay, (b) twist, and (c)
bend.
The elastic constants K1 , K2 and K3 are in this expansion of the free energy connected to the tensorial elastic constants by the relations [21]:
9S 2
(2L1 + L2 − L3 S) ,
4
9S 2
K2 =
(2L1 − L3 S) ,
4
9S 2
K3 =
(2L1 + L2 + 2L3 S) .
4

K1 =

(2.7)
(2.8)
(2.9)

Additional terms such as saddle-splay (K24 ) and splay-bend (K13 ) can be added to
the expansion in Eq. (2.6), but they reduce to surface integrals which run over the
boundaries of the nematic volume, i.e. the sample boundaries and the immediate
vicinity of the defects. With strong enough homeotropic anchoring, the effect of
these terms on the elastic behaviour near the outer surface of the LC volume becomes negligible. As we will deal mostly with experimental measurements, details
of the elasticity around defects will play a smaller role and a single elastic constant
approximation will suffice.
A common approximation in numerical modelling of LCs is to set the elastic constants to K1 = K2 = K3 = K with which we can derive the one-constant approximation of the elastic free energy [17]:
fe =

K
[(∇ · n)2 + (∇ × n)2 ] .
2

(2.10)

The equivalent of this is setting the constants L2 and L3 to zero in the tensorial
expansion of the free energy [Eq. (2.5)], which then becomes [16, 17]:
fe =

L1 ∂Qij ∂Qij
.
2 ∂xk ∂xk
19

(2.11)

In the case of chiral nematics the twist term in Eq. (2.6) has to be modified to
reproduce spontaneous twisting in the equilibrium state:
fe,TW =

K2
(n · ∇ × n − q0 )2 ,
2

(2.12)

where q0 is the inverse cholesteric pitch, q0 = 2π/p. The director n has to twist in
the ground state for this term to be equal to zero. In the expansion in terms of Q
an additional term has to be added to introduce chirality:
fe,TW = 2 q0 L1 ǫikl Qij

2.4

∂Qlj
.
∂xk

(2.13)

Anchoring

An important factor for the control of LC structures are the boundary conditions
of the director field – the alignment of LC molecules on the edge of the LC volume.
Because of elastic interactions, the orientation of the LC molecules on the surface
can propagate deep into the bulk and dictate the structure and properties of LC.
The orientation of molecules on the interface with another medium depends on
the details of molecular interactions, but generally LCs with long alkyl chains are
hydrophobic and their tails do not mingle with polar molecules such as water or
glycerol. Interfaces with these two media have tangential or planar orientation of oillike LC molecules (Fig. 2.5a). If there is no preferred direction on such an interface,
the anchoring is called planar degenerate. On solid surfaces it is possible to brake
this degeneracy. This can be for example done on polymer layers by rubbing them
with a velvet cloth. The rubbing induces shallow grooves and partially orients the
polymer chains on the surface, which both help to orient LC molecules and dictate
a preferred direction [22].
Alternatively, on surfaces with long perpendicular apolar chains, the tails of LC
molecules can penetrate such a layer and cause the LC director to be perpendicular
to the interface. Such orientation is called homeotropic (Fig. 2.5b). There are also
intermediate, tilted configurations of director. The tilt at the interface is generally
difficult to measure, but it can significantly affect the topological properties of the
director field [12, 23].
Anchoring of LC molecules can be modelled with a surface energy term, which
penalises deviations of director n from a preferred direction n0 , also called the easy
axis. This therm is given by the Rapini-Papoular model [24, 25]:
1
fanch = − W (n · n0 )2 ,
2

(2.14)

where the constant W determines the strength of anchoring. A characteristic anchoring length lW = W/K can be determined based on the energy of the anchoring
and the elastic constants of the LC and is typically of the order of 1 ➭m [26]. In
reality the deviations of orientation from the easy axis in the plane of the surface
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a

b

Figure 2.5: Examples of orientation of LC molecules on interfaces: (a) tangential
orientation is also called planar anchoring and (b) orientation normal to the interface
is called homeotropic anchoring. The red chains in (b) are the long, non-polar tails
of molecules which are attached to the substrate in order to induce homeotropic
orientation of the LC molecules.
are less energetically costly than deviations in the direction perpendicular to the
surface. The measurements of anchoring energy give values between 10−7 and 10−3
Jm−2 for Wpolar and Wazimuthal smaller by one or two orders of magnitude [22].
The anchoring of LC molecules at an interface can be modified by adding a surfactant. For example, amphiphilic molecules such as SDS and CTAB have a polar part
which is hydrophilic and long non-polar tails which are hydrophobic. The polar part
orients to the water side of the interface and the long, non-polar tails penetrate into
the LC volume and orient the LC molecules (Fig. 2.5b). By adding such surfactants
the type and strength of anchoring can be tuned [12, 27, 28].

2.5

Topological defects in nematics

As we have shown, elastic energy of a liquid crystal depends on the deformations or
gradients in the director field. Let us imagine a liquid crystal confined to a spherical
volume, with molecules on the surface of the sphere being oriented perpendicularly
to the interface (homeotropic anchoring; Fig. 2.6a). If we extrapolate the orientation
of the director toward the centre of the volume, we find that the splay term in the
elastic energy will become increasingly large. This term can become so large that the
elastic energy can locally increase to a point where it is energetically favourable for
the phase to change to isotopic and thus avoid the high energetic cost of the elastic
deformation. In the centre of a LC confined to a spherical volume with homeotropic
anchoring we will therefore find a small isotropic island where the director is not
defined – a defect in the director field with a size on the order of 10 nm [29]. For
the same reason a defect would appear in a cube-like volume with homeotropic
anchoring on all surfaces but would be absent if only two opposite surfaces were
homeotropic and the rest were planar (Fig. 2.6b). We can see that the presence of
such a defect does not depend on the geometrical shape of the confinement but on
something more general – its topology. Therefore such defects are called topological
defects.
Topology studies the connectedness of surfaces and volumes, and all objects that
can be smoothly deformed into each other without cuts are considered topologically
equivalent. Because holes cannot be introduced or removed without cuts, bodies
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b

Figure 2.6: Examples of director fields in confined volumes. (a) If we extrapolate the
director in a spherical volume of LC from the homeotropic alignment on the surface,
we find that the director is undefined in the centre of the volume, where because
of the high free energy cost of the elastic deformation the medium locally melts
to isotropic phase. (b) In a volume with homeotropic anchoring on two opposite
parallel sides and planar or no anchoring on the other sides no such defect is present.
are topologically classified with regard to the number of holes they have. From a
topological point of view a sphere is therefore equivalent to a cube, a pyramid, or a
bowl, but not to a mug with a handle, because the handle introduces a hole which
punctures the volume of the body (Fig. 2.7). The number of holes in an object is
called genus (g) and for closed surfaces it is connected to the Euler characteristic
of the object χ = 2(1 − g), which can be calculated from the total curvature of the
object through the Gauss-Bonnet theorem [30]:
I
ZZ
2πχ = κ dS =
ν · (∂ϑ ν × ∂ϕ ν) dϕ dϑ ,
(2.15)
where κ is the local Gaussian curvature of an infinitesimal patch of surface dS,
ν is the normal of the surface, and ϕ and ϑ are parameters which run over the
entire surface. We will use these relations later to determine topological constants
of director fields.

2.5.1

Topological defects in two dimensions

Topological defects in director fields are classified by the properties of the director
field which surrounds them. If a nematic is confined to a 2D surface (the director lies completely in one plane), a defect is classified by the number of rotations
the orientation of the director performs when the defect is encircled once along an
arbitrary closed path – its winding number, defined as [12]:
I
dϕ
1
dl ,
(2.16)
k=
2π
dl
γ

where γ is the closed path and ϕ is the orientation of the director field in the
plane. A few examples of defects with different winding numbers are shown in
Fig. 2.8. Defects with half-integer winding numbers where the director rotates by π
are allowed in 2D because of the nematic symmetry n = −n.
22

genus = 1

genus = 0

Figure 2.7: Examples of solid bodies with different topologies. A sphere, a pyramid
and a bowl are all topologically equivalent because they can be smoothly deformed
into each other without cuts. For example, a sphere can be flattened into a disc and
then bent into a bowl-like shape. Because these solids have no holes, their genus is
equal to 0. On the other hand, both a torus and a mug have a single hole which
punctures through their volume and therefore their genus is equal to 1.
k = 1/2

k =-1/2

k=1

k = -1

k = -2

Figure 2.8: Two-dimensional topological defects with different winding numbers. A
negative winding number means that the director rotates in the opposite sense than
the path encircling the defect.
An interesting result which can be calculated from Eq. (2.10) for 2D defects is that
the free energy of the elastic deformation they induce is proportional to the square
of their winding number which has important implications for their stability [1].
Two-dimensional defects can also appear on surfaces of otherwise 3D samples. Such
defects are common in situations with degenerate planar anchoring [23]. If they
have a half-integer winding number, they are terminal points of disclination lines,
and if they have integer winding numbers, they are point defects called boojums.
An example of such a defect is shown in Fig. 2.9a and an example of a 3D director
configuration in a LC droplet with degenerate planar anchoring is shown in Fig. 2.9b.
The sum of the winding numbers of defects of a director field with non-zero tangential components on a closed surface is a conserved quantity: the Poincaré-Hopf
theorem states that it is equal to the Euler characteristic of the surface, which can
be calculated from Eq. (2.15) [26, 31]. This means that on a spherical particle with
planar anchoring the defects must have a total winding number equal to 2 and on a
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torus-like particle with planar anchoring, the sum of the winding numbers of defects
must be 0.
a

b

d

c

Figure 2.9: Defects in 3D director fields. (a) A surface defect with k = 1, called a
boojum. (b) An example of a nematic droplet with planar degenerate anchoring.
A bipolar structure satisfies the anchoring almost everywhere on the surface except
in two points where boojums are formed. (c) An example of a disclination line.
The director field in a plane perpendicular to the disclination line lies in-plane,
is therefore 2D and has k = −1/2 winding number. (d) An example of a twist
disclination. If we follow the rotation of the director along a closed path around
the disclination (starting at the dashed line), the director first rotates out of the
cross-section plane and then continues the rotation until it is again lying in-plane.
During this rotation it traces a Möbius strip as indicated in the image. From the
orientation of the arrows we prescribed to the director, we can see that it rotates by
π.
The winding number can also be used to classify line defects – extended tubelike isotropic regions. If the director field lies in a plane, perpendicular to the
disclination, the line disclination is analogous to a 2D defect and can be classified
by the winding number of its director profile. An example of a disclination line
with k = −1/2 is shown in Fig. 2.9c. Because line defects are embedded in 3D, the
director can also rotate out of the plane of their cross-section. In this case their
topological classification can be done by a generalized form of the winding number:
instead of observing the rotation of the director in the plane of the cross-section,
we imagine the director is drawn on a ribbon and we can see the ribbon twists by
π while it encircles the defect core once (Fig. 2.9d). In nematics in general there is
no restriction for the director in the cross-section of a disclination with half-integer
winding to be in-plane and the winding profile of a disclinations can change. Because
of this, all line defects with a half-integer winding number director profile, which does
not change along the length of the disclination, are topologically equivalent [32–34].

2.5.2

Three-dimensional topological defects

Singular points in the bulk of 3D director fields (point defects) are characterised by
their topological charge, which is defined analogously to the winding number [32]:
ZZ
1
q=
n · (∂ϑ n × ∂ϕ n) dϑ dϕ ,
(2.17)
4π
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where ϑ and ϕ are a parametrisation of a closed surface encompassing the point
defect, and the integral runs over the entire surface. To calculate q, we have to treat
n as a vector – we have to assign an orientation to it, or in other words, add an
arrow to it. Equation (2.17) is a mapping of the director field n to a unit sphere
– it counts how many times the director on a surface enclosing the point defect
visits each possible orientation on a unit sphere. Because q depends on the third
power of n, the sign of topological charge depends on the direction we assign to
the director. By transforming an otherwise headless director to an arrow, we are
breaking the symmetry of the nematic. In this way we produce negative and positive
topological defects. However, since the choice of direction was arbitrary, the sign of
the topological charge is arbitrary as well. In practice this means that if we want
precise bookkeeping of the signs of topological charge in a sample, e.g., so that we
can calculate the total topological charge, we need to have a common reference.
Once we add an arrow to the director at some point in volume, we thus have to take
care that this choice is consistent in all the volume.
If we take care of consistent arrow assignment throughout the LC volume, the total
topological charge of all the defects can be calculated with simple addition. In the
case of homeotropic anchoring on the surface of the LC volume, the director n is
equal to the normal to the surface ν. Therefore Eq. (2.17) becomes almost identical
to Eq. (2.15) and we can extract a simple relation for the total topological charge
inside the volume: q = 1 − g. Total topological charge is a conserved topological
quantity and depends solely on the genus g or in other words, the number of holes
in the LC volume. This expression also works the other way – if we place a particle
with a genus g and homeotropic anchoring on its surface inside a LC volume, the
director around it will behave as is a defect with the topological charge q is induced.
a

b

Figure 2.10: Point defects in 3D director fields. (a) A radial and (b) a hyperbolic
point defect. Both point defects are rotationally symmetric around the vertical
axis. In the equatorial plane the director field of both defects is radial, but in all the
vertical planes the director field of the defect in (b) has a hyperbolic configuration.
Arrows are added to help determine the topological charge of the defects.
A quick way of identifying the sign of charge we have chosen for unit charge defects
is to observe the direction of arrows on the symmetry axis of the defect. If the
arrows are pointing away from the defect as in Fig. 2.10a, its charge is positive,
and if they are pointing towards the defect (Fig. 2.10b), it is negative – regardless
of the geometrical shape of the surrounding director. The familiar source-and-sinklike behaviour of topological charges could lead us to drawn parallels between the
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director field and its topological charges and the electric field lines and electrostatic
charges. However, the analogy is not justified because of fundamental differences
between the two: the director field is, unlike electric field, headless and normalised,
and topological charge is not calculated as the divergence of the director field lines
as in the electrostatic case, but as the mapping of a director field to a unit sphere.
Hyperbolic point defects are consequently not proper sinks of the director field but
more akin to saddle points in the electric field which appear between electric charges
of equal sign [35].
Equation (2.17) is in essence just a calculation of how many times the director on
a surface enclosing the defect covers all possible orientations in space. This can be
quickly deduced by decomposing the director on the surface surrounding the defect
into patches by projecting it to the normal of the surface. With this, patches of
“in-going” and “out-going” director are formed, separated by boundaries where the
director rotates by π. These boundaries can include “grains” where the director
changes direction by an in-plane rotation. The topological charge of a defect can
thus be calculated as [36]:
N
M
X
X
q =1+
ti +
gi
(2.18)
i

i

where ti of the N patches can be ±1, depending on the orientation of the director on
the patch and gi of the M grains takes values of ±1/2, depending on the direction
of rotation of the director in the grain.
Unlike 2D defects for which winding numbers larger than one have been observed
experimentally under certain conditions [37–39], 3D point defects in nematics have
so far only been observed in two distinct flavours: radial (with its twisted variants)
and hyperbolic, both possessing unit topological charge [40]. If a higher defect
would appear in a nematic, theoretical predictions show it would not be stable [41]
and experiments which tried to induce higher-charge defects observed they indeed
dissociate into a suitable number of unit defects [42].
Within a topological genus, different defects can appear. For example, in a spherical
droplet with homeotropic anchoring, the point defect we showed in Fig. 2.6a can be
replaced by a closed line defect – a defect loop. These two defects are equivalent
if they have the same topological charge. Topological restrictions do not dictate
the exact type or number of defects, only their total topological charge. Stability
of different defects is then determined by their free energy. Differences between
free energies of different defects arise because of contributions of the elastic energy
of the deformed director field surrounding the defect and the energy of the defect
core, which is proportional to its volume and is larger for line defects than point
defects [40, 43].
These energetic differences dictate which defects will appear in a given situation.
For example, if we put a solid spherical particle with homeotropic anchoring on
its surface into LC with uniform director field, a companion defect is induced to
compensate the topological charge of the particle [44]. If we choose the arrows on
the surface of the particle to point away from the particle, its topological charge
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will be +1. The companion defect therefore needs a topological charge of −1 to
compensate the topological charge of the particle, as their combined charge needs
to be equal to 0 because the far-field director is uniform. This defect can be realized
in two ways – either with a hyperbolic point defect (Fig. 2.11a) or a loop with
a half-integer winding number (Fig. 2.11b). Which defect will appear is strongly
influenced by the confinement of the system. If the distance between the bounding
surfaces of the LC cell is comparable to the size of the particle, a defect ring around
the particle will be the stable configuration. On the other hand, if the distance is
increased, the energy of the defect core will be minimised by shrinking the loop into
a point defect [45].
a

b

c

Figure 2.11: Spherical particle in a uniform director field. If a spherical particle
with homeotropic anchoring is put in a uniform director field, it will carry a topological charge of +1 because of the radial orientation of the director around it. Its
topological charge needs to be compensated by another, induced, defect that can
be either (a) a point defect or (b) a ring defect. Both induced defects carry a unit
topological charge of the opposite sign, so that the total topological charge is 0.
(c) A loop defect with a half-integer winding number of its director profile induces
a discontinuity in the prescription of arrows to the director. This can be resolved
by imagining a membrane (branch cut surface) stretched across the ring (shaded
area) on which the arrows change direction. In the shown case, the arrows on the
symmetry axis of the membrane are pointing away from the membrane, and the
disclination has a +1 topological charge.
Problems with assigning an arrow to an otherwise headless director arise if the LC
volume contains line defects with half-integer winding numbers, which are allowed
in nematics. If an arrow is added to the director in such cases, it flips direction
after encircling the defect core once and we therefore cannot find an assignment of
arrows which would be consistent throughout the volume [32]. We can rectify this
situation by imagining a membrane or a branch cut surface [46], stretched over the
opening in the defect loop as shown in Fig. 2.11c. If we suppose the vectorised
director flips its orientation when it passes through the membrane, the discontinuity
in the oriented director field is resolved. By doing this we can also determine the
sign of topological charge of the simple defect loop in Fig. 2.11c in the same way we
did with point defects. A disclination line with non-rotating half-integer winding
number of its cross-section carries a +1 topological charge if the arrows at the
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membrane are pointing outward as in Fig 2.10c, and a −1 topological charge if they
point inward. If the LC volume includes point defects in addition to the line defects,
the situation is changed; namely, the assignment of the signs of topological charges
of the point defects depends on the choice of the branch cut surface [32]. Because
the total topological charge is determined by the topology of the confinement, and
the anchoring conditions, the choice of the branch cut surface also changes the
topological charge of the ring defect. Without selecting a branch cut surface, one
can still tell if the topological charge of a defect line is odd or even: if the director
profile of the defect line with half-integer winding is fixed, the topological charge is
odd, and if the profile changes, it can be odd or even, depending on the number of
changes [33, 47]. Without a selected branch cut surface to define the signs of the
topological charges, the conserved topological quantity is the sum of the topological
charges modulo 2 [7, 32, 33, 48].
The topological charges of the spherical particle and the companion defect are elastically attracted to each other. This attraction arises because areas of deformed
director around defects carry elastic energy and this energy can be lowered when
two deformed areas overlap [43]. If the deformation in the two areas is not geometrically compatible, the elastic energy can increase when the two defects approach
each other, resulting in a repulsive elastic force. Repulsion usually arises between
defects of the same type [34]. The elastic force can have a range of several tens of
micrometers [49].
Two defects with opposite topological charge attract if they are placed into a homogeneous director field [43, 44, 49–52]. They will slowly approach each other and
annihilate when they collide. Such situations arise for example when a LC sample
is quenched from the isotropic to nematic phase [53–55]. In the first moments after
the phase transition the sample is in the nematic state, but the information about
the alignment has not propagated through the sample yet. Small domains of uniform director are formed, and as they merge, a dense network of defects is formed,
where the orientations of the merging domains do not match. Most of these defects
annihilate quickly, leaving behind only the defects which are necessary because of
topological constraints of the confinement. For example, in a volume with uniform
director alignment on its surface (Fig. 2.6b), a pair of oppositely charged unit topological defects will annihilate into the uniform director state just as a single defect
ring will, because it needs to be topologically trivial due to the boundary conditions.
In a droplet with homeotropic anchoring the situation is different – the topology of
confinement dictates that the total charge inside the volume must be equal to 1 and
therefore at least one point or loop defect will be stable, as seen in Fig. 2.6a. A
way to stabilize defects after a quench in uniform field is to add inclusions which
prevent their annihilation – particles of any shape [34, 56–60], for example as seen
in Fig. 2.11a and Fig. 2.11b.
In some cases the defects which satisfy topological constraints are metastable –
their energy is higher than that of the most stable configuration, yet the state is
stable because the energy barrier between the states is significantly higher than the
energy of thermal fluctuations [7, 47]. In such cases, any of the metastable states
28

can arise if the system is quenched from the isotropic phase. In some situations,
the most symmetric structure features a defect, but if the symmetry is broken, a
more stable structure without a defect is attainable. An example is the director
field in a cylindrical capillary with homeotropic anchoring on the surface [40, 61].
The most symmetric structure in this system would be a radial director field in the
cross-section of the capillary (Fig. 2.12a) with a k = +1 line defect in the centre
extending along the symmetry axis of the capillary (Fig. 2.12b). However if the
director tilts out of the plane of the cross-section in Fig. 2.12a, a structure without
a singular defect line is possible. In this case the director is perpendicular on the
surface of the capillary, but it avoids the singularity along the axis of the tube by
bending out of the plane of the perpendicular cross-section as can be seen at the
left end of the capillary in Fig. 2.12c. The singular core of the more symmetric
structure is in this case substituted with non-singular director pointing along the
axis, splaying and bending toward the surface of the capillary. Such a resolution of
a singular structure is commonly called “escape along the third dimension”. Which
of the two possible structures is energetically favourable depends on the balance of
absence of the extended defect core lowering the free energy and extra splay and
bend deformation of the director field increasing it. The energy balance is dictated
by the elastic constants of the LC and its confinement – anchoring strength and the
diameter of the capillary. Because the director can escape in any of the two possible
directions, domains with opposite directions of escape are separated by ±1 point
defects as seen in Fig. 2.12c. Depending on the dynamics of the quench many or
only a few defects can form.
a
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Figure 2.12: Director field in cylindrical capillaries with homeotropic anchoring. A
cross-section oriented (a) perpendicularly to and (b) along the axis of the capillary in
which the director lies completely in the perpendicular cross-section in (a). Because
of radial configuration of the director in this plane, a singular disclination line with
+1 winding number is needed along the axis of capillary. (c) Situation in which
the director is not singular along the axis, because it escapes by bending out of the
plane of the perpendicular cross-section. Both directions of escape along the axis
are possible and where the areas of differently oriented escape meet, hyperbolic or
radial point defects are formed.

2.5.3

Topological defects in chiral nematics

In a chiral nematic liquid crystal the variety of line defects is greater, but we will only
briefly go through them. The special line defects appear only in proper cholesteric
samples with a well-defined cholesteric axis almost everywhere in the sample. As
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we will see later, these types of defects are not present in the studied chiral nematic
droplets because the confinement greatly frustrates the cholesteric structure.
To properly characterize cholesteric structures two more directions besides the director need to be defined – the direction of the chiral axis around which the director
rotates, χ, and a direction which is perpendicular to both the director and the chiral axis, τ [12]. Areas where any pair of these three directions is undefined form
cholesteric line defects, examples of which are shown in Fig. 2.13. Disclinations
in cholesterics are named after the vector which is not singular at their core, with
disclinations with non-singular director being called λ disclinations. All of these
cholesteric defect lines are properly defined only in bulk cholesteric LC where the
surrounding volume is filled with cholesteric layers – they are discontinuities in the
layers. At the edges of cholesteric volume, where a part of the volume is nematic,
cholesteric defects do not appear or are not localized, making it difficult to define
the defect core. For example, in a planar wedge cell filled with a cholesteric, the
discontinuity between the thinnest region with zero twist and the first cholesteric
region with π twist is not one of the cholesteric defects but a twist disclination.

Figure 2.13: Disclinations in cholesteric samples. In each type of disclination two
out of the three directions which locally characterise the cholesteric are not defined
and the type of disclination is named after the defined direction and the winding of
the disclination. For the χ+1 disclination, the director in a series of cross-sections
along the core of the disclination is shown. Reproduced from ref.. [6] with permission
of The Royal Society of Chemistry.
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Point defects only rarely appear in cholesteric samples with well-defined helical structure. One such example is the nucleation of a series of point defects from a χ
disclination line which runs perpendicularly to the cholesteric layers. The singular
director of the line escapes in the third dimension similarly as in a capillary, but
the periodic helical structure of the cholesteric layers organises the alternating ±1
defects into a string with regular spacing [1]. On the other hand, in systems where
the confinement frustrates the helical ordering, the whole phase can be considered
as the border between the nematic and cholesteric. For example, in a cholesteric
LC with the pitch comparable to the distance between two surfaces with homeotropic anchoring, localised regions of twist called bubble domains or torons will be
separated from the homeotropic surface by point defects [2, 62–64].

2.6

Optics of liquid crystals

Liquid crystals strongly interact with light either through their anisotropic dielectric
properties or through absorption and non-linear processes. This makes LC closely
connected with optics – optical methods are one of the most widely used tools for
observation of their structure and photonic applications are their most common uses.
The basis of our observation of LC structures is microscopy so it is important to
understand the optical properties of LCs.
To describe light as an electromagnetic wave, we need four fundamental quantities:
electric field E, electric displacement D, magnetic field H and magnetic-flux density
B, which are connected through the Maxwell equations. For light in a medium
without free charges, the Maxwell equations can be written as [65, 66]:
∇·D=0,
∇·B=0,
∂B
,
∇×E=−
∂t
∂D
,
∇×H=
∂t
with additional relations between the fields in matter:
D = ε0 ε E ,
B = µ0 µ H ,

(2.19)
(2.20)
(2.21)
(2.22)

(2.23)
(2.24)

where ε0 = 8.85 × 10−12 (As)2 /Nm2 is the vacuum permittivity, ε the dielectric
tensor of the medium, µ0 = 4π × 10−7 Vs/Am the vacuum permeability and µ the
permeability tensor of the medium. For small-molecule organic LCs, µ is equal to
1 and they can be considered non-magnetic. For uniaxial, non-absorbing LC, the
dielectric tensor in its principal frame can be written as


ε1 0 0
ε =  0 ε1 0  ,
(2.25)
0 0 ε3
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where ε3 is the dielectric permittivity along the director of the LC, and ε1 in a
direction perpendicular to the director. In such a medium, the electric field E and
magnetic field H are both perpendicular to the direction of light propagation given
by the wave vector k, and to each other. Because of this, an electromagnetic wave
can be fully characterised by its electric field: E = E0 exp(k·r−ωt) . The magnitude
of the electric field E0 is in general a complex vector and defines the polarisation of
light. If the polarisation is a real vector and points along one of the principal axes
of the dielectric tensor, it does not change its orientation while propagating through
the material; such a wave is an eigenmode of the material, which does not change
polarisation. For such light, the wave vector can be written as k = 2π/λ0 ne,o , where
√
λ0 is the wavelength of light in vacuum, ne = ε3 is the refractive index of the
√
material for a polarisation along the LC director and no = ε1 is the refractive
index for any polarisation perpendicular to the director, where ε1,3 are the relative
dielectric constant values of the material at the frequencies of the propagating wave.
Because ε changes with the wavelength of light, liquid crystals have dispersion.
Light propagating along the director sees the same ordinary refractive index, no , for
all polarisations. If it is propagating at a perpendicular direction with regard to the
director, its polarisation can be decomposed into two perpendicular components, one
with ordinary refractive index and the other with extraordinary refractive index, ne .
Because of the different refractive indices for the two components of polarisations,
light with different polarisations gathers a different phase difference, also called retardance δ = k · r, while propagating through the medium. Because of the difference
in retardance, the material is birefringent and can change the polarisation of light,
propagating through it.
If the vector E0 is real, the polarisation of light is linear. If it is complex, the two
components oscillate with different phases and the beam has an elliptical polarisation. Propagation through a birefringent medium changes the relative phase of the
two components and with it the polarisation state of light.
For light propagating at an oblique angle to the LC director, the polarisation of
light is still decomposed in two components: one in a direction perpendicular to the
director with refractive index no and the other one perpendicular to this direction
and to the direction of light propagation, for which the effective index has to be
calculated from the refractive index ellipsoid [66, 67]. In such a case, the refractive
index of the extraordinary wave is calculated as [67]
1
cos2 ϑ sin2 ϑ
+
,
=
n2
n2o
n2e

(2.26)

where ϑ is the angle between the wave vector k and the director.
There are several methods for calculating the influence of an optically inhomogeneous material on the polarisation state of a light wave, the simplest being the Jones
matrix method [67], which can handle relative phase changes between two orthogonal polarisations, but not reflections. A more complex method is the Berreman 4 × 4
matrix method which can also handle reflections [68]. In both these methods you
can write a matrix to describe a homogeneous optical material and this matrix then
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acts upon an appropriate vector which describes the polarisation state of light. If
an optically inhomogeneous material is considered, it has to be divided into a series
of thin slices, each described with its own matrix, which act upon the polarisation
state vector in the same sequence as the light passes through the layers.
Another related method is the Mueller matrix method which acts upon the Stokes
vectors [66]. The Stokes vector is a generalisation of Jones vector, with which we
can also describe unpolarised light. With Stokes vectors, it is possible to determine
the polarisation state of light from experimentally measured intensities. We will
present this description in more detail, because it will be useful in a later chapter,
when we will explain, how we calculate the orientation of director from fluorescence
intensities, measured at different polarisations.
If the polarisation of the electric field is E = (Ex , Ey ), the four Stokes vector components can be written as [66]
S0 =hEx Ex∗ + Ey Ey∗ i ,

(2.27)

S1 =hEx Ex∗ − Ey Ey∗ i ,

+ Ey Ex∗ i ,
S3 =hi(Ex Ey∗ − Ey Ex∗ )i

(2.28)

S2 =hEx Ey∗

(2.29)
,

(2.30)

where the brackets denote the value averaged over time. S0 is the light intensity,
S1 the difference between the components in x and y direction, S2 the difference in
components along the ±45◦ directions, and S3 the difference in the right and left
handed components of circular polarisation. If (S1 )2 + (S2 )2 + (S3 )2 < (S0 )2 , the
light is not completely polarised. Several examples of polarisation states are given
in Table 2.1

Table 2.1: Examples of polarisation states.
Vector notation
Polarisation

(Ex ,Ey )

Stokes vector

Unpolarised
Linear (0◦ )
Linear (90◦ )
Linear (45◦ )
Linear (135◦ )
Circular (righthanded)
Circular (lefthanded)
Elliptical (righthanded with long axis along x)
Elliptical (righthanded with long axis along y)

/
(1,0)
(0,1)
√
√
(√2/2, √
2/2)
(√2/2,−√ 2/2)
(√2/2,i √
2/2)
( 2/2,−i 2/2)
(0.8,i0.6)
(0.6,i0.8)

(1,0,0,0)
(1,1,0,0)
(1,−1,0,0)
(1,0,1,0)
(1,0,−1,0)
(1,0,0,1)
(1,0,0,−1)
(1,0.28,0,0.96)
(1,−0.28,0,0.96)
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2.6.1

Optics of chiral nematic liquid crystals

We already discussed how the director in chiral nematic LCs rotates around a helical
axis. For example, the equilibrium configuration of a cholesteric in bulk, where the
influences of the surfaces cannot be felt, can be written as [1]:

n = cos(2πz/p), sin(2πz/p), 0 ,
(2.31)
where the chiral axis χ is aligned with the coordinate axis z and p is the pitch of
the cholesteric.
Such a sample is not optically homogeneous, because the principal axes of the dielectric tensor follow the director. If light is travelling along the layers, the spatially
varying refractive index effectively acts as a lens, locally focusing or dispersing the
light. The deviation of a light beam from its original path because of this lensing
can be estimated as z∆n where ∆n is the birefringence of the LC and z is the depth
of scanning [9, 10].
If we want to consider propagation of a light wave along the chiral axis χ (the z axis
in this case), we need to cut the sample into a series of xy slabs with a thickness
much smaller that p, so that the director in a slab does not rotate considerably and
the slab can be considered to have homogeneous director. Then we can model the
propagation of light through the LC with a series of matrices corresponding to the
xy slabs, each with its principal axis rotated slightly with respect to its neighbours.
For light propagating along the helical axis, the cholesteric described in Eq. (2.31)
acts a polarisation state transformer. Several regimes of operation can be derived,
depending on the refractive indices of the medium, its pitch and the wavelength
of light. In each regime, two polarisation states of light can be found, which are
eigenmodes of the cholesteric structure – they do not change while propagating
through the medium. The eigenmodes are in general elliptically polarised, with the
axes of the ellipses following the local principal axes of the dielectric tensor [67].
The four limit regimes, which depend on the wavelength of light λ, chiral pitch of
the structure p, average refractive index n and the birefringence ∆n, are [67]:
1. Mauguin regime (λ ≪ 0.5 p ∆n). In the short wavelength spectral regime,
where the director rotates slowly compared to the wavelength of light, the
two eigenmodes are linearly polarised, with polarisation of one pointing along
the director and of the other perpendicular to the director. Because the polarisation of both modes follows the local director, this regime can be used
for polarisation guiding, for example in twisted nematic cells and other LC
devices [66].
2. Short wavelength circular regime (0.5 p n ∆n ≪ λ ≪ p). In this spectral
regime, the eigenmodes have nearly circular polarisation state. Circularly
polarised light of either handedness does not change its polarisation state in
this regime. Light with arbitrary polarisation state is decomposed into a linear
combination of the left- and right-handed circular polarisations, but because
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the two eigenmodes propagate through the medium with a different wavevector
k, the polarisation state of incoming light changes. For a linear polarisation
this means the plane of polarisation is rotated by rotatory power [67]:
π(∆n)2 p
ρ=−
.
4λ2

(2.32)

3. Bragg regime (no p < λ < ne p). In the Bragg regime the pitch of the
cholesteric matches the wavelength of light in the medium. The two eigenmodes are circularly polarised. The eigenmode with the opposite handedness
as the cholesteric structure sees a periodic structure, which acts as a Bragg
mirror. Because of the matching of periodicity of the structure and the wavelength, the reflected waves interfere constructively. The wavevector of such a
polarisation state is purely imaginary, so only an evanescent wave is present in
the medium, and all light with a handedness opposite to the cholesteric is reflected. The polarisation state with the same handedness as the structure does
not see the periodic structure of the cholesteric, so it can propagate through
the medium.
4. Long wavelength circular regime (ne p ≪ λ). In the long wavelength circular
regime both eigenmodes are almost circularly polarised. Because of the differences in the wavevectors of the two eigenmodes, the rotatory power in this
regime is [67]:
πn2 (∆n)2 p3
.
(2.33)
ρ=
4λ4
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Chapter 3
Liquid crystal droplets
Droplets of liquid crystals are a relatively well studied system because of the ease
of their preparation and the richness of phenomena which can be observed in them.
The simplest way of preparing them is to mix a small amount of a LC with a medium
which will not dissolve the LC, for example an organic-molecule-based liquid crystal
with a polar solvent such as water. Droplets can also be formed with phase separation as in polymer-dispersed LC [69], or with microfluidics which gives substantial
control over their sizes [70, 71]. Droplets of various LC phases have been studied
so far: smectic [26, 72], columnar [73] and blue phases [74–76], but by far the most
frequently studied are nematic and cholesteric droplets.
The shape of the droplets depends on the interplay of surface tension and elastic
forces in the droplet – if the surface tension is relatively large, the droplets are spherical, minimising the surface of the LC volume, but other shapes are also possible.
If the surface energy is relatively small, the elastic distortions can cause the surface
of the LC to undulate [77, 78]. The competition between elastic forces and surface
tension can also lead to different anisotropic shapes of droplets. One example are
elongated, spindle-shaped droplets called tactoids [79–81]. In cases where the surface energy is lowered with a surfactant, the interplay of surface energy and elastic
constants close to a smectic phase transition can drive the formation of extended
tube-like structures, which can either be stabilised [82,83] or even divide into smaller
droplets [84]. Droplets with holes can be formed either in stress-yield mediums [85]
or by confining a LC in handlebody shaped polymer cavities [86]. Thin spherical
LC shells with planar anchoring have been researched extensively both theoretically
and experimentally [87]. The Poincaré-Hopf theorem, which connects the sum of
the winding numbers of 2D defects on a closed surface to its genus, has been verified
for LC shells numerically [88, 89] and experimentally [90, 91].
If a nematic liquid crystal is used, the equilibrium director structure in the droplet
predominantly depends on the anchoring of the molecules on the surface of the
droplet. For a spherical nematic droplet with planar anchoring the Poincaré-Hopf
theorem states that the sum of winding numbers of defects must be equal to 2, which
means 2 surface boojums with k = 1 must be present [23, 26]. This usually results
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in a bipolar structure (Fig. 3.1a). With homeotropic anchoring, a radial structure
with a single point defect in the bulk LC is usually the most stable (Fig. 3.1b) but
variation of anchoring strength and elastic constants of the LC can force the point
defect to expand into a closed disclination loop running circumferentially around
the droplet (Fig. 3.1c) [23, 27].
a

c

b

Figure 3.1: Director structures in nematic droplets. (a) In droplets with planar
anchoring a bipolar structure with two boojums is most the common. Nematic
droplets with homeotropic anchoring have either (b) a radial structure with a central
radial hedgehog or (c) a circumferential disclination ring.
Because the structure in a nematic droplet is so sensitive to the anchoring conditions on the droplet surface, droplets can be used for detecting the presence of
different chemicals. For example, small amounts of surfactants which are composed
of hydrophobic and hydrophilic parts can change the anchoring in aqueous dispersions of LC from planar to homeotropic [28, 92]. Alternatively, tiny amounts of
biological molecules can alter the structure by being concentrated in the topological
defects [93].
In a droplet with homeotropic anchoring, the director on the surface is parallel to the
normal of the surface. This means that the total topological charge inside the droplet
must be q = +1 according to the Gauss-Bonnet theorem [Eq. (2.17)]. In a nematic
droplet this usually means that in equilibrium only one radial point defect is present.
If additional defects are formed, for example in a quench, they are annihilated
when the director relaxes its elastic deformations and the total topological charge
of the equilibrated state is again equal to +1. Additional defects can be stabilised
if some kind of a barrier is inserted to prevent the annihilation of surplus defects.
For example, colloidal particles with homeotropic anchoring can be added to the
droplet, each carrying +1 topological charge. If only a single particle is present, it
will occupy the centre of the droplet and no additional defect will form. If more
particles are added, additional −1 defects will form, so that the total topological
charge, determined by the homeotropic anchoring on the surface of the droplet will
be compensated to +1 [44, 50].
A specific property of droplets compared to other confined systems is their symmetry
– a structure can be embedded in a spherical confinement in any orientation, giving
rise to several possible different appearances of the same structure. Caution is
even more critical in cholesteric droplets, where often several metastable states are
38

possible and the nontrivial optics of the system hinders interpretation of optical
textures [6, 94–98].

3.1

Chiral nematic droplets

Chiral nematic droplets have been studied extensively: their formation in polymerdispersed LC [69], the stablity of structures [6, 7, 96, 99–105], structural transitions
between them [106], influence of external fields on the structure [99, 105, 107–109],
insertion of fibers [110] and assembly of nanoparticles in surface or bulk defects [111–
113].
Chiral nematic droplets have an additional free parameter compared to nematic
droplets – the chiral pitch p. The twisting of the director field can be embedded
into the spherical confinement of a droplet in many different ways and therefore
several different director structures with different elastic energies can emerge for a
given set of parameters. Structures with non-minimal energy can be stable because
of energy barriers associated with unwinding of the twisted structure. Because of
their stability and non-minimal energy they are metastable. The main parameter
determining the energy and consequently the stability of different structures is the
diameter to pitch ratio N = 2d/p0 [6, 7], where d is the droplet diameter and p0 is
the intrinsic pitch of the mixture – the pitch of the cholesteric layers of the LC/chiral
dopant mixture in equilibrated bulk. The pitch of a layered structure in confined
space such as a droplet or a wedge cell can be different from this equilibrium value
because the structure can be elastically deformed to satisfy the boundary conditions.
The factor of 2 in the formula means that the relative chirality parameter N counts
the number of π twists the director could perform across the diameter of the droplet.
Chiral nematic droplets show a large variety of possible structures [6, 7, 96, 99–104].
With planar anchoring and N greater than about 7, the most stable structure is
onion-like with concentric spherical layers with either a diametral (Fig. 3.2a) or
radial discontinuity in the cholesteric layers (Fig. 3.2b) connecting to two surface
boojums [6]. In the diametric spherical structure (DSS), the two boojums are located
on opposite poles of the droplet and in the radial spherical structure (RSS), they
are positioned next to each other on the surface of the droplet. If the pitch of
the layers in such a structure is comparable to the wavelength of light in the LC
medium, the periodicity of the structure gives rise to selective Bragg reflections as
discussed in Section 2.6. This property has been utilised in several applications,
for example as polymer-dispersed LC for temperature-tunable paints [114, 115] and
smart windows [69, 116], spherical resonator cavities in paintable [117, 118] and 3D
lasers [119, 120] and holographic coding [121, 122].
If the diameter to pitch ratio is reduced, other structures become stable. A structure
with two boojums and coaxial, cylindrical layers, simply called bipolar structure
(BS), is shown in Fig. 3.2c. A similar planar bipolar structure (PBS) also has two
diametrically positioned boojums, but the nested layers are flattened as shown in
Fig. 3.2d. In planar droplets with N < 2, a structure similar to the BS is found, but
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without real layering – it is called the double-twist structure [96]. Two more exotic
structures were found in numerical simulations at moderate N (between 4 and 7),
but have not yet been demonstrated experimentally. These are the closely related
Lyre (Fig. 3.3a) and Yeti structures (Fig. 3.3b), in which the deformations of the
cholesteric layers are spread throughout the droplet [6].
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Figure 3.2: Numerically calculated structures in chiral nematic droplets with planar
anchoring. (a) The diametric spherical structure (DSS) in a droplet with N = 10
in which the diametric +1 disclination dissociates into a series of τ −1/2 and λ+1/2
rings. (b) The radial spherical structure (RSS) in a droplet with N = 10, where two
λ+1 disclinations helically wrap around each other and end in a pair of boojums.
(c) The bipolar structure (BS) in a droplet with N = 6 with coaxial cylindrical
layers and two boojums. (d) The planar bipolar structure (PBS) in a droplet with
N = 8 with flattened coaxial cylindrical layers and two boojums. The insets show
cross-sections of the structures and simulated transmission images under crossed
polarisers looking either along or perpendicular to the symmetry axis of the droplet.
Singular regions are shown in red color. Reproduced from ref. [6] with permission
of The Royal Society of Chemistry.
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a

b

Figure 3.3: Two exotic numerically calculated structures in chiral nematic droplets
with planar anchoring. The Lyre (a) in a droplet with N = 4 and the Yeti (b) in a
droplet with N = 5. Reproduced from ref. [6] with permission of The Royal Society
of Chemistry.
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3.2

Chiral nematic droplets with homeotropic
anchoring

Chiral nematic droplets with homeotropic anchoring (CNDHO) have not been studied extensively prior to this study. Only a few experimental studies were conducted,
which found that for large N the equilibrium structures of CNDHO appear similar to the ones in cholesteric droplets with planar anchoring and for N < 2 they
found radial configurations with a single point defect in the centre or structures
with circumferential ring defects, similarly as in nematic droplets with homeotropic
anchoring [99, 100, 107].
A recent numerical study of this system [7] found that the twisting chiral structure
in CNDHO is strongly frustrated because it does not match the radial ordering of
the molecules on the surface of the droplet. This frustration prevents the cholesteric
layers to fully relax, leading to extended line defects which terminate the cholesteric
layers at the surface of the droplet. An example of this is a structure with parallel
layers with a line defect appearing where the orientation of director at the edge of
the layers does not match the anchoring on the surface, resulting in a spiralling line
defect along the surface of the droplet as shown in Fig. 3.4.
The numerical experiments found that the frustration of cholesteric ordering by the
homeotropic anchoring gives rise to a rich array of possible metastable states at
a given N [7]. These states can be reached randomly by temperature quenches:
if such a droplet is heated to isotropic phase and quickly cooled back to the chiral
nematic phase, the cholesteric layers do not have sufficient time to relax to a parallel
configuration, resulting in a dense tangle of line defects. After the structure is
thermalised by elastic relaxation of the deformations, some of these defects can be
trapped between the cholesteric layers inside the droplet and cannot be expelled to
the surface as shown in Fig. 3.5. Because of this, the line defects can be arranged in
complex structures and the study found that a line defect can occasionally form a
knot, or two or more closed line defects can be interwoven to form various links [7].
Such formations are not equilibrium structures with minimal free energy. This is
because the additional defect volume, which is needed to tie the knots, increases
the energy of the structure significantly, but the energy barriers associated with
disentanglement of the structures are high enough to render the knots and links
metastable [7].
So far knots and links in physical fields have been only observed either in dynamic
systems or stabilised with additional constraints. Examples of knots in dynamic
systems are zero amplitude field lines in electromagnetic fields [123–127] and knotted
vortices in liquids [128]. In nematic fields, knots of line defects can be stabilised with
colloidal inclusions, which serve as barriers preventing the topological defects from
annihilating [47,58,59]. Another example of stabilisation of a physical knot is a knot
soliton in the order parameter of a spinor Bose-Einstein condensate, stabilised by
an external inhomogeneous magnetic field [129].
A knot in droplet would be a static non-trivial topological structure, stabilised by
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Figure 3.4: Examples of numerically predicted structures in CNDHO. (a,b) A stable
structure at N = 12. A defect line with k = −1/2 winding runs along the surface in a
helical fashion. The left side of (b) shows the layer-like ordering of the director in the
bulk of the droplet and the right side the ordering on the surface of the droplet. (c,d)
A metastable structure at N = 12, with disordered layers in the bulk. Reprinted by
permission from Macmillan Publishers Ltd: Nature Communications [7], copyright
2014.

the frustrating confinement and the twisted ordering of the material itself without
any additional constraints. This could enable non-trivial, topologically protected
structures to be easily reconfigurable by manipulating the material properties, for
example by using photosensitive chiral dopants [130] to change the relative chirality of the droplet and with this alter the stability of the knotted or linked defect
structures.
An experimental report on the different textures which appear in chiral nematic
droplets with homeotropic anchoring was published during our study [105]. At large
N the study found spiralling defect lines on the surfaces of droplets and layered structures in the bulk of the droplets. It also suggested occurrence of different structures
at moderate N by presenting various polarised and non-polarised wide-field optical
textures of the droplets, but no attempts of reconstruction and characterisation of
the structures were made. Control over the optical texture of a cholesteric droplet
44

Figure 3.5: An example of a numerically predicted structure in CNDHO at N = 5
with a knoted defect line. The left image shows how profile of the k = −1/2
defect line twists as it runs through the volume of the droplet. In this case the
defect line forms a trefoil knot as shown in the top left inset. The right image
shows how the defect line is trapped between the cholesteric layers in a cross-section
plane of the droplet. The two insets show details of the director profile around the
disclination line. Reprinted by permission from Macmillan Publishers Ltd: Nature
Communications [7], copyright 2014.
was demonstrated with temperature quenches, electric field and photo-activated chirality switching but as only wide field microscopy was used in the study, the effect
on the structures was not analysed.
Another study published during our research conducted FCPM imaging on CNDHO
and attempted to reconstruct the director field from the images at different polarisations [131]. The study used relatively large droplets (≈ 50 − 100 ➭m) with long
pitches (p ≈ 90 ➭m) and relatively high birefringence (MLC-7026 liquid crystal,
∆n = 0.082 [132]), resulting in a Mauguin parameter discussed in Sec. 2.6.1 well in
the wave-guiding regime (0.5 p ∆n = 3.7 ➭m ≫ λ). The study took the out-of-plane
tilting of director into account only schematically, leading to debatable interpretations of the structures. They concluded that the structures in the studied droplets
have line defects with +1 winding and therefore the total topological charge is even,
in contradiction to the numerical study by Seč et al. [7], which predicted the line
defects to have half-integer winding and therefore odd topological charge. The even
topological charge fundamentally disagrees with the homeotropic anchoring of the
droplet, which due to Gauss-Bonnet theorem leads to a +1 total charge in a droplet.
This disagreement casts doubts on the validity of the reconstruction procedure presented in the study.
The search for the knotted and linked defect states from ref. [7] served as a motivation for our study but the method of reconstructing the director field from FCPM
data presented in Chapter 6 enabled us to conduct a systematic study of various
metastable states found in CNDHO. We will see, that in contrast to the numerical
study, point defects are the predominant form of singular regions which we found in
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CNDHO. We will discuss the differences between our experimental and the numerical study which could lead to this discrepancy in the discussion at the end of the
Thesis.
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Chapter 4
Experimental inspection of
director fields
In this Chapter we will first explain how optical microscopy can be used to reveal the
director orientation in liquid crystals, then introduce confocal microscopy which allows us to scan the sample with 3D resolution and finally present fluorescent confocal
polarising microscopy (FCPM) as an advanced tool for studying director orientation.
In the last section we will derive the angular dependence of fluorescence intensities
in FCPM and discuss what information we can extract from the experimental data.
In previous chapters we have seen that the liquid crystal director can form complex
structures even in equilibrium. The most common approach to examining director
field structures on the micrometre scale is polarised microscopy. A typical polarised
microscopy set-up is shown in Fig. 4.1. If unpolarised light was used, the only contrast in the images would be due to variation of transmitted intensity. If the LC
sample is a material with homogeneous composition, there is no considerable variation of absorption and intensity varies only because of scattering and lensing effects
due to the variation of refractive index which depends on the director orientation.
More information can be extracted with polarised light under crossed polarisers
which reveals director deviations from the direction of the polarisers. An additional
lambda wave plate reveals information on the direction of the director deviation.
Alternatively, parallel polarisers can be used, which reveal areas which strongly
scatter light, such as defects. Usually a combination of the three methods is used to
quickly examine a sample under a microscope to get a general idea about a structure
and possibly identify the locations of topological defects. A more advanced version
of polarised microscopy is called PolScope [133], which uses a variable retardation
plate instead of a fixed lambda wave plate. By recording the transmitted intensity
at different polarisations it measures the local retardation of the sample. This
information can be used to calculate the director orientation in the image plane [134].
All these methods use wide-field transmission microscopy which means the transmitted light probes the director orientation in all the layers of the sample through
which it passes. Because of this, wide-field microscopy methods only offer infor47
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Figure 4.1: A microscope used for polarised microscopy. The light coming from
the bottom is polarised by a polariser and then focused on the sample by a condenser. The light that passes through the sample is collected by an objective and if
selected, passed through a lambda waveplate and an analyser before coming to the
eyepiece, where the magnified image of the sample can be observed. Alternatively,
the light can be passed to a camera port for image recording. Both the polariser
and analyser are rotatable in addition to the sample stage, so that any combination
of polarisations and in-plane sample orientation can be selected.
mation about the director which is integrated through the whole sample thickness,
yielding a projection of the sample to a 2D image. If the director field does not
vary significantly along the optical axis of the microscope, this information can be
sufficient to deduce the orientation of the LC molecules. In contrast, many features and details can be obscured in samples with z-dependent director field. Using
high numerical aperture (NA) objectives with shallow depth of field and focusing
at different depths can offer some insight into the third dimension of the sample
by identifying which features are sharper at which focusing depth. The rest of the
sample is still present as a blurred background, but if it is transparent, it does not
hinder the imaging. Alternatively, if the out-of-focus sample is not transparent, the
blurred background can obscure the image and not much depth resolution is gained
by a high NA objective.
All physical measurements have some finite accuracy – the dimension of the probe.
In the case of optical microscopes the probing dimension is a consequence of the
wave nature of light. Light emitted from a point object cannot be imaged as a point
due to the finite dimensions of the objective lens. Instead, its image has a radially
symmetric modulated light intensity profile [135]. Two point objects can therefore
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be resolved only if they are separated at least by the distance between the central
maximum and the first minimum of the intensity of their images. For incoherent
light this distance is about half of the wavelength of the probing light, as stated by
the Rayleigh criterion [136]:
δRayleigh =

0.61λ
,
n sin θ

(4.1)

where the numerical factor is due to the intensity profile, the factor λ/n is the
wavelenght of the probing light in the material and sin θ takes into account from
how wide an angle we are observing the object. Both n and θ are connected to the
objective used in the imaging, so the equation can be rewritten as
δRayleigh =

0.61λ
,
NA

(4.2)

where N A is the numerical aperture of the microscope lens.

4.1

Confocal microscopy

If we are studying 3D samples, the three-dimensional image of a point source called a
point spread function (PSF) becomes important. In the case of wide-field microscopy,
the intensity from a point source only slowly drops along the optical axis, with the
total light intensity in a perpendicular plane being constant [135]. This explains why
blurred, out of focus objects are present in wide-field images. We can get around this
problem by a clever design of the microscopy system: by inserting a series of lenses
into the optical path (Fig. 4.2), the image of the sample is formed in intermediate
planes which are confocal to the focusing plane. If we place an opaque disk with a
small pinhole in the confocal plane between the sample and the final image, most of
the light coming from the out-of-focus planes can be blocked as indicated in Fig. 4.2.
A microscope using such a configuration is called a confocal microscope [135].
Figure 4.3 shows a comparison between the PSFs of a wide-field and a confocal
microscope. The lateral size (Fig. 4.3a) of a confocal PSF is in the first approximation roughly the same as that of a wide-field microscope given in Eq. 4.2. The true
advantage of a confocal over a wide-field microscope becomes apparent in the axial
size of the PSF. In Fig. 4.3b we can see that the wide-field PSF is much larger than
that of a confocal microscope. In the wide-field case, a blurred image of the point
appears even when the focus is above or below the object. In the confocal case, the
image of the point appears only in slices close to the object because of the rejection
of the out-of-focus light by the pinhole.
The axial dimension of the confocal PSF is in the first approximation determined
by the wavelength of the used light λ, the refractive index of the sample n and the
numerical aperture of the objective N A [135]:
δaxial =

1.26nλ
,
N A2
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Figure 4.2: A confocal microscope. The light coming from a plane, which is in
focus (green beams) is collected by a lens (1) and transformed into a parallel beam.
A subsequent lens (2) transforms this beam back to a convergent beam which is
focused in a plane confocal to the focusing plane, and then again collected by a
system of lenses (3) and (4) to form an image in the plane on the right side of the
schematic. Beams originating from planes either deeper or shallower (orange and
red beams) in the sample, are not parallel after passing the lens (1) and are not
focused in the intermediate confocal plane. If a disk with a small pinhole is placed
in this plane, such beams are blocked and therefore light from out-of-focus levels of
sample won’t be present in subsequent confocal planes.
This means that confocal microscopes are able to produce thin optical slices of the
sample with a thickness on the order of λ. A whole 3D scan of the sample can be
obtained by translating the focusing plane of the microscope through the sample
and obtaining an image at each depth.

4.2

Fluorescent confocal polarising microscopy

Confocal microscopes enable us to do 3D scans of samples, but do not intrinsically
offer any information about the director field. To gain this information, we have to
modify confocal microscopy by using polarised probing light and utilize a probing
interaction with a directional dependence [8, 10, 137]. A common way to do this is
to add fluorescent dyes to the LC sample which can be excited to a non-equilibrium
molecular state with light of a certain wavelength and then relax back to the equilibrium state by emitting light of a longer wavelength (Fig. 4.4a). The wavelength
of the emitted light corresponds to the energy level difference between the excited
and ground state. The emitted (fluorescent) light has a longer wavelength than
the excitation light and the difference in the location of the peak of excitation and
emission spectrum is called the Stokes shift (Fig. 4.4b) [138].
To gain information about the orientation of the director field, the dye has to align
in some way with respect to the director. The most commonly used regime of dye
alignment is to use rigid, rod-like dye molecules with dipole moment along the axis
of the molecule, which align parallel to the director of a calamitic LC [8, 10] but
50

xy

xz

a

b

wide-field

wide-field

confocal

confocal

Figure 4.3: A comparison of numerically calculated point spread functions of a widefield and a confocal microscope. (a) The maximum intensity projection (MIP) of the
PSF to the xy plane for a wide-field (left) and a confocal (right) microscope. The
lateral dimensions of the central maximum (red centre) is approximately of the same
size, but the wide-field PSF is spread-out in the whole xy plane whereas the confocal
one is localised. (b) MIP of the two PSF to the xz plane. The intensity of the
confocal PSF is localised around the sample plane, and in the wide-field case, much of
the intensity is present in other planes. The PSF were calculated for an oil immersion
objective with N A = 1.4, a pinhole size of 1 Airy disc and an index matched sample
using the SVI calculator available at: https://svi.nl/NyquistCalculator (accessed
22. 3. 2017). The intensities are shown with a 1.7 gamma correction to highlight
the dimmer regions.

also other variations can be used [139]. In rod-like liquid crystals dye molecules
with elongated shape can align with the local director and have a similar order
parameter as the LC phase [140, 141].
The following derivation of the angular dependency of FCPM intensities builds on
the discussions in the original literature on FCPM [4,9,10,142] by taking into account
the difference in the angular dependence on the polar tilt of the director with respect
to the optical axis and its azimuthal orientation in the image plane. The derived
results differ from the commonly cited equations for the angular dependence of
FCPM intensity and allow for a more precise analysis of experimental data.
The angular dependence of fluorescence intensity in polarised confocal microscopy
comes from two interactions – the excitation of the dye molecules and the emission
of fluorescent light. The absorption of excitation light is the highest when the polarisation of the excitation light is aligned with the dipole moment of a dye molecule.
It is enough for the dipole moment of the molecule to be only approximately aligned
along the long axis of the molecule: the component of dipole moment which is perpendicular to the director, averages out because of nematic rotational symmetry
around the director. Because of this, the average dipole moment is aligned with the
director.
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b

Figure 4.4: Fluorescence of molecules. (a) An example of a Jablonski diagram of the
molecular energy levels in a dye molecule. When a dye molecule absorbs a foton,
it transitions from the ground state to one of the excited states. It relaxes back
to the ground state through a series of transitions, where the one with the largest
change in the energy levels corresponds to fluorescent emission. (b) An example
of absorption and emission spectrum of the dye Rhodamine 6G in an unspecified
medium. Emission wavelengths are Stokes shifted compared to absorption wavelengths because a part of the energy is dissipated in non-radiative transitions. Both
images are reproduced from http://www.wikipedia.org/.
In the excitation stage, the excitation of the dipole moment of the dye molecules
depends on the projection of the electrical field of excitation light on the direction
of the director field. If we set a coordinate system so that the optical axis of the
microscope is along z direction, we can write the director as
n = (cos ϕ cos θ, sin ϕ cos θ, sin θ) ,

(4.4)

where ϕ is the azimuthal angle measured from the x axis in the xy plane and θ the
out-of-plane polar angle measured from the xy plane. For a fixed polarisation along
x the projection of the electric field to the director is then:
Eproj = Eex cos ϕ cos θ .

(4.5)

The excitation of dye molecules depends on the energy provided by the pump beam,
i.e. the light intensity, which means the excitation of the dye depends on the square
of the electric field. If a nonlinear process is used for excitation such as two- or
three-photon absorption or some other non-linear process that does not require the
sample to be doped with a dye, the excitation becomes proportional to some power
n of the excitation intensity [142]:
Iex = (Eex cos ϕ cos θ)2n .
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(4.6)

The power n is the number of photons involved in the excitation: 1 for single-,
2 for two- and 3 for three-photon excitation. The emission intensity of the excited
electrons in the dye molecule is proportional to Iex , but because they emit as dipolar
antennas oriented along the director field, the dependence of emitted intensity along
the optical axis becomes
2n
Idet ∝ Eex
cos2n ϕ cos2n+2 θ .

(4.7)

In the case of polarised detection a polariser aligned with the excitation polarisation
is used before the detector and Eq. (4.7) has to be projected to the direction of the
polariser, so the final expression for detected polarised intensity becomes:
2n
Idet,pol ∝ Eex
cos2n+2a ϕ cos2n+2 θ ,

(4.8)

with a = 0 for unpolarised and a = 1 for polarised detection.
In FCPM experiments with single photon excitation and polarised detection (n = 1,
a = 1), the powers of both angle-dependent functions are 4, theoretically giving good
angular sensitivity, with the fluorescence intensity being the highest when the dye is
oriented along the excitation polarisation (Ik ) and zero when it is perpendicular to it
(I⊥ ). In experiments I⊥ is not zero because dye dipoles have a non-zero component
perpendicular to the director. Furthermore, if high N A objectives are used, the
light beam is not a plane wave and can have a polarisation component out of the xy
plane. The original references on FCPM [9,10] report a contrast of Ik : I⊥ = 7.5, but
in our experiments in droplets with a setup described in Chapter 5 and an objective
with N A = 1.4, a contrast of Ik : I⊥ ≈ 3 was regularly observed.
Because of the strong ϕ dependence, several excitation/detection polarisations have
to be utilised in the experiment to evenly collect intensity over all azimuthal angles.
Four polarisations separated by π/4 are sufficient to determine the orientation of
the director projected to the xy plane. Intuitively this can be understood as follows:
using two polarisations separated by 90◦ we can discern between orientations in
one quadrant of the coordinate system, but not between α and −α. With this we
determine only one Stokes parameter, S1 in Eq. (2.28). By using two additional
polarisations at 45◦ and 135◦ , we can discriminate between α and −α, or in other
words determine the second Stokes parameter S2 in Eq. (2.29). In this way we can
exactly determine the angle α in the range 0◦ − 180◦ . Because of nematic symmetry
n = −n this gives us perfect characterisation of the azimuthal angle ϕ.

By measuring the fluorescence at the four polarisations we collect intensities:
Ik = C cos2n+2a (ϕ − kπ/4) cos2n+2 θ ,

(4.9)

where k runs from 0 to 3 and C is a constant, dependent on the optical system,
excitation intensity, quantum yield and the order parameter of the dye. The angles
ϕ and θ can be obtained from Ik through the Stokes parameters [Eq. (2.27-2.29)] of
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the fluorescent light [4]:
1
S0 = Itot = (I0 + I1 + I2 + I3 ) ,
2
S1 = I 0 − I 2 ,
S2 = I 1 − I 3 .

(4.10)
(4.11)
(4.12)

If we calculate the ratio S2 /S1 and insert Eq. (4.9), we get
S2
I1 − I3
cos2n+2a (ϕ − π/4) − cos2n+2a (ϕ − 3π/4)
=
=
= tan 2ϕ f (ϕ) ,
S1
I0 − I2
cos2n+2a ϕ − cos2n+2a (ϕ − π/2)

(4.13)

where f (ϕ) is a function, the form of which depends on n + a. For n + a equal
to 1 or 2, it has a constant value equal to 1. For values of n + a larger than 2, it
is a non-linear function which oscillates around 1, but can be taken as constant to
simplify the calculations in the first approximation. In that case, the angle ϕ can
be calculated from the relation:
ϕ=

I1 − I3
1
arctan
,
2
I0 − I2

(4.14)

which holds exactly for n + a equal to 1 or 2 and approximately for higher values, as
can be seen in Fig. 4.5. The angle ϕ calculated from Eq. 4.14 lies in the [0, π] range,
which is sufficient for describing the director, because its projection to the xy plane
does not have an arrow and therefore angles in the [π, 2π] range map to the [0, π]
range.

Figure 4.5: Deviation of ϕ calculated from Eq. 4.14 from the correct value of ϕ, for
n + a > 2.
To get the out-of-plane angle size θ, we have to find the size of projection of director
on the xy plane by summing the intensities at different polarisations to get rid
of the ϕ intensity dependence. Mathematically, in the case of polarised single- or
two-photon excitation and detection or three-photon excitation with unpolarised
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detection, four polarisations separated by π/4 are sufficient because
3
X
k=0

cos2m (ϕ − kπ/4)

(4.15)

adds up to a constant for m values from 1 to 3. For m = 4 (three-photon excitation
with polarised detection) this sum is not constant, but the azimuthal variation is
less than 3% so in the first approximation it can be taken as constant. By inserting
Eq. (4.9) into the expression for Itot , we get
Itot =

3
X
C
cos2n+2 θ
cos2n+2a (ϕ − kπ/4) ,
2
k=0

(4.16)

which can be simplified according to Eq. (4.15) to
Itot ∝ cos2n+2 θ ,

(4.17)

which is exact for n equal to 1 or 2, and correct within 3% for n = 3. Itot can
be gained in a single measurement if circularly polarised or unpolarised light is
used for excitation and no polariser for detection. In that case dye molecules at
all azimuthal angles are evenly excited, there is no ϕ dependence in Eq. (4.7) and
therefore Eq. (4.17) holds exactly for all n.
We can see that the sum of the experimental intensities Itot depends on an even
power of a cosine of the polar angle between the director and the xy plane. This
angular dependence means that areas with director in the xy plane will be bright
but there will be a strong intensity drop when the director is perpendicular to the
xy plane. Total FCPM intensity Itot will therefore give us information about the
angle θ, but because the power is even, the sign of the angle is lost and θ ∈ [0, π/2]
(we do not know if director is pointing up or down from the xy plane). Another way
to understand this is that because all the probing polarisations lie in the xy plane,
no information is gathered about the out-of-plane component of the director except
its size, deduced form the size of the in-plane component and the fact that director
is a unit vector. Therefore we can only calculate the director from the four FCPM
intensities Ik up to the sign of the z-component: n = (cos ϕ cos θ, sin ϕ cos θ, ± sin θ).

This lack of information about the θ sign prevents full reconstruction of the LC
structure directly form experiment, but in some cases the structure can still be
deduced from the available information. One of the options is to reconstruct the
director “by hand” if the structure is not too complex i.e. it has some level of
symmetry [8–10, 57]. In this case, you identify regions with high fluorescence intensity at each experimental polarisation and presume that the director in those
areas is parallel to the polarisation. In favourable situations you can gather enough
information about the director to deduce it in the remaining areas by interpolation.
Another option is to compare the cross-sections of the experimental scans with theoretically predicted structures or even simulated fluorescence intensities calculated
from the predicted structures to verify the similarity of the predicted and observed
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structure [2, 3]. If it is hard to identify which slices should be compared between
experimental and theoretical data, it is sometimes useful to construct PontryaginThom surfaces to visualise the data in 3D [4, 143].
One option for measurement of the sign of the out-of-image-plane director component is to use light with polarisation lying out of the xy plane. A trick to accomplish
this, is to tilt the sample by some angle with respect to the optical axis of the microscope [144]. Because this tilt breaks the symmetry between positive and negative
θ, the θ dependence in Eq. (4.17) is modified and the sign can be extracted. In
this way it is possible to differentiate between director structures which would have
identical intensities for non-tilted FCPM. There are a few hindrances that need to
be considered when using this method, namely: (i) By tilting the sample, the nonindex-matched boundary between the cover glass and the LC is not oblique to the
optical axis of the microscope. This can shift the image and lower the resolution
of the microscope. (ii) To achieve high optical resolution, oil immersion objectives
need to be used. These objectives usually have short working distances of around
100 microns, which severely limits the tilt angle to a few degrees. As such low tilt
angles, the contrast calculated from Eq. (4.17) can be comparable to the noise levels.
(iii) The contrast gained by tilting the sample depends on the angle between ϕ and
the direction of the polarisation/tilt. To extract information about the θ sign in
all regions, the sample would need to be tilted along each of the polarisations. In
complex director structures the number of measurements for each structure would
have to be doubled, causing twice as much bleaching and extending the experiments.
In our case the sample would have to be carefully tilted four times for each droplet
which could induce movements in the droplets. The tilted data are also hard to
correlate to zero-tilt data because of image shifting and reduced resolution because
of the tilts. Taking these points into account, we find this method impractical for
our experimental system and instead try to find an alternative path to find the θ
sign, which is presented in Chapter 6.
So far we have discussed only the intrinsic limitations of the method but we haven’t
dealt with the shortcomings of its experimental implementation [9,10,142]. The fluorescence intensities of the FCPM measurements can be affected by all the maladies
of fluorescent confocal microscopy due to refractive index mismatch such as spherical aberration and resulting reduction of resolution but because we are conducting
FCPM in an optically non-uniform birefringent medium additional phenomena can
affect the quality of images, e.g. depolarisation and polarisation guiding as discussed
in Section 2.6.1. Fluorescence intensity is reduced with depth because of scattering
and absorption. Intensity variation because of dye concentration gradients around
defects is possible in principle, but so far it has been observed only with specific
dyes [145]. A liquid crystal specific effect, which can affect FCPM is reorientation
of LC molecules because of the electric field of the focused light. High excitation
intensity can also heat the sample and affect the elastic constants, solubility and
even the phase of the LC. Because of this, care should be taken during the experiments to keep the excitation intensity low enough not to interfere with the studied
physical phenomena. We will discuss the other effects in detail in Chapter 6.
56

Chapter 5
Materials and experimental setup
In this Chapter we present the materials and procedures we use to optimise our
experiments and analysis of the experimental data.

5.1

Materials

Dispersions of LC droplets are easily prepared by mixing small amounts of liquid
crystals with an immiscible carrier medium. In our case, the selection of the two
materials is dictated by their refractive indices to enable 3D sectioning of the sample
by confocal microscopy, which is substantially hindered by mismatched refractive
indices and birefringence.

5.1.1

Liquid crystal mixture

One of the most important steps to enable reconstruction of director fields is to
obtain a liquid crystal with a birefringence as close to zero as possible. Typical
values of liquid crystals used for optical applications are in the range 0.1 − 0.3, with
some rare exceptions in the range 0.06 − 0.1. The liquid crystal mixture most often
used for FCPM in the previous studies, ZLI-2806, has a birefringence of 0.045 [10],
but is unfortunately difficult to obtain as some of its components are not produced
commercially any more.
A group of liquid crystals with relatively low birefringence are 4α,4′ α-dialkyl-1α,1′ αbicyclohexyl-4β-carbonitriles or CCNs for short [146–149]. Figure 5.1 shows the
structures of compounds 4′ -butyl-4-heptyl-bicyclohexyl-4-carbonitrile (CCN-47) and
4,4′ -dipentyl-bicyclohexyl-4-carbonitrile (CCN-55). CCN-47 was used in the original
FCPM studies for observations of smectic structures [8, 150], but at temperatures
above room temperature both compounds have a relatively wide nematic phase.
Some basic physical properties of CCN-47 and CCN-55 are presented in Table 5.1
and examples of optical textures under crossed polarisers are shown in Fig. 5.2.
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Figure 5.1: Structures of 4α,4′ α-dialkyl-1α,1′ α-bicyclohexyl-4β-carbonitriles.
Table 5.1: Phase sequences and refractive indices of CCN-47 and CCN-55. The
refractive indices were measured in the nematic phase at 35 ◦C with an Abbe refractometer for light with a wavelength λ = 589 nm.
LC
phase sequence
no
ne
∆n
CCN-47
CCN-55

30 ◦C

60 ◦C

1.469

1.500

0.031

30 ◦C

65 ◦C

1.469

1.502

0.033

SmA −−−→ N −−−→ I
SmB −−−→ N −−−→ I

Experiments on chiral nematic droplets of CCN-47 need to be performed at an
elevated temperature. If we heat the sample above the smectic-nematic transition
temperature, temperature gradients are present between the heater stage and the
microscope objective which is in contact with the sample through the immersion
oil. The heat current induces a significant rotation of the droplet structure during
the imaging process because of the Lehmann effect [78, 151, 152]. This rotation
hinders the acquisition of full 3D scans of droplets at several polarisations which
takes around 10 minutes. We tried to remove the temperature gradient by heating
also the cover glass, but it proved difficult to stabilise the rotation of the droplet on
the time scale of the measurement.
We solved the Lehmann rotation issue by finding a room-temperature low-birefringence LC. Prof. Surajit Dhara, who has worked extensively with the different CCN
components, suggested that mixing two different CCN compounds will lower the
nematic-to-smectic transition temperature below the room temperature. We mixed
CCN-47 and CCN-55 in a 1:1 weight ratio, and achieved a homogeneous nematic
mixture with the nematic-to-isotropic (N-I) transition around 60 ◦C. The mixture is
nematic at room temperatures but phase-separates around 15 ◦C. The mixture has
the same refractive indices as its constituents.
The two chiral dopants we use to induce chirality in the CCN mixture are the righthanded (S)-4′ -(2-Methylbutyl)[1,1′ -biphenyl]-4-carbonitrile (CB15) and left-handed
(S)-Octan-2-yl4-((4-(hexyloxy)benzoyl)oxy)benzoate (S-811). We measure their helical twisting power (HT P ) from the positions of Grandjean-Cano disclination lines
in a wedge cell with planar anchoring [153]. Pitch is measured for mixtures with
several different concentrations and HT P is calculated from Eq. (2.3). We find that
the two dopants have similar HT P in the CCN mixture as they do in 5CB: the
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Figure 5.2: Textures of CCN-47 and CCN-55 under crossed polarisers. Left column: CCN-47 in smectic A phase at 25 ◦C (top) and in the nematic phase at 40 ◦C
(bottom). Right column: CCN-55 in smectic B phase at 25 ◦C (top; a part of a birefringent mylar spacer is visible on the left edge of the picture) and in the nematic
phase at 59 ◦C (bottom). The samples were prepared with untreated glass.
average value for HT P at room temperature for CB15 is 6.3 ➭m−1 and for S-811
8.7 ➭m−1 .
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5.1.2

Emulsion matrix

After finding a LC with low birefringence, a suitable carrying medium has to be
identified. The two main conditions for the medium are: it needs to induce homeotropic anchoring on the droplets and it must have a refractive index close to the LC
mixture. Table 5.2 shows refractive indices of some possible media for LC emulsions
together with the type of anchoring they induce. The medium with a RI closest to
the LC mixture is glycerol, but on its own it induces planar anchoring. Fortunately,
surfactants CTAB and lecithin can be dissolved in it to change the anchoring to
homeotropic [23, 99, 100].
Table 5.2: Possible media for LC droplet emulsions.
medium
anchoring
n
water
glycerol
PDMS
water with 5 mM SDS
glycerol with 1% wt. lecithin

planar
planar
homeotropic
homeotropic
homeotropic

1.33
1.47
1.42
1.33
1.47

Lecithin concentrations around 1% by weight in glycerol are sufficient for homeotropic anchoring. Higher concentrations also give homeotropic anchoring, but also
significantly increase the viscosity of the mixture. We found that a lecithin concentration of 4% had sufficient viscosity to prevent movement of the droplets, so we
used this concentration for the experiments. In specific mixtures of LC the glycerol/lecithin mixture can change the type of anchoring with temperature [23] but in
the case of the CCN mixture no such effects were observed at elevated temperatures
neither in the structure of nematic droplets nor in the light transmission of a homeotropic cell under crossed polarisers, with the glasses coated with the glycerol/lecithin
mixture.
The lecithin used in our experiments is isolated from egg yolk and its proper name is
L-α-phosphatidylcholine. Chemically it is a glycerol molecule with the -OH groups
substituted with long carbohydrate chains. The L in its name signifies it is a lefthanded chiral molecule which leads to an unexpected consequence: if a right-handed
dopant CB15 is used for the chiral mixture, the droplets exhibit a significant reduction in chirality. We attribute this effect to an interaction of the left-handed lecithin
and right-handed chiral dopant which somehow reduces the effective chirality, but
we do not understand the exact mechanism. With a left-handed chiral dopant S-811
there are no observable effects of lecithin on the chirality of droplets.

5.1.3

Fluorescent dye

To enable FCPM, the LC mixture has to be doped with a fluorescent dye. Following
the guidance of the original FCPM studies [8, 150], we used a dye N,N ′ -bis(2,5-di60

tert-butylphenyl)-3,4,9,10-perylenedicarboximide, in FCPM literature called BTBP,
but also known as DBPI, with a structure shown in Fig. 5.3.
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Figure 5.3: Structure of the dye N,N ′ -bis(2,5-di-tert-butylphenyl)-3,4,9,10perylenedicarboximide (BTBP or DBPI) [154, 155].
The dye itself has poor solubility in the CCN mixture. If it is mixed directly into the
liquid crystal, large crystals of undissolved dye are visible under a microscope and
the solution has a dull colour, suggesting that the dye is not sufficiently dissolved
to fluoresce. Heating the LC mixture to isotropic phase helps the dissolution, but
the colour stays dull. Much better dissolution can be achieved if the dye is first
dissolved in a solvent, for example ethanol. This brightly coloured solution of the
dye in ethanol can be added to a LC. In our case, mixing a suitable amount of
dye/ethanol solution with the CCN mixture results in an isotropic mixture, which
is left at room temperature overnight for the alcohol to evaporate. The next day,
the mixture is nematic and brightly fluorescent. To remove any residual alcohol,
the mixture is heated for a couple of hours to 90 ◦C. We check for the presence of
impurities by measuring the N-I phase transition of this mixture and it shows no
variation compared to the mixture without the dye. The absorption and emission
spectrum of BTBP dye, dissolved in the CCN mixture, is shown in Fig. 5.4.

Figure 5.4: Spectrum of BTBP absorption and emission in the CCN mixture. Emission was measured for a sample excited with wavelengths in the band 480-490 nm.
The excitation wavelengths used in our experiments are shaded in red, and the
detection band in yellow.
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5.1.4

Sample preparation

The droplet dispersion is prepared by placing a small volume of glycerol with lecithin,
roughly corresponding to the cell volume, on a thin microscopy cover glass. Liquid
crystal is added to glycerol by dipping a sharp needle in the LC mixture so that a
small amount of LC was on the tip of the needle, then placing the tip of the needle
in glycerol and mixing the glycerol with circular moves of the needle. The number
of moves determines the size distribution of LC droplets, the average size of droplets
deceasing with continued mixing. Usually 5 − 10 gyrations are enough to obtain a
dispersion in which most of the droplets are in the 10 − 20 ➭m diameter range, which
is the most suitable for FCPM microscopy. The number of droplets is controlled
with the amount of LC inserted into glycerol with the needle. In samples which
are the most suitable for microscopy, the number of droplets is low enough that a
typical droplet is not in contact with or obscured by other droplets.
After mixing the LC and glycerol, mylar spacers of desired thickness are placed
next to the glycerol droplet and the mixture is covered with a glass plate of approximate dimensions 12 × 12 × 1 mm. The LC mixture has lower density than
the glycerol/lecithin matrix, so the LC droplets migrate towards the top glass of
the cell because of their buoyancy. Because resolution of microscopy deteriorates
with sample thickness, the spacers are not much thicker than the droplet diameter
– typically 30 ➭m. After the glycerol has had time to spread throughout the cell,
the top glass is pressed down and any excess glycerol coming out on the sides is
wiped away. The cell is then sealed with a two-component epoxi glue around the
circumference to suppress glycerol flow in the cell.
Quenches of the droplets are conducted by placing the sealed sample cell on a hot
plate set to a temperature above the N-I phase transition temperature of the LC
mixture, typically to 70 ◦C. After the sample is heated to the isotropic phase, it is
removed from the hot plate and placed on a surface at room temperature to cool
down. The rate of cooling can be increased by blowing compressed nitrogen over
the sample.

5.2

Microscopy setup

We use two types of microscopes for this study: a typical upright microscope shown
in Fig. 4.1, which we use for polarised images, and a confocal microscope.
The confocal microscope is a Leica TCS SP5 X with the white light laser (WLL)
shown in Fig. 5.5a. The system is based on a motorised inverted microscope Leica
DMI6000B. The light source for excitation is a laser which generates a continuous visible spectrum of wavelengths 470 − 670 nm with a photonic-crystal fiber (Fig. 5.5b).
The light from the source is passed through an acousto-optic transmission filter
(AOTF) which selects a narrow band of wavelengths from the continuous spectrum,
typically 1 − 2 nm wide. Up to 8 bands of excitation light can be selected at the
same time by the AOTF. The output of the AOTF is coupled to the main optical
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path by an acousto-optic beam splitter (AOBS) which deflects the excitation light
so it is parallel to the main optical path. The excitation beam is deflected by a pair
of galvo mirrors, moving in perpendicular directions to preform the xy scanning.
The beam enters the microscope from a side port and is focused on the sample by
an oil immersion objective (Leica HCX PL APO lambda blue 63.0 × 1.40 OIL UV).
a

b

c

Figure 5.5: The confocal microscopy setup. (a) Leica TCS SP5 X confocal unit is
attached to the left side port of the Leica DMI6000B inverted microscope. (b) The
Leica White Light Laser (WLL). (c) A custom-made frame (black plate) for insertion
of the λ/4 waveplate (centre) and a linear polariser (bottom) in the polariser slot of
the microscope.
Even though the output of the WLL light source is unpolarised due to the photoniccrystal fiber, the excitation light at the objective is linearly polarised, because the
effect of both AOTF and AOBS is polarisation dependent. To utilise FCPM to its
full extent, we need to control the polarisation of the excitation light. We accomplish
this by inserting a λ/4 retardation plate for the excitation wavelength 488 nm in to
the beam path at a 45◦ angle to the polarisation of light coming from the AOBS.
This transforms the polarisation of excitation light from linear to circular. Circular
polarisation itself is useful for FCPM if an even excitation of all dye molecules
lying in the xy plane is desired to measure the out-of-plane tilt of the director.
A linear polarisation of excitation light is achieved by placing a linear polariser
between the λ/4 waveplate and the objective. Half of the excitation intensity is lost
because of the linear polariser, but this can be compensated for by increasing the
laser power. Four polarisers sandwiched between glass plates were prepared with
suitable orientations, so that the 4 different linear polarisations needed in the FCPM
reconstruction procedure could be selected by exchanging the polarisers. Both the
λ/4 waveplate and the linear polariser are placed in a small frame shown in Fig. 5.5c,
which fits in the polariser slot of the microscope below the objective.
The fluorescence is collected through the objective, passing through the linear polariser, resulting in polarised detection. The subsequent λ/4 waveplate changes the
polarisation of the fluorescent light, but as no part of the fluorescence light path after
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the polariser is polarisation sensitive, this has no influence on the detected intensity. The fluorescent light leaves the microscope through the same side port as the
excitation light came in. In the confocal unit, it is de-scanned by the galvo mirrors
and passes through the AOBS without deflection. Next, the beam is passed through
the confocal pinhole, which filters out most of the fluorescence intensity coming
from out-of-focus planes. The fluorescent light is then dispersed into its spectrum
by a prism and an adjustable slit determines which wavelengths are detected by a
photomultiplier.
As described in Section 4.2, to reconstruct the director field from FCPM intensities,
imaging is done at four polarisations of excitation and detection separated by π/4
(polarisations angles 0, π/4, π/2 and 3π/4 relative to x axis in the xy plane, thus
gaining intensities I0 , I1 , I2 and I3 ). The imaging at each polarisation is done by
scanning the laser beam in the xy plane over the whole field of view to obtain a
single horizontal slice at a given depth z and then changing the focus by one step
in the z direction and repeating the xy scan to image the next slice. In this way we
obtain 3D stacks of xy images for each of the probing polarisations. By doing this we
discretise the sample. Each data point in the 3D stack corresponds to a small volume
in the sample – a voxel. After the 3D scans are performed for each polarisation,
the scan at the first polarisation is repeated to evaluate the bleaching rate from the
reduction of intensity. The bleaching rate is used to correct the intensities I0 , I1 , I2
and I3 in the data analysis stage as described in Section 6.2.1.
The scan of the xy plane is performed by galvo mirrors which move the focused
excitation beam line by line. The typical pixellation of the xy plane is 512 × 512,
and the typical line scanning rate 2800 Hz, so about 5 scans of the xy plane can
be performed in a second at these settings. Usually, 3 or 4 consecutive scans of
the same plane are averaged to enhance the signal-to-noise ratio. Scanning in the
z direction is done with a stepper motor which moves the objective to change the
focus. The parameters of the scan are selected so that the steps in the z direction
are larger than the xy size of the pixels by a factor of 3. Here we need to take into
account that the difference in refractive indices between the sample and immersion
oil effectively stretches the z dimension – if the objective is moved by d, the focus
in the sample is changed by d nmedium /nimmersion . Physical size of the 3D voxel was
typically 40 − 67 nm for the xy and 120 − 200 nm for the z dimension. These voxel
dimensions are considerably smaller than the details which can still be resolved by
an optical microscope, as we have discussed in Chapter 4. This oversampling is,
as we will see later, required to perform deconvolution [156, 157]. Because of the
physical size of the droplets, around 150 z-slices have to be collected for a full 3D
scan at a single polarisation, which takes 2 to 3 minutes. The intensity data is
digitised with a 12 bit dynamic range.

5.2.1

Numerical processing of data and visualisation

Fluorescence intensities of pixels in each xy slice are recorded as uncompressed tiff
images. A series of tiff images for each 3D scan at a given polarisation is im64

ported into MATLAB, where the intensity data are numerically processed for the
reconstruction procedure. The only part of the reconstruction procedure performed
outside MATLAB is deconvolution of the FCPM images. The deconvolution is done
on the 3D stacks of FCPM images for each polarisation in a commercial program
SVI Huygens Professional [158]. The simulated annealing algorithm is written as a
MATLAB function in C++ to optimise the speed. For a typical droplet with around
106 voxels, the simulated annealing algorithm described in Chapter 6 takes around
5 minutes on a single core of an Intel i7 processor. The annealed director field is
saved as a 3D vector field along with additional scalar fields such as experimental
intensities in a single Visualization Toolkit (VTK) file [159].
The VTK files are imported into ParaView [160] for 3D manipulation and visualisation. Director fields are visualised with cylindrical rods which show the director
orientation. An image of the structure can be generated as a snapshot in ParaView
or alternatively in POV-Ray [161] rendering software which uses ray tracing to simulate illumination effects and gives more control over the appearance of the image.
The visualisation of director fields with streamlines was done by projecting the
director in each pixel in a plane to that plane and using the orientation of the
projection to draw a line of a given length. Each such line was assigned a random
grey-scale colour to randomise the pattern of the streamlines. This procedure is a
variant of line integral convolution [162] but because we are projecting a 3D vector
field to a 2D surface, one of the components of the director field is lost in the
procedure. In areas where the director is perpendicular to the surface of projection,
the size of the projected director is small and therefore the streamlines do not contain
much information. Because of this we do not draw the streamlines in areas where
the projection of the director is smaller than 1/3. In this way we turn the 3D vectors
in discrete points into a continuous 2D map from which it is easy to recognise the
topological features of the director field, as we will see in the Chapter 7. A single
such a map does not reveal the direction of helical rotation, so in some cases it is
more useful to draw the director field with cylinders. The code for generating the
streamlines is implemented in C and used in this Thesis by the courtesy of Simon
Čopar. The images with streamlines are rendered in POV-Ray.
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Chapter 6
Simulated annealing for
determination of z-component sign
In this Chapter we first present the simulated annealing algorithm with which we
augment the existing FCPM method to enable full reconstruction of director fields
from experimental FCPM data. We test the algorithm on idealised FCPM data,
calculated from complex, numerically obtained structures in chiral nematic droplets
and characterise its success rate. Then we discuss the important parameters when
implementing the algorithm on experimental data and how to process the experimental data to optimise the reconstruction procedure. Finally, we demonstrate
the full director reconstruction procedure on three different structures: a nematic
droplet, a chiral nematic droplet with a complex director structure and a toron in a
chiral nematic cell with homeotropic anchoring.
As shown previously, the director can be determined from FCPM intensities through
Eqs. (4.14) and (4.17) only up to the sign of nz : n = (cos ϕ cos θ, sin ϕ cos θ, ± sin θ).
The two possible orientations for each point are reminiscent of a spin-1/2 system,
which has two possible states for each spin – either up or down. The state of
a whole system of such spins can be found by using a simulating annealing (SA)
algorithm, which was originally developed as an optimisation algorithm that can be
applied to various problems, e.g. the travelling salesman problem or optimisation
of connection lengths in an electronic chip [11]. In the case of spins, this algorithm
changes the state of each spin with a probability dependent on the difference of
interaction energies of the two possible states of a spin with its neighbours and a
temperature parameter, which is slowly lowered to find a stable configuration. The
physical interaction between spins is different from the elastic interactions in the
LC, but because the complexity of the problem is similar, the same algorithm can
be successfully implemented.
During the FCPM experiment, the sample is divided into 3D voxels because of the
raster nature of our data acquisition. Director orientation (ϕ, ±θ) in each cube voxel
is calculated according to Eqs. (4.10), (4.14) and (4.17) from the FCPM intensities at
four polarisations, separated by π/4. A voxel is randomly selected by the algorithm
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and an evaluating energy E is calculated for the starting state of the director and for
a state with an inverted sign of nz . Later on we will test two different forms of the
evaluating energy E, so we will not specify its exact form at this point. Here we only
need to know that E describes the interaction of the director in a given voxel with
its neighbouring voxels, and will therefore change during the run of the algorithm
as the director field in the neighbouring voxels will have different configurations.
The algorithm keeps the inverted sign of nz in the chosen location if its evaluating
energy is lower than the starting one, but if it is higher, the sign is kept with a
probability dependent on a Boltzmann factor
P = exp(−∆E/t) ,

(6.1)

where ∆E is the difference between the evaluating energies of the original and the
inverted sign of θ in that voxel, and t is a free parameter which acts as an effective
temperature. The calculation is repeated at a given t for random voxels until the
evaluating energy of the whole sample does not stabilise and then t is lowered. The
procedure starts at a high t, effectively randomising the signs of nz in all voxels and
runs until lowering the effective temperature does not change the total energy of the
sample any more. The acceptance of unfavourable configurations with a probability
dependent on the effective temperature helps the algorithm not to become stuck in
local minima and thus to scan the configuration space much more efficiently.
A special consideration is needed for the voxels on the surface of the droplet. In
principle the anchoring contribution to the total free energy of the sample would
need to be calculated for these points [16], but in our case the exact anchoring energy
is not very important because we only need to choose from two available orientations
of the director in each point on the surface. Because we are studying droplets with
homeotropic anchoring, the orientation of director on the surface is known a priori
– it has to be normal to the surface. Therefore we can omit the expression for
the anchoring energy and substitute it with a simpler method of determining the
correct orientation. We manage this by adding a fixed radial director field outside
the droplet (Fig. 6.1). By doing so, we can treat all the points in the droplet in the
same way, because minimisation of our evaluating energy ensures there is the least
amount of deformation in the director. Therefore the fixed radial configuration
outside the droplet promotes radial orientation of director on the inside surface,
effectively mimicking homeotropic anchoring.

6.1

Testing the algorithm

To test the annealing algorithm, we used director structures of chiral nematic
droplets with homeotropic anchoring provided by David Seč. These structures were
obtained in numerical quenches which start with random orientation of director
in each point of the droplet and then relax the structure by minimising Landau-de
Gennes elastic free energy of the droplet [16]. Results of these numerical experiments
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a

b

c

Figure 6.1: Anchoring correction of the director field in a xz plane. The boundary
of the droplet is marked with a black line. (a) Director field calculated from the
raw intensity data. The calculated director outside the droplet, where there is no
liquid crystal or dye, is vertical because the total fluorescence intensity Itot is low.
The director orientation in the outside volume has no physical meaning, because
the liquid outside the LC droplet is isotropic. (b) The calculated director outside
the droplet is substituted with a director field, which points towards the centre of
the droplet (green cylinders). We can see that the director marked with magenta
ellipses does not match the anchoring conditions. (c) The annealed director in the
droplet matches the outside radial director everywhere on the surface.
were presented in ref. [7]. Because of the frustration between the homeotropic anchoring on the surface of the droplets and the twisting of the chiral nematic liquid
crystal, cholesteric layers cannot occupy the whole volume and consequently many
topological defects appear in places, where the director is frustrated. The defects
were found to take the shape of extended line defects close to the surface of the
droplet or even to run through the bulk of the droplet. In some cases the defect
lines can form knots and links. Because of such diversity of states, we considered
the structures sufficiently complex to verify the effectiveness of operation of the
simulated annealing algorithm.
We used the numerically obtained structures to calculate simulated FCPM intensities by projecting the director to the four polarisations of excitation and detection
according to Eq. (4.8), with n and a both equal to 1, corresponding to our experimental method of single photon excitation and polarised detection. With this we
gained data on which we could test and calibrate the simulated annealing algorithm
and verify its accuracy by comparing the annealed structure to the original, numerically obtained director. We used a correlation parameter C to test the accuracy of
the algorithm, calculated as the average of the absolute value of the scalar product
between the annealed and original director in all points in the droplet:
M
1 X
|ni,orig · ni,anneal | ,
C=
M i=1

(6.2)

where M is the number of points in the droplet and i is the index that runs over
them. The value of the scalar product is 1 if the original and annealed director are
69

the same in a given point and −1 if they are anti-parallel. Because of the nematic
symmetry n = −n, anti-parallel vectors are equal, therefore we have to consider
only the absolute value of the scalar product. We will see from examples in the next
chapter that the correlation C is sensitive enough to enable validation of successful
reconstruction of the director.

6.1.1

Continuity as the evaluating criterion in the
Boltzmann factor

First, we tested the algorithm by taking the ∆E in Eq. (6.1) to be the sum of the
absolute value of scalar products of the director in a given point with its neighbours:
X
∆Ei,scalar =
|ni · nj | ,
(6.3)
j

where i is a point in the droplet chosen randomly during the annealing and j runs
over its closest neighbours in a cubic grid. With the choice of scalar product for the
energy function, the annealing algorithm effectively searches for a director which is
continuous everywhere.
We ran the algorithm with ∆Ei,scalar 100 times on each numerical droplet to characterise its performance. The statistics of these runs are presented in Fig. 6.2. We can
see, that the SA algorithm with Eq. (6.3) for an energy function is not deterministic
as the annealed director structures have a wide range of correlations with the original numerical director and that the typical correlation of the annealed structure is
around 90 %. Three different examples of cross-sections of reconstructed director
fields for one of the numerical droplets are shown in Fig. 6.3 – the lowest, average
and the highest C out of the 100 runs (Fig. 6.3a, b and c, respectively).
Such an algorithm finds a continuous director almost everywhere, but there are almost always some discontinuities present (marked with cyan arrows in Fig. 6.3).
More precisely, the algorithm successfully finds the correct sign of z-component almost everywhere in the droplet (Fig. 6.3c), but in many cases there are domains
with a wrong choice of the sign in the annealed structure. This is because in areas where the director is either completely horizontal or vertical (green arrows in
Fig. 6.3), both signs will result in a continuous director but the wrong choice of
sign will propagate from that region through the structure and result in a domain of
misaligned director. Such a domain will end on the other side with a discontinuity
of the director – a domain wall. The domain walls do move around during the SA
procedure, but disappear only if the domains shrink in volume by moving the wall
to a region of horizontal director. Because of this, such domain walls are relatively
stable and difficult to remove from the structure.
We can see that the algorithm is very efficient at ensuring the director field is continuous, but fails because of formation of domains with wrong orientation. These
domains grow from areas of horizontal director where the z sign can be changed continuously. This suggests that the best way to remove domains of wrong z-component
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Figure 6.2: Correlation factor C after the annealing for different numerical droplets.
Red lines show the correlation C before the annealing, blue the average finishing
value of C for each droplet in 100 runs of the SA algorithm. Dark gray areas show
the standard deviation around the mean value and light gray areas the whole range
of the finishing C values in the 100 runs of the SA algorithm for each droplet.

c = 0.827

c = 0.896

a

b

c = 0.966
c

1
z

.5
y

0

Figure 6.3: Examples of the annealed director in a vertical cross-section for one of
the numerical droplets. The cylinders show the annealed director and their color
the local correlation between the annealed and original director of the numerical
droplets. Red areas have perfect correlation and blue are perpendicular to the
original orientation. Panels (a) and (c) show the annealed director with the highest
and lowest correlation in 100 runs of the SA algorithm and (b) shows a typical result
of SA for a run with C close to the average value. The arrows mark sharp (cyan)
and continuous (green) borders of domains.
sign is to ensure that the right sign is chosen in these continuous borders. As we
will see in the next section, the easiest way to do this in chiral nematics is to include
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a chiral energy term.

6.1.2

Boltzmann factor with Landau-de Gennes free energy

Next, we test the algorithm by using the one constant nematic Landau-de Gennes
elastic free energy [Eq. (2.11)] with the chiral term [Eq. (2.13)] for ∆E in the Boltzmann factor [Eq. (6.1)]. The order parameter Q at each point is calculated from
the director field through Eq. (2.1), where the scalar order parameter S is taken to
be constant.
The spatial derivatives in the equations are approximated by a mixture of symmetric and asymmetric finite differences [163]. The mixing of both types of derivatives
ensures better numerical stability of the annealing algorithm. All the terms that
change when the sign of nz is inverted are included in the calculation. In practice
this means we need to calculate also the energies of all the neighbours of the processed point and therefore the directors of up to two spaces away are included in
the calculation. This gives our calculation a “persistence length” of 5 units which
smooths the noise in the data and enables the domains of aligned director to grow.
First we run the algorithm scanning over a wide range of q values to examine the
effect of chirality on the SA algorithm. Fig. 6.4 presents data for one of the numerical droplets (droplet no. 1). For large negative values of q, the annealing is not
successful – the annealed director has a worse matching to the original one than the
reconstructed director before annealing. For small values of q the algorithm is quite
successful regardless of the sign of q (effectively neglecting the chiral term), finding
an annealed director which on average matches the original one within one percent.
This is an order of magnitude better performance than the algorithm with the scalar
product from the previous section, meaning that Landau-de Gennes free energy is a
much better tool for discerning between the two possible director orientations even
without chirality. This is because the Landau-de Gennes free energy minimises director distortions in addition to ensuring continuity of the director, which is the only
thing the scalar product does. For larger positive values of q the algorithm performs
even better, with a wide range of q-values matching the original director to better
than 0.01%. Therefore the chosen value of q is not very important for the success
of the SA algorithm, as long as the right chirality is used.
We performed a series of algorithm runs with full chiral elastic energy at the optimal value of q also for the other numerical droplets. We can see in Fig. 6.5 that
the average annealed director matches the original one within 0.01%, so the performance gain compared with just using a director continuity criterion as in the
previous section is three orders of magnitude, regardless of the complexity of the
structure in the droplet. This clearly illustrates the suitability and stability of the
simulated algorithm for determination of the z-component sign which is missing in
the experimental data.
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Figure 6.4: The deviation 1 − C of the annealed director from the original one, for
different values of q in Eq. 2.13. The red line shows the correlation C before the
annealing, the blue the average finishing value of C in 15 runs of the SA algorithm
for each q, dark gray area shows the standard deviation around the mean value and
light gray area the whole range of the finishing C values in the 15 runs for each
q. The q on the x axis are normalised with q0 , the pitch with the best matching
between the annealed structure and the original director.

−5

6

x 10

5

1−C

4

3

2

1

0

1

2

3

4

5
6
7
8
Numerical droplets

9

10

11

12

Figure 6.5: Deviation 1−C of the annealed director from the original one for different
numerical droplets. Blue lines show the average finishing value of deviation 1−C for
each droplet in 20 runs of the SA algorithm, dark gray area the standard deviation
around the mean value and light gray area the whole range of the finishing 1 − C
values in the 20 runs for each droplet.
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6.2

Implementing the simulated annealing
algorithm on experimental data

In the previous section, we have demonstrated the operation of the simulated annealing algorithm on idealised FCPM data, which was calculated from director fields
obtained in numerical quenches. In experimental data, there are many factors which
can hinder the annealing process: experimental noise, bleaching, blurring of the image because of the finite size of the point spread function of the optical system,
background signal in areas where director is perpendicular to the probing polarisation, polarisation guiding and attenuation of intensity with depth. To ensure
successful reconstruction of director fields we have to take these phenomena into
account or at least try to mitigate their effects as much as possible.
There are some measures we can take to minimise these effects which reduce the
quality of experimental data. The first and perhaps the most important one is
to choose a suitable experimental system. To ensure high resolution of confocal
microscopy images, spherical abberation must be prevented by choosing an index
matched experimental system. With the materials presented in the previous chapter,
the miss-match is relatively low: the refractive index of the glass we used for the
cells was 1.52, the index of glycerol 1.47 and the refractive indices of the CCN LC
mixture no = 1.47 and ne = 1.50. This index matching minimises the blurring of
images because of birefringence of the LC and reduces spherical aberrations.
Another important factor is the pitch of the chiral nematic, which can in conjunction with birefringence cause polarisation guiding. By calculating the conditions
discussed in Section 2.6.1, we can see from:
0.5 p n ∆n = 0.16 ➭m ≪ λ ≪ p = 7 ➭m ,

(6.4)

we are in the short wavelength circular regime, in which the plane of polarisation
rotates with a rate calculated from Eq. (2.32): ρ = −π(∆n)2 p/(4λ2 ) ≈ 1◦ /➭m .
This means that at depths of about 20 ➭m in the LC, the plane of polarisation is
rotated by about 20◦ , and can lead to misinterpretation of intensity data at different
polarisations. Fortunately, this effect is pronounced only if light is travelling along
the chiral axis of the structure, which is rarely the case in droplets. If the light is
travelling along the layers, the birefringent sample acts as an optical lens because
of the spatially varying refractive index, locally focusing or dispersing the light.
The defocusing due to the birefringence can be estimated as z∆n where ∆n is the
birefringence of the LC and z is the depth of scanning [9, 10]. In our samples this
defocusing is smaller than 0.5 ➭m except in the largest droplets.
The next important step is to choose a suitable laser power for FCPM. If the laser
power is too high, it causes significant photo-bleaching of dye molecules and can
heat up the sample because of absorption and distort the director field through
the Fréedericksz effect due to the electric field of the focused laser light [1, 164].
With low laser powers, the signal to noise ratio of detected intensities is low and
the data are not suitable for reconstruction. A way to increase the signal to noise
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ratio is to collect several frames at a given depth and average them. In this way
we can control the influence of laser beam on the structure, but the measurements
are prolonged and bleaching is still present because dye molecules go through more
excitation cycles [157].
An important experimental step is to choose a suitable concentration of the fluorescent dye. The concentration should be high enough to give sufficient signal, but
not as high as to strongly attenuate the excitation beam intensity with depth or
disturb the ordering of the LC. Influence of the dye on the nematic phase can be
easily tested by measuring the N-I phase transition, as the transition temperature
is lowered if impurities interfere with nematic order [165]. Attenuation of the excitation intensity with depth can be easily measured by performing a 3D FCPM scan
of the droplet in the isotropic phase. In this way we remove the influences of the
birefringent structure and scattering and only attenuation and bleaching remain.
Because attenuation increases with depth and photo-bleaching with exposure, we
can partly mitigate these effects by choosing a suitable direction of scanning in the
z direction. If we start the scanning with the layers which are furthest away from
the objective, the intensities will be lowered by absorption, but not by bleaching.
By the time the scanning reaches the layers closest to the objective, intensities will
be lowered because of bleaching but there will be less absorption. Dye concentration
can be adjusted so that these two effects at least partially cancel each other out,
ensuring a flatter intensity depth profile during a single 3D scan as seen in Fig. 6.6.
Even with these experimental measures the FCPM data are still not suitable for
quantitative reconstruction of director fields because of bleaching between 3D scans
at different polarisations, experimental noise and low contrast, background signal
and attenuation of intensity with depth. The next few subsections present postacquisition procedures that handle these effects to prepare the data for application
of the SA algorithm.

6.2.1

Bleaching corrections

There are two main causes for reduction of fluorescence intensity during a prolonged
exposure: excitation to long-lived triplet states and photo damage [166,167]. In each
excitation cycle of a dye molecule there is a small probability that the molecule will
not be excited to short-lived singlet fluorescent state with a typical lifetime on the
time scale of nanoseconds, but instead to a triplet state which does not have an
allowed transition to the ground state and therefore relaxes only slowly, making it
long-lived (on the time scale of micro- to millisecond) [166]. Because this state does
not fluoresce during the dwell time of the sensor on that sample volume, it suppresses
fluorescence. Photo damage of the dye molecules is a less understood effect, for
which several possible mechanisms have been proposed. The basic effect is that
under illumination the fluorophore reacts with the surrounding chemicals, which
renders it irreversibly non-fluorescent. In practice this means that with increasing
illumination dosage the proportion of dye molecules which fluoresce is decreasing.
Because our droplets are small, isolated volumes of LC doped with dye, this effect
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Figure 6.6: Dependence of fluorescence intensity on the z scanning direction. Average fluorescence intensity in each z slice is shown. If the scan is started in the xy
plane closest to the objective (starting from z = 0 ➭m; blue line), the intensity will
fall with the depth of scanning because of absorption and also with time because
of bleaching. In this scenario both effects reduce the fluorescence intensity with
increasing depth. In our case the magnitude of both effects is approximately equal,
so if we reverse the direction of z scanning, the two effects almost cancel out (red
line).

can be very pronounced, because the bleached dye molecules are not replaced with
fresh ones by diffusion.
We already discussed how bleaching during a 3D scan at a single polarisation can
be partially mitigated by choosing a suitable direction of scanning and dye concentration. Acquisition of the 3D scans at all polarisations typically takes 10 minutes.
Such long exposures can cause significant bleaching which needs to be corrected for
to enable quantitative analysis of data. In our experiments bleaching causes the intensities to drop by 10 to 50%, depending on the droplet size, dye concentration and
laser intensity. To correct the effects of bleaching between the 3D scans, we repeat
the imaging of the droplet at the polarisation 0 after all the other polarisations were
taken. In this way we can calculate how much the integral intensity of the droplet,
calculated as the sum of the intensities of all points in the droplet, has reduced from
the first 3D scan to the last one. We then use this data to linearly interpolate the
bleaching rate for the 3D scan at each polarisation and correct the intensities by the
appropriate factor.
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Figure 6.7: Example of an image (a), blurred by a point spread function so that
fine details are obscured (b), and then deconvolved with Matlab (c). The function
deconvlucy was used with the original blurring PSF and 100 iterations. Note that
the dynamical range of the convolved (t.i. experimental) image has to be large
enough to ensure the intensity values are added linearly.

6.2.2

Deconvolution

As we have seen in Section 4, a point object is not imaged as a point through a
microscope, but instead has a finite sized point spread function, which is a property
of the imaging system and of the wavelength of the used light. Because of this, the
fine details in the original object appear bigger in the image and in some cases cannot
be resolved. We can illustrate this effect by taking a grayscale image (Fig. 6.7a) and
generate a new image in which each point is replaced with a bigger point (Fig. 6.7b).
Such an image will show less details than the original one, but because the grayscale
values linearly add in areas where the PSFs overlap, information about the original
distribution of intensity is still available. This is true in the case of incoherent light
for which the amplitudes of intensities add instead of the amplitudes of electric
field and the final image can be considered a linear sum of the individual PSFs of
the objects, without interference effects. Such a process is mathematically called
convolution [168]. In this case, it is possible to reconstruct the original object
through an inverse process called deconvolution, if we know the PSF of the imaging
system (Fig. 6.7c).
During deconvolution, the contributions of the neighbouring pixels to a given pixel
are subtracted in an iterative procedure which “sharpens” the image a bit with
each consecutive step. Figure 6.7 illustrates that with proper knowledge of the PSF
even fine details such as the thin gaps between white areas, which were obscured in
Fig. 6.7b are clearly visible after deconvolution. In practical situations deconvolution
is hindered by imperfect knowledge of the PSF and by experimental noise, but with
proper implementation, the procedure is still able to improve microscopic images in
many situations. Many different procedures have been developed for deconvolution,
but we won’t present any in detail as we use a commercial product SVI Huygens
Professional, which is dedicated to restoration of microscopy images.
An additional effect of deconvolution is the reduction of noise in the experimental
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image. When subtracting the influence of surrounding voxels, the software takes
values of neighbouring voxels into account to generate a better estimate of the
intensity in a specific voxel [169], thus improving the signal to noise ratio.
An important factor for successful deconvolution is the quality of the experimental
data. Ideally, the system should be RI matched and the optics should be ideally
compensated so that there is as little distortion to PSF as possible. Unfortunately,
complete RI matching is not possible in our case, because of birefringence on the one
hand and of the limited choices of LC and the medium on the other. The algorithm
in Huygens can handle RI mismatch as we will see later, but not birefringence.
Despite this, deconvolution was able to improve the quality of our data as we will
see from comparing raw and deconvolved data. Furthermore, the data should be
sampled close to the Nyquist sampling rate which guaranties that all the spatial
frequencies that are needed for reconstruction at maximum resolution are present
in the experimental data [156,157]. In our case, where we used excitation light with
wavelength 488 nm and an objective with 1.4 numerical aperture, the ideal sample
size is 43 nm [158], the typical sample size is 40 nm but sample sizes up to 64 nm
were used successfully.
We used a theoretical model for the PSF of our system, which was calculated based
on the parameters of our experiment – the refractive indices of the immersion oil
and the medium, numerical aperture of the objective, confocal pinhole size and the
wavelength of the fluorescence light. One of the effects the Huygens Professional
software is capable of taking into account, is the spherical aberration because of
the mismatch between the immersion and medium refractive index. Because of
the refractive index mismatch, the beams that pass the interface between the two
mediums are refracted which causes them not to focus in an optimal PSF. The
effect worsens with depth so the software uses different theoretical PSFs for different
focusing depths (Fig. 6.8).
An example of deconvolved FCPM images of a LC structure in a chiral nematic
droplet with homeotropic anchoring is shown in Fig. 6.9. In Fig. 6.9b we can notice
a substantial improvement of signal to noise ratio compared to Fig. 6.9a and in
Fig. 6.9d a significant improvement of contrast, especially in areas between bright
regions along the z direction can be seen.
After deconvolution the data is downsampled in the xy dimension, so that cube
voxels are obtained, with a side length of 120 to 200 nm, depending on the size of
the droplet.
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Figure 6.8: Examples of numerically calculated PSFs for different refractive indices
of medium at different depths in the sample. The top row shows the PSF in the
xy plane and the bottom row in the xz plane. For each combination of refractive
index and depth the left column shows the intensity in grayscale and the right the
maximum intensity projection (MIP) of the intensity in pseudocoloured scale with
gamma correction set to 1.7 to highlight the dimmer regions. All PSF are calculated
for an oil immersion objective with N A = 1.4 and refractive index of the oil 1.518.
The left and center PSF correspond to our experimental system at depths 0 and
20 ➭m. We can see the PSF at z = 20 ➭m (e-h) is substantially enlarged compared
to the one in a perfectly RI matched sample, shown in (i-l). The pinhole size is set
to one Airy unit. The PSF were calculated using the SVI calculator available at:
https://svi.nl/NyquistCalculator (accessed 22. 3. 2017). The scale bar is 1 ➭m.
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Figure 6.9: Example of image quality improvement from raw (a, c) to deconvolved
(b, d) images for a horizontal (a, b) and a vertical (c, d) cross-section of a chiral
nematic droplet.
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6.2.3

Offset correction and normalisation

At this point the data is smooth enough to calculate the director field from Eqs. (4.10),
(4.17), (4.14) and (4.4). However, such a director field would contain significant
artefacts, because the fluorescent signal does not drop to zero when the probing
polarisation is perpendicular to the director as expected from Eq. (4.17) and because intensity data needs to be normalised. These two effects have to be taken into
account by modifying the Eq. (4.17):
Itot = Ioffset + Inorm cos2n+2 θ ,

(6.5)

where Ioffset is the value of the background signal which is present in areas where the
director is vertical, Inorm is the normalisation set by Itot in areas where the director
lies in the xy plane and n is a constant, marking the order of the process used for
excitation of the dye molecules. In our case of FCPM, n = 1.
The non-zero signal in areas where the director is perpendicular to the probing polarisation is a consequence of scattering, non-zero order parameter of the LC and the
dye and of the distortion of the linear polarisation in the strongly focused excitation
laser beam. For normalisation of data, it is not simply enough to take the highest
intensity value and use it as normalisation, as the maximum intensity changes with
depth because of absorption, scattering and ray optics effects such as spherical aberration and defocusing due to refractive index mismatch and birefringence. These
effects are mitigated as much as possible with the choice of proper materials and
the procedure described in previous sections, but they still cause significant reduction of FCPM signal as will be demonstrated on concrete examples later on. These
effects do not affect the calculation of the in-plane angle ϕ, because the background
subtracts in Eq. (4.14) and the normalisation factors cancel out, so only the polar
angle θ is affected.
A way to deal with these effects is basically to fit the z dependence of minimum
and maximum values of the total FCPM intensity Itot with a function. For simple
structures, a reasonable choice would be a linear function as we expect the effects
at least to a first approximation to increase linearly with depth. For droplets with
complex cholesteric structures we expect that there will be at least some area in
each z-slice with vertical and horizontal director where Itot should be minimal and
maximal, respectively. Therefore, we should get a good approximation of proper
background offset and normalisation values, if we plot the values of lowest and
highest Itot in each z layer.
This procedure is complicated by the unevenness of the effects and by the inherent
noise in the fluorescent intensities. Therefore the z-dependent values of Ioffset and
Inorm are smoothed and additionally corrected by a factor to ensure wide regions of
horizontal and vertical director, which enable smooth transitions between domains
of differently oriented oblique director. Typically the offset values are increased by
about 10% and the normalisation values are decreased by about 5%. Such intensity
clipping enhances the stability of the SA algorithm on experimental data.
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6.3

Calibration of the annealing algorithm on
experimental data

In this Section we demonstrate the implementation of the simulated annealing algorithm and the calibration of the different parameters on experimental data of three
different director structures.

6.3.1

Nematic homeotropic droplet

One of the simplest structures we can use for testing and calibrating our algorithm
is a nematic droplet with homeotropic anchoring on its surface, in which the director
forms a radial structure. We prepared the droplets in the same way as the chiral
nematic droplets, but using the CCN mixture without the chiral dopant.
Raw experimental FCPM intensities in several orthogonal cross-sections for this
structure are shown in Fig. 6.10. Figure 6.10g shows a graph of integrated FCPM
intensities of all the voxels inside of the droplet for each of the probing polarisations,
from which the bleaching rates are calculated. We can see that in this case the
intensity in the droplet falls by 20% between the first and last scan. The bleachingcorrected integrated intensities in Fig. 6.10g are much closer to each other in value
than the uncorrected ones. After the bleaching correction, the 3D stack for each of
the polarisations is deconvolved with the program SVI Huygens Professional. A few
examples of deconvolved images are shown in Fig. 6.11.
The next step after deconvolution is correcting the Itot and running the SA algorithm. The variation of minimum and maximum Itot in each z layer of the droplet
is shown in Fig. 6.12a. If the algorithm is ran with Ioffset = 0 and Inorm = max(Itot ),
the resulting director field is discontinuous in areas where it should be vertical or
horizontal as can be seen in Fig. 6.12b. To obtain a smooth structure we have
to therefore appropriately adjust Ioffset and Inorm to obtain vertical and horizontal
orientations of director in the reconstruction.
Because in a radial structure areas of horizontal and vertical director are not present
in each z layer of the droplet, we cannot estimate Ioffset and Inorm from the lowest
and highest Itot values at all depths in Fig. 6.12a, but instead have to adjust the two
levels to obtain a suitably smooth structure without excessive artefacts. Because of
the radial director structure, we expect the director at the top and bottom of the
droplet to be mostly vertical, so we can use these areas to estimate Ioffset . Likewise,
the director should be mostly horizontal in an equatorial xy plane so we can base
our estimate of Inorm on these regions.
We ran the SA algorithm with several different linear estimates of Ioffset and Inorm
shown in Fig. 6.12a. The resultant annealed director fields in a vertical plane through
the centre of the droplet are shown Fig. 6.12c-e. If Ioffset and Inorm values are not
overestimated as described in the previous section, there is still some variation of
normalised Itot within each z layer because of geometrical and other factors – in
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Figure 6.10: Raw experimental FCPM data for a nematic droplet with a radial structure. Panels (a-d) show intensities for the 4 probing polarisations in an equatorial
xy plane and (e,f) the intensities for two orthogonal vertical planes going through
the center of the droplet. Panel (g) shows a graph of integrated intensities of the
droplet for each of the 5 polarisations (the final polarisation at 0◦ is labelled π)
before and after the bleaching correction. The order of acquisition was 0, π/2, π/4,
3π/4, π. The scale bar is 5 ➭m.

the present case the intensity drops off towards the edge of the droplet. If we
reconstruct the director from such data, we can see that there is a discontinuity at
the outer parts of the droplet close to the equator because the director cannot make
a smooth transition between the two signs of nz . This is because the corrected Itot
are not large enough for the director to be horizontal and facilitate a continuous
transition between the two orientations. Therefore we have to underestimate the
Inorm values to compensate for these intensity variations and ensure wide regions of
horizontal director to obtain smooth reconstructed director. Similar reasoning leads
to increasing the Ioffset value.
We can see that incorrect settings of the offset and normalisation result either in
sharp jumps in the director fields (Fig. 6.12b,c) or in excessive artefacts due to
clipping of the intensities (Fig. 6.12e), which cause large areas of vertical and horizontal director with only narrow transition regions of oblique director. The best
result is obtained for an intermediate setting of Ioffset and Inorm with some artefacts
(wider vertical and horizontal regions than would be expected for a structure with
minimised free energy) but still with wide transitional regions of oblique director.
Figure 6.12d shows the reconstructed director at the optimal levels of Ioffset and
Inorm . We can see that the whole procedure nicely reconstructs the radial structure
in the xz plane and even shows the characteristic twisting of the radial structure in
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Figure 6.11: Deconvolved FCPM data for a nematic droplet with a radial structure.
Intensity of a single polarisation (a,c) and the sum of the 4 probing polarisations Itot
(b,d) in an equatorial xy plane (a,b) and in a vertical xz plane (c,d) going through
the center of the droplet. The scale bar is 5 ➭m.
the xy plane which minimises the elastic energy of the structure, due to the twist
elastic constant being smaller than the splay constant [51]. The normalisation and
offset settings strongly affect the out-of-plane angle, which means we can take it’s
value only as an estimation of the experimental tilt. We should note that even with
these incorrect settings with excessive artefacts, the transition areas may become
narrower or wider but they stay at the same location. This means that the topology
of the director field is preserved which can also be seen from the point defect which
is present in the centre of the structure at all of the presented settings.
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Figure 6.12: Examples of SA algorithm runs on a radial nematic droplet with different settings for Ioffset and Inorm . (a) A graph of Itot in each xy layer. The blue lines
show the minimal value (dotted line) and the average value of the lowest 2% (dashed
line) of Itot in the droplet for each z layer. The red lines show analogous maximal
values and the solid lines show Ioffset and Inorm settings for the different runs of the
SA algorithm. (b-e) The director obtained with SA algorithm for different settings
of Ioffset and Inorm . In (b) Ioffset = 0 and Inorm = max(Itot ), for the rest the values
are shown in (a). Notice the abrupt jumps in (b,c) and excessive artefacts in (e).
(f) The reconstructed director in an equatorial xy plane. The yellow point marks
the position of the point defect. The scale bar is 5 ➭m.
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6.3.2

Chiral nematic droplet with a complex director
structure

A similarly instructive example of the reconstruction procedure with a more systematic method of determining the offset and normalisation can be shown on a chiral
nematic droplet with homeotropic anchoring at N ≈ 7. Figure 6.13a-f shows raw
FCPM intensities in a xy (Fig. 6.13a-d) and a xz (Fig. 6.13e,f) plane going through
the centre of the droplet. From the variation of the fluorescence intensities we can
see that the director changes its direction many times inside the droplet and the
striped intensity pattern suggests a layer-like structure. Figure 6.13g shows the integrated intensities of the droplet for each polarisation before and after the bleaching
correction. We can see that the fluorescence intensity reduced by 40% between the 0
and π polarisations, but with the repeated measurement of the starting polarisation,
the rest of polarisations can be bleaching corrected. Large differences between the
integrated intensities at different polarisations can be seen because of the anisotropy
of the structure in the droplet.
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Figure 6.13: Raw experimental FCPM data for a chiral nematic droplet with a complex director structure (N ≈ 7). Panels (a-d) show intensities for the 4 probing
polarisations in an equatorial xy plane and (e,f) intensities at two orthogonal polarisations in a vertical plane going through the centre of the droplet. Panel (g) shows
a graph of integrated intensities of the droplet for each of the 5 polarisations (the
final polarisation at 0◦ is labelled as π) before and after the bleaching correction.
The order of acquisition was 0, π/2, π/4, 3π/4, π and the scale bar is 5 ➭m.
Figures 6.14a,b show two deconvolved polarisations in an equatorial xy slice, Fig. 6.14c
the sum of the four polarisations Itot in the same slice and and Fig. 6.14d Itot in a
vertical slice. We can see from Fig. 6.14d that each z layer of the droplet includes
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all the possible values of Itot .
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Figure 6.14: Deconvolved FCPM data for the chiral nematic droplet from Fig. 6.13.
(a,b) Intensity of a single polarisation and (c) the sum of the 4 probing polarisations
Itot in an equatorial xy plane and (d) Itot in a vertical xz plane going through the
centre of the droplet. The scale bar is 5 ➭m.
Figure 6.15a shows the variation of the minimal and maximal values of Itot with
the z coordinate. The minimum Itot which correspond to vertical orientations of
director are in this case reasonable approximations of Ioffset and maximum Itot values
correspond to horizontal director and can be used for Inorm . The yellow and the
green lines in Fig. 6.15a show the estimates for Ioffset and Inorm which we use for
the reconstruction. These estimates are calculated from smoothed average values of
the 2% of pixels with lowest and highest Itot values in each layer and additionally
increased by 12% and decreased by 6% percent, respectively. On the top and bottom
of the droplet the intensity values are reduced because of the proximity of the edge of
the droplets. In those parts we approximate the Ioffset and Inorm by a linear function
as seen in Fig. 6.15a. By using these values for correction of Itot , the SA algorithm
obtains a smooth reconstructed director as shown in Fig. 6.15b,c.
The director field in Fig. 6.15b,c is shown with cylinders which are coloured by the
Itot . We can see that the striped areas of high Itot really are layers of director field
lying in the xy plane, which are separated by low-intensity areas where the director
is twisted out of the xy plane. In Fig. 6.15b we can see that in this case the layers
are bent in the xy plane and run approximately vertically as seen in Fig. 6.15c. The
droplet has a single point defect marked with a yellow dot in Fig. 6.15c, which is
consistent with the topological charge in a droplet with homeotropic anchoring.
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Figure 6.15: Correction of Itot and the reconstructed director field in a layered
droplet. (a) Variation of minimal and maximal Itot values with the depth in the
droplet. The Ioffset and Inorm values we used for the reconstruction are marked with
yellow and green lines, respectively. (b,c) The reconstructed director field in a xy
(b) and a xz plane (c). The point defect is marked with yellow. The scale bar is
5 ➭m.
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6.3.3

Skyrmions and torons in homeotropic cells

To illustrate that our procedure of reconstruction is useful also for other systems, we
reconstruct the director field in the well-known structure of a localised cholesteric deformation in a bubble domain texture, which is also known as a toron [2,3,62–64,170].
The structure has been discussed theoretically [64] and a numerically calculated
structure was compared with FCPM intensities [2, 3]. Here we show how the structure of a toron can be reconstructed directly from experimental FCPM intensities.
The sample is prepared by assembling a 6 to 10 ➭m thick wedge cell with glasses
treated with dimethyloctadecyl[3-(trimethoxysilyl)propyl]ammonium chloride also
known as DMOAP for homeotropic anchoring and filling the cell with the CCN
mixture with 1.2% S-811 (p = 9.6 ➭m). Individual torons spontaneously form at
certain rations of pitch to cell thickness, but they do form more easily if the cell is
perturbed, for example with a quench or with alternating electric field. We perform
a temperature quench after which the torons form in parts of the cell with thickness
around 8 ➭m.
Figures 6.16a-d show the individual fluorescence intensities in a vertical yz plane,
going through the centre of the toron. We can see from the intensities, that the
toron has a central region where all the intensities are very low, indicating a vertical
director orientation. This region is surrounded by a region which is brightest in
the out-of-plane polarisation, indicating that the director is perpendicular to the
plane of the cross-section. The other intensities show that closer to the top and
bottom of the structure, the director slightly twists towards the plane of the crosssection. Figures 6.16e-i show intensities in a xy plane going through the middle of
the structure. We can see that in the region around the central part, the director is
oriented in the azimuthal direction and that the structure is cylindrically symmetric.
Figures 6.16j-n show fluorescence intensities in a xy plane going through the bottom
point defect. The intensity patterns of individual polarisations are rotated compared
to the ones in Figs. 6.16e-i, which agrees with our conclusion that the director twists
towards the top and bottom parts of the structure. The central low intensity region
in Fig. 6.16n is much smaller than in Fig. 6.16i, indicating that the central region
of vertical director shrinks towards the point defect.
Figure 6.17a shows the sum of the four experimental intensities Itot in the same
vertical plane as Figs. 6.16a-d. We can see that the highest intensities are slowly
dropping with depth, which is also confirmed by the plot of the maximum intensities
in each layer (red lines) shown in Fig. 6.17b. In this structure there are pixels with
lowest and the highest intensities at each z level, therefore we can base our estimates
of Ioffset and Inorm on the minimal and maximal values of Itot . We approximate the
average of the intensities with lowest and highest 2% values with two linear functions
and offset both functions as shown in Fig. 6.17b with the yellow and green lines.
With this we achieve clipping of the dynamic range of Itot which will stabilise the
SA algorithm.
The reconstructed director fields, which were calculated with these settings are
shown in Fig. 6.18. Figure 6.18a shows the director field in the same vertical yz
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plane as in Figs. 6.16c-f and Fig. 6.17a. The reconstructed director is smooth everywhere and we can see the left-handed rotation through the central part of the
structure. The structure appears discontinuous around the point defects, but from
a close-up of the bottom defect in Fig. 6.18b we can see, that this is an effect of
the averaging of the director structure. In fact this inset clearly shows a hyperbolic
profile of the director around the point defect.
Figure 6.18c shows the director field in a xy plane in the middle of the cell. We
can see that the director really is oriented azimuthally and that the structure is
cylindrically symmetric. In this cross-section, the toron has a skyrmionic profile.
Figure 6.18d shows the director around the bottom point defect in a xy plane. We
can see that the director close to the defect is not completely radial as in a normal
hyperbolic defect but somewhat twisted towards an azimuthal orientation.
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Figure 6.16: Raw experimental FCPM data for a toron structure. Panels (a-d) show
intensities for the 4 probing polarisations in a vertical yz plane going through the
centre of the structure. (e-i) Intensities in a xy plane in the middle of the cell. (j-n)
Intensities in a xy plane going through the centre of the bottom point defect. The
scale bars in (a) and (e) are 5 ➭m, and in (j) 2 ➭m.
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Figure 6.17: Deconvolved FCPM data for the toron structure and minimal and
maximal values of Itot at each depth. (a) Itot in a vertical xz plane going through
the centre of the structure. (b) The graph of the Itot values together with Ioffset and
Inorm used in the reconstruction. The scale bar is 5 ➭m.
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Figure 6.18: Reconstructed director field for the toron structure. (a) The director
field in a vertical yz plane. (b) A close-up of the director around the bottom point
defect. (c) The director in a xy plane in the middle of the cell. (d) The director in
a xy plane around the bottom point defect. The scale bars are (a) 2 ➭m, (b) 1 ➭m,
(c) 5 ➭m and (d) 2 ➭m.
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Chapter 7
Structures in chiral nematic
droplets with homeotropic
anchoring
In this Chapter we present and analyse some of the structures we find in chiral
nematic droplets with homeotropic anchoring. The structures can be roughly divided
into those with layered cholesteric structures and those with several point defects
separated by toron-like cholesteric structures, which we call cholesteric bubbles.
First we present the simplest droplets that appear at low chiralities and include
a single point defect and one cholesteric bubble. Then we move on to the typical
layered structures with one or several point defects between the cholesteric layers.
We show that surface line defects can also appear in these droplets. Next, we present
droplets in which multiple point defects are separated by cholesteric bubbles and
can also include newly discovered higher-charge topological point defects. At the
end of the Chapter we introduce topological molecules, where single point defects
are substituted by bigger structures carrying equivalent topological charge.
Examples of typical droplets we observe in our samples are shown in Fig. 7.1. We
can see that the smallest droplets are relatively simple with different variants of
a dark cross with bent arms shown in the polarised images. The bigger droplets
mostly have layer-like features, similar to the ones of the droplet, which we used as
an example of the reconstruction procedure in Section 6.3.2. Some of the droplets
show more specific textures, which we present in detail later in this Chapter. First
we take a look at the smallest droplets with the simplest structure.
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Figure 7.1: Typical droplets which appear in our samples. The images in the top
row are unpolarised and in the bottom row are images of the same droplets under
crossed polarisers, oriented as indicated in the top right corners. The length of pitch
of the CCN mixture with 2% of S-811 chiral dopant is shown with the red bar.
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7.1

Droplet with a single point defect and a
cholesteric bubble

Droplets with the lowest chirality (N < 2) have a radial structure with a point
defect in the centre of the droplet. Some twisting is possible around the point defect,
because splay deformation is energetically more costly than twist, just like in nematic
droplets. With increasing N ≈ 2 − 4, the first effect of the chirality is that the +1
point defect, which is necessary because of topological constraints, is expelled from
the bulk towards the surface of the droplet as can be seen in transmission images in
Fig. 7.2. In Fig. 7.2a we can see the point defect in the bottom part of the image as
the point where the two dark brushes meet at the surface or the droplet. In Fig. 7.2c
the point defect is positioned in the middle of the image, and the slightly darker
ring encircling the defect are the two brushes from Fig. 7.2a, seen from another
perspective.
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Figure 7.2: Droplets with a single expelled point defect at different orientations. In
(a,b) the symmetry axis of the droplet is perpendicular to the optical axis of the
microscope and in (c,d) it is aligned with it. Images (b) and (d) are taken under
crossed polarisers oriented as indicated with the cross in the top right corners of
images. In (b) the point defect is positioned where the two “petals” in the bottom
of the image meet, and in (d) it is at the central dark cross. Scale bars are 5 ➭m.
The reconstructed director in one of the planes going through the centre of the
droplet and the point defect, is shown with cylinders in Fig. 7.3a and with director
streamlines in Fig. 7.3b. The director streamlines are generated by projecting the
director field to the plane of the cross-section as described in Section 5.2.1. The
streamlines are not drawn where the projection of the director to the cross-section
is smaller than 1/3. Therefore the director in the white areas inside the droplet in
Fig. 7.3b,d is mostly perpendicular to the plane of the cross-section. The position
of the point defect in the images with director fields is marked with a yellow circle.
The reconstructed director field around a point defect can be distorted because of
LC fluctuations and movement of the structure on the time scale of the imaging
of the 5 FCPM polarisations. Because of this, the exact location of the defect is
determined from a combination of cross-sections of the FCPM intensities, Itot and
the reconstructed director field.
We can see that the structure is roughly axially symmetric with the point defect
lying on this axis. A cross-section in a plane, perpendicular to the symmetry axis, is
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shown in Fig. 7.3c,d. In the centre of the droplet, the director is pointing along the
symmetry axis, but it twists by π/2 to lie in the plane of this cross-section when we
move towards the edge of the droplet. The in-plane director forms circular streamlines encircling the symmetry axis. We can imagine that these circular streamlines
are stretching a balloon-like structure, which is pinched at the point defect to form
a bell-like shape as shown in cross-section in Fig. 7.3a,b. This cholesteric formation
is a motif which will frequently appear in our study of cholesteric droplets and we
shall call it a cholesteric bubble (CB). By examining Fig. 7.3c,d we can see that
the central part of its cross-section corresponds to the central part of a Bloch-type
skyrmion shown in the central inset of Fig. 7.3, which we have also observed in
the mid-plane of the homeotropic chiral nematic cell in Fig. 6.18c. The difference
between the two structures appears on the edge of the structure. The vector field in
a proper skyrmion twists by 2π on each line crossing its core, whereas the structure
in the cross-section purely twists by π in the central part of the droplet, but on
the edge the rest of the deformation is a mix of twist and bend to match the radial
orientation on the surface of the droplet. The structure in the cross-section is therefore not a regular 2D skyrmion but a skyrmion embedded in a radial surrounding
director. A 2D skyrmion is a topologically non-trivial texture – it has no singular
points but it cannot be rearranged to uniform director with smooth deformations.
This means its field has to be cut somewhere to deform it to a uniform configuration
and therefore the structure is topologically protected from being erased. Because
of their skyrmion-like cross-section profiles the cholesteric bubbles have increased
stability too. The structure of this simple droplet with a single point defect and a
cholesteric bubble can be shown schematically as in the inset to Fig. 7.3b with the
yellow point marking the point defect and the two green lobes the cross-section of
the cholesteric bubble.
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Figure 7.3: Reconstructed director field in a droplet at N = 2.5 with a point defect,
expelled to the surface. (a,b) The reconstructed director field and streamlines in a
cross-section which includes the point defect and the symmetry axis of the droplet.
The location of the point defect is marked by a yellow circle and the schematic
representation of the structure is shown in the black rectangle, where the green
shape represents the cholesteric bubble. (c,d) The reconstructed director field and
streamlines in a cross-section which is perpendicular to the symmetry axis of the
droplet. The inset shows a structure of a Bloch skyrmion (adapted by permission
from Macmillan Publishers Ltd: Nature Materials [171], copyright 2015). The scale
bar is 5 ➭m.
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7.2

Droplets with layered structures

In this Section we will present the different possible layered structures we find in
chiral nematic droplets with homeotropic anchoring.

7.3

Droplets with bent layers

By far the most common structure in our experiments includes a single point defect,
which is expelled towards the surface of the droplet similarly as in the structure
in the previous Section, but with the bulk of the droplet being occupied with bent
layers. Two examples of such structures are shown in Fig. 7.4.
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Figure 7.4: Transmission images of droplets with a single point defect and a typical
layered structure. The relative chirality of the droplets is (a,b) N = 5.8 (c,d)
N = 7.2. Images (a,c) are non-polarised and (b,d) between crossed polarisers,
oriented as indicated in the corners of the images. Scale bars are 5 ➭m.
This is the structure, which we used for calibration of the SA algorithm in Section 6.3.2. Another example of the structure at lower chirality (N = 4.7), is shown
in Fig. 7.5. The single point defect in these structures is identical to the one presented in the previous section. The point defect is pushed towards the surface of
the droplet by the layered director structure which occupies most of the volume,
similarly as in the droplet with the cholesteric bubble. Figure 7.5a presents the
reconstructed director field of this droplet visualised with rods in a plane, which
includes the only point defect in the droplet, seen at the bottom of the image. The
director in the same cross-section is shown in streamlines in Fig. 7.5 to highlight
the layering in the droplet. We can see that the part close to the point defect is
reminiscent to a cholesteric bubble, but the lobe of the CB is spread out on one side
to form an extended layer and in Fig. 7.5c we can see how the layer bends to fill
the volume of the droplet. Figure 7.5d-j shows the streamlines in a series of planes
which are perpendicular to those in Fig. 7.5a-c. In Fig. 7.5d we can see that the
point defect has an azimuthally oriented director field in its equatorial plane. In
Fig. 7.5e we can observe a similar director profile as in the case of a CB in Fig. 7.3d,
but in Fig. 7.5f,g,h the central escape of the director (the central white area in
Fig. 7.5e) is pushed to the side and the bulk of the droplet is filled with a layered
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twisting director field. We can observe the rotation of the director in the layers in
Fig. 7.5e-j.
This type of droplets appears also at higher chiralities as we have seen in Section 6.3.2. With increasing N , the structure bends more to form additional layers
of twist.

99

a

b

c

d

e

f

g

h

i

j

Figure 7.5: A droplet with a single point defect and a typical layered structure
at N = 4.7. (a) The director field in a plane with the point defect. The point
defect is marked with a yellow dot and the colour of the rods corresponds to the
size of the projection of the director to the cross-section. (b) The director in the
same cross-section as (a), shown in streamlines. (c) Streamlines in a plane, which is
perpendicular to that from (a,b) and also includes the point defect. (d-j) Streamlines
in a series of planes, perpendicular to the planes in (a-c). Scale bars are 5 ➭m.
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7.3.1

Droplets with flat layers

In some droplets the director can twist in a way to form flat parallel layers of
cholesteric twist. Two examples of such droplets are shown in Fig. 7.6. In Fig. 7.6ad the layers are perpendicular to the plane of the image, and the point defect which
is positioned on the left edge of Fig. 7.6a is not visible. The layers of the droplet
in Fig. 7.6e-h are parallel to the image plane and the point defect is visible in the
bottom of Fig. 7.6g,h.
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Figure 7.6: Optical textures of droplets with a single point defect and flat parallel
layers. (a-d) A series of non-polarised microscopy images of a droplet with N =
7.2 at different focussing depths. The point defect is in the part of the droplet
which is the closest to the microscope objective, approximately in plane (a). (e-f)
Non-polarised microscopy images of a droplet with N = 7.5 at different focusing
depths. The point defect in the bottom part of (g,h). The images of each droplet
are separated along the z axis by 5 ➭m, with the first image in the series being the
closest to the objective. The scale bars are 5 ➭m.
The director structure of these droplets is illustrated by the reconstruction in Fig. 7.7.
Figure 7.7a shows the streamlines in a plane which is perpendicular to the plane of
the flat layers and also includes the point defect close to the surface of the droplet.
In this case, the reconstruction was not completely successful as can be seen in the
artefacts in the image, in this case primarily by the discontinuous streamlines in
the layers. Fig. 7.7b shows the director streamlines in a plane parallel to the layers,
which includes the point defect. We can see that the central layer is separated from
the surface by another layer of twist. Figures 7.7c-h show the streamlines in a series
of planes which are perpendicular to the plane of the layers. We can see how the azimuthal orientation of the director field around the point defect in Fig. 7.7c expands
to form the central layer which is seen as the central white area in Fig. 7.7d. This
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central layer is separated by a π twist (the elliptical streamlines in Fig. 7.7d) from
another layer of twist, which is the outer elliptical white area. Further along the
axis of the droplet the director can perform even more twisting because of the bigger
distance across the droplet and an additional layer of twist appears in Fig. 7.7e-h.
Again, the layers are somewhat smeared in this case because of the artefacts in the
reconstructed director field, but the outline of the structure can still be recognised.
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Figure 7.7: The reconstructed director field for a droplet with a single point defect
and flat parallel layers at N = 7.2 from Fig. 7.6a-d. (a) A cross-section, perpendicular to the plane of the layers, which includes the point defect. (b) A cross-section
along a layer which starts from the point defect. (c-h) Streamlines in a series of
planes which are perpendicular to the layers. The scale bar is 5 ➭m.
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7.3.2

Cylindrical layers

One of the possible layered structures in the droplets has cylindrical symmetry.
Examples of optical textures of such droplets are shown in Fig. 7.8. Figures 7.8a-d
and Figs. 7.8e-h show images of two droplets at different focusing depths with a
structure which appears at N ≈ 4.8 − 5.9. The only difference between the two
droplets is that the point defect in Figs. 7.8a-d is located at the part of the droplet,
which is closest to the microscope objective and in Figs. 7.8e-h in the part which is
the furthest. Figures 7.8i-l show unpolarised images of a similar droplet at higher
chirality (N = 7.5) with the symmetry axis at an oblique angle to the optical axis
of the microscope. This tilting breaks the symmetry of the image, but the layers
can be more clearly seen in 3D with changing of the focus.
Figure 7.9 and Fig. 7.10 show the reconstructed director field of two droplets at
N = 4.8 and N = 7.5. We can see that both structures really are cylindrically
symmetric. The one at smaller chirality has two coaxial cylindrical layers, or in
other words, the director rotates by approximately 4π across the diameter of the
droplet. To be more exact, the number of rotations changes along the symmetry
axis of the droplet. Close to the circular point defect with its cross-section shown
in Fig. 7.9c, the director performs only a π rotation across the inner cylindrical
layer (Fig. 7.9d), and then twists and bends to match the radial orientation on the
surface as shown in Fig. 7.9b. Further away from the point defect, the director
twists across the layers by 2π (Fig. 7.9e) and finally by 3π (Fig. 7.9f,g). In all these
cross-sections the deformation outside the outer cylindrical layer is a combination
of twist and bend, so that the director matches the anchoring conditions. At the
part of the droplet, furthest away from the point defect (Fig. 7.9h-j), the two layers
are connected by the director bending from the inner to the outer cylindrical layer,
as can be clearly seen in Fig. 7.9a,b and by the chevron-like texture in Fig. 7.9h-j.
At higher chiralities N ≈ 6.4−7.8, more layers of twist can be formed. The structure
of the droplet in Fig. 7.10 is very similar to the previous one, but because of the
higher chirality (N = 7.5), an extra cylindrical layer of twist is formed, so that
the director twists by approximately 6π across the diameter of the droplet. The
extra layer of twist is clearly seen in Fig. 7.10a,b,d,e, and the chevron-like texture
in Fig. 7.10d indicates that the second and third layer of twist are connected with
a similar bending of the director as the first and the second one in Fig. 7.10f.
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Figure 7.8: Optical textures of droplets with a single point defect and cylindrical
layers. (a-d) Non-polarised microscopy images of a droplet with N = 4.8. The
images are taken at different locations along the symmetry axis and are separated
by 4 ➭m. The point defect is in the part of the droplet which is the closest to the
microscope objective, approximately in plane (b). (e-g) Non-polarised microscopy
images of a droplet with N = 4.9, in focusing planes separated by 3 ➭m. The
point defect is located at the far end of the droplet, aproximately in the (g) image.
(h) A polarised image of the droplet in (e-g) with the crossed polarisers oriented
as indicated in the top right corner. (i-l) Non-polarised images of a droplet with
N = 7.5, in focusing planes separated by 5 ➭m. The symmetry axis is oriented at
an oblique angle to the optical axis and the point defect is at the near end of the
droplet, approximately in (i). The scale bars are 5 ➭m.
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Figure 7.9: Reconstructed director field in a droplet at N = 4.8 with a cylindrical
layered structure. (a,b) The reconstructed director field and streamlines in a crosssection which includes the point defect and the symmetry axis of the droplet. (c-j)
Streamlines in a series of cross-sections which are perpendicular to the symmetry
axis. The scale bars are 5 ➭m.
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Figure 7.10: Reconstructed director field in a droplet at N = 7.5 with a cylindrical
layered structure. (a,b) The reconstructed director field and streamlines in a crosssection which includes the point defect and the symmetry axis of the droplet. (c-f)
Streamlines in a series of cross-sections which are perpendicular to the symmetry
axis. The scale bars are 5 ➭m.
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7.3.3

Cholesteric finger with a central hyperbolic point
defect

In some of the quenched droplets at N ≈ 4.7 − 5.0, the point defect is not expelled
towards the surface, but instead it is stabilised in the bulk LC by layers of twist.
Figure 7.11 shows a droplet at N = 4.7 with this structure at several different
focuses. The point defect is approximately in focus in Fig. 7.11b. Figure 7.12 shows
the reconstructed director field in this droplet. We can see that the director field
around the point defect has a hyperbolic profile in two orthogonal cross-sections in
Fig. 7.12a,c and a radial profile in the third orthogonal cross-section in Fig. 7.12f.
This shows that the defect is a typical hyperbolic point defect, which we presented
in Section 2.5. We can determine the topological charge of this defect by adding
arrows to the streamlines as shown in Fig. 7.12a. We would obtain a similar image
if we repeated the exercise for Fig. 7.12d. We can see that the topological charge
of the defect is positive, because the arrows on its symmetry axis are pointing away
from the defect.
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Figure 7.11: Non-polarised transmission micrographs of a droplet (N = 4.7) with a
central hyperbolic point defect at different focusing depths. The images are separated by 3 ➭m with (a) being the closest to the objective. The scale bar is 5 ➭m.
The twisted structure around the defect can be understood as a double cholesteric
bubble. The top part of the droplet is almost identical to a CB, except for the
missing radial point defect, where the two lobes of the CB meet. This inner CB
is dressed in a layer of twist which can be understood as a second, slightly opened
CB. The layered structure between the lobes of the two CBs is very similar to the
structure of a looped cholesteric finger in a frustrated homeotropic cell shown in
Fig. 7.12c [64]. The main difference between the two structures is that because the
far-field director around the cholesteric finger is uniform, the cholesteric finger in
this case doesn’t include any defects, unlike the droplet where the anchoring on the
surface demands a total topological charge equal to +1.
Figures 7.12e-k show several cross-sections perpendicular to the symmetry axis of
the droplet. In the streamlines in Fig. 7.12g we can see that the lobes of the outer
CB form an escaped structure which explains the reversal of the direction of arrows
which point towards the defect in Fig. 7.12a. In Fig. 7.12h,i we can see, that the
inner CB has the same skyrmionic cross-section as in the simpler droplets.
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Figure 7.12: Reconstructed director in a droplet (N = 4.7) with a central hyperbolic
point defect. (a,b) The director and streamlines in a plane which includes the point
defect and the symmetry axis of the droplet. (c) The structure of a looped cholesteric
finger in a homeotropic cell, filled with a chiral nematic LC. The image is adapted
from ref. [64]. (d) Streamlines in a plane normal to the one in (a,b). (e-k) A series of
planes perpendicular to the symmetry axis of the droplet. The scale bars are 5 ➭m.
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7.3.4

The Lyre/Yeti structure

A structure which appears at N ≈ 5.0−6.0 is shown in Fig. 7.13, where a point defect
can be seen in the bottom of Fig. 7.13b. The structure of this droplet can be clearly
observed in Fig. 7.14. We can see that a central cylindrical layered structure starts
from the point defect at the bottom of Fig. 7.14a,b, extending past the centre of the
droplet and then bending towards the sides of the droplet. This bent layering wraps
around another cylindrical layered structure which runs around the circumference of
the droplet just above the middle of the droplet as can be seen by the white patches,
surrounded by circular streamlines in Fig. 7.14a,b and by the bigger ring of circular
streamlines in Fig. 7.14f.
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Figure 7.13: Non-polarised transmission micrographs of a droplet (N = 5.8) with
the Lyre/Yeti structure at different focusing depths. The images are separated by
4 ➭m with (a) being the closest to the objective. The point defect is visible at the
bottom of the image in (b). The scale bar is 5 ➭m.
The structure is strongly reminiscent of the structures called Lyre and Yeti shown
in Fig. 3.3, which were found in numerical simulations of chiral nematic droplets
with planar anchoring [6], however in the presented case it is obvious that the
orientation of director on the surface is homeotropic. The outline of our structure is
very similar to the one of the Lyre structure, with a similar top/bottom asymmetry,
with the bottom boojum from Fig. 3.3a being replaced by a 3D point defect and the
top boojum not being necessary because of homeotropic anchoring. However, the
circumferential cylindrical layer in Fig. 7.14b,f has a core which is well-separated
from the homeotropic surface and is in that regard closer to the similar tube in the
Yeti structure.
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Figure 7.14: Reconstructed director in a droplet (N = 5.8) with a Lyre/Yeti structure. (a,b) The director and the streamlines in a plane which includes the point
defect and the symmetry axis of the droplet. (c-f) A series of planes perpendicular
to the symmetry axis of the droplet. The scale bars are 5 ➭m.
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7.3.5

Droplets with disclination lines

Point defects are not the only type of singular areas present in cholesteric droplets
with homeotropic anchoring. In some of them, closed disclination loops or ring
defects can appear. In droplets with chirality N ≈ 4 a single ring defect can appear,
running around the circumference of the droplet as shown in Fig. 7.15, similarly as
in small nematic droplets. In this case, the ring lies in a plane perpendicular to the
image plane and is indicated by the dark straight line in both images.
a

b

Figure 7.15: A droplet with a ring disclination at N = 3.9. In this example the plane
of the ring is perpendicular to the plane of the image. The left image is unpolarised
and the right under crossed polarisers, oriented as indicated with the cross in the
top right corner of the image. The scale bar is 5 ➭m.
Figure 7.16a-d shows FCPM intensities of a similar droplet at different polarisations
in an equatorial xy plane, which is in this case perpendicular to the defect ring.
Figure 7.16e shows the sum of intensities of all four polarisations Itot . Areas with
low Itot indicate where the director is perpendicular to the xy plane. We can see that
on the left and right-hand sides of the droplet, where the disclination line passes the
plane at a perpendicular angle, the director quickly changes its orientation from inplane to out-of-plane. Figures 7.16f,g,h show two of the fluorescence polarisations
and Itot in a series of planes which are perpendicular to the disclination ring as
schematically indicated in the bottom row.
In Fig. 7.16f the location where the disclination line passes the plane in a perpendicular direction can be seen by the sharp variation of fluorescence intensity. Such crosssections are used to extract the location of the disclination line in different planes
by hand. The points are then treated as a curve, which is numerically smoothed,
and a spline is generated from the points with a POV-Ray inbuilt function called
sphere sweep with the option b spline. The result is visualised as a ring shaped
blue tube, seen in the images in the bottom row of Fig. 7.16 which approximately
corresponds to the defect ring. The resulting visualisation of the disclination line is
slightly wavy. In reality the line defect is under tension and is therefore as smooth
as the surrounding director field allows it to be. Some bending of the ring is possible
because of the twisting in the chiral structure, but the short-period waviness in the
images is an artefact of the extraction of the locations of the line by hand. The
smoothing of the line reduces the waviness to give a more realistic estimation of the
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shape of the ring, but the resulting line is still just an estimate of the disclination
location and is used only for visualisation purposes.
The reconstructed director field of this droplet is shown in Fig. 7.17. In Fig. 7.17a
we can see the director streamlines in an equatorial plane which is perpendicular to
the disclination ring. We can see, that the director is perpendicular to the plane
of the cross-section on the inner side of the disclination line, which shows that the
director on that side of the disclination is pointing along the line. This means that
the disclination line has a twisted profile with the director rotating out of the plane
of its cross-section to perform a π twist. A schematic representation of the director
field around the disclination is shown in the inset next to Fig. 7.17b.
In Fig. 7.17b arrows are added to the streamlines to demonstrate the concept of a
branch cut surface. We can see, that the arrows in the centre of the disclination loop
are diverging away from the membrane stretched by the ring, which means that the
defect loop is effectively equivalent to a +1 topological point defect.
Figure 7.17c shows the director in a plane which is perpendicular to the cross-section
in Fig. 7.17a,b. We can see, that these streamlines are very similar to the ones in
the previous plane with the only difference being, that the director in the centre of
the droplet passes the plane of the ring approximately at an perpendicular angle.
The cross-sections in Fig. 7.17d-f show the director streamlines in planes which are
parallel to the plane of the disclination. The central white area in these figures
indicates that the director in the centre is perpendicular to the plane of the crosssection. We can see that the director rotates by π between the edges of the droplet.
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Figure 7.16: FCPM intensities for a droplets with a ring disclination at N = 4.4. (ad) FCPM intensities in an equatorial xy plane which is incidentally approximately
perpendicular to the plane of the ring disclination. The polarisation in each image
is marked with arrows in top right corners of the images. (e) The sum of the four
FCPM intensities from (a-d). (f-h) FCPM intensities in a series of yz planes. The
polarisation in (f) is perpendicular to the plane of the image, in (g) it is oriented as
indicated in the top right corner and (h) shows the sum of all four FCPM intensities.
The positions of the planes are shown schematically in the bottom row, with the
approximate position of the disclination line in blue. The scale bars are 2 ➭m.
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Figure 7.17: The reconstructed director field for the droplet with a ring disclination
from Fig 7.16. (a) A 3D view of the ring disclination with the director streamlines
in an equatorial plane, which is approximately perpendicular to the defect ring. (b)
The director streamlines in the same plane as shown in (a) with arrows to determine
the sign of the topological charge of the ring disclination. A schematic representation
of the director field is shown in the inset. The bigger circle marks the point, where
the disclination line crosses this plane. The heads of the nails mark which side of the
nail is positioned above the plane. (c) The director streamlines in a plane, which is
perpendicular to the defect ring and to the planes in (a,b). (d-f) Director streamlines
in planes parallel to the plane of the defect ring, close to the disclination. The scale
bars are 2 ➭m.
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At chiralities in the range N ≈ 2.8 − 6.0 there is enough volume in the central part
of the droplet for the director to complete more twists between the diametrically
opposite ends of a defect ring. Figure 7.18 shows wide-field images of examples of
such droplets and Fig. 7.19 shows FCPM intensities in the plane which includes the
two point defects. In these droplets the central part is filled with a doubly twisted
cylindrical structure which terminates in a point defect on both ends where the
cylinder meets the surface of the droplet. Both of these defects are of the same
type as the defects close to the surface in the previous droplets. Because a line
defect is present in the droplet, the point defects cannot be unambiguously assigned
a topological charge, because the sign of the charge depends on the choice of the
branch cut surface of the defect ring. This choice also changes the topological charge
of the defect loop. In such situations we can only determine the total topological
charge modulo 2 or in other words, if the total charge is odd or even [7, 32, 33].
Because of the homeotropic anchoring the total topological charge of the droplet
must be odd (or exactly +1 for any choice of a branch cut surface). The topological
charge of the line defect must also be odd, because it has a half-integer winding
number of its cross-section and the proximity of the surface forces it to have a
constant cross-section [33]. The total topological charge of the droplet therefore
really is odd, because the topological charge of the two point defects with |q| = 1 is
even.
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Figure 7.18: Droplets with a ring disclination and a double twist cylinder. Top
row of images is non-polarised and bottom is between crossed polarisers with the
orientation of polarisers indicated in top right corner of each image. (a,b) The
cylinder is oriented vertically and the ring disclination is perpendicular to the plane
of the image. (c,d) The cylinder is at an oblique angle to the image plane. (e-g)
The cylinder is perpendicular to the image plane. (e) and (f) are taken at different
focusing planes which changes the appearance of the cholesteric layers and the point
defects in the structure. The scale bars are 5 ➭m.
The detailed behaviour of the director in the central part of the droplet is shown
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Figure 7.19: FCPM intensities for a droplet with a ring disclination and a double
twist cylinder. (a-d) FCPM intensities in a single plane for different polarisations
of excitation/detection as indicated in top right corner of each image. (e) The sum
of intensities at all four polarisations in this plane. The scale bar is 5 ➭m.
in Fig. 7.20b. Here we can see, that the director around the disclination has a
twisted profile, similar to the one shown in Fig. 2.9d. If we traverse the droplet
between the two opposite parts of the disclination line, we can see that the director
has a constant direction of rotation and rotates by 3π. This rotation is presented
in more detail in Fig. 7.20c-e, which show the streamlines in cross-sections which
are perpendicular to the symmetry axis of the droplet. The central part of each
image has a skyrmionic director profile, similar to the cross-sections of cholesteric
bubbles. One of the differences between this structure and the cholesteric bubbles is
that here, the rotation does not stop before reaching 2π as it does in CBs. Also, the
twisted layers which terminate without a singularity in a CB, are here extended so
they terminate at another point defect. A cholesteric cylinder, as we will call such
a structure, is therefore in its simplest form bound to two point defects of the same
type.
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Figure 7.20: Reconstructed director field of a droplet with a ring disclination and
a cholesteric cylinder between two point defects. (a) The director streamlines in a
plane which includes the two point defects and dissects the cylindrical layer. (b)
The enlarged central part of the droplet around the disclination line shows the full
director field. Here we can clearly follow the rotation of the director field in a
direction perpendicular to the axis of the cylinder. (c-e) A series of cross-sections
perpendicular to the cylinder, close to the ring disclination. The director on the
edge of the droplet in (c) is spiralling in one direction, in (d) which is very near to
the ring disclination it has a changing profile and in (e) the direction of spiralling is
reversed compared to (c). The rod is added to help visualise the spatial relations of
the point defects. The scale bars in (a,c-e) are 5 ➭m and in (b) 2 ➭m.
117

At even higher chiralities (N = 5.6 − 6.4), more than one cholesteric cylinder can
appear inside the ring. Fig. 7.21 shows non-polarised transmission images of two
slightly different droplets with two cholesteric cylinders encircled by a ring disclination. In the smaller droplet (N = 5.6; top row) both cholesteric cylinders lie at an
oblique angle to the image plane and in the bigger one (N = 6.4; bottom row), the
left cylinder is approximately in the plane of the image, and the other one is at an
oblique angle. The ring disclination is in both droplets approximately perpendicular
to the plane of the image and therefore different sections of the disclination are in
focus in each image. We can see, that the disclination does not lie in a plane but
runs around the two cylinders in a winding way.
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Figure 7.21: Droplets with a ring disclination and two cholesteric cylinders. In the
top row, the images show different focuses separated by 4.5 ➭m of a droplet with
N = 5.6 and in the bottom row of a droplet with N = 6.4. In both droplets the
approximate plane of the disclination ring is perpendicular to the plane of the image.
In the top row the two cylinders are at an oblique angle to the image plane and in
the bottom row, one of them is approximately in the image plane and the other one
is oblique. The scale bars are 5 ➭m.
The FCPM images of the droplet with N = 6.4 in Fig. 7.22 reveal more details
about the structure. The different polarisations in Fig. 7.22a-e show the orientation
of director in an xy plane which includes one of the cylinders. The polarisation in
Fig. 7.22a reveals the two defects in the left cylinder and how the director in its core
is aligned with the axis of the cylinder. In the right part of the image we can see
the outline of a cross-section of the other cylinder and that the two cylinders are
separated by layers of twist. The intensity in Fig. 7.22c shows the cross-sections of
the disclination line on the left and right edges of the droplet and Fig. 7.22e shows,
where the director lies in the plane of the image.
Figures 7.22f-j show the intensities for the different polarisations in a vertical yz
plane, which is perpendicular to the left cylinder. The intensity in Fig. 7.22f, which
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is orthogonal to the image plane, shows the cylindrical symmetry of both cylinders
and that the director in their cores is pointing along their axes. We can also see,
how the two cylinders are separate from each other. In Fig. 7.22h,j we can see the
locations of the disclination line in several locations, which are also seen in Fig. 7.22j.
Figures 7.22k-m present intensities of two orthogonal polarisations and Itot in a series
of vertical xz planes which are approximately perpendicular to the approximate
plane of the disclination line. In Fig. 7.22l,m we can nicely follow the position of
the disclination. In the first and the last image in the series, the disclination line
is indicated by the sharp drop of intensity, because the director at the disclination
rotates from the radial orientation, which is apparent as the bright surrounding
of the disclination, to a vertical orientation, which is perpendicular to the probing
polarisation and therefore has low intensity. The effect is inverse in the middle four
images of the series. The surrounding of the disclination on the top and bottom
of the droplet is again radial, so the vertical director has low intensity both in the
single polarisation Fig. 7.22l and in the total FCPM intensity in Fig. 7.22m. At the
disclination, the director rotates to the y direction to point along the disclination so
one side of the disclination line appears bright.
The reconstructed director in Fig. 7.23 confirms that each of the two cylinders has
the same structure as in the simpler droplet. A 3D representation of the structure
in Fig. 7.23a shows how the two cylinders are positioned at an oblique angle relative
to the ring and Fig. 7.23b shows the director field in a plane which includes the axis
of one of the cholesteric cylinders and dissects the other one. We can see, that the
between two opposite ends of a disclination line across both cholesteric cylinders the
director twists by 5π.
The plane in Fig. 7.23c is orthogonal to the ones in Fig. 7.23a,b and shows the
cylindrical symmetry of the two cholesteric cylinders. The series of cross-sections in
Fig. 7.23d-j are approximately perpendicular to the plane of the disclination ring,
and we can follow the location of the disclination from a different perspective than
in Fig. 7.22k-m. We can see that the director on the inner side of the disclination
is always pointing along the disclination, which means that the disclination has a
twist profile of the director cross-section everywhere in the droplet. The images
Fig. 7.23d-j also show that the disclination is everywhere separated from the centres
of the cholesteric cylinders at least by a π twist, which is indicated by the small
white areas at locations of the disclination in Fig. 7.23e-i.
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Figure 7.22: FCPM intensities for a droplet with a ring disclination and two
cholesteric cylinders (N = 6.4). (a-d) FCPM intensities in a single xy plane for
different polarisations of excitation/detection as indicated in top right corner of each
image and (e) the sum of intensities at all four polarisations in this plane. (f-i) FCPM
intensities in a single yz plane for different polarisations of excitation/detection as
indicated in top right corner of each image and (j) Itot in this plane. (k,l) Intensities
for two orthogonal polarisations and (m) Itot in a series of vertical planes, which are
orthogonal to the disclination line. The positions of the planes are indicated in the
bottom row. The scale bars are 5 ➭m.
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Figure 7.23: Reconstructed diretor field of a droplet with a ring disclination and
two cholesteric cylinders (N = 6.4). (a) The director streamlines in a plane which
includes two point defects and the axis of one of the cylinders. (b) The director field
in the plane from (a). (c) The streamlines in a plane, which is perpendicular to the
one in (a,b). (d-j) A series of cross-sections perpendicular to the one in (c). The
rods are added to help visualise the spatial relations of the point defects. The scale
bars are 5 ➭m.
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7.3.6

Combinations of cholesteric bubbles and
cholesteric cylinders

In some situations cholesteric bubbles and cholesteric cylinders can appear in the
same droplet. An example of this is a structure with 3 point defects which can
appear at N ≈ 4.7 − 6.0. Examples of wide field images of droplets with such
a structure are shown in Fig. 7.24. We can see that the optical texture of this
structure is very similar to the one of the structure with cylindrical layers in Fig. 7.8
and of the cholesteric cylinder with the ring disclination in Fig. 7.18 when viewed
along their symmetry axis. The easiest way to distinguish these textures is under
crossed polarisers. The structure with the ring disclination has a dark cross with
strait brushes and a well-defined dark ring as seen in Fig. 7.18d, in the structure
with cylindrical layers the dark brushes have a V-shaped kink (Fig. 7.8h) and in
the present case, the dark ring is blurred and the brushes are spiralling outwards
without a kink (Fig. 7.24f).
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Figure 7.24: A droplet with a combination of a cholesteric bubble and a cholesteric
cylinder. Images (a-e) and (g) are non-polarised and (f,h) are between crossed
polarisers with the orientation of polarisers indicated in top right corner of each
image. (a-e) A series of slices at different focuses separated by 4 ➭m in a droplet
(N = 5.7) with the symmetry axis oriented vertically. (f) An image of a droplet
(N = 5.6) with the same orientation as in (a-e) under crossed polarisers. (g,h) A
non-polarised (g) and an image under crossed polarisers (h) of a droplet (N = 5.7)
with the symmetry axis in the plane of the image. The scale bars are 5 ➭m.
We can get more information about the structure of this droplet from images where
the symmetry axis is lying in the plane of the image (Fig. 7.24g,h). We can notice
the locations of three point defects and outlines of structures which are similar to
the ones in the previous droplets. The point defect in the bottom of the image is
attached to a structure, reminiscent of a cholesteric bubble, and the shape between
the top two point defects looks a lot like the cholesteric cylinder in Fig. 7.18a.
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The reconstructed director field shown in Fig. 7.25 confirms this. The top two point
defects in Fig. 7.25a terminate the doubly twisted cylinder which is aligned with the
symmetry axis of the CB, which is located in the bottom of the image. The CB is,
as in all the previous cases, anchored on a +1 point defect close to the surface of the
droplet, but in this structure the hyperbolic defect which usually sits just outside
the CB is pushed deep between the lobes of the CB by the cholesteric cylinder. The
lobes of the CB are compressed between the surface of the droplet and the sides
of the cylinder to form layer-like areas of twisting director in which the cholesteric
cylinder sits. The structure is shown schematically in the inset to Fig. 7.25a and
Fig. 7.25b shows the full director field in which we can clearly see the rotation of
the director field between the different layers.
Figures 7.25c-j show the director streamlines in a series of planes which are perpendicular to the axis of the droplet. The bottom point defect in Fig. 7.25c has a
twisted director profile, which evolves into an azimuthal orientation inside the lobes
of the cholesteric bubble shown in Fig. 7.25e. The −1 point defect in Fig. 7.25f has
a radial director profile in its equatorial plane, and above it Fig. 7.25g-i the director
forms the second, inner layer of twist, which is the cholesteric cylinder. The outer
ring of azimuthally oriented director in Fig. 7.25g is the cholesteric bubble. The
second +1 defect shown in Fig. 7.25j has a similar twisted director field as the first
one in Fig. 7.25c.
Because one end of the CC is no longer connected to the surface of the droplet, this
influences the structure of this bulk defect. In Fig. 7.25f we can see it acquires a
hyperbolic arrangement of the surrounding director field in the cross-section which
includes its symmetry plane and in Fig. 7.25f which is in the mid-plane of the defect,
the director is radial. The sign of topological charge of this defect is opposite compared to the previous point defects in cholesteric cylinders. Because the outgoing
vectorised director from the surface +1 defect in the cylinder connects to the hyperbolic defect without crossing a direction changing membrane, the hyperbolic defect
is assigned a −1 charge as seen in Fig. 7.25a. The cholesteric cylinder in this structure is therefore terminated by two mismatched point defects which is different from
the CCs in droplets with ring defects. The structure in the droplet is schematically
shown in the inset to Fig. 7.25.
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Figure 7.25: Reconstructed director field of a droplet with a cholesteric bubble and
a cholesteric cylinder from Fig. 7.24a-e (N = 5.7). (a) The director streamlines and
(b) the director field shown in cylinders in a plane which includes the symmetry axis
of the droplet and all three point defects. The streamlines show the outline of the
structure as highlighted in the inset. (c-j) A series of cross-sections perpendicular to
the symmetry axis of the droplet. The rods are added to help visualise the spatial
relations of the point defects. The scale bars are 5 ➭m.
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A similar structure shown in Fig. 7.26 appears at N ≈ 6.4 − 6.9. In Fig. 7.26a,b
the structure is oriented with its symmetry axis in the image plane and onion like
layers can be seen with five point defects along the symmetry axis of the structure.
The locations of point defects can be most clearly seen at each point where a pair
of petal-shaped bright patches meet in Fig. 7.26b. Figure 7.26c-g shows a series
images in different focusing planes for a droplet with its symmetry axis along the z
direction. The several layers of twist are clearly seen as the concentric rings. The
point defects are not visible as they obscure each other along the symmetry axis,
but we can see that the brightness of the central part of the droplet in the different
focusing planes varies strongly.
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Figure 7.26: A droplet with an onion-like structure. (a,b) A droplet at N = 6.9
with the symmetry axis in the plane of the image. A non-polarised image is shown
in (a) and in (b) under crossed polarisers, with their orientation indicated in the
top right corner. (c-g) A series of slices at different focuses separated by 4 ➭m in a
droplet (N = 6.4) with the symmetry axis oriented vertically. The point defect in
the cholesteric bubble is in the plane closest to the objective, approximately in (c).
The scale bars are 5 ➭m.
The reconstructed director field in Fig. 7.27 reveals the onion-like layered structure
in the top part of the droplet which is nested in a cholesteric bubble, located in the
bottom of the image. Unfortunately the reconstructed director field in Fig. 7.27a
shows many artefacts, which can be seen in Fig. 7.27b as areas where the layers are
interrupted. This is a consequence of the relatively short pitch and lensing by the
cholesteric layers of the structure, which affected the FCPM intensities. Even with
these artefacts the general features of the structure can be still recognised.
The onion-like part of the structure has two concentric spherical layers which can
be nicely seen in Fig. 7.27e. The inner layer can be understood as the cholesteric
cylinder from the the previous structure, which has been compressed a bit along its
axis. The additional layer of twist includes an additional pair of point defects and
together with the point defect in the CB, the five defects are arranged collinearly
along the symmetry axis of the droplet.
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All 5 point defects have their symmetry axes aligned along the symmetry axis of
the droplet, which means that the signs of their topological charge alternate. The
equatorial cross-sections of the two point defects close to the surface can be seen in
Fig. 7.27c,j and are similar in shape to surface point defects in other layered droplets.
Both of them carry a +1 topological charge because of the proximity of the surface of
the droplet. In Fig. 7.27b we can see that the director cross-sections of the middle 3
point defects in a plane which includes their symmetry axis is hyperbolic for all three
defects. Figure 7.27e,f,h shows their equatorial cross-sections which are radial in all
three cases. This means all middle three defects have a hyperbolic configuration of
director field but nonetheless carry different topological charges.
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Figure 7.27: Reconstructed director field of a droplet with an onion-like structure
(N = 6.5). The director field in a plane which includes the symmetry axis is shown
in cylinders in (a) and in streamlines in (b). The locations of point defects are
marked with yellow dots for defects with +1 and with magenta dots for defects
with −1 topological charge. (c-j) A series of cross-sections perpendicular to the
symmetry axis of the droplet, with (c), (d), (f), (h) and (j) showing cross-sections
through point defects. The rods are added to help visualise the spatial relations of
the point defects. The scale bars are 5 ➭m.
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7.4

Strings of point defects

Some of the droplets do not exhibit the typical cholesteric layering but instead
form multiple cholesteric bubbles, which serve as barriers between point defects and
prevent their annihilation. The point defects arrange in string-like configurations
and alternate between +1 and −1 topological charges, where every +1 defect is close
to the droplet surface and the −1 defects are in the bulk of the LC.

The simplest of these structures appears at N ≈ 2.7 − 4.9 and is formed from 3
point defects and 2 cholesteric bubbles. Figure 7.28 shows several wide field images
of different orientations of such a droplet. As we can see this structure can appear
in various optical textures because of different orientations of the structure result
in different projections of the point defects and cholesteric bubbles. The line-like
structures seen in the non-polarised images correspond to areas where the director
field is twisted in a different direction than its surroundings. These are the cores of
the lobes of the CBs. Point defects can be seen as areas where these structures are
pinched or where the intensity in the polarised images strongly varies around. In
Fig. 7.28c,d only one point defect is visible because the other 2 are obscured by it
as they lie on the same axis which is perpendicular to the plane of the image. The
two images are centred on the equatorial plane of the droplet, which includes the
middle point defect. The outline of an out-of-plane cholesteric bubble can be seen
as a dark ring surrounding the central point defect.
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Figure 7.28: Optical textures of droplets with three collinear point defects. (a,c,e)
show non-polarised and (b,d,f) polarised microscopy images between crossed polarisers, oriented as indicated in the top right corner of each image. The line on which
the defects lie is (a,b) in the plane of the image, (c,d) perpendicular to and centred
in the middle of the image and in (e,f) at an oblique angle to the image. The scale
bars are 5 ➭m.
In Fig. 7.28e,f the defects lie on a line at an oblique angle to the plane of the image
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and the outlines of the cholesteric bubble are smeared. The matching of the structures in droplets with such textures was also confirmed by simulations presented in
ref. [98]. In the study the director of a droplet with 3 collinear defects reconstructed
by our method served as the structure, the orientation of which was varied to study
its effect on the appearance of optical textures under crossed polarisers. The study
found close agreement between experimental and simulated images.
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Figure 7.29: FCPM intensities for two cross-sections of a droplet with three collinear
defects. (a-e) show FCPM intensities in a equatorial plane in which lie all three
defects. The polarisation of excitation/detection is marked in the top right corner
of each panel. Panels (f-j) show FCPM intensities in a vertically oriented plane with
all 3 defects for a droplet with vertically oriented symmetry axis. (e,j) show the
sum of all four polarisations Itot in the respective plane which is proportional to the
projection of the director to the xy plane. The scale bars are 5 ➭m.
Figure 7.29 shows several FCPM cross-sections for two differently orientated droplets
from which the positions of 3 point defects and two cholesteric bubbles can be clearly
resolved. The centres of the lobes of the CBs are most clearly seen in Fig. 7.29e
as the blue areas which indicate director with normal orientation to the xy plane
and in Fig. 7.29h as the red areas which because of the probing polarisation being
perpendicular to the plane, indicate the out-of-plane orientation of director. In
both images the separation of the two bubbles by an area of director twisted to the
in-plane orientation is obvious.
The positions of CBs are also confirmed in the reconstructed director field in Fig. 7.30a
and identified as the areas without the streamlines in Fig. 7.30b. The two CBs in
this droplet retain their cylindrical symmetry and are still anchored on a +1 point
defect close to the surface of the droplet. Between the two CBs there appears a new
point defect with a different geometry than the two +1 defects. By examining the
director field around this defect in Fig. 7.30a,b we can clearly see it is a hyperbolic
point defect. It is easy to see that the shape of the director field surrounding the
hyperbolic point defect nicely matches the director field around the CB so it can
be embedded neatly between the two CBs with symmetry axes of all the objects
aligned.
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Figure 7.30: Reconstructed director field of the droplet with 3 collinear defects. (a)
shows the director in an equatorial plane, which includes all three point defects.
The green area indicates the position of one of the two cholesteric bubbles. (b)
The director field from (a), shown in streamlines. The streamlines are not drawn
where the projection of the director field to the cross-section is smaller than 1/3.
The white areas therefore indicate areas of out-of-plane director field which in this
case correspond to the cholesteric bubbles as shown in the schematic representation
in the inset. The red arrows mark the direction we assigned to the director field
according to the convention that the field on the surface is pointing outwards. The
scale bar is 5 ➭m. The rods are added to help visualise the spatial relations of the
point defects.
We can find the topological charge of the defects by prescribing orientation to the
headless director field and observing the behaviour of the vectorised director on a
sphere surrounding a point defect. In the case of a droplet with 3 collinear point
defects, it is enough to assign direction just in one plane, as the structure is cylindrically symmetric. If we choose the director on the surface of the droplet to point
outwards, we find that the two twisted point defects close to the surface really do
have a topological charge of +1. This is apparent in (Fig. 7.30b from the director
on their symmetry axis pointing away from the point defect. The central hyperbolic defect also lies on the same axis and the director on its symmetry axis points
inwards, which gives it a −1 topological charge. The total charge of the droplet is
therefore q = 2 × (+1) + (−1) = +1 as predicted by Poincaré-Hopf theorem for a
droplet with homeotropic anchoring.
The cross-sections in Fig. 7.31 illustrate the skyrmionic nature of the cholesteric
bubbles. Figure 7.31a shows the strongly twisted director field in the equatorial
plane of one of the two +1 defects on the surface of the droplet. Figure 7.31b,c
shows the planes in which the CB has a director profile which strongly resembles a
Bloch 2D skyrmion by twisting by almost π from the direction in the core of the
bubble, which is aligned with the axis of the structure to the direction in the region
close to the surface of the droplet. Because this twist happens in any direction away
from the axis, this part of the CB is a double-twist cylinder. Further towards the
central point defect the director still twists away from the axis of the structure but
tilts less out-of-plane closer to the surface of the droplet as seen in Fig. 7.31d,e. In the
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equatorial plane going through the central −1 defect the director field is completely
radial and virtually dissects the droplet into two halves, each containing one CB. The
mid-plane of a hyperbolic point defect is radial because of the cylindrical symmetry
of the point defect, but Fig. 7.31e,g demonstrates that the director profile around
the defect is deformed because of twisting of the director. In planes which dissect
the other CB in Fig. 7.31g,h, the director profile starts to twist in the opposite
direction because of the inverted orientation of the other CB, but still preserves the
handedness of the structure.

a

b

c

d

e

f

g

h

Figure 7.31: Reconstructed director field of the droplet with 3 collinear defects in
cross-sections, perpendicular to the symmetry axis of the droplet. Image (a) shows
the director in an equatorial plane of the top point defect. (b-d) The director field in
different cross-sections of the cholesteric bubble. (e-h) The director in cross-sections
close to the −1 defect. The scale bar is 5 ➭m.
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With increasing relative chirality even more pairs of ±1 defects are added, each
separated by a cholesteric bubble anchored on a +1 point defect close to the surface
of the droplet. At N ≈ 2.9 − 5.9 a third cholesteric bubble with an associated pair
of defects appears and together with the other bubbles forms a V-shaped structure.
Figure 7.32 shows wide field images of different orientations of such a structure. We
can see that again the appearance of the droplet strongly depends on the orientation
of the structure. In Fig. 7.32a all 5 defects are visible in a single focusing plane with
the outlines of the cholesteric bubbles. In a differently oriented droplet in Fig. 7.32b,c
one of the arms of the V lies in a single plane which is focused in Fig. 7.32b, but
the focus needs to be changed to observe other point defects (Fig. 7.32c). With
transmission microscopy also out-of-focus parts of the structure contribute to the
image, for example the bright ring in Fig. 7.32a which is caused by the cholesteric
bubble at the top of the droplet. With different orientations of the droplets one or
more defects can be obscured by other parts of the structure, for example only 3
defects can be clearly seen in Fig. 7.32d,e as the −1 defects are hidden by the top
cholesteric bubble which is connected to the point defect which forms the twisted
cross in the centre of the image.
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Figure 7.32: Optical textures of droplets with 5 point defects in a V-shaped constellation. (a) shows a non-polarised microscopy image of a droplet with all the defects
in an equatorial plane. (b,c) a droplet with the V-shaped constellation in a vertical
plane. (b) is focused on the lower arm with 3 point defects and an outline of an
out of plane cholesteric bubble is visible as a bright circle. (c) is focused above (b),
approximately on the top −1 defect, seen as a dark point a bit right from the centre
of the droplet. (d,e) A droplet with a vertically oriented V-shaped constellation,
the +1 point defect at the bottom of the V is oriented towards the objective. The
image under crossed polarisers in (e) reveals positions of the three +1 defects – the
defect at the bottom of the V appears in the middle of the picture as a dark twisted
cross, and the two +1 defects at the ends of the arms of the V can be seen on the
top and bottom of the picture, similarly as in Fig. 7.28b. The scale bars are 5 ➭m.
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Figure 7.33 shows FCPM intensities in a xy plane in which lie all 5 point defects. Positions of point defects can be resolved from the individual excitation/detection polarisations in Fig. 7.33a-d as areas where the intensity distribution appears pinched.
The sum of all four intensities Itot in Fig. 7.33f indicates the out-of-plane twisting of
the director which corresponds to the cores of the lobes of the cholesteric bubbles.
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Figure 7.33: FCPM intensities for a cross-section of a droplet with 5 point defects in
a V-shaped constellation. The panels show FCPM intensities in a equatorial plane
in which lie all 5 defects. The polarisation of excitation/detection is marked in the
top right corner of each panel. (e) shows the sum of all four polarisations Itot in the
plane which is proportional to the projection of the director to the xy plane. The
scale bar is 5 ➭m.
In the reconstructed director field in Fig. 7.34a we can recognise the locations of
the point defects in this plane by the director field pattern around them and the
streamline representation in Fig. 7.34b reveals the outlines of CB as the areas of
out-of-plane director. Schematically the structure can be represented with CBs as
shown in the inset to Fig. 7.34b. Just as in the simpler two droplets with CBs, each
CB is anchored on a +1 point defect close to the surface of the droplet. Additional
volume of the droplet allows the formation of another cholesteric bubble, with two
associated point defects – a +1 defect close to the surface on which the additional
CB is anchored on and another hyperbolic defect which separates the additional CB
from one of the previous ones. It is obvious that if the defect close to the surface
has +1 charge, the hyperbolic defect must have −1 topological charge to ensure
the total charge in the droplet. This can be verified by tracing the orientation of
the vectorised director along the symmetry axes in Fig. 7.34b – each of the point
defects, on which the CBs are anchored on has diverging director arrows along its
symmetry axis and for the hyperbolic ones they are converging towards the defect,
similarly as in the previous droplet. The direction of the arrows inverts when we
pass any of the lobes of the cholesteric bubbles by first twisting the director out
of the plane of the cross-section and continuing the twist to complete a π rotation.
There is a difference in positioning of the hyperbolic defects compared with the
droplet with 3 point defects and 2 CB. In the previous droplet the hyperbolic defect
in the centre was positioned on the symmetry axis of both CBs and all symmetry
axes were aligned. In the droplet with 3 CBs, the hyperbolic point defects lie on the
symmetry axis of the ending CBs, but they are not aligned with the symmetry axis
of the central CB – both of the hyperbolic defects are moved off-centre and simply
leaned against the lobe of the central CB, so that their hyperbolic surrounding
director field continuously couples to that of the central CB. We can see from this
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that the CBs are not coupled to hyperbolic defects in a fixed way, but can move
relatively to them, giving some flexibility to the strings of point defects.
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Figure 7.34: Reconstructed director field of the droplet with a V-shaped constellation
of 5 point defects. (a) shows the director in an equatorial plane, which includes all
5 point defects. (b) The director field from (a), shown in streamlines. The white
areas indicate areas of out-of-plane director field which in this case correspond to
the cholesteric bubbles as shown in the schematic representation in the inset. (c)
The director profile in a vertical cross-section in the middle of the central CB. (d)
The director field from (c), shown in streamlines. These are 3D visualisations of the
structure, so the size of the point defects is inversely correlated with the distance
from the camera. The scale bar is 5 ➭m.
The vertical cross-section in Fig. 7.34c,d dissects the central cholesteric bubble and
shows it retains the cylindrical symmetry it had in the simpler droplets with 1 or 3
point defects. We can see that the director field further away from the CB becomes
mostly in-plane and almost radial, seemingly separating the droplet in two parts.
Figure 7.35 shows streamlines in a sequence of cross-sections dissecting the droplet as
indicated in the insets. Figure 7.35a,e and Fig. 7.34c,d demonstrate that the central
CB in this structure retains the cylindrical symmetry which it had in droplets with
1 or 3 point defects. Further slices in Fig. 7.35b show how the two hyperbolic defects
terminate the CB, the core of which diverges at that point to form the central layer
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seen in Fig. 7.35c,f and Fig. 7.35d. In this part of the structure between the side
arms of the V-shaped constellation the director has more volume to complete several
twists across the diameter – it rotates by 3π in this case.
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Figure 7.35: Streamlines of the reconstructed director field of a droplet with a
V-shaped constellation of 5 point defects. (a-d) Streamlines of the director field in
several planes as indicated in the insets. (e,f) The director field shown with cylinders
in the same planes as (a) and (c), respectively. These are 3D visualisations of the
structure, so the size of the point defects is inversely correlated with the distance
from the camera. The scale bars are 5 ➭m.
Figure 7.36 shows a series of cross-sections along one of the arms of the droplet. In
Fig. 7.36a we can see the CB on the terminal +1 point defect also has cylindrical
symmetry. Figure 7.36b presents the director field in a plane going through the
hyperbolic point defect. We can see the director is mostly in-plane similar to the
one in the droplet with 3 point defects, again apparently separating the CB from the
rest of the droplet. Figure 7.36c shows the quasi-layered structure in the bulk of the
droplet, the twisting of which can be studied in detail in the vector representation
in Fig. 7.36e. The last slice Fig. 7.36d,f shows the director streamlines in a plane
which includes the three defects in the other arm of the constellation. The rough
135

outlines of the CBs can be recognised, but their structure is deformed because of
the proximity of the homeotropic boundary and the merging of the twisted regions.
Because of this the exact borders of the cholesteric bubbles are hard to determine,
but the bubbles still remain a useful tool for representing the rough outline of the
3D structure of the director field.
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Figure 7.36: Streamlines of the reconstructed director field of a droplet with a Vshaped constellation of 5 point defects in several planes along one of the arms of
the V. (a-d) Streamlines of the director field in several planes as indicated in the
insets. (e,f) The director field shown with cylinders in the same planes as (c) and
(d), respectively. The scale bars are 5 ➭m.
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At N ≈ 3.2 − 5.4, another link of a CB with an associated surface +1 defect and
a hyperbolic −1 defect in the bulk is added to the V-shaped structure to form a
string of 7 point defects. Wide field images of two droplets with such a structure
are shown in in Fig. 7.37. The appearance of the droplets changes significantly at
different focusing depths and at most only a few of the defects can be observed in
each plane, which means the string has a 3D structure. The FCPM intensities of
the droplet from Fig. 7.37a-c can be seen in Supplementary Movie 1 to ref. [172].
The positions of defects, deduced from the reconstructed director field are shown in
Fig. 7.38. We can see that 5 of the defects lie in a familiar V-shaped arrangement in
a non-equatorial plane, but the additional two defects with a CB are expelled from
this plane, so that the twisted volume is distributed through-out the droplet. The
director field is shown in the plane which includes 5 point defects and intersects 3
CBs, the outline of which can be observed from the streamlines. Similarly as before
each non-terminal CB in the string touches an off-axis hyperbolic point defect with
its surface. The two added defects compensate each others topological charge, so
the total charge of the droplet stays unchanged. The +1 charges which anchor the
CBs in this structure lie approximately in vertices of a tetrahedron as shown in the
upper inset in Fig. 7.38.
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Figure 7.37: Optical textures of droplets with a string-like constellation of 7 point
defects. (a-c) Droplet with 7 point defects, the director field of which is presented
Fig. 7.38 and 7.39. The images are focused in different planes: (a) roughly corresponds to a plane with a single +1 point defect in the middle of the string, (b) a
plane with two −1 point defects and (c) has an ending arm of the string and a single
ending +1 defect. (d-f) Three focusing planes in a differently oriented droplet. The
scale bars are 5 ➭m.
Figure 7.39 presents the director of the droplet with a string of 7 point defects in
more detail. Fig. 7.39a-d show the streamlines of the director in a series of slices
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Figure 7.38: A 3D representation of the droplet from Fig. 7.37a-c. Locations of
point defects are indicated with coloured spheres and the cylinders which connect
them help to visualise their spatial relation. The streamlines represent the reconstructed director in a plane which includes the lower 5 defects. The +1 defects lie
in the vertices of a tetrahedron as presented in the upper inset. The structure is
schematically presented in the lower inset. The scale bar is 5 ➭m.
as indicated in the inset to each slice. The first slice (Fig. 7.39a) shows the crosssection of a cholesteric bubble anchored on one of the non-terminal +1 defects. The
streamlines in this cross-section are similar to those from Fig. 7.31b and Fig. 7.35a
which indicates CBs still retain the cylindrical symmetry they had in the simpler
droplets. Fig. 7.39b shows the termination of the CB in a plane which includes
two −1 point defects similar to Fig. 7.35b and Fig. 7.39c illustrates how the central
part of the CB spreads out to form a layer similarly as in the V-shaped structure in
Fig. 7.35c but with an extra layer of twist next to the additional arm of the string so
that the director rotates by 4π across the diameter. Fig. 7.39d shows the streamlines
in a plane which goes through a terminal arm of the string and the opposite terminal
+1 point defect. The outline of the CB in the arm can be clearly resolved between
the ending pair of +1 and −1 defects. Fig. 7.39e shows the streamlines in the similar
corresponding plane going through the other ending arm and the other terminal +1
defect. We can see that the structure is symmetric with regard to the terminal arms
of the string – in both planes Fig. 7.39d,e there is an almost identical structure just
reoriented accordingly to the point defects.
Figure 7.39f-h illustrate the layeredness of the structure. In Fig. 7.39f we see the
streamlines in a plane which separates the droplet into two same, but differently
rotated halves. The plane runs through the −1 defect in the middle of the string
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Figure 7.39: Streamlines of the reconstructed director field of a droplet with a stringlike constellation of 7 point defects. The data present the droplet from Fig. 7.37a-c.
The positions of the cross-sections are indicated in the insets. Locations of point
defects are indicated with coloured spheres and the cylinders which connect them
help to visualise their spatial relation. The scale bar is 5 ➭m.
and through the two +1 defects at the ends of the string. The layers in the middle of
the droplet are clearly seen and Fig. 7.39g shows another another projection of the
structure in a plane that is perpendicular to Fig. 7.39f and goes through both of the
−1 defects in the side arms of the string and illustrates how the layers terminate by
the director twisting at the edge of the layer to match the homeotropic orientation
on the surface of the droplet. Figure 7.39h is also perpendicular to Fig. 7.39f and
includes the middle arm of the string, but is positioned in between the two terminal
arms of the constellation, along the dark streamlines in the middle of Fig. 7.39f. With
this image we can explain how symmetry is achieved between the two terminal arms
of the constellation – the central escapes along the symmetry axis of the two CBs
on the +1 defects of the central arm of the string merge in a hyperbolic fashion at
the middle −1 defect to form a single layer in the bulk of the droplet which connects
directly to the surface of the droplet opposite to the middle arm of the string.
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Figure 7.39 illustrates that the motif of a cholesteric bubble is still present in these
more complex droplets but it’s twisting structure merges with cholesteric layers
which occupy the bulk of the droplet. Therefore it is hard to determine the exact
expanse of a CB and its appearance depends on the plane in which we examine
it. Despite this CBs are relatively localised structural elements of the droplets as
is illustrated in Fig. 7.40. These two cross-sections dissect the two −1 defects in
the side arms of the constellation along their symmetry plane perpendicular to their
symmetry axis. We can see that the director field in both these planes is mostly
in-plane and almost radial, similar as in Fig. 7.31f and Fig. 7.36b. This means
that both terminal cholesteric bubbles are relatively separated from the rest of the
droplet.

a

b

Figure 7.40: Streamlines of the director field in a symmetry plane of each of the
−1 defects in the side arms of the string-like constellation of 7 point defects. The
streamlines indicate that the director in these two planes is mostly in-plane and
almost radial, similarly as in droplets with strings of fewer defects. The scale bar is
5 ➭m.
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Figure 7.41: Examples of wide-field optical textures of droplets with strings of 9
point defects. Each row corresponds to a different orientation of the droplet: in the
first row the string of defects runs circumferentially around the edge of the droplet
and the cholesteric layers in the bulk of the droplet are oriented in the plane of the
image. In the second row the layers are perpendicular to the plane of the image and
the +1 point defect in the middle of the central V-shaped part is oriented directly
towards the viewer. In the third row the layers are tilted out of the xy plane. Image
in (f) is taken with parallel and those in (d), (g) and (h) with crossed polarisers as
indicated in top right corner of each panel. The scale bars are 5 ➭m.
At N ≈ 3.9−5.2 strings of 9 point defects running along the surface of the droplet in
a spiral fashion can appear in the droplets. Fig. 7.41 shows examples optical textures
of such droplets in different orientations. Fig. 7.41a-c present a droplet with all 9
defects lying around the perimeter of the picture. The series of images was taken at
different focusing depths and different structural features of the droplet are stressed
in each plane. For example most of the defects can be seen in Fig. 7.41b and in
Fig. 7.41a,c the lensing of light on CBs is visible along with point defects which lie
outside the central plane. Fig. 7.41d shows a polarised image of a similarly oriented
droplet under crossed polarisers as indicated in top right corner. The locations of
+1 point defects are indicated by pinched areas, with lobes similar to CBs as in
the POM images of simpler droplets, but their appearance is somewhat smeared
because of the extra twisting in the bigger droplets.
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Figure 7.41e-h show a different droplet with 9 point defects, rotated by 90◦ with
regards to the structures in Fig. 7.41a-d, so that one of the non-terminal +1 defects
is pointing towards the camera in the middle of the image. The non-polarised image
Fig. 7.41e indicates the layers and locations of some of the defects, but the middle
+1 is observed only when polarisers are used, for example it is indicated by the
central cross when imaged by parallel polarisers in Fig. 7.41f. Areas in which the
polarisation rotates by 90◦ are strongly contrasted in this image and the layers in
the bulk of the droplet are clearly visible along with some of the −1 point defects.
Under crossed polarisers, the orientation of the polarisers is very important for the
visibility of the features, for example in Fig. 7.41g the bright lobes around +1 defects
and the dark cross on the middle +1 defect are clearly visible and in Fig. 7.41h with
slightly rotated polarisers, their visibility is strongly diminished.
Figure 7.41i-l show a series of non-polarised images at different focusing depths of
another slightly differently oriented droplet with the same structure. In this projection the droplet’s appearance shows many layers along with some of the point
defects, but it would be hard to claim there is any regularity in the structure based
just on these wide-field images. This series clearly illustrates how wide-field optical textures can be misleading in identifying complex 3D structures of random
orientation.
FCPM intensities of the droplet from Fig. 7.41a-c are shown in Supplementary
Movie 2 to ref. [172] and the locations of point defects along with the director field
reconstructed from these intensities is shown in Fig. 7.42. We can see how the
string of defects spirals along the surface of the droplet. The streamlines represent
the director field in a plane running through the central V-shaped part of the string.
The schematic representation of the linking of cholesteric bubbles and defects is
shown in the inset. All five +1 point defects lie close to the surface of the droplet
and stabilise an associated cholesteric bubble and the −1 defects are positioned
between the lobes of neighbouring CBs. In this structure the +1 defects do not
form a regular polyhedron.
Figure 7.43 presents the structure with 9 point defects in more detail. Fig. 7.43a
shows the streamlines in a plane just in front of the two terminal +1 point defects.
We can recognise the circular pattern of streamlines which represents the cores of
the lobes of the associated two CBs, but we can see the axes of the CBs are not
oriented directly towards a neighbouring −1 defect. Fig. 7.43b-c illustrate how the
two terminal BCs open up into cholesteric layers at the nearest −1 defects to form
5 layers of twist in the bulk of the droplet, as seen in Fig. 7.43d. Fig. 7.43e,f show
how the layers close and meet the surface at the opposite side of the droplet.
Figure 7.44 is a series of equally spaced parallel slices which present how the director
twists in the layers which make up the bulk of the droplet. All the planes are
approximately aligned with the cholesteric layers. Fig. 7.44a,b include the CB on
one of the terminal +1 defect, but in Fig. 7.44c the director is already mostly inplane. We can see how the direction of the streamlines keeps rotating in the same
direction from plane to plane, until reaching the other side of the droplet. In the
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Figure 7.42: A 3D representation of the droplet from Fig. 7.41a-c. Locations of point
defects are indicated with coloured spheres and the cylinders which connect them
help to visualise their spatial relation. The streamlines represent the reconstructed
director in a plane which includes the middle V-shaped part of the structure. The
structure is schematically presented in the inset. The scale bar is 5 ➭m.
central portion of the droplet (Fig. 7.44d-j) the cholesteric layer do not reach the
surface of the droplet, but are instead separated from it by areas of out-of-plane
director which is formed by the CBs. This barrier separates the cholesteric bulk
of the droplet from the surface and resolves the mismatch of director orientation.
This masking of the boundary condition from the layered structure in the bulk of
the droplet is similar as the one predicted in numerical quenches in ref. [7] for the
droplet shown in Fig. 3.4. The difference between the two structures is, that in the
numerically obtained example, the masking is done with a pair of disclination lines
with half-integer winding and here by a series of point defects.
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Figure 7.43: Layerdness of a droplet with a string-like constellation of 9 point defects.
The panels show streamlines of the reconstructed director in a series of cross-sections.
The data present the droplet from Fig. 7.41a-c. The positions of the cross-sections
are indicated in the insets. Locations of point defects are indicated with coloured
spheres and the cylinders which connect them help to visualise their spatial relation.

144

a

b

c

d

hidden point defect in
the back of the droplet

e

f

g

h

i

j

k

l

m

n

o

p

Figure 7.44: Rotation of the director in the cholesteric layers of a droplet with a
string-like constellation of 9 point defects from Fig. 7.41a-c.
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7.5
7.5.1

Higher-charge topological point defects
-2 point defect

Some of the textures of the droplets exhibit peculiar symmetry. A structure that
appears at N = 3.7 − 4.1 is shown in Fig. 7.45. It is easy to recognise 3 surface
point defects indicated by sharp features in Fig. 7.45a,b or by the bright lobes
in Fig. 7.45c,d, but the centre of the droplet seems to be occupied with a single
structure, hinting that unlike in the previous cases, there is an even number of
defects in the droplet. A closer examination of the FCPM intensities in Fig. 7.46
reveals all the singular points of the droplet lie in an equatorial plane. A whole scan
of FCPM intensities is shown in Supplementary Movie 3 to ref. [172]. The Itot in
Fig. 7.45e clearly shows a three-fold symmetry of the central part of the droplet.
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Figure 7.45: Optical textures of a droplet with a −2 point defect. (a) and (b) are
non-polarised microscopy images with different focuses which change the appearance
of cholesteric bubbles. (c) and (d) are polarised images with differently oriented
crossed polarisers as indicated with a cross in the top right corner of each panel. (c)
is the same droplet as in (a,b) and (d) is a slightly smaller one. The scale bars are
5 ➭m.
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Figure 7.46: FCPM intensities for a cross-section of a droplet with a central −2
point defect and three +1 surface defects. The panels show FCPM intensities in a
equatorial plane in which lie all 4 defects. The polarisation of excitation/detection
is marked in the top right corner of each panel. (e) shows the sum of all four
polarisations Itot which is proportional to the projection of the director to the xy
plane. The scale bar is 5 ➭m.
By examining all the single FCPM polarisations in Fig. 7.46a-d and the Itot in
Fig. 7.46e we can see that the discontinuities in the central structure must be concentrated in an area comparable to or smaller than the resolution of the microscope
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which is around 300 nm. In previous structures we have seen that the minimal distance by which two point defects can be stably separated is on the order of half-pitch
of the chiral mixture. In this case that means 3 ➭m, which is an order of magnitude larger that the observed size of the defect. We can therefore conclude that the
discontinuity in the director field in the centre of the droplet is concentrated in an
area of comparable size as an ordinary topological point defect and can regard it as
point defect.
The structure of this droplet is shown in Fig. 7.47a with the director in the plane of
the defects shown in streamlines, outlining the positions of the CBs as indicated in
the schematic representation in the inset. The +1 defects lie almost perfectly in the
vertices of a regular triangle shown in the upper inset to Fig. 7.47a, not unlike atoms
bound to a central trivalent atom, e. g. a carbon atom with sp2 hybridized orbitals.
The reconstructed director field in Fig. 7.47a confirms that the 3 point defects close
to the surface are of the same type as in the other droplets, with cylindrical symmetry, the director on the symmetry axis pointing along the axis and twisting away
from it, as seen form Itot in Fig. 7.46e. If we assign direction to the director field in
Fig. 7.47b, we can see the surface point defects all have +1 topological charge. With
this it becomes obvious that all defects with radial symmetry which lie close to the
surface have +1 topological charge almost by definition – a part of their director
directly connects with the surface of the droplet, the director on which is by convention oriented outward. This orientation translates to the near-surface radial defect
as shown in Fig. 7.47b, giving the defect a positive sign. With this fact we can calculate the topological charge of the central structure: because the total charge of the
droplet must be equal to +1, the defect in the centre should carry a −2 topological
charge: 3 × +1 + (−2) = +1. Because this topological charge is concentrated in a
region the size of a point defect we can state that this is a higher-charge topological
point defect.
Figure 7.48 illustrates the structure of the droplet with a −2 point defect in more
detail. Fig. 7.48a shows the familiar cross-section of a CB with a profile of a Bloch
skyrmion which makes the CB cylindrically symmetric. Fig. 7.48b shows that the
lobes of the CB converge toward the central defect as is also seen in the total FCPM
intensity in Fig. 7.46e. Fig. 7.48c,d illustrate how the director field of the CBs
separates into several layers on the other side of the central defect. These crosssections nicely illustrate the complexity of the twisted structures in the droplets – if
a CB is observed in its own reference frame (Fig. 7.48a) it appears a separated entity
with well defined cylindrical symmetry, but when observed from a different angle as
the other two CBs in Fig. 7.48c,d which are equivalent to the first one because of
symmetry it continuously merges with other layers and CBs in the droplet.
To better understand the structure of the −2 point defect, we should examine additional director cross-sections. Fig. 7.49 shows the director in a series of planes which
include the central −2 defect and are perpendicular to the plane in Fig. 7.47a. The
plane in Fig. 7.49a dissects one of the CBs and a surface +1 defect. The director
field between the two defects clearly shows the outline of a CB which is anchored on
the +1 defect and the director between the CB and the −2 defect has a hyperbolic
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Figure 7.47: Reconstructed director field of a droplet (N = 3.7) with a central −2
point defect in an equatorial plane which includes all the point defects. The FCPM
data for this reconstruction are presented in Supplementary Movie 3 to ref. [172].
Locations of point defects are indicated with coloured spheres and the cylinders
which connect them help to visualise their spatial relation. (b) Oriented director
field for the plane from (a). We can see all the surface defects have a topological
charge of +1. The scale bar is 5 ➭m.
profile. On the side of the droplet opposite to the +1 defect, the director profile of
the −2 defect is radial. Fig. 7.49d shows a plane which is rotated by 60◦ from the
plane in Fig. 7.49a around the symmetry axis of the droplet, we can see an identical
profile, but the locations are reversed – now the +1 defect with the CB is on the left
side and the radial profile is on the left. Fig. 7.49b,c show two intermediate planes
which illustrate how the director field transitions from the profile in Fig. 7.49a to the
one in Fig. 7.49d. We can see that the director field rotates from the hyperbolic to
radial director field as we rotate the plane of the cross-section around the symmetry
axis of the defect. This transition from radial to hyperbolic director is similar to the
one that transforms a radial hedgehog to a hyperbolic one. Figure 7.49e shows that
the rotation of the director field in the cross-section continues in subsequent planes
and Fig. 7.49f shows the director field in a plane rotated by 120◦ with regard to
Fig. 7.49a. The two director profiles are identical, but the second one is centred on
another +1 defect and illustrates that this motif is repeated on each CB. Fig. 7.49g
shows the rotation of the director field on a closed loop around the −2 defect in the
plane that includes all the point defects. We can see that the director on this loop
performs a 6π rotation.
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Figure 7.48: Streamlines of the reconstructed director field of a droplet with a −2
point defect. (a-d) Streamlines in a plane perpendicular to the equatorial plane with
point defects. (a) and (b) show two perpendicular cross-sections of one of the CBs
which highlight it’s cylindrical symmetry and (c,d) show cross-sections of the other
two CBs at an oblique angle. (e-h) The director field in planes, parallel to the one
in Fig. 7.56. We can see, how the director field rotates across the centre of each
cholesteric bubble. The positions of the cross-sections are indicated in the insets.
Locations of point defects are indicated with coloured spheres and the cylinders
which connect them help to visualise their spatial relation. The scale bar is 5 ➭m.
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Figure 7.49: Rotation of the director profile around the central −2 point defect. The
director rotates constantly around a direction perpendicular to each of the crosssections. This behaviour is illustrated by observing the rotation of the director field
on a closed loop around the central −2 defect which goes through the centres of all
the CBs as shown in (g).
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7.5.2

-3 point defect

At N ≈ 4.3 − 4.6 we have also found droplets with similar wide field textures than
those with −2 defects in some focusing planes but which showed more variation at
other depths as shown in a series of images at different focuses in Fig. 7.50. The
three-fold symmetry is visible in all the images but the central part of the image is
dark in the part closer to the objective in Fig. 7.50a,b and rotates in the top slices
in Fig. 7.50d,e. The centre in the middle part of the droplet in Fig. 7.50c shows
additional details compared to Fig. 7.45a,b.
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Figure 7.50: A sequence of non-polarised images of a droplet with a −3 point defect
at different focusing depths. The droplet in the top row of images (N = 4.3) has one
of the symmetry axes aligned with the microscope axis and the one in the bottom
row (N = 4.6) is slightly tilted compared to the first one. The focus is moved by
3 ➭m between subsequent images. Notice the peculiar appearance of the central part
of the droplet. The scale bars are 5 ➭m.
The 3D structure of this droplet, reconstructed from FCPM intensities presented in
Supplementary Movie 4 to ref. [172], is shown in Fig. 7.51. The structure is composed
of four +1 defects near the surface, which are located in vertices of a almost regular
tetrahedron as indicated in the top inset to Fig. 7.51. Such positioning of the +1
defects is reminiscent of atoms in a molecule with a sp3 hybridized atom such as
carbon, silicon or germanium. The streamlines in the cross-section in Fig. 7.51 which
runs through two of the +1 defects and the centre of the droplet clearly show outlines
of cholesteric bubbles which are anchored on the +1 defects in this plane. As we will
see later also the other two +1 each have it’s own CB as shown schematically in the
inset to Fig. 7.51. In the centre of the droplet is a similar singular structure to the
−2 point defect, but with a tetrahedral symmetry. We can calculate its topological
charge from conservation of topological charge in the droplet - the total charge must
be +1 because of the homeotropic anchoring on the surface of the droplet and there
are four +1 defects, so the central defect should carry a −3 topological charge.
Fig. 7.52 presents the structure of the droplet with a −3 defect in more detail. The
streamlines in cross-sections Fig. 7.52a-c which dissect three of the CBs show a
151

+1 point defect
-3 point defect
cholesteric bubble

Figure 7.51: The structure and the reconstructed director field of a droplet (N = 4.3)
with a central −3 point defect. The FCPM data for this reconstruction are presented
in Supplementary Movie 4 to ref. [172]. Locations of point defects are indicated with
coloured spheres and the cylinders which connect them help to visualise their spatial
relation. The +1 defects are positioned in vertices of an almost regular tetrahedron
as indicated in the inset. The scale bar is 5 ➭m.
three-fold symmetry and are very similar to the ones in a droplet with a −2 defect
shown in Fig. 7.48e-h. Unlike in the case of the droplet with a −2 defect, the central
defect in this droplet is translated out of the plane of the three +1 defects to achieve
tetrahedral symmetry. Fig. 7.52d shows how the cholesteric bubbles merge and close
at the central defect which is positioned in an equatorial plane and the almost inplane director field in Fig. 7.52e in a plane just above the −3 defect signifies that the
CBs are relatively separated structures, similarly as in other droplets. Fig. 7.52f,g
show the typical cross-section profile of a CB and Fig. 7.52h the twisted director
profile in the mid-plane of the top +1 point defect.
Fig. 7.53 further illustrates the symmetry of the droplet in a sequence of crosssections rotated by 15◦ around a symmetry axis going through one of the +1 defects
and the central −3 defect. Slices Fig. 7.53a,e,i are separated by 60◦ and each dissects
a cholesteric bubble. Slices Fig. 7.53a and i are nearly identical, but slice Fig. 7.53e
is displaced from the location of the +1 defect by a small angle, which could also be
due to experimental error in determining the location of the defect. The director in
this slice is very similar to the other two, but it is their mirror image as it dissects
a CB on the other side of the droplet. In fact the whole motif of rotation of the
director field around a direction normal to the cross-section in the bottom part of
the droplet in slices Fig. 7.53b-d repeats itself exactly in Fig. 7.53j-l and in its mirror
image in Fig. 7.53f-h. This bottom part of the droplet with three-fold symmetry is
very similar to the structure in the droplet with a −2 defect with the difference that
the +1 defects don’t lay in an equatorial plane and that the −3 defect is translated
152

out of the plane of the +1 defects towards the centre of the droplet. The part of the
droplet above the −3 defect has a constant profile in all slices in Fig. 7.53 because
of the cylindrical symmetry of the CB which is centred on the +1 defect above the
central defect. All the CBs are equivalent, so the structure can be understood as 4
symmetrically positioned CB around a central 4-valent point defect in a tetrahedral
structure.
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Figure 7.52: Reconstructed director field of a droplet with a −3 point defect in a
sequence of parallel planes along one of the symmetry axes of the droplet running
through the −3 defect and one of the +1 defects. The part of the droplet shown
in (a-c) is very similar to the structure in a droplet with a −2 defect. Panel (d)
shows how the CBs of the bottom defects close up and in (e) the director is mostly
in-plane, separating the top bubble from the rest of the droplet. Panels (f,g) reveal
a typical profile of a CB and (h) shows the twisted director field in the middle plane
of the top +1 defect. The positions of the cross-sections are indicated in the insets.
Locations of point defects are shown with coloured spheres and the cylinders which
connect them help to visualise their spatial relation. The scale bar is 5 ➭m.
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Figure 7.53: Rotation of the director profile around the central −3 point defect.
The plane of the cross-section is rotated by 15◦ around the vertical symmetry axis.
In the bottom part of the droplet, the director rotates constantly around a direction
perpendicular to each of the cross-sections, similarly as in the droplet with a −2
defect. In the top part of the droplet above the −3 defect, the director profile does
not change because of the cylindrical symmetry of the cholesteric bubble. The scale
bar is 5 ➭m.
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7.5.3

Structure of the higher-charge point defects

There is an easier way to measure the topological charge of a defect than to explicitly
calculate the integral in Eq. (2.17). The first step is again to surround the structure
with a sphere and prescribe orientation to the director on this sphere as seen in
Fig. 7.54a,b. A derivation from ref. [36] instructs us to decompose the director field
on a the surface into different building blocks, from which we can calculate the
topological charge. If no “grains” are present, we only need to count the number
of patches with inverted director direction on a aligned background. The enclosed
topological charge is then calculated as q = 1−M where M is the number of patches
on the surface. The background, inwards pointing director in Fig. 7.54a,b is coloured
blue and the outward pointing patches are red. Please note, that we have inverted
the direction of director compared with previous calculations to make Fig. 7.54a,b
clearer. As the number of patches on the surface is M = 3, it follows that the
enclosed topological charge is −2. This result agrees with the previous calculation
of the total topological charge in the droplet.
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Figure 7.54: Structure of the higher-charge defects. (a,b) Two different views of
the experimental director field with arrows around a −2 point defect. The colours
show if the director is pointing out (red) or in on the surface. The scale bar is 2 ➭m.
The direction of direction is inverted compared to other calculations in this Thesis
to make the patches more visible. (c) A schematic representation of a hyperbolic
pathc. (d) Top and (e) side view of a model structure of a −2 point defect. (f) The
model structure of a −3 point defect. One of the patches is pointing away from the
viewer.
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A way to understand the structure of the −2 defect is to first examine an ordinary
hyperbolic defect with unit charge. If we assume that the vectorised director in
the radial plane of the defect is pointing toward the defect, the hyperbolic profile
along the symmetry axis of the defect forms two patches of outgoing director. This
gives the defect a +1 topological charge, because we inverted the director arrows
compared to the usual choice. A single hyperbolic patch from this defect is shown
in Fig. 7.54c. We can see that a patch is an area where the director lines converge
and lead away from the point defect because of its hyperbolic structure. A model
of a −2 defect can be constructed, if we insert another patch into the structure of
a hyperbolic unit-charge defect. The radial part of each patch now cannot span
a whole 180◦ , but instead must be contained in a 120◦ angle. This gives rise to
the three-fold symmetry of the defect which can be seen in the schematic structure
shown in Fig. 7.54d,e.
We can build a model of the −3 defect in a similar way. Because it’s charge is
−3, it must have M = 4 patches. We can start with the −2 defect in Fig. 7.54d,
which has three-fold rotational symmetry and try to add one more hyperbolic patch.
We could add it in the plane of the other three patches, but if we insert it from a
perpendicular angle, the volume available to the cholesteric bubbles which surround
the defect is maximised. By inserting the fourth patch, we distort the structure
of the other three, tilting them out of the plane to form a tetrahedral structure as
shown in Fig. 7.54f.
We can use these patches to understand the structure of the droplets with highercharge defects. Each patch of a defect is an attachment point for a neighbouring +1
defect with an associated cholesteric bubble. In the case of a −1 defect there are
two patches and it is surrounded by two +1 defects as for example in a droplet with
3 collinear point defects. A −2 point defect has 3 patches and each patch points
towards a neighbouring +1 point defect close to the surface of the droplet. The −3
defect has 4 patches, and each of the patches is oriented towards a neighbouring
+1 point defect with an associated CB as shown in Fig. 7.53a,e,i. Symmetrical
tetrahedral positioning of the +1 defects maximises the volume available to each
CB and therefore minimises the elastic distortions of the director field.
The symmetry of structures with the higher-charge point defects evokes an analogy
with material molecules that include atoms, which form bonds with more than a
single neighbouring atom. A simple −1 hyperbolic point defect with two patches
can be positioned between two pairs of a +1 point defect and a CB, as in the droplet
with a simple string of 3 collinear point defects with two CBs. A chemical analogue
would be a carbon dioxide molecule, where the two oxygen atoms are positioned on
opposite sides of a carbon atom to form a linear structure. The trifold symmetry
of the −2 defect and the planar arrangement of the surrounding +1 point defects
is reminiscent of a molecule with a carbon atom with three sp2 hybridised orbitals,
which are positioned in a triangular structure and can bond with three surrounding
atoms. This makes the carbon atom and in a topological sense our −2 point defect
three-valent. Similarly the −3 point defect can be compared with a carbon atom
with sp3 hybridised orbitals. These 4 orbitals are arranged in a tetrahedral structure
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and allow chemical bonds with 4 surrounding atoms, just like in the case of a droplet
with a −3 defect and four +1 defects. We can therefore say that the −3 topological
point defect has a valency equal to 4.
There is one important difference between the schematic model of the higher-charge
point defects we have constructed here and the observed structure of the defects,
shown in Fig. 7.54a,b: the predominant elastic deformation in the hyperbolic model
is bend, and in the reconstructed data it can be clearly seen that the director changes
orientation between the patches and the background by twisting. The two structures
are topologically equivalent, because they can be transformed between each other
with a rotation of the director field in a similar way as a radial point defect can be
transformed into a hyperbolic one. The difference between the two is therefore in
the energetics of the deformation and not in the topology, so the hyperbolic patch
structure can nevertheless be used to explain the structure of the higher-charge
defects.
An open question about the higher-charge point defects is the exact nature of their
defect cores: in principle they could be true point defects, or their cores could be
formed by defect loops in an analogous fashion as the recently demonstrated cores of
the +1 point defects [173], but with a complex arrangement of the director in their
cross-sections, which would allow them to carry non-unit topological charge [33].
Another possibility for the core of the higher-charge defects is that they would be
composed of several tightly packed unit charge point defects. For example, the −2
point defect which has a three-fold rotational symmetry would have to be composed
of three −1 point defects, positioned in vertices of a triangle with an additional +1
point defect in the centre of the triangle to achieve a total topological charge equal to
−2. However, the FCPM images of the −2 defect show, that the core of the defect is
confined to an area of similar size as the other point defects. Typical distances over
which the helical twisting of the director can stabilise the point defects of opposite
topological charge against annihilation are of the order of half of the cholesteric pitch.
In the proposed composite structure of the −2 defect core, the distance between the
±1 defects is much smaller than the pitch, which means that the defects would
have to be stabilised by a different mechanism for this structure to be feasible. A
similar argument could be made for the core structure of the −3 point defect. The
resolution of our FCPM method is around 300 nm, and because the core structure
is confined to this volume, the logical conclusion is that the higher-charge defects
are point defects in the same sense as the unit-charge ones.
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7.6
7.6.1

Topological molecules
Topological molecules with higher-charge defects

In some droplets parts of previously presented structures are substituted by more
complex substructures. For example Fig. 7.55 shows wide-field images of a droplet
(N = 3.9) with a structure similar to the droplet with a −2 defect in the centre and
three +1 point defects close to the surface, where one of the +1 defects is substituted
with a chain of three collinear point defects, similar to the one found in a droplet
with a string of 3 defects presented in section 7.4. Such a structure appears at
N ≈ 3.9 − 4.5.
a

b

c

Figure 7.55: A sequence of non-polarised images of a droplet (N = 3.9) with a
−2 point defect with two +1 point defect plus a string of three point defects. The
images are taken at different focusing depths separated by 3 ➭m starting from the
objective. The string of 3 defects is oriented vertically in the plane of the panel
(c), where another +1 defect is located on the left side of the droplet. In panel (b)
the −2 defect is located just up and left of the centre, and in (a) the remaining +1
defect is a bit up from the centre. The scale bar is 5 ➭m.
A 3D representation of the structure with a streamline representation of the director
in one plane is shown in Fig. 7.56. The similarity with the simpler droplet with a
−2 defect is obvious from the streamlines presented in this figure which reveal the
outlines of the CB around the −2 defect. One of the CBs appears deformed – it
is anchored on a chain, formed of two +1 defects close to the droplet surface and
a −1 defect centred between them and the chain is oriented perpendicularly to the
plane of the other defects. The +1 defects are positioned close to the surface of the
droplet and as far apart as possible, giving the whole structure tetrahedral symmetry
instead of the triangular of the simpler droplet with a −2 defect. The positioning
of the +1 defects in vertices of a regular tetrahedron is shown in the top inset to
Fig. 7.56 and the structure is schematically presented in the bottom inset.
More details about the structure are shown in Fig. 7.57. Fig. 7.57a,b present crosssections which include the −2 defect and one of the +1 defects next to it. We can see
the outlines of CBs between the two defects, but on the other side the director profile
is almost radial but slightly twisted, similarly as in the corresponding cross-sections
of the simpler structure with a −2 point defect in Fig. 7.49a,d,f. Fig. 7.57 shows that
the CBs between the −2 defect and the two neighbouring +1 defects is cylindrically
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Figure 7.56: The structure and the reconstructed director field of a droplet (N = 3.9)
with a −2 point defect, where one of the +1 defects from Fig. 7.47 is substituted
with a string of 3 collinear point defects. The FCPM data for this reconstruction
are presented in Supplementary Movie 5 to ref. [172]. Locations of point defects
are indicated with coloured spheres and the cylinders which connect them help to
visualise their spatial relation. The +1 defects are positioned in vertices of an almost
regular tetrahedron as indicated in the inset. The streamlines are shown for a plane
going through the −2 defect, its two surrounding +1 defects and the −1 defects
from the string of 3 defects. The structure is schematically shown in the bottom
inset. The scale bar is 5 ➭m.
symmetric and has a skyrmionic cross-section. Fig. 7.57d is the cross-section which
includes the −2 defect and the string of collinear defects. We can see that what
appeared as a CB in Fig. 7.56 are actually lobes of two different CBs anchored on
both +1 point defects of the string. These two CBs are actually delocalised and and
merge with cholesteric layers as shown in Fig. 7.57e. Fig. 7.57f shows streamlines
in a plane a bit above the plane of the −2 defect and its two associated +1 defects.
The profile is very similar to Fig. 7.48g in the simpler droplet with a −2 defect,
but the −2 defect is translated out of centre and the space which opens with this
move is filled with the string of collinear defects. Fig. 7.57g-h present a series of
parallel slices. Fig. 7.57g shows that the two CBs next to the −2 defect are slightly
asymmetric and Fig. 7.57h,i illustrate how this asymmetry transforms into parallel
cholesteric layers in Fig. 7.57j. Fig. 7.57k,l show how the layers merge close to the
string of defects to form the two asymmetric CBs in the string.
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Figure 7.57: Reconstructed director field of a droplet with a −2 point defect where
one of the +1 defects is substituted with a string of 3 collinear defects. Streamlines
are shown for various cross-sections as shown in the insets. (a,b) show the crosssections through the −2 defect, which include one of the connected +1 defects.
Outline of the CB in each slice is visible along with the almost radial but slightly
twisted configuration on the other side. (c) shows the typical cross-section of one of
the +1 defects next to the higher one. (d) is a slice which includes the −2 and the
string of 3 defects and (e) is slightly rotated around the string, so it dissects a CB
next to the −2 defect. (f) is a plane above the plane of the −2 structure and (g-l)
show a series of parallel slices.
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Another example of a composite structure with a −2 defect which appears at N ≈
4.2 − 4.5 is shown in Fig. 7.58. The transmission illumination images in Fig. 7.58a-e
appear to be very similar to the ones of a droplet with a −3 defect, but the details
in the central part of the image in Fig. 7.58c,d appear to be a bit different as shown
in the comparison. The reconstruction performed from experimental FCPM data
(Fig. 7.58f) explains this by showing that the structure has an additional point defect
on its symmetry axis. This structure is analogous to a string of 3 collinear defects,
where one of the +1 defects is substituted with the whole structure of a droplet
with a −2 defect and three +1 defects. The whole substitute structure is carrying a
total topological charge of +1 just as the replaced point defect did. The substituted
portion of the droplet forms a equilateral triangle with the three +1 point defects in
its vertices and the streamlines in this plane shown in Fig. 7.58f reveal the outlines
of three CBs, each anchored on one of the +1 defects and oriented toward the −2
point defect. A pair of ±1 defects which is separated with another CB is positioned
normal to the triangle on the symmetry axis of the droplet. Because of the repulsion
between the −1 and −2 defects and the cholesteric bubble centred on the top +1
defect, the tetrahedron formed by the four surface +1 defects is elongated along the
symmetry axis of the structure.
Fig. 7.59 presents additional cross-sections of the structure. Fig. 7.59a-c show crosssections which include the symmetry axis of the droplet and one of the bottom three
−1 point defects as shown in the insets. We can see that each of the bottom +1
defects has a CB anchored on it, orient towards the −2 defect, and that the top
CB is cylindrically symmetric with slight modulation of its bottom outline because
of proximity of the other CBs. Slices Fig. 7.59d,e together with the streamlines
Fig. 7.58f show that the bottom part of the droplet very closely corresponds to the
structure in Fig. 7.47, with the −2 defect translated just slightly out of the plane of
the three surrounding +1 defects towards the centre along the symmetry axis of the
droplet. Fig. 7.59f,g show how unlike Fig. 7.48 the vertically oriented director in the
central three-fold cross reorients in-plane to accommodate the hyperbolic −1 point
defect on which the top ±1 pair is based. Fig. 7.59h reveals the typical cylindrically
symmetric skyrmionic profile of the top CB.
This droplet is very similar to the droplet with a −3 defect and four +1 defects,
the biggest difference being that the negative charge in the bulk of the droplet is
not concentrated at a single region but in two point defect, which are separated
by a distance on the order of half-pitch of the CLC mixture. This separation can
be clearly seen in Fig. 7.59a-c which differ from Fig. 7.53a,e,i - in the latter the
bottom cholesteric bubbles are oriented towards the centre of the droplet whereas
in the former their orientation is much more in-plane towards the lower-positioned
−2 defect. A difference can also be clearly seen in slices at and just above the two
higher-charge defects in Fig. 7.59e where the structure is opened up similarly as in
the simpler structure with a −2 defect in Fig. 7.48h, to transition from the structure
of the three in-plane CBs to the almost radially oriented director above it and then
close up again in Fig. 7.59f,g to accommodate another CB similarly as in Fig. 7.52d,e
immediately above the −3 defect.
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Figure 7.58: A droplet (N = 4.2) with three collinear defects, where one of the
+1 defects is substituted with a triangular structure made of a central −2 defect
and three +1 defects. (a-e) A sequence of non-polarised images at different focusing
planes separated by 3 ➭m, (a) being the closest to the objective. The symmetry axis
of the droplet is oriented perpendicularly to the plane of the images. (f) The 3D
structure of the droplet with streamlines in the plane of the bottom 3 defects. The
−2 defect is slightly above this plane and lies on the symmetry axis of the droplet
together with the −1 defect and the top +1 defect. The relative positions of the
point defects and the cholesteric bubbles are shown schematically in the inset. The
scale bar is 5 ➭m.
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Figure 7.59: Director streamlines in a selection of cross-sections for the droplet in
Fig. 7.58. Cross-sections in (a-c) include the symmetry axis of the droplet and one
of the bottom +1 point defects and show the outlines of cholesteric bubbles. Panels
(d-f) show the streamlines in the bottom part of the droplet which is nearly identical
to the simplest droplet with a −2 defect, shown in Fig. 7.48e-h. (g) The cross-section
throught the −1 point defect, where the director profile is similar as in Fig. 7.52
which is just above a −3 defect. (h) The typical cross-section of a cholesteric bubble.
The scale bar is 5 ➭m.
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Composite structures can also include −3 defects as in the example at N = 4.7,
shown in Fig. 7.60. Locations of point defects and outlines of the CBs can be
seen in the non-polarised transmission images Fig. 7.60a-d. Fig. 7.60e shows the
streamlines of the director field in an equatorial plane at the same orientation of the
droplet as in Fig. 7.60a-d. We can see a close correlation between the outlines of
CBs in the transmission images and the locations of the bubbles in the streamlines.
Figure 7.60f shows the structure in another orientation with the streamlines in the
droplets mirror symmetry plane.
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Figure 7.60: A droplet (N = 4.7) with a −3 defect, where one of the +1 defects
is substituted with a V-shaped constellation of 5 defects. (a-d) A sequence of nonpolarised images at different focusing planes separated by 3 ➭m, (a) being the closest
to the objective. (e) Streamlines in an equatorial plane of the droplet with an orientation that roughly corresponds to the transmission images in (a-d). (f) Another
projection of the streamlines in a plane with most symmetry. This plane includes
the −3 defect and one of the +1 defects around it and the +1 defect in the middle of
the V-shaped constellation. The octahedral symmetry of the positions of +1 defects
is highlighted in the top inset to (f) and the relative positions of the point defects
and the cholesteric bubbles are shown schematically in the bottom inset. The scale
bars are 5 ➭m.
The 3D structure of the droplet can be understood as a substitution of one of the
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+1 defects in a droplet with one −3 and four +1 defects with a V-shaped string of
5 charge alternating defects. All the +1 defects in the structure are positioned close
to the surface of the droplet, but because their number is increased from 4 to 6,
the symmetry of the structure changes from tetra- to octahedral as indicated in the
top inset with a geometric solid. In the streamlines in Fig. 7.60f we can recognise
the locations of two CBs which the plane dissects. One is located between one of
the +1 defects in the bottom of the droplet and the −3 defect and the other one
is between the −3 defect and the V-shaped constellation in the top of the droplet.
This bubble is deformed compared to the central bubble in a V-shaped constellation
from Fig. 7.34c,d, with its lobes extending past the two −1 defects and merging
with the cholesteric layers which fill the area between the V and the −3 defect.

a

b

c

d

e

f

g

h

Figure 7.61: Octahedral droplet with a −3 defect. (a-d) director streamlines in a
series of parallel cross-sections. (a-c) show the director structure between the Vshaped constellation and the bottom part with the −3 defect. (d) shows oblique
cross-sections of the three cholesteric bubbles around the −3 defect. (e-h) Streamlines in a series of cross-sections: (e) dissects three CBs as shown in the inset above
the pictures, (f) is a plane which includes all the negative charges, (g) dissects the
other three CBs and (h) is a plane with three +1 defects. The scale bar is 5 ➭m.
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Fig. 7.61a-d shows the streamlines in a series of horizontal slices. In Fig. 7.61a
we can see that the structure just below the V-shaped constellation has a similar
profile to that of the simpler V-shaped constellation in Fig. 7.34a,b. Slices further
down toward the −3 defect show how the director rotates in the central part of the
droplet and the CBs finish above the −3 defect – most of the director in Fig. 7.61c
is in-plane, except directly above the −3 defect. Fig. 7.61d shows the three fold
rotational symmetry of the director around the −3 defect, dissecting the bottom
three CBs. Fig. 7.61e-h shows another series of parallel slices oriented as indicated
in the insets. Fig. 7.61e shows the typical cylindrical symmetry of three CBs and
how the regions which separate them extend over the whole droplet. Fig. 7.61f
illustrates the termination of the central CB of the V-shaped constellation at the two
−1 defects, similarly to the structures in droplets with strings of defects. Fig. 7.61g,h
show cross-sections which are analogous to Fig. 7.61e but on the other side of the
−3 defect. We can resolve the outlines of the CBs and thew are separated from each
other in a similar way as in Fig. 7.61e.
Fig. 7.62a-f present another projection of the droplet in a series of parallel slices.
Fig. 7.62a shows the cylindrical symmetry of one of the CBs next to the −3 defect,
and Fig. 7.62b shows the two CBs in one of the arms of the V-shaped constellation,
with one of the lobes extending toward the −3 defect. Fig. 7.62c goes through the
−3 defect and shows the complex director patterns around it with a lot of out of
plane twisting. We can see that the extended lobes of the top CBs connect to the
−3 defect. In Fig. 7.62d we can see two CBs on two of the bottom +1 point defects
and the layered structure in the top part of the droplet, which closes up at the other
−1 defect in Fig. 7.62e to form another CB. The cross-section of this CB can be
seen in Fig. 7.62f and it is separated from the rest of the droplet by the out of plane
director in Fig. 7.62e,f. Fig. 7.62h,g show cross-sections of two more CBs, both
having cylindrical symmetry and being separated from the rest of the droplet in a
similar way as the one in Fig. 7.62f.
All the presented topological molecules can be understood as permutations of stable
structures presented earlier, where one of the surface +1 point defects is substitute
with a larger structure with an equivalent topological charge. In the presented
examples, a point defect is substituted with a linear string of 3 point defects, a
V-shaped string of 5 point defects or a triangular constellation of three +1 defects
arranged around a central −2 point defect. All three substitutes are either linear or
at most planar, as a 3D arrangement of defects in the replacement structure would
probably take up too much volume in the droplet.
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Figure 7.62: Director streamlines in a selection of cross-sections for the octahedral
droplet with a −3 defect. (a) Cross-section of a CB on one of the +1 defects around
the −3 defect. (b) A cross-section which includes the three defects in one of the
arms of the V-shaped constellation. (c) The director structure in the bulk of the
droplet. This plane includes the −3 defect. (d) A plane which includes two of the
bottom +1 defects and dissects the middle top CB. (e) A similar plane as (d), but
tilted, so it includes one of the −1 defects. (f-h) Cross-sections which illustrate the
typical cylindrically symmetric profiles of three cholesteric bubbles. The scale bar
is 5 ➭m.
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7.6.2

Topological molecules with disclination lines

Substitutions of point defects are also possible in droplets with line disclinations.
Figure 7.63 shows a droplet in which a ring disclination runs around two double
twist cylinders similarly as in Fig. 7.21 but where one of the point defects terminating a cylinder is substituted with a string of 3 charge alternating point defects.
Figure 7.63a-e show non-polarised transmission images of the droplet and the disclination line can be seen in the front part of the droplet in Fig. 7.63a,b and at the
back in Fig. 7.63c,d. The string of three point defects can be seen in lower right
part of Fig. 7.63c,d and the connected cylinder extends from them towards left. The
other double twist cylinder lies at an oblique angle and its beginning can be seen in
the top part of the pictures.
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Figure 7.63: A droplet (N = 6.4) with a ring disclination and 2 double twist cylinders, where one of the defects which terminate a cholesteric cylinder is substituted
with a string of 3 defects. (a-e) A sequence of non-polarised images at different
focusing planes separated by 3 ➭m, (a) being the closest to the objective. (f) 3D
representation of the structure with locations of point defects marked by coloured
points. The long rods schematically present the positions of double twist cylinders.
Streamlines show the director field in a plane going through the cylinder with the
string of defects. The full director field of this plane is shown in (g). The scale bars
are 5 ➭m.
Figure 7.63f shows the 3D structure of this droplet with the long rods indicating the
axes of the two double twist cylinders. The streamlines show the director field in a
plane which dissects the cylinder with the string of defects and Fig. 7.63g shows the
full director field in this plane. We can see, that the director rotates continuously
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except in the flattened part of the cylinder next to the string of defects, where the
structure is more layer-like. The director around the disclination line has a profile
of a twist disclination and it is separated from the central cylinders by π twist.
Figure 7.64 presents the structure in more detail. First, it shows a series of parallel
slices in Fig. 7.64a-e on which we can track the ring disclination. In the first slice in
Fig. 7.64a the location of the disclination is indicated by the director which is rotated
by π/2 with regard to the anchoring direction and is pointing along the disclination.
The whirlpool-like director profile in this slice indicates the location of one of the
defects which terminate the cholesteric cylinders. In the next slice the crossing of
the disclination is indicated with either a +1/2 or a twisted profile. Figure 7.64b
dissects the simpler cylinder in the middle at an oblique angle and Fig. 7.64c includes
the other point defect of the simpler cylinder. In Fig. 7.64e the disclination is seen
at the edge where the director is out of plane. Figure 7.64f,g show two cross-sections
of the cylinders, the first one close to the disclination line where the cylinders are
narrow and symmetric and the second one closer to the string of 3 defects where the
cylinders are flattened to an almost layer-like structure. Figure 7.64h shows a crosssection along the middle of the cylinder with the string of 3 defects, illustrating that
despite the substitution of one of the defects with a more complex formation the
longitudinal profile of a cylinder stays very similar to the ones in simpler droplets.
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Figure 7.64: Details of the structure of a droplet (N = 6.4) with a ring disclination
and 2 double twist cylinders, where one of the defects which terminate a cholesteric
cylinder is substituted with a string of 3 defects. (a-e) The director streamlines in
a series of parallel cross-sections. (f) Cross-section of the two cylinders close to the
ring disclination. (g) Another cross-section of the two cylinders, showing how their
profile flattens closer to the string of defects. (h) Streamlines in a plane along the
cylinder with the string of defects. The scale bar is 5 ➭m.
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Ring disclinations can appear also in combination with cholesteric bubbles. An
example of that is shown in Fig. 7.65. In the transmission images Fig. 7.65a-e
we can see the disclination line in the top part of the droplet in the planes closer
to the microscope objective (Fig. 7.65a,b) and in the bottom part of the droplet
in the deeper focusing planes (Fig. 7.65d,e). In Fig. 7.65b,c we can identify four
point defects which are nearly collinear on a vertical line and between pairs of
defects we can recognise the outlines of the lobes of two cholesteric bubbles. A 3D
representation of the structure is shown in Fig. 7.65f, where the streamlines in the
equatorial plane which includes three of the point defects indicate the positions of
the CBs. We can see that the fourth point defect lies off-axis compared to the other
defects. A ring disclination runs circumferentially around the droplet approximately
in a plane which is perpendicular to the plane with streamlines.
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Figure 7.65: A droplet (N = 4.9) with a ring disclination and 2 cholesteric bubbles.
(a-e) A sequence of non-polarised images at different focusing planes separated by
3 ➭m, (a) being the closest to the objective. (f) 3D representation of the structure
with locations of point defects marked by coloured points. Streamlines show the
director field in an equatorial which is approximately perpendicular to disclination
and includes three of the point defects. The scale bars are 5 ➭m.
Figure 7.66a-g presents director streamlines in a series of parallel slices. In the
centre of Fig. 7.66a we can see a region of director which is oriented perpendicular
to the surface of the droplet (horizontal orientation in the image). The disclination
line runs between this region and the surface of the droplet, and locations where
the disclination pierces the plane are indicated by white, out-of-plane regions. in
Fig. 7.66b,c we can see the edges of the lobes of the two CBs between each pair of
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defects and in Fig. 7.66d we can see the outlines of the CBs and the twisted region
which separates them. Figures 7.66e-g are approximate mirror images of Fig. 7.66a-c
and Fig. 7.66h is the plane which separates the two CBs. The director in the centre
of this plane is oriented almost azimuthally but Figs. 7.66b,c,e,f show that it is tilted
out-of-plane of the figure Fig. 7.66h.
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Figure 7.66: Details of the structure of a droplet from Fig. 7.65. (a-g) The director streamlines in a series of parallel cross-sections, (d) includes three of the point
defects. (g) Cross-section across the twisted plane between the two CBs. The scale
bar is 5 ➭m.
The structure of the droplet is shown schematically in the inset to Fig. 7.65. The
structure is in a way similar to the one of a droplet with 2 CBs and 3 collinear
point defects, but with the director twisting by 2π in the volume between the CBs
instead of just π. This additional twist causes mismatch between the orientation
of the director and the anchoring on the surface of the droplet which results in the
line disclination running circumferentially around the central twisted region. Additionally the twisting of this region splits the hyperbolic region which hosted the −1
defect in the droplet with 3 point defects into two hyperbolic point defects. Effectively the central point defect from the droplet with 3 collinear defects is substituted
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by a combination of two hyperbolic defects and a plane of twisting director which
ends with a ring disclination at the surface of the droplet. Another way to understand this structure is to compare it with the one of a ring disclination with a single
cholesteric cylinder. We can construct it by pulling one of the defects at the ends
of the cylinder through the disclination line and filling the space on the other side
with a topologically neutral structure of a CB with a pair of |q| = 1 defects.

7.6.3

Other topological molecules

An interesting structure which can be regarded as a topological molecule was observed in a droplet shown in Fig. 7.67 at N = 6.1. It is not immediately obvious
what the structure is from the transmission images in Fig. 7.67a-d, but the reconstructed director field in Fig. 7.67e,f shows that the structure includes the Lyre-like
part from Fig. 7.14 in the bottom part of the droplet and a cholesteric bubble with
an associated pair of ±1 point defects in the top part of the droplet.
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Figure 7.67: A droplet (N = 6.1) with a Lyre-like structure and a cholesteric bubble.
(a-d) A sequence of non-polarised images at different focusing planes separated by
4.5 ➭m, (a) being the closest to the objective. (e,f) The reconstructed structure in a
plane which includes the symmetry axis and all three point defects. The locations
of point defects are marked by coloured points. The scale bar is 5 ➭m.
Figure 7.68 shows more detail about the structure in a series of cross-sections perpendicular to the symmetry axis of the droplet. In Fig. 7.68a we can see that Lyre part
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of the structure has cylindrical symmetry above the point defect and in Fig. 7.68c
we can see the ring of circular streamlines, which form the core of the tube in the
Lyre structure. Figure 7.68f shows that the equatorial cross-section of the −1 point
defect next to the CB has a radial configuration and Fig. 7.68g shows the cylindrical
symmetry of the CB.
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Figure 7.68: Details of the structure of a droplet from Fig. 7.67. The streamlines
show the director field in different cross-sections along the symmetry axis of the
droplet with their locations indicated in the insets.
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Chapter 8
Schematic construction of droplets
with multiple cholesteric bubbles
In this Chapter we show how we can decompose the director structures of the
droplets with multiple point defects and cholesteric bubbles into basic building
blocks and use them to schematically explain their structure and construct topological molecules.

8.1

Construction of string-like constellations

First we’ll try to understand, how the strings of point defects are formed. In the
droplets with low chirality, a single cholesteric bubble is present, together with
a +1 point defect, which is needed because of the homeotropic anchoring on the
surface of the droplet. This structure is shown again in Fig. 8.1d, which presents its
director streamlines in a plane, including the point defect and the symmetry axis of
the structure. We should keep in mind that the structure is rotationally symmetric
around its axis. All of the strings with multiple point defects have an odd number of
point defects, which is a consequence of homeotropic anchoring of the droplets. This
means that point defects in excess of the topologically required one from the simple
droplet in Fig. 8.1d, appear only in pairs. In each pair there is a −1 hyperbolic
defect, a +1 twisted defect and a cholesteric bubble, which stabilises the distance
between the two defects, so they do not annihilate.
An example of such a pair of ± point defects is shown in Fig. 8.1a in a droplet with
three collinear defects. We can cut the droplet into two parts along the director
streamlines which lie in the mid-plane of the hyperbolic defect and have a radial
configuration as seen in Fig. 7.31f. The cut should run around the hyperbolic point
defect, so that the central streamlines which point along the symmetry axis of the
hyperbolic point defect stay attached to the defect. In this way we have isolated a
pair of ±1 defects with one of the CBs (Fig. 8.1b) from the remainder of the droplet.
What is left, is a single +1 point defect and a cholesteric bubble with a rift along
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Figure 8.1: Subtraction and addition of topological units. The droplet with 3
collinear defects in (a) can be divided into a pair of ±1 defects with one of the
CBs (b) and the rest of the droplet with one +1 defect and the other CB (c). The
remainder of the droplet in (c) can be smoothly transformed into a full droplet with
a point defect and a CB, shown in (d). The inset shows an analogous procedure for
a colloid-defect pair, inserted into uniform director field. If we take a droplet with
three collinear defects (e) and insert into it a topologically neutral ±1 defect pair
with a CB (f), we get a droplet with a V-shaped string of 5 defects, shown in (g).
its symmetry axis (Fig. 8.1c). Because the hyperbolic part of the streamlines has
been removed, this rift can be closed by a continuous deformation, which yields the
simple droplet with a single CB and a single +1 point defect (Fig. 8.1d).
The pair of defects in Fig. 8.1b is analogous to the one which forms if a colloid
with homeotropic anchoring is inserted into uniform director field. The inset in
Fig. 8.1 shows how the colloid-defect pair can be separated from the homogeneous
director field. Note that again the cut separates the director field along the director
streamlines which originate in the equatorial plane of the hyperbolic point defect and
also includes the symmetry axis of the droplet. The streamlines which originate from
the equatorial plane of the hyperbolic defect can be smoothly deformed from the
cone-like shape that they take when immersed in uniform bulk, to a radial orientation
in a single plane as shown in the inset to Fig. 8.1. This configuration is analogous
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to the one in Fig. 8.1b. The pair of ±1 defects has a zero total topological charge
and can therefore be inserted into uniform director without changing its topology.
The situation is similar in our droplets, where the pair of defect around a CB also
carries zero total topological charge and can therefore be inserted into the radially
oriented director field of droplets with total topological charge equal to +1.
We can test this idea by reconstructing the structure with three collinear point
defects from the wedge-like half-droplet with the pair of defects and the CB in
Fig. 8.1b, and the simple droplet from Fig. 8.1d. We make a cut into the mostly
radial part of droplet in Fig. 8.1d, opposite to the point defect and insert the wedge
of the half-droplet. The director on the outer surface of the half-droplet is mostly
radial, so it matches the surface it supplanted, and the inserted structure carries
zero topological charge, so we did not change the topology of the droplet.
This kind of addition of topologically neutral units can be taken further to construct
more complex structures. We can start with a droplet with three collinear defects
and two CBs (Fig. 8.1e), find a nice patch of radially oriented director on its side and
implant the topologically neutral half-droplet from Fig. 8.1f into it. The reasoning
why we can do this is similar as in the previous case – the radial surface of the droplet
is basically uniform director field into which we insert the topologically neutral halfdroplet. In this way we have constructed a droplet with a V-shaped string of 5 point
defects and three cholesteric bubbles.
The radial director on the surface of a homeotropic droplet offers plenty of space
to insert further topologically neutral units. If another pair of ±1 defects with a
CB is inserted into the droplet with 5 point defects, we get a string of 7 defects.
Because such a structure has 4 surface +1 defects, the volume of the droplet is
occupied most efficiently if the new pair of defects is not located in the plane of the
previous 5. With one more insertion of a topologically neutral pair of defects, we
would construct a droplet with a string of 9 defects.
The idea of modularity of these structures is reinforced by the fact that for every
hyperbolic point defect in the string-like constellations we can find a plane with
an almost radial orientation of director field, which shows where the additional
cholesteric bubble is attached to the rest of the director structure. Examples of such
planes in structures with 5, 7 and 9 point defects are shown in Fig. 7.36b, Fig. 7.40
and Fig. 7.44d,i, respectively. The radial director profiles in these examples are
elastically deformed in a similar way as shown in the inset to Fig. 8.1 to match the
confinement of the surrounding structure. Because of this the director in these crosssections is not completely radial in a flat plane as in the droplet with 3 collinear
point defects, but we can still recognise the radial orientation of the streamlines
around the hyperbolic point defect.
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8.2

Construction of topological molecules with
higher-charge point defects

When presenting the structures of the complex topological molecules in Section 7.6
we helped ourselves to understand the structures by suggesting that single point defects with their associated cholesteric bubbles are interchanged by bigger structural
units with the same total topological charge. This idea did not explain exactly how
the inserted structure integrates into the existing one. Here we present an alternative, detailed way to explain the structures in the topological molecules by building
on the idea from the previous Section of inserting topologically neutral building
blocks into stable droplets.
Let’s start with a droplet with a −2 defect inside a triangular arrangement of +1
defects from Fig. 7.47. Figure 8.2b shows the director streamlines of this droplet in
a plane going through the central −2 defect and one of the +1 defects. The top and
bottom of the droplet in Fig. 8.2b have a mostly radial orientation of director field
which will serve as uniform director, just like in the simpler droplets in the previous
Section. Here we can insert the topologically neutral pair of ±1 defects with a CB
shown in Fig. 8.2a without changing the total topological charge of the droplet. We
can see the resulting structure in Fig. 8.2c,d, where it is obvious that the top CB
retains its shape, as do also the three CBs connected directly to the −2 defect. The
structure we have thus constructed matches the topological molecule from Fig. 7.58
and Fig. 7.59.
Figure 8.2e shows the equatorial cross-section of the −1 defect where the two structures from Fig. 8.2a,b are joined together. We can see that it has a radial configuration of director field, making it equivalent to the radial planes in Fig. 8.1 and in the
string-like structures. Arrows are added to Fig. 8.2c to check the signs of topological
charge of the point defects. We can see that the added hyperbolic defect really has
a −1 topological charge, even though it is directly connected to the −2 defect. This
differs from the sign-alternating behaviour of neighbouring point defects we observed
in the previous structures. The reason for this is that the hyperbolic defect is not
attached to one of the patches of the −2 defect like the +1 defects which surround
it, but instead to the uniform background with the reversed direction of director
field (the blue areas in Fig. 7.54a,b).
In the example in Fig. 8.2, the structure of a droplet with a −2 defect is expanded
by inserting into it a pair of ±1 defects, which is topologically neutral. In some of
the other previously presented topological molecules, the neutral structure includes
a higher-charge point defect. Such a complex topologically neutral building block
can be obtained by starting with the simplest droplet with a −2 point defect shown
in Fig. 8.3a. We cut the droplet along the hyperbolic director streamlines of one
of the patches of the −2 defect in an analogous fashion as we did in the droplet
with three point defects in the previous Section. In this way we separate 2/3 of the
droplet which include two +1 defects, two CBs and the hyperbolic region of the −2
defect (Fig. 8.3b) from the 1/3 of the droplet which includes a single +1 defect and a
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Figure 8.2: Addition of a neutral ±1 defect pair to a droplet with a −2 defect.
The topologically neutral half-droplet (a), which we isolated in Fig. 8.1 is inserted
from the top into a droplet with one −2 and three +1 point defects along with
three CBs, shown in (b). The plane of the defects in (b) is horizontal and the
streamlines are shown in a cross-section going through the −2 defect and one of the
+1 defects. (c) After the neutral half-droplet is inserted, a more complex structure
is formed. The red arrows indicate the direction assigned to the director to work out
the signs of topological charges of the defects. (d) A different view of the resulting
structure, with the streamlines shown in a plane going through the −2 defect and
the surrounding +1 defects. (e) Streamlines in the mid-plane of the −1 defect.
CB with a conical hole along its symmetry axis (Fig. 8.3c). The third of the droplet
in Fig. 8.3c can again be smoothly deformed to close the hole along the symmetry
axis to get a whole droplet with a point defect and a CB, just as in Fig. 8.1d. The
part of the droplet with the −2 defect also includes two +1 defects and therefore
its total topological charge is zero. The director orientation along the surface of the
cut radially spreads out from the −2 defect towards the edge of the droplet, just
like it did in the case of the −1 defect in the previous Section. In this case the
cut does not lie in a plane, but instead on a conically shaped surface. Nonetheless
the radial orientation of the director on this surface can be seen for sections of it
in Fig. 7.49a,d,f. This surface with the radial orientation of the director field will
again serve as the contact area between the two structures which we will join in a
molecule.
Now we can insert our topologically neutral unit with a −2 defect, which is shown
again in Fig. 8.3d, into a droplet with three point defects and two cholesteric bubbles,
shown in Fig. 8.3e. The radial director field on the side of the droplet in Fig. 8.3e
will serve as the uniform director into which the neutral structure is implanted.
After the director field is elastically relaxed in the structure, we can still recognise
the outlines of the added topologically neutral part in the left side of Fig. 8.3f and
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Figure 8.3: Topologically neutral unit with a −2 point defect. A droplet with one
−2 and three +1 point defects and three CBs, shown in (a), can be split into a part
with a single +1 point defect and a CB (c) and the remainder of the droplet (b) with
zero total topological charge. The topologically neutral part of the droplet with a
−2 defect in (d) can be inserted into a droplet with a string of three point defects
in (e) to form a complex molecule, shown in (f).
the string of three unit-charge point defects, which is perpendicular to the plane of
the streamlines. The resultant structure is obviously the one from the droplet in
Fig. 7.55, Fig. 7.56 and Fig. 7.57.
A similar topologically neutral building block can be extracted from a droplet with
a −3 defect and four sets of +1 point defects with cholesteric bubbles, shown in
Fig. 8.4a. Again we make the cut on one side of the −3 defect following the hyperbolic streamlines of the director field as shown in Fig. 8.4b to remove a quarter of
the droplet with a single +1 point defect and a CB (Fig. 8.4c). This removed part
can, as in the previous cases, be smoothly transformed to make a complete simple
chiral nematic droplet with a CB. The rest of the droplet includes the whole −3
point defect along with three +1 defects and three CBs and therefore has a zero
total topological charge. The director on the conical surface of the cut in Fig. 8.4b
again has a radial configuration and will serve as the interface between the two
mated structures.
We insert the constructed topologically neutral structure with a −3 point defect,
shown again in Fig. 8.4d, into a droplet with a V-shaped string of 5 point defects
(Fig. 8.4e). The radially oriented director field on the left part of the droplet in
Fig. 8.4e serves as the uniform director field into which we insert the neutral structure
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Figure 8.4: Topologically neutral unit with a −3 point defect. A droplet with one
−3 and four +1 point defects and four CBs, shown in (a), can be split into a part
with a single +1 point defect and a CB (c) and the remainder of the droplet (b) with
zero total topological charge. The topologically neutral part of the droplet with a
−3 defect in (d) can be inserted into a droplet with a V-shaped string of 5 point
defects in (e) to form a complex molecule, shown in (f).
and when the director is elastically relaxed we obtain the structure in Fig. 8.4f, which
was presented in detail in Fig. 7.60, Fig. 7.61 and Fig. 7.62.
By using the idea of inserting complex but topologically neutral structures into
stable chiral nematic droplets, we can also construct topological molecules, which
we did not observe in experiments. Some of the possible combinations of topological
charges for a given number of +1 point defects are shown in Fig. 8.5. The structures
in Fig. 8.5 are classified with respect to the number of +1 point defects close to the
surface of the droplet. The ones which we observed experimentally are enclosed
in black frames, and others which are schematically possible in red frames. We
can see that all the possible combinations for three and four +1 point defects were
discovered. For both five and six +1 point defects only one type of a structure was
found. No systematic search for the missing structures has been performed yet so
perhaps their absence is only a matter of unfavourable statistics, but it could also
indicate that the deformations which would be present in them are energetically not
favourable. A more thorough investigation could lead to insights into the problem
of packing of the elastic cholesteric bubbles into a spherical volume.
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Figure 8.5: Examples of the possible combinations of topological point defects in
droplets with different numbers of +1 point defects close to the surface. For three
and four +1 point defects all the possible combinations are shown, and for five and
six +1 point defects only some of them. The structures which were not observed
experimentally are marked by a red frame. For droplets with five and six +1 point
defects, the simplest structures with the theoretically possible −4 (blue circle) and
−5 (brown circle) point defects are included. These defects can be constructed by
inserting one or two additional hyperbolic patches into the structure of a −3 point
defect in an analogous fashion as presented in Section 7.5.3.
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Chapter 9
Discussion
In this Thesis, we have presented a vast array of structures formed in chiral nematic
droplets with homeotropic anchoring. At low relative chiralities (N = 2d/p0 ≈ 2−4),
the topologically necessary point defect is expelled from the centre of the droplet and
the bulk is filled with a chiral structure shown in Fig. 9.1a, which we call a cholesteric
bubble. At higher chiralities, by far the most common structure is one with a single
point defect near the surface of the droplet and bent cholesteric layers in the bulk as
shown in Fig.9.1b. The number of cholesteric layers in these structures increases with
the relative chirality of the droplet. Many other director configurations are possible
over a wide range of values of relative chirality. An overview of the structures,
presented in this Thesis, is shown in Fig. 9.1 and Fig. 9.2, together with a graph of
the chirality ranges at which they were observed.
We can divide the structures roughly into two subcategories: droplets with layered
structures shown in Fig. 9.1b-o which also include droplets with ring disclinations
(Fig. 9.1k-o), and droplets with several cholesteric bubbles shown in Fig. 9.2, which
include the higher-charge point defects (Fig.9.2e,h) and their topological molecules
(Fig. 9.2f,g,i). The different structures in this cholesteric zoo appear in overlapping
ranges of relative chirality values shown in Fig. 9.2j. The structures with bent or
flat layers in Fig. 9.1b,c are excluded from the graph because their layeredness can
be continuously varied and it is difficult to classify them in a unique way. We can
see that most of the structures can be found over a wide range of relative chiralities.
This means that a specific shape can elastically deform or “resize” to fit into droplets
with different relative chiralities. From this we can speculate that a structure has
different elastic energy densities for different relative chiralities, with an energy
minimum somewhere in the middle of its stability range. On the other hand, for
any given relative chirality in the range N = 2.5 − 6.8 several different structures
with different elastic distortions and different types and numbers of defects are
possible. All of the observed structures are stable on a time scale of several days,
which means that each structure is at least a local minimum of the free energy and
thus metastable.
We can try to illustrate this by a schematic graph of a free energy dependency on the
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Figure 9.1: An overview of the presented structures in chiral nematic droplets with
homeotropic anchoring, Part I. The structures are grouped with like structures. The
symbols next to the images of the streamlines are the symbols used in the graph
in Fig. 9.2j to present the stability ranges of the structures. Where the use of the
symbols in the graph could be ambiguous, the sum of the absolute value of the
topological charges in the structure is given. Line defects are considered as having
|q| = 1, even though they could have a higher odd topological charge.
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Figure 9.2: An overview of the presented structures in chiral nematic droplets with
homeotropic anchoring, Part II. A graph of the stability ranges is given in panel (j).
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Free energy density

relative chirality N , shown in Fig. 9.3, where the free energy densities of different
structures are shown with curves of different colours. Each structure is stable over
a range of N values but there is some ideal N , at which the different types of elastic
deformations in a structure have the lowest combined free energy and the structure
is most stable. At a fixed N value, different structures have different free energies,
as shown in Fig. 9.3. Intersections of the free energy curves in Fig. 9.3 do not
imply that spontaneous transitions between the states are possible. For transitions
between states, the structures have to be deformed or even locally melted, which
means that there are energy barriers associated with these transitions. The energy
barriers have to be considerably higher than the energy of thermal fluctuations,
because of the stability of the presented structures.

Relative chirality N

Figure 9.3: A schematic example of the possible free energy density dependence of
different stable structures with respect to the relative chirality N . Each coloured
curve belongs to a different structure. Intersections between the energy curves do
not imply transitions between the structures because of energy barriers associated
with deformations of the structures which are needed for the transitions.
As an exercise we can try to imagine how two different structures can be transformed
between each other in a hypothetical scenario, which does not imply these transitions are energetically favourable. A transition between two states can be of two
types: either a continuous transformation, where we can transform one structure
into another through a series of finite deformations, or a discontinuous transformation, where the cholesteric layers have to be cut and rewired. An example of
a smooth, continuous transformation is shown in Fig. 9.4a,b, where the ring and
cholesteric cylinder structure transitions into the cholesteric bubble and cholesteric
cylinder structure. The ring defect in Fig. 9.4a can slide along the surface towards
one of the point defects as indicated by the red arrows. As the ring defect shrinks
into a point defect, the layers of twist next to it reshape to form a cholesteric bubble
and push the nearby point defect away from the surface and through the defect loop
as indicated by the blue arrow. The smoothness of this transformation implies that
the two structures are topologically related or almost equivalent, which is true if
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Figure 9.4: Two examples of hypothetical transformations between the observed
structures in chiral nematic droplets with homeotropic anchoring. (a,b) A smooth,
continuous transformation between (a) the ring and cholesteric cylinder structure
with two 1 point defects close to the surface to (b) the structure of a cholesteric
cylinder, nested inside a cholesteric bubble. The red arrows indicate the movement
of the ring defect and the blue arrow of the bottom point defect, during the transformation. (c,d) A discontinuous transition from the ring defect and cholesteric
cylinder structure in (c) to the ring defect and two cholesteric bubbles structure in
(d). The central part of the droplet in (c) has to be melted to isotropic phase to cut
the cholesteric cylinder and rewire the cholesteric layers, so two cholesteric bubbles
and two hyperbolic defects (purple points in (d)) can be formed.
we consider the point defect to be a small defect ring, similarly as in the case of
a hyperbolic defect next to a particle with homeotropic anchoring, which can open
into a loop [43, 51]. This interpretation of a point defect agrees with theoretical
calculations on the form of the defect core [174], which was recently demonstrated
experimentally by loop-like formation of amphiphilic molecules, polymerised in the
core of a +1 point defect [173].
A possible example of a discontinuous transformation is from the ring and cholesteric
cylinder droplet in Fig. 9.4c to the ring and two cholesteric bubbles structure in
Fig. 9.4d. In this case, the centre of the droplet in Fig. 9.4c has to be melted to cut
the cylinder in half and to enable rewiring of the cholesteric layers. Two hyperbolic
defects have to form after the cut to stabilise the two halves of the cholesteric
cylinder, which are reshaped into two cholesteric bubbles.
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More information about the free energy landscape of the structures can be extracted
from the frequency of their appearance. Most of the structures can form spontaneously while mixing the liquid crystal with the carrying medium at room temperature. The most common structures are the cholesteric bubble (Fig. 9.1a) and the
bent cholesteric layers structures (Fig. 9.1b), which are by an order of magnitude
more frequent than the other configurations in their respective stability ranges. Out
of the other structures, the most common ones are the linear string of 3 point defects with two cholesteric bubbles (Fig. 9.2a), droplets with flat cholesteric layers
(Fig. 9.1c) and the ring defect and cholesteric cylinder structure (Fig. 9.1l). All
of the cholesterically layered and cylindrically symmetric structures appear in unquenched samples, with the exception of the cholesteric finger (Fig. 9.1h) and the
Lyre/Yeti structures (Fig. 9.1i,j). The only string-like constellation beside the linear
string of 3 point defects we observe in unquenched samples is the V-shaped string
of 5 point defects (Fig. 9.2b). In general, a temperature quench increases the probability of formation of the more complex structures, but all of the structures from
unquenched samples are still possible. The most complex structures like the ones
with double cholesteric cylinders, higher-charge point defects and the topological
molecules are formed only after temperature quenches.
There are two main factors which need to be taken into account when considering the
frequency of appearance of the different structures. The first and the most obvious
one is the free energy of the structure, which might be expected to be relatively low
for the most common structures and comparatively high for the rarer ones. The
second factor that affects the probability of structure formation is how specific are
the starting configurations of the director which can relax to a certain structure.
For example, mixing the LC into the carrying medium only slightly perturbs the
cholesterically layered ground state of the chiral nematic, which results in layered
and cylindrically symmetric structures being more common in unquenched samples.
On the other hand, a quench induces a random starting configuration which can relax
into any of the possible structures which are local minimums of the free energy and
allows formation of the more complicated structures with many structural features
such as the different defects, cholesteric bubbles and cholesteric cylinders. This
suggests that complex structures do not necessarily have higher free energy than
the more common ones, but that they might occupy a part of the configuration
space which can only be reached by specific starting conditions which almost never
arise if the droplets are formed by mixing, and only rarely if the sample is quenched.
This makes the complex states difficult to access and in a sense, hidden, similarly
to the recently found hidden quantum states in electronic systems [175]. In this
study, these states are accessed randomly and consequently the frequency of their
appearance is low. A way to ensure their formation would be to somehow seed the
configuration of the director field after the quench, i.e. induce a favourable starting
configuration with an external field, for example with a structured laser beam [2].
It is interesting to compare the observed structures with the numerically predicted
ones. In bulk volumes, chiral nematic liquid crystals are expected to form cholesteric
layers because of the helical twisting of the director and like-wise, layeredness is a
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Figure 9.5: Comparison of numerically predicted and experimentally observed layered structures in chiral nematic droplets with homeotropic anchoring. The numerical droplet in (a,b) at N = 12 has a singular defect line spiralling along its surface
where the cholesteric layers meet the homeotropic surface as shown in (a) and in
(b) we can see the cholesteric layers in its structure. In the experimental structure
with bent layers in (c) all the topological charge is concentrated in a single point
defect and the mismatch between the layers and the homeotropic surface is solved
by an escaped structure. (d-f) Experimental structures with strings of 5, 7 and 9
point defects. The bulk of the droplets has a layered structure and the cholesteric
bubbles in the string couple the layers to the homeotropic surface. Panels a and b
are reprinted by permission from Macmillan Publishers Ltd: Nature Communications [7], copyright 2014.
prominent feature of most of the known structures in chiral nematic droplets. A
numerical study by Seč et al. [7] predicted the formation of extended line defects
where the cholesteric layers meet the homeotropic surface of the droplet, as shown
in Fig. 9.5a,b. The most common structure we observe in our samples (Fig. 9.5c)
really does have a cholesteric layered structure, but its cholesteric layers are bent
and no surface disclination lines are present. This is because the director orientation
mismatch is resolved in an escape-like structure in areas where the cholesteric layers
reach the surface. The deformation in this region is a mix of all three geometrical
deformations. It is difficult to classify this escape as a cholesteric defect, as the
proper cholesteric defects which are presented in Section 2.5.3 are surrounded by a
cholesteric medium and in this case one side of the defect is the homeotropic surface,
which is non-chiral because of the constraint n · (∇ × n) = 0 [35]. These escaped
regions do not carry any topological charge, as the single present topological point
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defect satisfies the restraint on topological charge. Droplets with linear strings of
point defects shown in Fig. 9.5d-f also have a layered structure in the bulk, but here
the strings of point defects and the associated cholesteric bubbles which run around
the droplet serve as a part of the interface between the cholesteric layers in the bulk
LC volume and the non-chiral surface.
The cylindrically symmetric layered structures which we observe in our experiments
show striking similarity to structures which are numerically predicted for chiral nematic droplets with planar anchoring [6]. Figure 9.6 shows a comparison of the
structures, where the experimentally found ones are shown in black director streamlines and the numerical ones with blue cylinders. The bulk of the nested structure
in Fig. 9.6a is an onion-like structure with concentric layers, similar to the diametric
spherical structure in Fig. 9.6b. In the homeotropic case, a string of point defects
runs diametrically across the structure, with each point defect being positioned between two cholesteric layers or a layer and the surface of the droplet. The numerical
study from ref. [6] found that in the planar case, the layers are separated by small
τ −1/2 disclination rings with singular cores. These ring defects carry topological
charge which makes them equivalent to topological point defects. The main difference between the two types of structures is, that in the diametric spherical structure
the diametric string of defects ends in two surface boojums, whereas in the homeotropic case there are no surface boojums, but the onion-like layered structure is
nested in a cholesteric bubble with an associated point defect, which satisfies the
topological restrictions of the homeotropic anchoring.
Figure 9.6c shows the cylindrically symmetric bipolar structure from the numerical
study by Seč et. al. [6] which has three analogue homeotropic structures shown in
Fig. 9.6d-f. All four structures have coaxial cylindrical layers and no defects along
their symmetry axes except close to the surface, where the planar structure has a
pair of boojums and the homeotropic structures have either one or two point defects.
The structure in Fig. 9.6e has an additional circumferential ring defect where the
outer layer of twist reaches the homeotropic surface of the droplet.
The homeotropic structure with flat layers in Fig. 9.6g is similar to the planar bipolar
structure from ref. [6], shown in Fig. 9.6h. We can see from the two additional crosssections of the homeotropic structure in Fig. 9.6i,j that the structures are indeed
almost identical apart from the positioning of defects: the homeotropic structure
has a single bulk point defect near the surface and the planar bipolar structure has
two diametrically positioned surface boojums.
In Fig. 9.7 the Lyre/Yeti structure (Fig. 9.7a) in homeotropic droplets is compared
to the Lyre (Fig. 9.7b) and Yeti (Fig. 9.7c) structures from ref. [6]. All three structures are cylindrically symmetric and the homeotropic Lyre/Yeti structure combines
features of both planar structures.
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Figure 9.6: Comparison of experimental structures in droplets with homeotropic anchoring (a,d-h,i,j) and numerically predicted ones in droplets with planar anchoring
(b,c,h). The nested structure with 5 point defects in (a) is related to the diametric
spherical structure in (b). The bipolar structure in (c) has three related experimental structures: (d) the structure with cylindrical layers, (e) with a ring defect and a
cholesteric cylinder, and (f) the cholesteric cylinder, nested in a cholesteric bubble.
The experimental structure with flat cholesteric layers in (g) is related to the planar
bipolar structure in (h) which is confirmed by comparing additional cross-sections
in (i,j). Panels (b,c) and (h) are reproduced from ref. [6] with permission of The
Royal Society of Chemistry.
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Figure 9.7: Comparison of (a) the experimental Lyre/Yeti structure in homeotropic
droplets and the numerically predicted (b) Lyre and (c) Yeti structures in planar
droplets. Panels (b,c) are reproduced from ref. [6] with permission of The Royal
Society of Chemistry.
All these structures in homeotropic droplets have one thing in common: the bulk
of their volume has a structure, similar to the planar droplets. In a way, these
homeotropic structures can be understood as the structures of the planar droplets,
inserted into a shell with planar anchoring on the inner surface and homeotropic
anchoring on the outer one. The boojums of the planar structure are positioned on
the inner surface of the shell and the director in the shell can either transform them
into proper bulk point defects, or resolve them in a non-singular way. In structures
in Fig. 9.6d,g and Fig. 9.7a one of the boojums is resolved and the other becomes
a single point defect close to the surface, which is topologically demanded because
of the homeotropic anchoring conditions. In structures in Fig. 9.6a,e,f both of the
boojums are transformed into bulk point defects and the shell includes an additional
point or ring defect to satisfy the homeotropic anchoring conditions. The outer shell
therefore serves to couple the planar orientation of director on the surface of the
inner structure to the homeotropic anchoring on the outer surface, and to provide
the topologically demanded charge.
It is a fact that we haven’t observed the extended line defects, knots and links which
were numerically predicted to form in quenches of chiral nematic droplets with homeotropic anchoring. This doesn’t mean that the extended lines do not form in the
droplets. There are considerable differences between the conditions of the experiments and the numerical quenches. For one, the numerically studied droplets are
by an order of magnitude smaller than the experimental ones because of restrictions
on computation time and memory. Additionally, the numerical simulations were
conducted with relatively high values for anchoring strength, at a temperature relatively close to the phase transition, and with the one constant approximation for
elastic deformations. All these factors could contribute to differences in the stability
of the different types of structures.
An instructive example is the comparison of the theoretical and experimental structures in Fig. 9.8, where the direction of the helical axis in the cholesteric regions is
shown in streamlines. The helical axis is defined as a direction perpendicular to the
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director, around which the director rotates. We follow the definition of the chiral
axis from ref. [176] to extract it from the data. Before determining the helical axis
we have to smoothen the experimental data, because the calculation involves spatial
derivatives of the director field. We do this by feeding the experimental reconstructed director into the code for minimisation of the Q-tensor Landau-de Gennes
free energy by relaxation which is usually implemented in numerical simulations of
achiral and chiral nematics [16]. The experimental director field is relaxed with
several steps of numeric relaxation to reduce the experimental noise and artefacts
which arise during the reconstruction. Because the Q-tensor formalism is used at
this stage, the order parameter S is reduced during the relaxation in areas with large
jumps in the director field. The areas of reduced S are shown in red in Fig. 9.8.
We can see that the structure with a linear string of three point defects in Fig. 9.8a,b
is similar in the experimental and numerical case, but in the numerical simulation
it appears at slightly lower relative chirality values and we can see that the helical
axis is defined only in a small part of the volume. This is because in the numerical
structure, the cholesteric bubbles do not have a Bloch-like behaviour where the
director field in their cross-section twists from the central orientation like in the
experimental structure in Fig. 9.8a. Instead they feature a Néel-type bending of
the director from the central to the outer orientation. This might be because of
the degeneracy of deformations in the one constant approximation, where the free
energy of the structure is not lowered in configurations with a lot of twist.
N ≈ 2.7 - 4.9
EXPERIMENT
a

λ+1

b

3 μm

N ≈ 2.8 - 6.0
EXPERIMENT

N≈2
THEORY
c

3 μm

N≈3-4
THEORY
d

λ+1

Figure 9.8: A comparison of the cholesteric and singular regions in experimental (a,c)
and numerically simulated (b,d) chiral nematic droplets with homeotropic anchoring.
The structure with a linear string of 3 point defects and two cholesteric bubbles is
shown in (a,b) and in (c,d) the structure with a defect ring and a cholesteric cylinder
with two point defects. The streamlines show the direction of the helical axis where
it can be determined and the red areas show the defects.
The second set of panels in Fig. 9.8c,d shows, that the areas with defined helical axis
closely match in the experimental and numerical examples of the structure with a
ring defect and a single cholesteric cylinder, but there are differences in the defect
regions. We can see that the defects on the bottom and top of the numerically
obtained structure are opened up into defect rings, whereas in the experimental
case they are shrunken into point defects. This could be because the combination of
the stronger anchoring and smaller droplet size makes the material effectively stiffer
193

in the simulations.
This comparison of experimental and numerically obtained structures suggests that
with proper selection of experimental conditions, e.g. stronger confinement or stiffer
material, the observed point defects could in principle be forced to open up into
loops, and the director orientation mismatch between the cholesteric layers and the
homeotropic surface could be resolved with singular defects instead of the observed
escaped structures.
One striking feature of the observed structures is that all the higher-charge point
defects along with the simpler hyperbolic ones are confined to the inner volume of the
droplets, with radial and twisted radial defects being the only types which appear
close to the surface. This is due to the geometrical incompatibility of the hyperbolic
director structures with the uniform director field at the edge of the droplet.
Topological defects in 3D with topological charges larger than ±1 are theoretically
predicted to be unstable in achiral liquid crystals [41]. In this Thesis, higher-charge
defects (Fig. 9.2e-i) are found in the confined environment of the droplets, where
they are stabilised by the chirality of the liquid crystal which acts as a stabilising
spring and prevents their dissociation. In Fig. 9.2j we can see, that the higher-charge
structures appear in the middle of the stability ranges of string-like constellations
with the same number of positive point defects, which have the same number of
cholesteric bubbles. This suggests that there is an optimal confinement at which
the cholesteric bubbles compress the hyperbolic defects in the bulk of the droplet in
just the right way so the higher-charge defects can form. The stability of the highercharge point defects in droplets where the symmetry of the structure does not match
the valence of the defect (Fig. 9.2f,g,i), demonstrates that these defects do not exist
only when the arrangement of the surrounding cholesteric bubbles exactly matches
their symmetry, but are stable to modifications of the surrounding structure.
The reconstructed experimental director structures demonstrate the utility of our
augmented FCPM method. The structures can be reconstructed from experimental
data with very few assumptions about the observed structure. Namely, an approximate model of the elastic energy is needed and FCPM intensity values for vertical
and horizontal orientation of the director field have to be determined. The finding
of the missing z component sign is a numerical optimisation and the whole reconstruction procedure can be understood as an approximation of the director field
which best matches the experimental FCPM data. The presented reconstructed
structures exhibit artefacts, especially because of the overestimations of offset and
normalisation corrections of Itot . Because of this, they cannot be claimed to exactly
represent the experimental structures, but in cases where the reconstructed director
field is continuous, the topology of the director field is maintained, so the results are
useful for topological analysis of the experiments and qualitative understanding of
the structures. Numerical calculations on the experimentally reconstructed director
fields are hindered by the noise and artefacts, but the examples in Fig. 9.8a,c illustrate that with suitable smoothing even quantitative analysis of the reconstructed
director field is possible.
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Chapter 10
Conclusion
The studied chiral nematic droplets with homeotropic anchoring show a remarkable
richness of different structures. The presented structures barely scratch the surface
of the possible variations. In fact, almost every time a quenched sample was put
under the confocal microscope, new structures were found. This variety is even
more baffling if only wide-field textures are observed. With time and experience,
you learn to recognise the different orientations of the known structures, but one
is quickly dumbstruck by an unknown texture, which could present a completely
new structure, or just be a variation of a known one. Because of this richness
of possibilities it was crucial to first develop a method which would enable us to
reliably characterise the structures, regardless of their orientation. The existing
state-of-the-art FCPM methods of examining director fields work wonderfully when
the orientation of the structure is known or if a theoretical model of the structure
exists, so that the experiment and the model can be compared. With droplets we
don’t have such luxury and therefore an even stronger method was needed which
could characterise them solely from experimental data. The extended FCPM method
which is developed in this Thesis, achieves this remarkably. We did not discover the
knotted defects of the numerical study which motivated the development of the
method, but we have found much more.
The extended FCPM method enabled us to systematically study the structures
of chiral nematic droplets with homeotropic anchoring. We have found layered
cholesteric structures, with either flat, cylindrical or spherical layers, which are
similar to the structures in chiral nematic droplets with planar anchoring, but have
a border region which includes a point defect and masks the outside homeotropic
surface from the interior of the droplet. While line defects are possible and also
quite common in some of the structures, point defects are the predominant form
of regions with singular director. They are stabilised by localised twisted regions
either in the form of cholesteric bubbles, each binding a single +1 point defect
or in the form of long cholesteric cylinders with a point defect at each end. The
cholesteric bubbles and their associated +1 point defects usually appear in pairs
with hyperbolic −1 point defects, with which they form topologically neutral pairs,
stable in the confinement of droplets. These pairs can be “inserted” into the droplets
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to form strings of odd numbers of ±1 defects.

At certain N values, the cholesteric bubbles can arrange in symmetric formations,
which induce higher topological charge defects. In this Thesis we present two types
of such defects with −2 and −3 topological charge. These defects are generalisations
of the hyperbolic −1 defect, with an increased number of “patches”. Unlike the −1
hyperbolic defect which has two patches, the higher defects are in contact with 3 or
4 cholesteric bubbles, making then, in a way, polyvalent. This polyvalency enables
the formation of complex topological molecules, where one pair of a +1 defect and
a cholesteric bubble is replaced with a bigger structure of several point defects and
extended twisted regions, with a total topological charge equal to +1. This leads to
several possible structures in droplets with tetrahedral orientation of the surface +1
defects and also to droplets with an octahedral structure. A peculiar feature of the
droplets with point defects is that all the hyperbolic defects are expelled from the
surface into the bulk volume of the droplets. We attribute this to the geometrical
incompatibility of the hyperbolic shape with the surface anchoring condition, but
deeper topological reasons may be lurking in the background. A handful of other
exotic structures with topologically non-trivial non-singular (except for the necessary
point defect, which is dictated by the confinement) director fields are presented to
illustrate the richness of the structures which can appear in this simple system.
The discovered structures have fundamental importance. The higher charge point
defects are a new type of point defects which have not been yet observed in any other
system. Also, the arrays of localised twisted structures in the droplets, either in the
form of strings or molecules, show new possible stable structures, which could have
analogues in other chiral vector fields. On the other hand, the rich variety of possible metastable structures could be useful for applications, for example for memory
storage [177, 178] or in optical applications as polarisation state transformers [179].
The surface +1 defects in regular triangular and tetrahedral arrangements could be
infiltrated with nanoparticles coated with long polymer chains, which could serve as
contact points for controlled assembly, for example as realisations of the tetravalent
colloids [180].
Many questions remain open, for example the detailed structure of the defect core
in the higher charge topological defects, structural transitions between different
metastable structures, and controlled switching between the states. Furthermore, we
have not found the knotted defect structures, which were predicted in the numerical
quenches. Partial matching of experimentally discovered structures and some of the
numerical results gives credence to their validity. Perhaps also the knotted structures
can be realised experimentally with a suitable choice of parameters. The numerical
quenches were conducted in by an order of magnitude smaller droplets compared
to the experimental ones and the elastic constants and anchoring strength were
relatively high, making the material quite stiff. A possible approach for realisation
of the knotted defect lines would therefore be to use materials with elastic constants
closer to the numerical parameters.
Alternatively, we could search for the knotted defects in smaller droplets with shorter
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pitch. Smaller droplets have smaller structural details, which are difficult to resolve
using conventional optical microscopy. Even the droplets in the 10 to 20 ➭m range
we present in this Thesis, test the state-of-the-art observation and analysis of vector fields in 3D, and indeed the current methods needed to be expanded to achieve
our goals. Perhaps for smaller structures a different experimental approach would
be more suitable, for example scattering methods, where the topological properties
of the LC structure could be imprinted in beams of light propagating through the
structure. Another option would be taking multiple projections of the structure at
different orientations and connecting the image textures with the possible projections of the structure. This would probe the director structure indirectly as it would
not present information about director orientation but only its effects on the probing light. Analysis of such data would demand an even more involved theoretical
approach with inputs from topology and knot theory.
With the study of chiral nematic droplets we have demonstrated the effectiveness and
strength of our extended FCPM method. The experimental acquisition of multiple
projections of a director field in conjunction with the simulated annealing algorithm
enabled us for the first time to fully reconstruct complex three-dimensional director
fields from experimental data. We demonstrated and characterised the effectiveness
of the method on numerical structures of complex chiral nematic droplets and we
successfully implemented the method on experimental data, which enabled us to
conduct the detailed study of chiral nematic droplets. We also tested the method
on the well-known structures in the bubble domain texture, also called torons. The
method implemented in this study uses the chiral nematic elastic energy expression,
but there is no obvious reason why another energy function could not be used. An
open challenge for the method is to implement it on other LC systems, e.g. complex
non-chiral nematic structures, smectics, active systems, etc. The extended method
can of course be used with any other modality of confocal microscopy, which is
suitable for FCPM measurements. An interesting option would be to use it with
super-resolution microscopy methods, for example STED microscopy. The increased
resolution of these methods could enable detailed studies of structures in blue and
twist grain boundary phases.
There are no obvious reasons why our extension of the FCPM method could not
be implemented in the analysis of data outside the field of liquid crystals and microscopy. In principle the simulated annealing algorithm could be used to determine
the experimentally missing components of a vector field in any situation where only
projections of the vector field are available, for example in studies of 3D velocity
fields. This kind of experimental approach, augmented with numerical optimisation
extends the reach of experimental methods.
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knots and links in chiral nematic colloids. Science 333, 62–65 (2011).
[59] Martinez, A. et al. Mutually tangled colloidal knots and induced defect loops
in nematic fields. Nat. Mater. 13, 258–263 (2014).
[60] Tran, L. et al. Lassoing saddle splay and the geometrical control of topological
defects. Proc. Natl. Acad. Sci. U. S. A. 113, 7106–7111 (2016).
[61] Williams, C., Piéranski, P. & Cladis, P. Nonsingular s=+ 1 screw disclination
lines in nematics. Phys. Rev. Lett. 29, 90 (1972).
[62] Haas, W. E. & Adams, J. E. New optical storage mode in liquid crystals.
Appl. Phys. Lett. 25, 535–537 (1974).
[63] Kawachi, M., Kogure, O. & Kato, Y. Bubble domain texture of a liquid
crystal. Jpn. J. Appl. Phys. 13, 1457 (1974).
[64] Pirkl, S., Ribiere, P. & Oswald, P. Forming process and stability of bubble
domains in dielectrically positive cholesteric liquid crystals. Liq. Cryst. 13,
413–425 (1993).
[65] Jackson, J. D. Electrodynamics (Wiley Online Library, 1975).
[66] Yang, D.-K. Fundamentals of liquid crystal devices (John Wiley & Sons, 2014).
[67] Yeh, P. & Gu, C. Optics of liquid crystal displays (John Wiley & Sons, 1999).
[68] Berreman, D. W. Optics in stratified and anisotropic media – 4x4-matrix
formulation. J. Opt. Soc. Am. 62, 502–510 (1972).
[69] Doane, J., Golemme, A., West, J. L., Whitehead Jr, J. & Wu, B.-G. Polymer
dispersed liquid crystals for display application. Mol. Cryst. Liq. Cryst. 165,
511–532 (1988).
[70] Utada, A. et al. Monodisperse double emulsions generated from a microcapillary device. Science 308, 537–541 (2005).
[71] Shah, R. K. et al. Designer emulsions using microfluidics. Materials Today
11, 18–27 (2008).
[72] Jeong, J. & Kim, M. W. Confinement-induced transition of topological defects
in smectic liquid crystals: From a point to a line and pearls. Phys. Rev. Lett.
108, 207802 (2012).
[73] Jeong, J., Davidson, Z. S., Collings, P. J., Lubensky, T. C. & Yodh, A. G.
Chiral symmetry breaking and surface faceting in chromonic liquid crystal
droplets with giant elastic anisotropy. Proc. Natl. Acad. Sci. U. S. A. 111,
1742–7 (2014).
203

[74] Kemiklioglu, E. & Chien, L.-C. Polymer-encapsulated blue phase liquid crystal
droplets. Appl. Phys. Express 7, 091701 (2014).
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[103] Bezić, J. & Žumer, S. Structures of the cholesteric liquid crystal droplets with
parallel surface anchoring. Liq. Cryst. 11, 593–619 (1992).
205

[104] Xu, F. & Crooker, P. Chiral nematic droplets with parallel surface anchoring.
Phys. Rev. E 56, 6853 (1997).
[105] Orlova, T., Asshoff, S. J., Yamaguchi, T., Katsonis, N. & Brasselet, E. Creation and manipulation of topological states in chiral nematic microspheres.
Nat. Commun. 6, 7603 (2015).
[106] Zhou, Y. et al. Structural transitions in cholesteric liquid crystal droplets.
ACS Nano 10, 6484—-6490 (2016).
[107] Kitzerow, H.-S. & Crooker, P. Electric field effects on the droplet structure in
polymer dispersed cholesteric liquid crystals. Liq. Cryst. 13, 31–43 (1993).
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Razširjeni slovenski pregled
Uvod
Ta doktorska teza preučuje direktorske strukture, ki se pojavljajo v kiralnih nematskih kapljicah s homeotropnim sidranjem. Tekoči kristali so materiali v katerih
njihovi anizotropni gradniki dosežejo določeno stopnjo ureditve, obenem pa so vezi
med gradniki dovolj šibke, da pod vplivom strižnih sil tečejo [1]. Smer njihove
povprečne orientacije določa linijski vektor direktor, ki se je v preteklem obdobju
izkazal kot plodovito področje za prikaz in preizkušanje raznih topoloških konceptov [2, 6, 7, 32–34, 47, 57–59, 86, 90]. Eden izmed topološko bolj pestrih sistemov so
kiralni nematski tekoči kristali ali holesteriki, v katerih se direktor v prostoru vrti
okoli smeri, ki je pravokotna nanj. V neograjenih vzorcih je njihovo najnižje energijsko stanje slojevita struktura, v kateri se direktor vrti okoli osi, ki je pravokotna
na holesterične sloje. Če se kiralni nematik nahaja v omejenem prostoru, v katerem
se robni pogoj ne ujema s plastovito holesterično strukturo, je njegovo ureditev
frustrirana, zaradi česar se pojavijo številna topološko raznolika stanja, kot so na
primer različni tipi skyrmionskih in hopfionskih kvazidelcev v homeotropnih celicah [2–5,62–64,170] ter različne plastovite strukture v planarnih kiralnih nematskih
kapljicah [96, 99–109, 111–113].
Do naše raziskave je bilo opravljenih le nekaj raziskav kiralnih nematskih kapljic
s homeotropnim sidranjem. Prva numerična študija je predvidela, da je pri velikih relativnih kiralnostih N = 2d/p0 (d je premer kapljice, p0 pa kiralna perioda
tekočekristalne mešanice) energijsko najugodnejša struktura s holesteričnimi sloji,
ki jo od površinske orientacije direktorja ločuje linijski defekt, ki spiralno obvija
kapljico. Pri relativnih kiralnostih N ≈ 5 so predvidene strukture topološko bolj
raznolike, saj linijski defekti potekajo tudi skozi volumen kapljice in se lahko prepletajo v vozle in povezane zanke. Ta numerična raziskava je motivirala našo študijo
kiralnih nematskih kapljic. Eksperimentalno je bilo o tem sistemu znanega le malo.
Tekom naše raziskave je izšel članek, v katerem poročajo o različnih optičnih teksturah kiralnih nematskih kapljic s homeotropnim sidranjem in opišejo vpliv zunanjih
polj na optične teksture, ne posvečajo pa pozornosti vprašanju, kakše direktorske
strukture bi lahko vodile do teh optičnih tekstur [105]. Druga eksperimentalna
raziskava je preučevala strukturo kapljic z metodo fluorescentne konfokalne polarizirane mikroskopije [131], a so njeni izsledki vprašljivi, ker se ne ujemajo z osnovnimi
topološkimi značilnostmi tekočekristalnih kapljic s homeotropnim sidranjem.
211

Fluorescentna konfokalna polarizirana mikroskopija s
simuliranim ohlajanjem
Ker se direktorske strukture v kiralnih nematskih kapljicah s homeotropnim sidranjem odražajo v zelo raznolikih optičnih teksturah, smo za raziskavo morali najprej
razviti zanesljivo metodo karakterizacije struktur. Najzmogljivejša optična metoda
preučevanja direktorskih struktur se imenuje fluorescentna konfokalna polarizirana
mikroskopija (FKPM) [8–10]. Pri tej metodi se tekočemu kristalu doda molekule
barvila, ki se zaradi njihove anizotropne oblike poravnajo z molekulami tekočega
kristala. Če barvilo vzbujamo z linearno polarizirano svetlobo, je intenziteta zaznane
fluorescence odvisna od kota med polarizacijo in direktorjem; kadar je polarizacija
vzporedna direktorju, je intenziteta maksimalna, če pa sta pravokotna, je signal enak
nič oziroma v eksperimentih najnižji. Z uporabo štirih za kot π/4 zamaknjenih polarizacij lahko natančno karakteriziramo orientacijo direktorja v ravnini mikroskopske
slike in ocenimo njegov nagib iz te ravnine [4], ne moremo pa določiti predznaka
tega nagiba. Na podlagi surovih eksperimentalnih podatkov lahko torej določimo
direktor n = (nx , ny , ±nz ). To pomeni, da imamo v vsakem prostorninskem vokslu
en prost parameter z dvema možnima stanjema. Najverjetnejšo konfiguracijo predznakov lahko poiščemo z uporabo optimizacijskega postopka, ki minimizira elastično
prosto energijo tekočega kristala. V našem primeru smo za optimizacijo implementirali postopek simuliranega ohlajanja [11], v katerem v vsakem koraku naključno
izberemo voksel v našem vzorcu in primerjamo elastično energijo tega voksla glede
na konfiguracijo njegove okolice v njegovem trenutnem stanju in v stanju z obrnjenim predznakom nz . Če obrat predznaka zniža elastično energijo, obdržimo to
stanje predznaka, če pa jo zviša, pa obrnjeno stanje obdržimo z verjetnostjo, ki je
določena z Boltzmanovim faktorjem P = exp(−∆E/t), kjer je ∆E razlika energij
med stanjema z različnim predznakom in t prosti parameter, ki učinkuje kot efektivna temperatura. Postopek se začne pri visokem t, kar pomeni, da so energijsko
neugodni obrati predznaka sprejeti z visoko verjetnostjo, kar efektivno randomizira
predznake. Ko se energija celotnega vzorca pri določenem t ustali, algoritem zniža t
in teče naprej, dokler ni doseženo stabilno stanje pri tem t. Sprejemanje energijsko
neugodnih obratov predznaka algoritmu omogoča iskanje energijsko najugodnejših
stanj po celem konfiguracijskem prostoru in zmanjšuje verjetnost, da bi se sistem
ujel v katerega izmed lokalnih minimumov. Ko gre parameter t proti nič, sistem najde energijsko najugodnejšo konfiguracijo predznakov nz . Algoritem smo preizkusili
na numerično pridobljenih strukturah iz reference [7], kjer se je izkazal za robustno
metodo, ki zanesljivo poišče pravo konfiguracijo direktorja.
Pri implementacije algoritma na eksperimentalnih podatkih je potrebno več pazljivosti, saj sta prisotna eksperimentalni šum in ozadje v signalu. Zato je pred
določanjem direktorja podatke potrebno obdelati z dekonvolucijo [168], ki smo jo v
našem primeru izvajali s programom SVI Huygens Professional [158]. Dekonvolucija zgladi podatke in izboljša kontrast signala, kot je razvidno s Sl. 10.1. Pred
izračunom direktorja je potrebno odšteti ozadje fluorescentnega signala in normirati podatke, s čimer efektivno določimo, kje v vzorcu se bodo nahajala območja
navpičnega in vodoravnega direktorja, kar posredno vpliva tudi na stabilnost algo212

surova slika

dekonvolirana slika
P

5 µm

P

z

z
x

x

Slika 10.1: Primerjava surovih in dekonvoliranih FKPM podatkov.
ritma simuliranega ohlajanja. Uspešen potek simuliranega ohlajanja prepoznamo
po zveznosti rekonstruiranega direktorskega polja, kot je prikazano na Sl. 10.2. Pri
tem se moramo zavedati, da ima izbor vrednosti normalizacije in ozadja velik vpliv
na naklon direktorja iz ravnine mikroskopske slike. Na Sl. 10.2 lahko vidimo, da različne nastavitve normalizacije in ozadja spreminjajo natančno obliko prehoda med
navpičnim in vodoravnim direktorjem, toda prehodi ostajajo na istih območjih, kar
pomeni, da postopek ohranja topologijo direktorskega polja.
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Slika 10.2: Vpliv nastavitve normalizacije in odštetega ozadja na rekonstruirani direktor v nematski kapljici z radialno strukturo. Prekinjene črte na grafu (a) prikazujejo povprečno vrednost seštevka intenzitet vseh polarizacij v posameznem z-sloju
v kapljici. Slika (b) prikazuje rekonstruirani direktor brez uporabe normalizacije in
odštevanja ozadja. Vidimo lahko, da izračunani direktor ni vodoraven ali navpičen
na območjih, kjer bi moral biti. Neprekinjene črte na grafu (a) prikazujejo različne
vrednosti normalizacije in odštetega ozadja, slike (c-e) pa direktor, ki je bil izračunan
s temi nastavitvami. Slika (f) prikazuje direktor v ravnini xy. Skala je dolga 5 ➭m.
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Strukture v kiralnih nematskih kapljicah s homeotropnim
sidranjem
Tekočekristalne kapljice proizvedemo z vmešavanjem tekočega kristala v medij, v
katerem se ne topi. V našem primeru smo za medij uporabili glicerol z dodatkom 4%
L-α-fosfatidilholina, ki zagotavlja homeotropno sidranje na površini kapljic, obenem
pa povečuje viskoznost glicerola, kar zmanjšuje premikanje kapljic zaradi tokov v
celici. Pri izboru tekočih kristalov za FKPM je eden izmed glavnih dejavnikov nizka
dvolomnost. Zaradi tega smo izbrali mešanico tekočih kristalov CCN-47 in CCN-55 v
masnem razmerju 1 : 1, ki je nematska pri sobni temperaturi in ima lomne količnike
no = 1.47 in ne = 1.50 ter dvolomnost ∆n = 0.03. Za induciranje kiralnosti v
tekočekristalni mešanici smo uporabili kiralni dopant S-811 v koncentracijah 1− 3%,
kar pomeni kiralno periodo mešanice v razponu 4 − 12 ➭m.

Vzorce smo pripravili tako, da smo konico šivalne igle pomočili v tekoči kristal in
ga z nekaj krožnimi gibi igle vmešali v glicerol. Pri tem so nastale kapljice različnih
velikosti, s prilagajanjem časa mešanja pa smo dosegli, da je bila večina v razponu
premerov 10−20 ➭m. Tipičen vzorec je predstavljen na Sl. 10.3. Daleč najpogostejše
so kapljice s plastovito strukturo z ukrivljenimi holesteričnimi sloji, manjši del kapljic
pa ima raznolike strukture, del katerih je predstavljen v tem doktorskem delu.

p

10 μm

Slika 10.3: Tipične kapljice v vzorcu. Leva slika je nepolarizirana, na desni pa se
vzorec nahaja med prekrižanimi polarizatorji, orientiranimi kot prikazuje križec v
zgornjem desnem kotu slike.
Slika 10.4 prikazuje dva strukturna elementa, ki se pojavljata v mnogih izmed
opisanih struktur. Slika 10.3a prikazuje najenostavnejšo strukturo, ki se razlikuje
od radialne ureditve direktorja, ki je osnovno stanje nekiralnih nematskih kapljic.
Takšna struktura je bila opažena v razponu relativnih kiralnosti N ≈ 2.3 − 3.9.
Vidimo lahko, da je točkasti defekt potisnjen proti robu kapljice, njen osrednji del
pa zapolnjuje kiralna struktura, oblika katere spominja na zvon. Presek skozi osrednji del te strukture je prikazan na Sl. 10.3b, kjer vidimo, da so tokovnice direktorja
sklenjene v krog in da se direktor zavrti za kot π, če prečimo osrednji del strukture. Direktorsko polje v tem preseku je skyrmion Blochovega tipa, kot je prikazano
na vključku. Ta struktura je vedno zasidrana na točkastem defektu s topološkim
nabojem +1 in jo bomo imenovali holesterični mehurček.
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Slika 10.4: Najenostavnejši kapljici, ki vsebujeta holesterični mehurček in
holesterični cilinder. Slike prikazujejo tokovnice direktorskega polja, ki predstavljajo projekcijo direktorja na ravnino. Kjer je projekcija manjša od 1/3, tokovnice
niso prikazane. Bela območja v kapljici torej predstavljajo direktor, ki je približno
pravokoten na ravnino slike. (a) Prerez kapljice s holesteričnim mehurčkom, ki
poteka skozi točkasti defekt. (b) Prečni presek čez sredino kapljice. Zgornji vključek
prikazuje shematsko predstavitev strukture kapljice, spodnji pa vektorsko polje s
skyrmionsko strukturo Blochovega tipa. Spodnji vključek je uporabljen z dovoljenjem Macmillan Publishers Ltd: Nature Materials [171], 2015. (c) Direktorsko
polje kapljice z defektno zanko ter dvema točkastima defektoma, ki sta povezana s
holesteričnim cilindrom v prerezu, ki poteka skozi oba defekta in je približno pravokoten na defektno zanko. (d) Prečni prerez kapljice iz (c) približno na sredini
holesteričnega cilindra. Opazimo cilindrično simetrijo, direktor pa se pri prečenju
kapljice v tem preseku zavrti za 3π. Obe skali sta 5 ➭m.

Na Sl. 10.3c je prikazana struktura, ki se pojavlja na razponu N ≈ 2.8−6.0. Vsebuje
dva točkasta defekta enakega tipa kot v prejšnji strukturi, povezana s cilindrično
strukturo, ki jo bomo imenovali holesterični cilinder. Slika 10.3d prikazuje prečni
presek na sredini cilindra. Vidimo lahko, da se direktor pri prečenju strukture zavrti
za 3π in da se na robu kapljice pojavi linijski defekt, ki je zaključen v zanko. Presek
holesteričnega cilindra je torej skyrmion Blochovega tipa z več rotacije kot v primeru
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holesteričnega mehurčka.
Strukture s holesteričnimi sloji
Mnoge strukture, ki se pojavljajo v kapljicah, vsebujejo holesterične sloje. Nekatere
izmed njih so prikazane na Sl. 10.5. Struktura na Sl. 10.5a je najpogostejša struktura, ki se pojavlja v kapljicah z N > 4. Sestavljena je iz enega točkastega defekta,
ki se nahaja blizu površine kapljice ter iz ukrivljenih holesteričnih slojev. Struktura na Sl. 10.5b,c je podobna, a ima ploščate holesterične sloje, kot je razvidno iz
prečnega preseka na Sl. 10.5c. Kapljici na Sl. 10.5d,e in Sl. 10.5f tudi vsebujeta po en
točkasti naboj, a imata cilindrično simetrične holesterične sloje. Slika 10.5e prikazuje
prečni presek kapljice s Sl. 10.5d, kjer je razvidna cilindričnost slojev. Kapljica na
Sl. 10.5g,h vsebuje tri točkaste defekte in je kombinacija holesteričnega mehurčka
ter cilindra. Točkasta defekta, ki se nahajata ob površini, imata pozitiven topološki
naboj, tretji defekt pa ima obrnjen predznak naboja. Slika 10.5h prikazuje prečni
presek te kapljice. Vidimo lahko, da je kapljica cilindrično simetrična, in da se direktor v preseku zavrti za 3π, na robu kapljice, kjer se zaključijo holesterični sloji, pa
sta prisotna pahljačasta deformacija in upogib. Kapljica na Sl. 10.5i ima podobno
strukturo, le da je holesterični cilinder nadomeščen s strukturo dveh koncentričnih
sferičnih slojev, kar strukturi doda dva točkasta defekta. Vseh pet defektov leži
med holesteričnimi sloji na simetrijski osi kapljice, predznak njihovega topološkega
naboja pa se izmenično spreminja.
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Slika 10.5: Primeri plastovitih struktur v kiralnih nematskih kapljicah s homeotropnim sidranjem. (a) Struktura z upognjenimi holesteričnimi sloji, ki je najpogostejša
struktura pri N > 4. Prikazana je kapljica z N = 4.7, z naraščajočim N pa se
povečuje število holesteričnih slojev v tej strukturi. (b) Struktura s ploščatimi sloji
pri N = 7.2. Prečni presek na mestu rdeče črtkane črte je prikazan v (c). (d) Kapljica
s cilindričnimi sloji pri N = 4.8. Njen prečni presek je prikazan v (e). (f) Kapljica s
cilindričnimi sloji pri N = 7.5. (g) Kapljica s holesteričnim cilindrom, ki je vgnezden v holesterični mehurček pri N = 5.7. Predznak topološkega naboja točkastih
defektov na osi kapljice se obrne med sosednjima nabojema. Prečni presek kapljice
je prikazan v (h), njena struktura pa je shematsko prikazana na vključku. (i) Struktura s holesteričnim mehurčkom in dvema koncentričnima sferičnima holesteričnima
slojema. Vse skale so dolge 5 ➭m.
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Verige točkastih defektov
Slika 10.6 prikazuje strukture, v katerih se holesterični mehurčki preko hiperboličnih
defektov s topološkim nabojem −1 povezujejo v verige. Najpreprostejša izmed
teh kapljic (Sl. 10.6a) vsebuje dva holesterična mehurčka, ki sta zasidrana vsak
na svojem +1 točkastem defektu na diametralno nasprotnih koncih kapljice. Med
holesteričnima mehurčkoma se pojavi hiperbolični defekt s topološkim nabojem
−1. Z naraščajočo relativno kiralnostjo se v kapljicah pojavlja vse več defektov. Na Sl. 10.6b je strukturi iz prejšnje kaplice dodan še en par ±1 defektov s
holesteričnim mehurčkom. Dodatni holesterični mehurček izrine trojček defektov
iz preprostejše strukture s simetrijske osi kapljice, tako da so defekti razporejeni v
obliki črke V. Pri še višjih kiralnostih se pojavita še en ali dva para ±1 defektov s
holesteričnimi mehurčki, pri čemer razporeditev defektov postane tridimenzionalna,
kot je prikazano na Sl. 10.6c,d. V vseh primerih se zvojni točkasti defekti z nabojem
+1, na katerih so zasidrani holesterični mehurčki, nahajajo blizu površine kapljice,
hiperbolični z nabojem −1 pa se nahajajo v notranjosti kapljice.
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Slika 10.6: Strukture z verigami točkastih defektov, ki jih ločujejo holesterični
mehurčki. Verige s (a) 3 defekti, ki se pojavljajo na območju relativnih kiralnosti
N ≈ 2.7 − 4.9, (b) 5 defektov pri N ≈ 2.9 − 5.9, (c) 7 defektov pri N ≈ 3.2 − 5.4 in
(d) 9 defektov pri N ≈ 3.9 − 5.2. Sheme poleg slik ponazarjajo, kako se defekti in
holesterični mehurčki v strukturi povezujejo v verige. Vse skale so 5 ➭m.
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Točkasti defekti z višjim topološkim nabojem
Občasno se po temperaturnem kaljenju v kapljicah pojavijo strukture z visoko stopnjo simetrije. Takšen primer je kapljica na Sl. 10.7a, kjer so trije +1 topološki naboji
razporejeni v ogliščih enakostraničnega trikotnika, v središču kapljice pa se med njihovimi holesteričnimi mehurčki pojavi topološki defekt z nabojem −2. Slika 10.7b
prikazuje direktorsko polje v pravokotnem preseku, ki poteka skozi sredinski −2
defekt ter enega izmed +1 defektov, kot je označeno na shemi ob sliki. Na prerezu je jasno viden obris holesteričnega mehurčka, ki je zasidran na +1 defektu, v
polovici kapljice na drugi strani defekta pa je direktorsko polje urejeno radialno.
Podoben presek za kapljico s sredinskim −3 točkovnim defektom prikazuje Sl. 10.7c.
V tem primeru so +1 defekti razporejeni v ogliščih enakostraničnega tetraedra, kot je
prikazano na vključku. Presek na Sl. 10.7c poteka skozi sredinski −3 defekt ter dva
+1 defekta, za katera sta na sliki razvidna obrisa njunih holesteričnih mehurčkov.
Slika 10.8 razloži strukturo direktorskega polja okoli defektov z višjim nabojem. Na
Sl. 10.8a,b je prikazano eksperimentalno direktorsko polje na sferi, ki obdaja defekt
s topološkim nabojem −2. Direktorju so dodane puščice, poleg tega pa je obarvano
glede na smer njegove projekcije na normalo sfere. Rdeče so obarvana območja, kjer
direktor kaže ven iz sfere, modro pa kjer kaže v notranjost. Opazimo lahko tri rdeče
zaplate izhajajočega direktorja na modrem ozadju, med območji pa direktor prehaja
z zvojno deformacijo. Število zaplat M z obrnjeno orientacijo direktorja glede na
ozadje je povezano s topološkim nabojem defekta q preko enačbe: q = 1 − M [36].
Vsako izmed zaplat si lahko predstavljamo kot polovico hiperboličnega defekta, kot
je prikazano na Sl. 10.8c. Za topološki naboj q = −2 moramo običajnemu hiperboličnemu defektu z nabojem q = −1 dodati še eno zaplato, kot je prikazano z dveh
različnih zornih kotov na Sl. 10.8d,e. Defekt s topološkim nabojem q = −3 mora
imeti 4 zaplate, zato je za model njegove strukture defektu s q = −2 potrebno dodati
še eno zaplato, kot je prikazano na Sl. 10.8f.
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Slika 10.7: Strukture s točkastimi defekti z višjim topološkim nabojem. (a) Kapljica
s sredinskim točkastim defektom s topološkim nabojem −2, ki je obkrožen s tremi
+1 defekti, razporejenimi v ogliščih enakostraničnega trikotnika. Ta struktura je
bila opažena pri N ≈ 3.7 − 4.1. (b) Prečni prerez strukture iz (a), ki poteka skozi
−2 defekt in enega izmed +1 defektov, kot je prikazano na desni shemi. (c) Kapljica
s sredinskim točkastim defektom s topološkim nabojem −3, ki je bila opažena pri
relativnih kiralnostih N ≈ 4.3 − 4.6. Tetraeder prikazuje razporeditev +1 defektov,
ki obdajajo sredinski q = −3 defekt. Sheme v pravokotnikih shematsko ponazarjajo
razporeditev defektov in holesteričnih mehurčkov. Skali sta dolgi 5 ➭m.
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Slika 10.8: Struktura direktorskega polja v okolici točkastih defektov z višjim
topološkim nabojem. (a,b) Eksperimentalno direktorsko polje na sferi, ki obdaja
točkasti defekt s topološkim nabojem q = −2. Direktorju so dodane puščice, obarvan pa je glede na smer njegove projekcije na normalo sfere. Rdeče je obarvan, kjer
kaže ven iz sfere, modro pa kjer kaže proti njenemu središču. Skala je dolga 5 ➭m.
(c) Struktura posamezne hiperbolične zaplate. (d,e) Model defekta s topološkim
nabojem q = −2, sestavljenega iz treh hiperboličnih zaplat s slike (c). (f) Model
defekta s topološkim nabojem q = −3, sestavljenega iz štirih hiperboličnih zaplat s
slike (c). Prednje tri zaplate so zamaknjene iz ravnine proti opazovalcu, četrta pa
se nahaja na zadnji strani modela.

223

Topološke molekule
Topološki defekti se po temperaturnem kaljenju vzorca lahko povezujejo tudi v
strukture, v katerih je posamezni defekt nadomeščen z večjo strukturo z ekvivalentnim topološkim nabojem. Nekaj takšnih primerov je prikazanih na Sl. 10.9.
Slika 10.9a, prikazuje strukturo, v kateri je eden izmed +1 točkastih defektov v
linearnem trojčku nadomeščen s tremi +1 defekti ter −2 defektom v trikotni strukturi s skupnim topološkim nabojem +1. Na Sl. 10.9b je situacija ravno obrnjena;
eden izmed nabojev v trikotni ureditvi +1 defektov okoli centralnega −2 defekta
je nadomeščen z linearnim nizom treh ±1 defektov s skupnim nabojem +1. V tej
strukturi so +1 topološki defekti, ki se nahajajo blizu površine, nameščeni približno
v ogliščih pravilnega tetraedra. Struktura na Sl. 10.9c je še kompleksnejša: eden
izmed štirih +1 defektov okoli sredinskega −3 defekta je nadomeščen s strukturo
petih ±1 defektov v obliki črke V, ki imajo skupni topološki naboj +1. Defekti z
nabojem +1 se v tej strukturi nahajajo približno v ogliščih oktaedra.
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Slika 10.9: Topološke molekule s točkastimi defekti z višjim topološkim nabojem.
Strukturi v (a) in (b) sta različni verziji molekule s q = −2 topološkim defektom.
Molekula v (c) vsebuje točkasti defekt s topološkim nabojem −3. Skale so dolge
5 ➭m.
Sestavljene strukture lahko vsebujejo tudi linijske defekte. Na Sl. 10.10a je prikazana
defektna zanka z dvema holesteričnima cilindroma, ki sta pri površini kapljice zaključena s točkastimi defekti. Na Sl. 10.10b je struktura, ki je podobna tisti s
Sl. 10.10a, le da je defekt na zaključku enega izmed cilindrov nadomeščen s trojčkom
defektov, ki so topološko ekvivalentni posameznemu defektu. Struktura z defektno
zanko na Sl. 10.10c namesto cilindrov vsebuje dva holesterična mehurčka s parom
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točkastih defektov. V tekočekristalnih volumnih s kombinacijo linij in točkastih defektov je predzank topološkega naboja odvisen od izbire membrane, ki jo napenja
defektna zanka, zato so točkasti defekti na Sl. 10.10 pobarvani glede na njihovo geometrijsko obliko in ne glede na predznak topološkega naboja. V takšni situaciji
lahko brez izbire membrane defektne zanke govorimo le o sodosti oziroma lihosti
celotnega topološkega naboja [7, 32, 33]. Ker je sidranje na obravnavanih kapljicah
homeotropno, mora biti celotni topološki naboj liho število, linije, ki potekajo ob
homeotropni površini pa tudi nosijo lih naboj [33]. Zaradi tega se v vseh treh
kapljicah na Sl. 10.10 nahaja sodo število točkastih nabojev.
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Slika 10.10: Topološke molekule z linijskimi defekti. (a) Struktura z defektno
zanko in dvema holesteričnima cilindroma, ki je bila opažena po temperaturnem
kaljenju v kapljici z N ≈ 6.4. (b) Struktura, podobna strukturi iz (a), le da je
eden izmed točkastih defektov nadomeščen z verigo treh defektov (N ≈ 6.4). (c)
Kapljica z defektno zanko in parom holesteričnih mehurčkov pri N ≈ 4.9. Vsak
holesterični mehurček je zasidran na zvojnem točkastem defektu, ki se nahaja ob
površini kapljice, na nasprotnem koncu pa ga zaključuje holesterični točkasti defekt.
Skale so dolge 5 ➭m.

225

Zaključek
Predstavili smo širok razpon raznolikih direktorskih struktur, ki se pojavljajo v kiralnih nematskih kapljicah s homeotropnim sidranjem. Zaradi njihove raznolikosti
in kompleksnosti je bil ključni korak v raziskavi razvoj FKPM, obogatene z numeričnim postopkom simuliranega ohlajanja, ki je omogočila zanesljivo karakterizacijo različnih struktur.
Vse predstavljene strukture so stabilne na časovni skali vsaj nekaj dni. Ker se pojavljajo na prekrivajočih se območjih relativnih kiralnosti, gre za metastabilna stanja
– pri isti kiralnosti je možnih več stanj z različnimi energijami, ki pa so med seboj
ločena z energijskimi preprekami, ki so znatno višje od energije termičnih fluktuacij,
kar zagotavlja stabilnost stanj. Raznolikost opaženih metastabilnih stanj izkazuje,
da se v kiralnih nematskih kapljicah s homeotropnim sidranjem prosta elastična energija lahko vsaj lokalno minimizira na mnogo različnih načinov. Mnoge izmed predstavljenih struktur se pojavijo že pri vmešavanju tekočega kristala v okoliški medij.
Nekatere izmed struktur so bile opažene le po temperaturnem kaljenju vzorca. Tu
gre predvsem za kompleksnejše strukture z razdrobljeno strukturo, kot so strukture z daljšimi verigami točkastih defektov, defekti z višjim topološkim nabojem ter
topološke molekule.
Odkrite strukture imajo fundamentalni pomen. Točkasti defekti z višjim topološkim
nabojem do sedaj še niso bili opaženi v nobenem sistemu. Razporeditve lokaliziranih
zvojnih struktur v obliki verig in molekul nakazujejo nove možne stabilne strukture v
podobnih kiralnih vektorskih poljih. Po drugi strani bi lahko imela bogata raznovrstnost metastabilnih stanj tudi uporabni pomen, naprimer za zapis podatkov [177,178]
ali pa v optični uporabi za spreminjanje stanja polarizacije [179]. V defekte z nabojem +1 v pravilnih trikotnih ali tetraedričnih strukturah bi lahko vstavili nanodelce,
oblečene v dolge polimerne verige, ki bi lahko služile kot kontaktne točke za kontrolirano združevanje delcev, na primer za realizacijo tetravalentnih koloidov [180].
Kljub temu, da se v nekaterih strukturah pojavljajo linijski defekti, so točkasti defekti prevladujoči tip območij singularnega direktorja. Ta ugotovitev je v nasprotju
z zaključki numerične študije, ki je predvidela strukture z razsežnimi defektnimi
linijami, ki večkrat ovijajo kapljico ali celo tvorijo splete in vozle [7]. Najverjetneje temu izrazitemu razhajanju botrujejo razlike v izbiri parametrov. V simulaciji
so kapljice en velikostni red manjše, sidranje je močnejše, uporabljen je približek
ene elastične konstante, račun pa poteka pri temperaturi blizu faznega prehoda v
izotropno fazo. Pri eksperimentu na vse te parametre vpliva izbor materiala, ki
je bil optimiziran za izvedbo rekonstrukcije direktorskega polja in ne za tvorjenje
linijskih defektov. Zaradi tega rezultati te študije ne izključujejo pojava zavozlanih
defektov pri drugačnih eksperimentalnih parametrih.
Ta študija demonstrira učinkovitost in moč naše razširjene FKPM metode. Eksperimentalno zajetje večih projekcij direktorskega polja nam je skupaj z algoritmom
simuliranega ohlajanja omogočilo popolno rekonstrukcijo kompleksnih tridimenzionalnih direktorskih polj iz eksperimentalnih podatkov. Metodo smo uporabili na kiralnih nematskih kapljicah, a ni nobenega očitnega razloga, zakaj ne bi bila metoda
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prenosljiva tudi na druge tekočekristalne sisteme. Poleg tega je našo razširitev
metode moč uporabiti tudi v navezi z drugimi vrstami mikroskopije, naprimer
večfotonsko ali raznimi super-resolucijskimi mikroskopijami. Naša numerična metoda
bi lahko bila uporabna tudi izven področij tekočih kristalov in mikroskopije za
določanje eksperimentalno nedoločljivih komponent vektorskih polj v situacijah, kjer
so na voljo le projekcije vektorskega polja, naprimer v študijah tridimenzionalnih
hitrostnih polj. Takšen eksperimentalni pristop, obogaten z numerično optimizacijo,
razširja doseg eksperimentalnih metod.
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